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This paper deals with the analysis of the estimation of the variance of a sensitive variable. The
randomized response (RR) procedure gives confidence to the interviewee that his/her information on
private (sensitive variable) is protected. In general, a simple random sampling (SRS) with replacement
design is used for selecting a sample. We develop a model for the estimation of the variance of sensitive
variable in randomized response procedure, when ranked set sampling (RSS) design is used under
ranking criteria. The usual gain in accuracy related to the use of ranked set sampling is revealed. The
performance of the proposed model is demonstrated using data provided by a study of samples of
persons infected with AIDS disease.
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1. Introduction

Ranked set sampling is an alternative sample design, which
generally provided gains in accuracy with respect to simple
random sampling with replacement (SRSWR). It was proposed for
estimating pastures yield by Ref. [5] in 1952. He established that to
estimate the mean pasture yield using RSS and found their
inference more efficient than to select the sample using a simple
random sampling (SRS) design. The units may be ranked by means
of a cheap procedure and then an order statistics is selected from
each of the independent samples selected using srs with
replacement (SRSWR). It turned out that the use of ranked set
sampling is highly beneficial and leads to estimators which are
more precise than the usual sample mean per unit ones. The
method is now referred to as ranked set sampling (RSS) method in
the literature. Ref. [10] were the first who proved that the mean
estimator from RSS is more efficient than that from SRS. This led a
lot of research has been done by various authors including,
Refs. [1-4,7-9].

In this paper, we propose a model using RSS, instead of SRS with
replacement (SRSWR), for studies of the variance. The rest of this
paper is organized as follows: Section 2 develops the study of the

One-Way Analysis of Variance. Section 3 is devoted to the
presentation of estimators of the variance. Section 4 is devoted
to the development of numerical studies of the behavior of the
analyzed models in testing hypothesis. We discuss the results
obtained from the use of SRSWR and develop alternative RSS
models in the next section. Samples of persons infected with the
AIDS virus are analyzed and the behavior of the accuracy of the
different alternative estimators is studied.

2. Estimation of the treatment effects in a one-way layout in
ranked set sampling

Consider the one-way layout
Y,'j=,bLi+dij=M +a,—+c°tl-j' i=1,...,kj=1,...,n(i). (2.1)

This issue is important in many applications and has been
studied extensively. Let Y be the variable of interest. We select

independent samples of size n(i),i=1, . .. ,k, using simple random
sampling with replacement, (SRSWR), for estimating the
parameters of interest w, o;=(w; —pu), i=1,...,k. We assume

that for any i=1,...,k and j=1,...,n(i), E(d;)=0, V(d;)=0? and
Cov(a;}al‘?,j/) =0, if i#i’ and/or j#j'. The usual estimation of the
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effects o is

n(i) k n(i)

S YD k s
« ) _ i=1 j= (V. _ V) _ . .
% =T 7n (¥; —¥); wheren ;n(l)
Its variance is given by
W 2 o0f o? 2
Viai) =E¥; i =1 —y) :n(i)+7+(uﬁu) . (2.3)

Ref. [6] proposed to use RSS. As usual, the model was based on
the selection of n(i) independent samples of size n(i) using SRSWR
and to rank each of them. That is we have hypothetically for each
i=1... Kk sp={(Yar--- Yitn)1s - - - Yingiy1- - - Yinyn() Iy} and by
rankmg, we have the ranked
samples{(Yii1)- - - Yimay), - - -» Yingiy1y- - - Yin@ymey) }- Y is measured
in the statistic of order (SO) t in the tth sample. Then our set of

“wsn

results for treatment “i” is

s(i) = {(Y; ) ( 12(2>) o Yiewy)- - (Yin(yny)
= {Yr(l Yi), - Yy Yinay (24)
We deal with the linear model
Yigoe = i +eigpe= I+t +eigye, i=1,..., k, j=1,..., n(i)
n(i) k n(i)
> Vi 2.2 gy
Yo = j:r:(z) Vrss = S :n )

It is unbiased and

n(i)
Z"zzu

V) = T(l)7 i = Vi)

It was hypothesized that, 02;¢;y = 0%), which is the counterpart of
the hypothesis used in the development of the one-way layout
ANOVA. 0?%;=02, in the inferences based on SRSWR. Using the

relation established by Ref.[10] we canderive thatforanyi=1, ... ,k

.3

V(y(i)) = n() - T(l)’ Ai(}') = Hig —

Miys Ky = E(yiu‘))7

Let us look for the RSS counterpart of the results (2.2) and (2.3).

