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A B S T R A C T

This paper deals with the analysis of the estimation of the variance of a sensitive variable. The
randomized response (RR) procedure gives confidence to the interviewee that his/her information on
private (sensitive variable) is protected. In general, a simple random sampling (SRS) with replacement
design is used for selecting a sample. We develop a model for the estimation of the variance of sensitive
variable in randomized response procedure, when ranked set sampling (RSS) design is used under
ranking criteria. The usual gain in accuracy related to the use of ranked set sampling is revealed. The
performance of the proposed model is demonstrated using data provided by a study of samples of
persons infected with AIDS disease.
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1. Introduction

Ranked set sampling is an alternative sample design, which
generally provided gains in accuracy with respect to simple
random sampling with replacement (SRSWR). It was proposed for
estimating pastures yield by Ref. [5] in 1952. He established that to
estimate the mean pasture yield using RSS and found their
inference more efficient than to select the sample using a simple
random sampling (SRS) design. The units may be ranked by means
of a cheap procedure and then an order statistics is selected from
each of the independent samples selected using srs with
replacement (SRSWR). It turned out that the use of ranked set
sampling is highly beneficial and leads to estimators which are
more precise than the usual sample mean per unit ones. The
method is now referred to as ranked set sampling (RSS) method in
the literature. Ref. [10] were the first who proved that the mean
estimator from RSS is more efficient than that from SRS. This led a
lot of research has been done by various authors including,
Refs. [1–4,7–9].

In this paper, we propose a model using RSS, instead of SRS with
replacement (SRSWR), for studies of the variance. The rest of this
paper is organized as follows: Section 2 develops the study of the
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One-Way Analysis of Variance. Section 3 is devoted to the
presentation of estimators of the variance. Section 4 is devoted
to the development of numerical studies of the behavior of the
analyzed models in testing hypothesis. We discuss the results
obtained from the use of SRSWR and develop alternative RSS
models in the next section. Samples of persons infected with the
AIDS virus are analyzed and the behavior of the accuracy of the
different alternative estimators is studied.

2. Estimation of the treatment effects in a one-way layout in
ranked set sampling

Consider the one-way layout

Yij = mi + åij = m + ai + åij, i = 1, . . . , k, j = 1, . . . , n(i). (2.1)

This issue is important in many applications and has been
studied extensively. Let Y be the variable of interest. We select
independent samples of size n(i), i = 1, . . . ,k, using simple random
sampling with replacement, (SRSWR), for estimating the
parameters of interest m, ai = (mi �m), i = 1, . . . ,k. We assume
that for any i = 1, . . . ,k and j = 1, . . . ,n(i), E(åij) = 0, V(åij) = s2

i and
Covða�ija�i0j0 Þ ¼ 0, if i 6¼ i’ and/or j 6¼ j’. The usual estimation of the
G08.
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effects ai is

a�
i ¼

XnðiÞ
j¼1

yij

nðiÞ �

Xk
i¼1

XnðiÞ
j¼1

yij

n
¼ ðyi � yÞ; where n ¼

Xk
i¼1

nðiÞ
ð2:2Þ

Its variance is given by

Vða�
i Þ ¼ Eðyi � mi � m � yÞ2 ¼ s2

i

nðiÞ þ
s2

n
þ ðmi � mÞ2: ð2:3Þ

Ref. [6] proposed to use RSS. As usual, the model was based on
the selection of n(i) independent samples of size n(i) using SRSWR
and to rank each of them. That is we have hypothetically for each
i = 1, . . . ,k si ¼ fðYi11. . .; Yi1nðiÞÞ1; . . .; ðYinðiÞ1. . .; YinðiÞnðiÞÞnðiÞg and by
ranking, we have the ranked
samplesfðYi1ð1Þ. . .; YiðnðiÞÞÞ; . . .; ðYinðiÞð1Þ. . .; YinðiÞðnðiÞÞÞg. Y is measured
in the statistic of order (SO) t in the tth sample. Then our set of
results for treatment “i” is

