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New improved reference equations for cardiorespiratory fitness have recently been published, using Data from
the Fitness Registry and the Importance of Exercise National Database (FRIEND Registry). The new linear equa-
tion for VO2max (ml.kg−1.min−1) was additive, derived using multiple-linear regression. An alternative multipli-
cative allometric model has also been published recently, thought to improve further the quality of fit. The
purpose of the current study was to compare the accuracy and quality/goodness-of-fit of the linear, additive
modelwith themultiplicative allometricmodel using the FRIENDdatabase. The results identified that the allome-
tric model out performs the linear model based on all model-comparison criteria. The allometric model demon-
strates; 1) greater explained variance (R2 = 0.645; R= 0.803) vs. (R2 = 0.62; R= 0.79), 2) residuals that were
more normally distributed, 3) residuals that yielded less evidence of curvature, 4) superior goodness-of-fit statis-
tics i.e., greater maximum log-likelihood (MLL) and smaller Akaike Information Criterion (AIC) statistics, 5) less
systematic bias together with smaller unexplained standard error of estimates. The Bland and Altman plots also
confirmed little or no evidence of curvature with the allometric model, but systematic curvature (lack-of-fit) in
the linear model. The multiplicative allometric model to predict VO2max was; VO2max (ml.kg−1.min−1) =M-0.854

· H1.44 · exp. (0.424–0.346 · (sex) -0.011.age), where M= body mass and H= height (R2 = 0.645; R=0.803)
and sex is entered as a [0,1] indicator variable (male=0 and female=1). Another new insight obtained from the
allometric model (providing construct validity) is that the height-to-body-mass ratio is similar to inverse body
mass index or the lean body mass index, both associated with leanness when predicting VO2max. In conclusion
adopting allometric models will providemore accurate predictions of VO2max (ml.kg−1.min−1) using more plau-
sible, biologically sound and interpretable models.

© 2019 Elsevier Inc. All rights reserved.
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Introduction

Cardiorespiratory fitness (CRF), which can be accurately assessed by
direct measurement of maximal oxygen consumption (VO2max), is a
well-established and robust indicator of cardiovascular (CV) health, as
well as a valuable predictor of all-cause mortality.1–4 However, despite
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Fig. 1. The association between the residuals and the predicted values (fits) saved from fitting 1
model Eq. (5).
its importance, direct measurements of VO2max in epidemiological or
population studies are rare primarily due to feasibility issues related to
the time requirement to administer the test and the lack of having this
measure routinely measured in clinical practice. As such, estimating or
predicting CRF (i.e., VO2max) has emerged as an attractive alternative;
research to refine/improve VO2max prediction models is ongoing.
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a) the additive linearmodel Eq. (1), and 1b) the log-transformedmultiplicative allometric
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Various predictionmodels using additive linear equations have been
published recently, some include estimates of physical activity (PA)5

while others do not. 6 However, Nevill and Cook7 highlighted a number
of concerns with these linear, additive models. Firstly, the models sug-
gest linear associations with all key predictors such as age and body
mass (M). However, there is strong evidence, certainly from the find-
ings reported by Myers et al.6 (see Figs. 1 and 2), that curvature exists
suggesting that at least one of these associations is likely to be non-
linear.

The second concern is the absence of a bodyweight/mass term in the
linearmodel proposed byNes et al.,5 and the absence of a height term in
the model reported by Myers et al. 6 Astrand and Rodahl8 in their
Figs. 9–4 on page 400 and Nevill et al., 9 reported a strong negative asso-
ciation between VO2max (ml.kg−1.min−1) and body mass. This is be-
cause absolute VO2max (l.min−1) scales to, or is associated with, body
mass (M0.67). Thus, when researchers calculate VO2max (ml.kg−1.
min−1) relative to body mass by dividing VO2max (l.min−1) by body
mass (M), the resulting ratio over-scales, leaving VO2max (ml.kg−1.
min−1) proportional to M-0.33. This non-linear association with body
mass was not considered by Nes et al.5 or Myers et al.6 By incorporating
a power-function body-mass term as a predictor variable in their
models, the result is likely to explain some of the curvature described
above and, at the same time, improve the accuracy of the model. Fur-
thermore, neither of the linear models proposed by Nes et al.5 nor
Myers et al.6 incorporated height as a predictor variable. When height
was included as a predictor variable in the allometric model to predict
VO2max (ml.kg−1.min−1) proposed by Nevill and Cook,7 a strong associ-
ation was detected (P b 0.001).