n(i) k. n()
> Vi ZZ%U

Proposition 2.1. o, _jzln, L = (J_/(i)

0] n

—?Rss> is
unbiased and more accurate thanca;.
Proof: Due to the unbiasedness of the RSS estimators

E@Rss) =Ui— U and

Z% ZZ%
= - 2 7
E@i £ i £ 1 = Yrss)” = JnW + % + (i
We have that 02, =02 — A,.ZU.)

i(j) =0
equation

E(af;)) = E(ef) = E(yi) — Viag) =

- pw)?
then substituting in the above

k )
o ;n(l)ai
V(a(i)) =—c+

R R DR )

where, represents the gain in accuracy due to the use of

k n(i)
ZA> DoAY
RSS.W(1) =+ EH >0

Remark 1. If Vi=1,... k,
relation is obtained.

"—Z—i-%z and the usual

2 _ 2
o7 =0° =5

3. The estimation of the variance in RSS

A basic relationship in RSS is
ifr£r (3.1)

Ref. [9] suggested as estimator of it, for one cycle,

1 k 1 k
U_% k=1 Z(Y(r)i - :Uvrss)2 where, (4,55 = Ezy(r)
( ¢ )r:I r=1
k
and its expectation is E(0%) = 02 + ;gD (H(r) — hrss)”-
r=1
Considering the structure of the One-Way ANOVA the estimator
proposed by Ref. [9] is given in the next proposition

(nk— 1)22 /'Lrss

i=1r=

Proposition 3.1: Ref. [9]; 02 =

n
where, [t = nkZZY ,i estimates the RSS variance and if
i=1r=
n— oothen E(02) = 02.
Stokes derived that this estimator over estimates o2 and its
variance is

k—1,&
Vw‘%):(nk%l)z{(m”k )ZZPM(

k k
2 nk—1
nt+4 E 1A(r)‘7<2r) + 4(T> E]A(r)lh(r)
r= r=

Note that this error depends on moments of the distribution of
the order statistics then the variable’s distribution must be known.
Hence to derive an explicit formula is very complex.

Ref. [4] proposed to use as estimator

OM =0 + O (3.2)
where,
. 1 k n n )
ot =>—3> > > Yo = Yor) (33)
202k 7T
and
oYy = 2222 Y — Yiy)? (3.4)

rl_;lj

It is unbiased. Next proposition gives its properties.
Proposition 3.2: Ref. [4]; o)/ is unbiased and its variance, if
M <oo,is V(03) =A+B+C+D+F

k k
_ 1 _ 4 _ .4 2 A2
where, A—Wﬁum B—WZM(r)Amv €= 0080,
r=

ZGZ
Using the mean square errors (MSE) and One Way ANOVA
decomposition ideas we have that

MST = MS1 — MS2

nzk42r<r’ U 0- F
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n

taking Mrssiry = %Zy(r)iv then
k n = 3
MS1 = k—Z i — Mrss)
r=1 :1
1 k n 2
MS2 = k— IZ. (Y(r)z - Mrss(r))

r=1i=1

Then the rank-residual MSE is:

ZZ(

r]l

2
MSR = - Mrss(r))

The expectations of the MSE’s are

k k

C1d, 1 2
E(MST) = E;G n+ m; (ki — 1)

E(MSR) = ¢ Zam

Then the variance of 0% as

(k — 1)MST + (nk — k + 1)MSR
nk

and its expectations given by

2
Oy =

n+2 k 2
o) = nk Z m nZkZ(,u(,)—u)

The ordering made using an auxiliary variable X is equivalent to
the use of SRS in the inferior of the scenarios. It is well known that
RSS is equivalent to it, in terms of accuracy, in such cases. That is,

n-;

for any ru, = —u. Hence the statistic
MST
V(n) = 1oR (3.5)

under the hypothesis of random ranking must be close to 1.
Therefore, we can evaluate the usefulness of the ranking of Y,
produced by X, by analysing V(n), as in regression analysis, through
the coefficient of determination. In this case, large values of V(n)
implies that the ranking is more different than the ranking
produced by pure randomness. That is reasoning similar to the
non-parametric evaluation of the goodness of regression fitting.
Under the hypothesis of normality V(n) is distributed F(k, k(n —1))
and inferences can be developed using the classic parametric
theory using F tests.