sðiÞ ¼ fðYi1ð1ÞÞ; ðYi2ð2ÞÞ; . . .; ðYitðtÞÞ. . .; ðYinð1ÞnðiÞÞg
¼ fYið1Þ; Yið2Þ; . . .; YiðtÞ. . .; YiðnðiÞÞg ð2:4Þ
We deal with the linear model
Yi(j)t = mi +ei(j)t = m +ai +ei(j)t, i = 1, . . . , k, j = 1, . . . , n(i)

yðiÞ ¼

XnðiÞ
j¼1

yiðjÞ

nðiÞ ; yRSS ¼

Xk
i¼1

XnðiÞ
j¼1

yiðjÞj

n
;

n ¼
Xk
i¼1

nðiÞ

It is unbiased and

VðyðiÞÞ ¼

XnðiÞ
j¼1

s2
iðjÞ

n2ðiÞ ; s2
iðjÞ ¼ VðyiðjÞÞ

It was hypothesized that,s2
i(j) = s2

(i), which is the counterpart of
the hypothesis used in the development of the one-way layout
ANOVA. s2

i = s2, in the inferences based on SRSWR. Using the
relation established byRef. [10] we can derive that for any i = 1, . . . ,k

VðyðiÞÞ ¼ s2
i

nðiÞ �

XnðiÞ
j¼1

D
2
iðjÞ

n2ðiÞ ; DiðjÞ ¼ miðjÞ � mðiÞ; miðjÞ ¼ EðyiðjÞÞ;

Let us look for the RSS counterpart of the results (2.2) and (2.3).

Proposition 2.1. a�
ðiÞ ¼

XnðiÞ
j¼1

yiðjÞ

nðiÞ �

Xk
i¼1

XnðiÞ
j¼1

yiðjÞ

n ¼
�
yðiÞ � yRSS

�
is

unbiased and more accurate thana�
i .

Proof: Due to the unbiasedness of the RSS estimators

Eða�
ðiÞÞ ¼ Eða�

i Þ ¼ EðyðiÞÞ � EðyRSSÞ ¼ mi � m and Vða�
ðiÞÞ ¼

EðyðiÞ � mi � m � yRSSÞ2 ¼

XnðiÞ
j¼1

s2
iðjÞ

n2ðiÞ þ

Xk
i¼1

XnðiÞ
j¼1

s2
iðjÞ

n2 þ ðmi � mÞ2

We have that s2
iðjÞ ¼ s2

i � D
2
iðjÞ then substituting in the above

equation

Vða�
ðiÞÞ ¼ s2

i

nðiÞ þ

Xk
i¼1

nðiÞs2
i

n2 þ ðmi � mÞ2 � cð1Þ
where, represents the gain in accuracy due to the use of

RSS.Cð1Þ ¼

XnðiÞ
j¼1

D
2
iðjÞ

n2ðiÞ þ

Xk
i¼1

XnðiÞ
j¼1

D
2
iðjÞ

n2 � 0

Remark 1. If 8i ¼ 1; :::; k ; s2
i ¼ s2 ) s2

nðiÞ þ s2

n and the usual

relation is obtained.

3. The estimation of the variance in RSS

A basic relationship in RSS is

s2 ¼ 1
k

Xk
r¼1

s2
ðrÞ þ ðmðrÞ � mðr0ÞÞ2; if r 6¼ r0 ð3:1Þ

Ref. [9] suggested as estimator of it, for one cycle,

s2
S ¼ 1

ðk � 1Þ
Xk
r¼1

ðYðrÞi � mrssÞ2 where; mrss ¼
1
k

Xk
r¼1

YðrÞ

and its expectation is Eðs2
S Þ ¼ s2 þ 1

kðk�1Þ
Xk
r¼1

ðm rð Þ � mrssÞ2.