Another concern with these fitted linear additive models is the fact
that the residuals from both models are unlikely to be: a) normally dis-
tributed; and b) homoscedastic (errors remain constant throughout the
range of measurements; see Fig. 2 inMyers et al.6). If the residuals dem-
onstrate a lack of normality and heteroscedasticity, then the validity of
themodels (i.e., the statistical significance of the estimated parameters)
will be questionable. The alternative approach proposed by Nevill and
Cook,7 incorporating proportional, multiplicative allometric models,
was found to overcome or at least reduce many of these problems; in
particular, improving the normality and heteroscedasticity observed in
the residuals. For a brief and concise history of allometric modeling,
see Winter and Nevill.10
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Fig. 2. The association between VO2max (ml.kg−1.min−1) and body mass (kg)
The purpose of the current study was to fit the same linear, additive
model adopted by Myers et al.6 to directly measure VO2max (ml.kg−1.
min−1) data from the “Fitness Registry and the Importance of Exercise:
A National Data Base” (FRIEND) Registry, to compare the original linear
additive model with an alternative, proportional allometric model.7 The
comparison assessed whether the latter provides: 1) a superior quality
of fit (using R,2 maximum log-likelihood and AIC criterion); 2) more
normally distributed residuals; 3) less explainable bias and smaller un-
explained standard deviation of differences (standard error of the esti-
mate); and 4) a more plausible, biologically sound and interpretable
model.

Methods

The procedures used for acquiring and managing the data for the
FRIEND registry have been previously reported.11 In brief, laboratories
determined by the advisory board to use valid and reliable calibration
and cardiopulmonary exercise test (CPX) procedures administered by
experienced personnel were invited to be considered for inclusion in
the FRIEND Registry. Although there were some variations in laboratory
equipment, protocols, and procedures defining VO2max, the characteris-
tics of all participating CPX laboratories are consistent with recommen-
dations outlined in recently published guidelines.12,13 Local institutional
review board approval for participation in the FRIEND Registry was ob-
tained by each participating CPX laboratory to submit de-identified,
coded data to the data coordinating center at Ball State University,
which then forwarded these data to the core CPX laboratory housed at
the University of Illinois at Chicago. Institutional review board approval
for the core CPX laboratorywas also obtained at the University of Illinois
at Chicago. Data fromeach CPX laboratorywere reviewed for uniformity
and to ensure data werewithin expected normal ranges by both the co-
ordinating center and the core laboratory prior to merging into the
FRIEND database.

Study sample

The study sample included 7759 subjects (4601 men and 3158
women, mean 46 ± 13 years) from ten participating CPX laboratories
with geographical representation from Indiana, Louisiana, North Caro-
lina, Oregon, Pennsylvania, Tennessee, and Texas. For inclusion, subjects
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for female participants (linear R2 = 0.316; power function R2 = 0.374).



Table 1
Themaximum log-likelihood (MLL) and Akaike Information Criterion (AIC) together with
the number of fitted parameters for the competing models to predict VO2max.

Competing models MLL (N par) AIC

Additive linear model −25,919.01 (4) 51,846
Log-transformed allometric model Eq. (3) −25,116.57 (4) 50,241

N par = number of fitted parameters.
Note that the best model is the one with the greatest MLL (i.e., least negative) and/or the
smallest AIC.
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were required to meet the following criteria: 1) age ≥ 20 years; 2) a
maximal exercise test performed on a treadmill; and 3) a peak respira-
tory exchange ratio (RER) ≥1.00. The indications for the exercise tests
were determination of fitness level before entry into an exercise pro-
gram or for a research study. Laboratories provided data on individuals
who at the time of the test were without known CV disease (CVD;
i.e., coronary artery disease, peripheral vascular disease, or heart failure)
or chronic obstructive pulmonary disease. Any subject identified as
having a pre-existing diagnosis of CVD or pulmonary disease was
excluded.
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Fig. 3.Themean bias (measured – predictedVO2max) from3a) the linear predictionmodel, and 3
Statistical methods

The additive, linear model proposed by Myers et al.6 is given by

VO2 max ml:kg‐1: min‐1
� �

¼ aþ b1 � ageþ b2 �Mþ b3 � Hþ ε ð1Þ

whereM=mass, H=height (note that H=height has been added for
comparative purposes) and ε is an additive error term that is assumed
to be both normally distributed and homoscedastic (remains constant
throughout the range of observations). The intercept “a” was allowed
to vary with sex.