4. Monte Carlo evaluation
4.1. Normality based tests

1000 runs (samples) were generated using the Uniform (0,2),
Normal (0,1), Exponential (1), Gamma with density function
fix)=x*exp(—x)/I"(5); x>0, U-shaped with density function
fix)=3x?/2; x€[0,1] and the Lognormal (0,1) distribution. The
sample size parameters were ne{2, 3, 4, 5} and ke{2, 3, 4, 5}. The
ANOVA was performed using the normal approximation and
a=0.05. An estimation of the percentage of samples in which we
accepted the true hypothesis Ho was computed for SRS and RSS and
the results presented in Table 1.

Tables 2-7 present the results of 1000 runs (samples) generated,
using different bivariate distributions, with pe{0, 0.05, 0.75, 0.90,
0.95}, of the mean of V(n) then we computed the values of V(mean)
using the following formula

1
V(mean) = mlS%;OOV(n)h 4.1)

Table 1
Percentage of acceptance of the true hypothesis Ho using One Way ANOVA for 1000 runs (samples) generated and o =0.05.
Distribution n k SRS RSS Distribution n k SRS RSS
Uniform (0,2) 2 2 0.76 0.72 Normal (0,1) 2 2 0.88 0.87
2 3 0.74 0.71 2 3 0.87 0.87
2 4 0.78 0.71 2 4 0.88 0.87
2 5 0.78 0.77 2 5 0.91 0.88
5 2 0.79 0.77 5 2 0.93 0.89
5 3 0.79 0.76 5 3 0.93 0.92
5 4 0.82 0.78 5 4 0.93 0.93
5 5 0.81 0.78 5 5 0.94 0.92
Exponential(1) 2 2 0.54 0.67 Gamma x*exp(—x)/T(5) x>0 2 2 0.66 0.69
2 3 0.54 0.67 2 3 0.66 0.69
2 4 0.66 0.72 2 4 0.66 0.73
2 5 0.71 0.73 2 5 0.68 0.76
5 2 0.70 0.72 5 2 0.75 0.79
5 3 0.71 0.72 5 3 0.76 0.77
5 4 0.72 0.74 5 4 0.77 0.84
5 5 0.74 0.79 5 5 0.77 0.88
U-shaped f(x)=3x*/2x € [0, 1] 2 2 0.54 0.68 Lognormal(0,1) 2 2 0.86 0.83
2 3 0.56 0.69 2 3 0.86 0.82
2 4 0.56 0.69 2 4 0.88 0.85
2 5 0.59 0.69 2 5 0.88 0.85
5 2 0.61 0.74 5 2 0.89 0.87
5 3 0.69 0.74 5 3 0.88 0.87
5 4 0.69 0.82 5 4 0.89 0.90
5 5 0.71 0.84 5 5 0.89 0.90

Remark: When data are not Normally distributed, the RSS-ANOVA had a better performance than the classic SRS procedure. It can be due to the convergence of linear rank

statistics to normality.
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Table 2
Values of V(mean) under different values of p and a joint Uniform distribution.
Distribution n k p=0 p=005 p=050 p=075 p=090 p=095
Uniform (02) 2 2 1.07 1.59 3.43 4.85 5.55 6.77
2 3 106 1.59 343 4.88 5.59 6.77
2 4 107 1.59 3.42 4.89 5.80 7.08
2 5 107 1.59 3.44 4.94 5.85 728
5 2 108 1.59 3.46 4.94 5.84 739
5 3 108 1.59 345 4.94 5.85 742
5 4 106 1.65 3.47 4.96 5.87 7.48
5 5 108 1.65 3.48 4.98 5.89 7.55

Table 2 exhibits that for values of p =0, the value of V(mean) are
the smallest and then, its values are increased seriously for
p>0.50.

The results in Table 3 give a better idea of the effect of the
correlation in detecting the non-random ordering of Y. The values
of V(mean) which are significant are marked with a **'. For p=0.50
the significance is accepted for the pairs {(2,4), (2,5), (5,2), (5,3),
(5,4), (5,5)}. The non-randomness of the ranking is accepted in all
the cases for p>0.75.

Table 4 gives an idea that for the Exponential distribution for
highly correlated variables, the value of V(mean) is expected to be
larger than 3.