Considering the structure of the One-Way ANOVA the estimator
proposed by Ref. [9] is given in the next proposition.

Proposition 3.1: Ref. [9]; s2
S ¼ s2 þ 1

ðnk�1Þ
Xn
i¼1

Xk
r¼1

ðY rð Þi � mrssÞ2

where, mrss ¼ 1
nk

Xn
i¼1

Xk
r¼1

Y rð Þi estimates the RSS variance and if

n ! 1then Eðs2
S Þ ¼ s2.

Stokes derived that this estimator over estimates s2 and its
variance is

Vðs2
S Þ ¼ n

nk � 1ð Þ2
ðnk � 1

nk
Þ2
Xk
r¼1

m4 rð Þ þ 4
Xk
r¼1

D
2
rð Þs

2
rð Þ þ 4ðnk � 1

nk
Þ
Xk
r¼1

D rð Þm3 rð Þ

( 

Note that this error depends on moments of the distribution of
the order statistics then the variable’s distribution must be known.
Hence to derive an explicit formula is very complex.

Ref. [4] proposed to use as estimator

s2
M ¼ s2

M1 þ s2
M2 ð3:2Þ

where,

s2
M1 ¼ 1

2n2k2
Xk
r 6¼r0

Xn
i¼1

Xn
j¼1

ðY rð Þi � Yðr0 ÞjÞ2 ð3:3Þ

and

s2
M2 ¼ 1

2n n � 1ð Þ2k2
Xk
r¼1

Xn
j¼1

Xn
j¼1

ðY rð Þi � Yðr0 ÞjÞ2 ð3:4Þ

It is unbiased. Next proposition gives its properties.
Proposition 3.2: Ref. [4]; sM

2 is unbiased and its variance, if
m(r)< 1, is Vðs2

MÞ ¼ A þ B þ C þ D þ F

where, A ¼ 1
nk2

Xk
r¼1

m4 rð Þ, B ¼ 4
nk2

Xk
r¼1

m3 rð ÞD rð Þ, C ¼ 4
nk2

Xk
r¼1

s2
ðrÞD

2
ðrÞ,

D ¼ 4
n2k4

P
r<r0s

2
ðrÞs

2
r0 , F ¼ k2 n�1ð Þ�2

n n�1ð Þk4
Xk
r¼1

s2
ðrÞ

Using the mean square errors (MSE) and One Way ANOVA
decomposition ideas we have that

MST ¼ MS1 � MS2
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taking mrss rð Þ ¼ 1
n

Xn
i¼1

Y rð Þi, then

MS1 ¼ 1
k � 1

Xk
r¼1

Xn
i¼1

Y rð Þi � mrss

� �2

MS2 ¼ 1
k � 1

Xk
r¼1

Xn
i¼1

Y rð Þi � mrss rð Þ
� �2

Then the rank-residual MSE is:

MSR ¼ 1
k n � 1ð Þ

Xk
r¼1

Xn
i¼1

Y rð Þi � mrss rð Þ
� �2

The expectations of the MSE’s are

E MSTð Þ ¼ 1
k

Xk
r¼1

s2
rð Þ þ

1
n k � 1ð Þ

Xk
r¼1

m rð Þ � m
� �2

E MSRð Þ ¼ 1
k

Xk
r¼1

s2
rð Þ:

Then the variance of s2
M as

s2
M ¼ k � 1ð ÞMST þ nk � k þ 1ð ÞMSR

nk

and its expectations given by

Eðs2
MÞ ¼ n þ 2

nk

Xk
r¼1

s2
rð Þ þ

1
n2k

Xk
r¼1

ðmðrÞ � mÞ2

The ordering made using an auxiliary variable X is equivalent to
the use of SRS in the inferior of the scenarios. It is well known that
RSS is equivalent to it, in terms of accuracy, in such cases. That is,
Table 1
Percentage of acceptance of the true hypothesis H0 using One Way ANOVA for 1000 ru