An alternative multiplicative model with allometric body size com-
ponents originally proposed by Nevill and Holder14 and subsequently
reported by Nevill and Cooke7 is given by.

VO2 max ml:kg‐1: min‐1
� �

¼ Mk1 �Hk2 � exp: aþ b1 � ageð Þ � ε ð2Þ

where M=mass, H = height and ‘ε’ is a multiplicative, error ratio that
assumes the error will be in proportion to VO2max (ml.kg−1.min−1).
 

50 60 70

p

male

female

50 60 70

p

male

female

b) the allometric predictionmodel, assessedusing a two-wayANOVA (sex and age group).
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Themodel Eq. (2) can be linearizedwith a log transformation (using
Ln= loge). A linear regression analysis on Ln(VO2max) can then be used
to estimate the unknown parameters in the log transformed model
i.e., the transformed model Eq. (3) is now additive that conforms with
the assumptions associated with ordinary least squares and ANOVA:

Ln VO2 maxð Þ ¼ k1 � Ln Mð Þ þ k2 � Ln Hð Þ þ aþ b1:ageþ Ln εð Þ ð3Þ

where the residual errors Ln(ε) are assumed to be normally distributed
and homoscedastic and the intercept “a” is allowed to vary with sex.

Normality was assessed using the Ryan-Joiner and Kolmogorov-
Smirnov tests. The Ryan-Joiner statisticmeasures howwell the data fol-
low a normal distribution by correlating the association between the
measured data and the calculated normal scores. If the correlation coef-
ficient is near 1, the population is likely to be normal. Larger values for
the Kolmogorov-Smirnov statistic (KS) indicate that the data do not fol-
low the normal distribution.
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Fig. 4. The Bland and Altman plot (differences vs means) using the validation sample
Cross-validation

To assess the validity or success of the two competing models, we
adopted the same cross-validation proposed by Nes et al.,5 by split-
ting the FRIEND data into two independent groups using a random
split (80:20). We used the 80% sample to predict the competing
two models and the 20% sample to test/validate the models. This
was achieved by predicting the VO2max of the 20% sample using the
model derived from the 80% prediction models. The success of
cross-validation process was then assessed by comparing the mea-
sured VO2max of 20% validation sample with the predicted VO2max

scores using correlations and Bland and Altman's limits of
agreement15 extended to assess systematic bias due to sex and age
groups (using a two-way ANOVA), as well as the usual standard de-
viation of differences (The standard error of the estimate based on
the ANOVA's residual mean-square errors). Bland and Altman plots
are also reported and compared.
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, data from 4a) the linear model and 4b) the allometric model to predict VO2max.
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Results

Additive linear models

Fitting a similar linear model to that reported by Myers et al.,6 plus
an additional term for height (H), improves the fit as follows,

VO2 max ¼ 41:38–10:88 � sexð Þ‐0:378 � age‐0:310 �Mþ 0:227 �H ð4Þ

where sex is entered as a [0,1] indicator variable (male = 0 and fe-
male= 1). The R2 was 0.632 (R=0.795) with the standard error of es-
timate being 6.96 (ml.kg−1.min−1). Note the original fit reported by
Myers et al.6 (excluding height) was R2= 0.62 (R=0.79) and the stan-
dard error of estimate was 7.2 (ml.kg−1.min−1).

When the residuals were saved and plotted against the predicted
values (fits) as part of the usualmodel assessment diagnostics, the addi-
tive linear model demonstrates a clear lack of fit (evidence of curvature
and heteroscedasticity) as seen in Fig. 1a. The Ryan-Joiner statistic was
r=0.996 and the Kolmogorov-Smirnov statistic KS= 0.032, indicating
that the residuals were not normally distributed, P b 0.01.

In an attempt to explain the curvature seen in Fig. 1a, we examined
the associations between VO2max and the three predictor variables -
body mass, height and age. Results suggest that the curvature was pre-
dominately due to the association between VO2max and body mass (see
Fig. 2).