Distribution n k SRS RSS 

Uniform (0,2) 2 2 0.76 0.72 

2 3 0.74 0.71 

2 4 0.78 0.71 

2 5 0.78 0.77 

5 2 0.79 0.77 

5 3 0.79 0.76 

5 4 0.82 0.78 

5 5 0.81 0.78 

Exponential(1) 2 2 0.54 0.67 

2 3 0.54 0.67 

2 4 0.66 0.72 

2 5 0.71 0.73 

5 2 0.70 0.72 

5 3 0.71 0.72 

5 4 0.72 0.74 

5 5 0.74 0.79 

U-shaped f(x)=3x2/2x 2 [0, 1] 2 2 0.54 0.68 

2 3 0.56 0.69 

2 4 0.56 0.69 

2 5 0.59 0.69 

5 2 0.61 0.74 

5 3 0.69 0.74 

5 4 0.69 0.82 

5 5 0.71 0.84 

Remark: When data are not Normally distributed, the RSS-ANOVA had a better perform
statistics to normality.
for any rm rð Þ ¼ �m. Hence the statistic

VðnÞ ¼ MST
MSR

ð3:5Þ

under the hypothesis of random ranking must be close to 1.
Therefore, we can evaluate the usefulness of the ranking of Y,
produced by X, by analysing V(n), as in regression analysis, through
the coefficient of determination. In this case, large values of V(n)
implies that the ranking is more different than the ranking
produced by pure randomness. That is reasoning similar to the
non-parametric evaluation of the goodness of regression fitting.
Under the hypothesis of normality V(n) is distributed F(k, k(n � 1))
and inferences can be developed using the classic parametric
theory using F tests.

4. Monte Carlo evaluation

4.1. Normality based tests

1000 runs (samples) were generated using the Uniform (0,2),
Normal (0,1), Exponential (1), Gamma with density function
f(x) = x4exp(�x)/G (5); x > 0, U-shaped with density function
f(x) = 3 �2/2; x2[0,1] and the Lognormal (0,1) distribution. The
sample size parameters were n2{2, 3, 4, 5} and k2{2, 3, 4, 5}. The
ANOVA was performed using the normal approximation and
a=0.05. An estimation of the percentage of samples in which we
accepted the true hypothesis H0was computed for SRS and RSS and
the results presented in Table 1.

Tables 2–7 present the results of 1000 runs (samples) generated,
using different bivariate distributions, with r2{0, 0.05, 0.75, 0.90,
0.95}, of the mean of V(n) then we computed the values of V(mean)
using the following formula

VðmeanÞ ¼ 1
1000

X
1�h�100

VðnÞh ð4:1Þ
ns (samples) generated and a = 0.05.

Distribution n k SRS RSS

Normal (0,1) 2 2 0.88 0.87
2 3 0.87 0.87
2 4 0.88 0.87
2 5 0.91 0.88
5 2 0.93 0.89
5 3 0.93 0.92
5 4 0.93 0.93
5 5 0.94 0.92

Gamma x4exp(�x)/Γ(5) x > 0 2 2 0.66 0.69
2 3 0.66 0.69
2 4 0.66 0.73
2 5 0.68 0.76
5 2 0.75 0.79
5 3 0.76 0.77
5 4 0.77 0.84
5 5 0.77 0.88

Lognormal(0,1) 2 2 0.86 0.83
2 3 0.86 0.82
2 4 0.88 0.85
2 5 0.88 0.85
5 2 0.89 0.87
5 3 0.88 0.87
5 4 0.89 0.90
5 5 0.89 0.90

ance than the classic SRS procedure. It can be due to the convergence of linear rank



Table 2
Values of V(mean) under different values of r and a joint Uniform distribution.

Distribution n k r = 0 r = 0.05 r = 0.50 r = 0.75 r = 0.90 r = 0.95

Uniform (0,2) 2 2 1.07 1.59 3.43 4.85 5.55 6.77
2 3 1.06 1.59 3.43 4.88 5.59 6.77
2 4 1.07 1.59 3.42 4.89 5.80 7.08
2 5 1.07 1.59 3.44 4.94 5.85 7.28
5 2 1.08 1.59 3.46 4.94 5.84 7.39
5 3 1.08 1.59 3.45 4.94 5.85 7.42
5 4 1.06 1.65 3.47 4.96 5.87 7.48
5 5 1.08 1.65 3.48 4.98 5.89 7.55

Table 3
Values of V(mean) under different values of r and a joint Normal distribution.

Distribution n k r = 0 r = 0.05 r = 0.50 r = 0.75 r = 0.90 r = 0.95

Normal (0,1) 2 2 1.07 1.15 8.63 8.91* 8.88* 9.09*
2 3 1.06 1.15 8.73 8.98* 8.98* 9.17*
2 4 1.07 1.14 8.72* 8.18* 8.78* 9.28*
2 5 1.07 1.11 8.72* 8.78* 8.79* 9.28*
5 2 1.02 1.11 8.74* 8.78* 8.84* 9.39*
5 3 1.02 1.11 8.65* 9.07* 8.95* 9.47*
5 4 1.06 1.13 8.79* 9.16* 9.07* 9.58*
5 5 1.02 1.13 8.81* 9.28* 9.59* 9.75*

Table 4
Values of V(mean) under different values of r and a joint Exponential distribution.

Distribution n k r = 0 r = 0.05 r = 0.50 r = 0.75 r = 0.90 r = 0.95

Exponential(1) 2 2 1.07 2.25 3.73 5.05 6.18 6.66
2 3 1.06 2.25 3.73 5.18 6.18 6.67
2 4 1.07 2.24 3.72 5.15 6.28 6.68
2 5 1.07 2.22 3.77 5.35 6.39 6.68
5 2 1.02 2.22 3.76 5.55 6.44 6.69
5 3 1.02 2.22 3.75 5.57 6.55 6.77
5 4 1.06 2.23 3.77 5.56 6.57 6.88
5 5 1.02 2.23 3.78 5.58 6.59 6.85

Table 5
Values of V(mean) under different values of r and a joint Gamma distribution.

Distribution n k r = 0 r =

Gamma x4exp(�x)/Γ(5) x > 0 2 2 1.17 2.
2 3 1.16 2.
2 4 1.17 2.
2 5 1.17 2.
5 2 1.19 2.
5 3 1.19 2.
5 4 1.20 2.
5 5 1.21 2.

Table 6
Values of V(mean) under different values of r and a joint U-shaped distribution with d

Distribution n k r = 0 r =

U-shaped f(x) = 3x2/2 x2[0, 1] 2 2 1.15 2.
2 3 1.16 2
2 4 1.15 2.
2 5 1.15 2.
5 2 1.18 2.
5 3 1.18 2.
5 4 1.16 2.
5 5 1.08 2.
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Table 2 exhibits that for values of r = 0, the value of V(mean) are
the smallest and then, its values are increased seriously for
r � 0.50.

The results in Table 3 give a better idea of the effect of the
correlation in detecting the non-random ordering of Y. The values
of V(mean) which are significant are marked with a ‘*'. For r=0.50
the significance is accepted for the pairs {(2,4), (2,5), (5,2), (5,3),
(5,4), (5,5)}. The non-randomness of the ranking is accepted in all
the cases for r � 0.75.

Table 4 gives an idea that for the Exponential distribution for
highly correlated variables, the value of V(mean) is expected to be
larger than 3.

For the Gamma with density function x4exp(�x)/G (5) and
Lognormal distributions, see Tables 5 and 7, the values of V(mean)
are expected to be close to 2 for r < 0.50.

Table 6 sustains a similar result for r > 0.75 in the case U-
shaped distribution with density function f(x) = 3x2/2 x2[0,1].