Multiplicative allometric models

Fitting the multiplicative allometric model to the FRIEND's data
using Eq. (3), we obtained,

Ln VO2 maxð Þ ¼ –0:854 � Ln Mð Þ þ 1:44 � Ln Hð Þ þ 0:424–0:346
� sexð Þ–0:011:age ð5Þ

where sex is entered as a [0,1] indicator variable (male = 0 and fe-
male= 1). The R2 was 0.678 (R=0.824). (The R2 for the linear additive
model Eq. (4) was 0.632 (R = 0.795)).

In contrast to the additive linear model, when the residuals were
saved and plotted against the predicted values, the log-transformed
multiplicative allometric model demonstrates an acceptable fit (little
or no evidence of curvature nor heteroscedasticity), see Fig. 1b. The
Ryan-Joiner statistic was r=0.997 and the Kolmogorov-Smirnov statis-
tic KS = 0.028, P b .01. Despite the fact that both statistics indicate that
the residuals saved from the allometric model were not normally distri-
bution they were closer to normality than the residuals saved using the
linear additive model Eq. (4).

Taking anti-logs of Eq. (5), we obtain the multiplicative allometric
model to predict VO2max (ml.kg−1.min−1) as follows;

VO2 max ¼ M–0 :854 �H1:44 � exp: 0:424–0:346 � sexð Þ–0:011:ageð Þ ð6Þ

where sex is entered as a [0,1] indicator variable (male = 0 and fe-
male = 1). The R2 (measured vs. the predicted VO2max using Eq. (6)
was 0.645 (R = 0.803).

Comparing the goodness-of-fit

Since the models are not nested or hierarchical, a direct comparison
between two competingmodel forms (linear vs allometric) is not possi-
ble using traditional criteria such as the residual sum-of-squares, the
standard error and the coefficient of determination (R2). However,
Nevill and Holder14 and Nevill et al.16 chose the maximum likelihood
criterion and the Akaike Information Criteria (AIC) as their standard cri-
terion of model assessment (quality of fit) that does not require the
competing models to be either nested or hierarchical.
A simple modification of the maximum log likelihood criterion is
able toproduce theAkaike InformationCriteria (AIC=−2×(maximum
log-likelihood) + 2 × (number of parameters fitted)), see goodness-of-
fit data from both the linear and allometric models (Table 1).

Cross-validation assessment

The FRIEND's datasetwas randomly split into two independent sam-
ples: the prediction model sample = 6214 (80.1%) and the validation/
test sample = 1545 (19.9%).

The results from the cross-validation assessment (using the 20% val-
idation sample) found the correlations between the measured VO2max

and the predicted VO2max were r = 0.796 (linear) and r = 0.809 (allo-
metric). The differences between the measured and predicted VO2max

(bias) were assessed using Bland and Altman's Limits of Agreements,
extended to incorporate “explainable” bias due to sex and age groups.
The bias (measured – predicted VO2max) from linear and allometric pre-
diction models were assessed using a two-way ANOVA. The mean bias
by age and sex can be seen in Fig. 3a and b, respectively. Note that the
“explainable” variance in bias from the linear additive model using the
two-way ANOVA was R2 = 1.9%. The equivalent “explainable” variance
in bias from the allometric-model using the two-way ANOVAwas R2 =
1.2%.

Having explained these “systematic” biases due to age and sex
(using ANOVA), the remaining unexplained standard deviation of dif-
ferences (standard error of estimate) were ± 6.87 (ml.kg−1.min−1)
(linear model) and ± 6.71 (ml.kg−1.min−1) (allometric model)
(based on the ANOVA's mean-square errors). The Bland and Altman
plots (differences vs means) for the linear and allometric prediction
models are given in Fig. 4a and b, respectively.