4.2. Analysis of the time to death of HIV infected persons

We have considered a database of the lifetime of a set of 231
persons infected with HIV clustered by the risk-group, It
constituted a population.

G1- Drug users
G2- Bisexual-homo men
G3- Bisexual-lesbian women
G4- Hetero men
G5- Hetero women
G6- Contaminated by blood transfusions
G7- Sons of VIH infected women
G8- Unknown
We selected 1000 independent (runs) samples from the data set

to estimate treatment effects and compared them with the effect
calculated with the population data. The estimated variance of
treatment effects for model using SRS and RSS for each group
(i = 1, . . . ,8) computed as

V̂ða�
i Þ ¼ 1

1000

X1000
t¼1

a�
ij � ai

� �2
¼ Eði; srsÞ ð4:2Þ
 0.05 r = 0.50 r = 0.75 r = 0.90 r = 0.95

69 6.06 6.67 6.61 7.44
69 6.03 6.66 6.67 7.76
69 6.06 6.69 6.71 7.79
69 6.00 6.19 6.76 7.73
76 6.06 6.19 6.77 7.78
75 6.00 6.61 6.75 7.87
82 6.00 6.66 6.77 7.86
79 6.08 6.33 6.77 7.87

ensities function f(x) = 3 �2/2 x2[0,1].

 0.05 r = 0.50 r = 0.75 r = 0.90 r = 0.95

27 3.43 3.85 4.44 5.55
27 3.43 3.88 4.49 5.57
27 3.42 3.89 4.30 5.58
27 3.44 3.93 4.34 5.58
27 3.46 3.93 4.34 5.59
27 3.45 3.93 4.35 5.42
30 3.47 3.96 4.37 5.48
30 3.48 3.98 4.39 5.55



Table 7
Values of V(mean) under different values of r and a joint Lognormal distribution.

Distribution n k r = 0 r = 0.05 r = 0.5 r = 0.75 r = 0.90 r = 0.95

Lognormal(0,1) 2 2 1.17 2.22 3.23 4.55 5.55 6.11
2 3 1.11 2.22 3.23 4.55 5.59 6.10
2 4 1.17 2.22 3.23 4.54 5.58 6.18
2 5 1.17 2.22 3.23 4.44 5.75 6.18
5 2 1.18 2.22 3.22 4.44 5.77 6.26
5 3 1.18 2.24 3.28 4.44 5.75 6.22
5 4 1.17 2.32 3.27 4.46 5.77 6.36
5 5 1.18 2.33 3.28 4.45 5.50 6.40

Table 8
Efficiencies of the estimates of the treatment effects in 8 groups of persons infected
with HIV positive (variable time to death in years) using SRS and RSS.

Group V̂ða�
i Þ V̂ða�

ðiÞÞ
1 1.97 1.24
2 1.52 2.78
3 1.20 2.19
4 1.05 2.11
6 1.85 1.72
6 1.45 1.11
7 1.44 1.79
8 1.94 1.30
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V̂ða�
ðiÞÞ ¼ 1

1000

X1000
t¼1

a�
ðiÞj � ai

� �2
¼ Eði; rssÞ ð4:3Þ

We have computed the ratio of the efficiencies and the results
are given in Table 8. Note that both of them are considerable larger
for the use of SRS. These results illustrate the behaviour of RSS as
alternative for estimating the treatment effects and the variability
of them. Due to the nature of the data non-normality was present,
hence the use of ANOVA for fixing the existence of significance of
the observed differences did not make sense.
5. Conclusion

The use of RSS in ANOVA is at least as good as the SRS
methodology. This result supports that RSS designed experiments
can be analysed using One Way ANOVA. The estimation of the
variance using RSS allows establishing the closeness of the ranking
to the perfect ranking, assumed in the modeling. V(n) is a non-
parametric statistics that can be used for analyzing the quality of
the ranking. A further study of it is needed to establish rules for
evaluating the relative precision of RSS as a function of the quality
of the ranking.
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