Discussion

The answer to the question “can we improve the reference equation
for normal standards for VO2max, using multiplicative allometric rather
than additive linear models?” would appear to be categorically yes.
The allometric model Eq. (2) performs better than the linear model
Eq. (1), originally proposed by Myers et al.6 based on ALL model-
comparison criteria: 1) The explained variance. The explained variance
was greater using the allometric models, using either the log-
transformed model (R2 = 0.678; R = 0.824) or the multiplicative allo-
metricmodel (R2=0.645; R=0.803) comparedwith the linearmodels
(excluding height) (R2 = 0.62; R = 0.79) or (including height) (R2 =
0.632; R = 0.795); 2) Tests of normality: Both the Ryan-Joiner and
Kolmogorov-Smirnov tests indicate that the residuals saved from the
linear and allometric models were not normally distributed. However,
the residuals from the allometric model were closer to a normal distri-
bution than the residuals saved from the linear model. However, the
Ryan-Joiner statistics (Q-Q plot correlations) for the linear and allome-
tric models were 0.996 and 997 respectively, resulting in arguably ac-
ceptable linearity; 3) The residuals vs the predicted values (fits) plots.
Evidence of curvature (lack-of-fit) was observed with the linear model
in Fig. 1a. No such evidence was apparent with the allometric model
in Fig. 1b; 4) The goodness of fit assessed using the maximum log-
likelihood (MLL) and the Akaike Information Criterion (AIC). The MLL
was greater, and the AIC was smaller with the allometric model com-
pared with the linear additive models (see Table 1); 5) The cross-
validation assessment. Based on the validation sample, the correlation
between the measured VO2max and the predicted VO2max was r =
0.796 (linear) and r = 0.809 (allometric). The bias was less evident
from the allometric model (R2 = 1.2% compared with R2 = 1.9% with
the linear model) see Fig. 3b compared with the linear model Fig. 3a.
The Bland and Altman plots confirmed a lack-of-fit (curvature) in the
linear model but little evidence of curvature with the allometric model.

Perhaps the most persuasive argument for choosing the allometric
model comes from the lack-of-fit/curvature observed in the three
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figures based on linear models: Fig. 1a, Fig. 2 and Fig. 4a. The same cur-
vaturewas also observed in Figs. 1 and 2 reported byMyers et al.,6 In ef-
fect, the linear model systematically underestimates VO2max (ml.kg−1.
min−1) among both lighter and heavier participants but overestimates
VO2max (ml.kg−1.min−1) among the more “average” body mass partici-
pants. This might explain the negative bias of 70 year-old male partici-
pants (see Fig. 3a) who are relatively light (“average” mass) having
“survived” to the age of 70, and also the negative bias of a large, homo-
geneous group of 30 year-old female participants (see Fig. 3a)whohave
maintained an “average” body mass especially compared to their male
counterparts.

Two other helpful new insights were obtained from the fittedmulti-
plicative allometric model Eq. (6). The first comes from observing that
the fitted mass (M) and height (H) exponents have opposite signs.
The resulting product H1.44 ∙ M-0.854 can be expressed as a ratio (H1.44/
M0.854) or (H1.69/M)0.854 not dissimilar to the inverse BMI (iBMI=H2/
M). This index has a sound biological interpretation in terms of its asso-
ciation with cardiorespiratory fitness [i.e., VO2max (ml.kg−1.min−1)].
The inverse BMI17 also known as the Lean Body Mass Index (LBMI),18

is a measure of leanness. Clearly having a greater lean body mass
(LBMI) should be strongly and positively associated with VO2max (ml.
kg−1.min−1), thus providing further biological support (and construct
validity) for the allometric model Eq. (6).

The second helpful new insight obtained from the allometric model
Eq. (6) comes from the negative decline in VO2max with age. The linear
model incorporates the age decline as a negative linear term that
would theoretically predict a negative VO2max for very old participants.
The allometric model incorporates the negative age decline within an
exponential term, thus ensuring the prediction of VO2max remains pos-
itive irrespective of the participants' age.

We acknowledge that the current study is not without limitations.
Although we have been able to demonstrate the benefits of the allome-
tric model for VO2max, obtaining similar results to those reported by
Nevill and Cooke,7 further work is required. For example, future re-
search should attempt to explain the systematic bias observed in
Fig. 3b, in particular the negative bias observed in the 70 year-old age
groups.

In summary, the quality of fit associatedwith predicting VO2max (ml.
kg−1.min−1) using the allometricmodelwas superior to the linear addi-
tive models, based on all model-comparison criteria. As seen in Fig. 2,
fitting a linear additive model will systematically over-estimate the
VO2max for participants who are either very light or very heavy, but
under-estimate VO2max for participants who have “average” body
mass. The allometric model also identified a stature-to-body-mass
ratio, very similar to LBMI or inverse BMI, known to be associated
with leanness, a new insight that leads to a more plausible, biologically
sound and interpretable model when predicting VO2max (ml.kg−1.
min−1).
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