Table 3 For the Gamma with density function x*exp(—x)/I"(5) and
Values of V(mean) under different values of p and a joint Normal distribution. Lognormal distributions, see Tables 5 and 7, the values of V(mean)
Distribution n k p=0 p=005 p=050 p=075 p=090 p=0.95 are expected to be close to 2 for p <0.50.
Normal (01) 2 2 107 115 863 301* 888  9.09° Table .6 s_usta_lns a_smnlar 'result fc_)r p>0.75 21n the case U-
2 3 106 115 873 898* 898  917* shaped distribution with density function f(x)=3x°/2 x<[0,1].
2 4 107 114 8.72*  818* 878 928
2 5 107 111 872" 878" 879" 928" 4.2. Analysis of the time to death of HIV infected persons
5 2 102 111 8.74* 878"  884* 939
5 3 102 111 865  9.07*  895* 947 . A
5 4 106 113 879 916° 907* 958 We have considered a database of the lifetime of a set of 231
5 5 102 113 8.81*  928*  959*  975* persons infected with HIV clustered by the risk-group, It
constituted a population.
G1- Drug users
G2- Bisexual-homo men
Table 4 G3- Bisexual-lesbian women
Values of V(mean) under different values of p and a joint Exponential distribution. G4- Hetero men
Distribution n k p=0 p=005 p=050 p=075 p=090 p=0.95 G5- Hetero women
Exponential(1) 2 2 107  2.25 373 505 618 6.66 G6- Contammate‘d by blood transfusions
2 3 106 225 3.73 518 6.18 6.67 G7- Sons of VIH infected women
2 4 107 224 3.72 5.15 6.28 6.68 G8- Unknown
2 5 107 222 3.77 5.35 6.39 6.68 We selected 1000 independent (runs) samples from the data set
g g }‘gg 5;; gzg ggg g'gg 2'33 to estimate treatment effects and compared them with the effect
5 4 106 223 377 556 657 688 calculated with the population data. The estimated variance of
5 5 102 223 3.78 5.58 6.59 6.85 treatment effects for model using SRS and RSS for each group
(i=1,...,8) computed as
. 1 1000 2
Vi) = WZ (a,.*j - a,») = E(i; srs) (4.2)
t=
Table 5
Values of V(mean) under different values of p and a joint Gamma distribution.
Distribution n k p=0 p=0.05 p=0.50 p=0.75 p=0.90 p=0.95
Gamma x*exp(—x)/T'(5) x>0 2 2 117 2.69 6.06 6.67 6.61 744
2 3 116 2.69 6.03 6.66 6.67 7.76
2 4 117 2.69 6.06 6.69 6.71 7.79
2 5 117 2.69 6.00 6.19 6.76 7.73
5 2 119 2.76 6.06 6.19 6.77 7.78
5 3 119 2.75 6.00 6.61 6.75 7.87
5 4 1.20 2.82 6.00 6.66 6.77 7.86
5 5 121 2.79 6.08 6.33 6.77 7.87
Table 6
Values of V(mean) under different values of p and a joint U-shaped distribution with densities function f(x)=3 x%/2 x[0,1].
Distribution n k p=0 p=0.05 p=0.50 p=0.75 p=0.90 =095
U-shaped f(x)=3x%/2 x<[0, 1] 2 2 115 227 343 3.85 4.44 5.55
2 3 116 227 3.43 3.88 4.49 5.57
2 4 115 227 3.42 3.89 430 5.58
2 5 115 227 3.44 3.93 434 5.58
5 2 118 2.27 3.46 3.93 4.34 5.59
5 3 118 227 3.45 3.93 435 5.42
5 4 116 2.30 3.47 3.96 437 5.48
5 5 1.08 2.30 3.48 3.98 4.39 5.55
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Table 7

Values of V(mean) under different values of p and a joint Lognormal distribution.
Distribution n k r=0 r=005 r=05 r=075 r=090 r=0.95

Lognormal(0,1) 2 2 117 222 3.23 4.55 5.55 6.11

2 3 11 222 3.23 4.55 5.59 6.10

2 4 117 222 3.23 4.54 5.58 6.18

2 5 117 2.22 3.23 4.44 5.75 6.18

5 2 118 2.22 3.22 4.44 5.77 6.26

5 3 118 224 3.28 444 5.75 6.22

5 4 117 2.32 3.27 4.46 5.77 6.36

5 5 118 2.33 3.28 4.45 5.50 6.40

Table 8
Efficiencies of the estimates of the treatment effects in 8 groups of persons infected
with HIV positive (variable time to death in years) using SRS and RSS.

Group Vi) V()
1 1.97 124
2 152 2.78
3 1.20 2.19
4 1.05 211
6 1.85 172
6 145 11
7 1.44 1.79
8 1.94 1.30
R 1 1000 2
* - * o R _ :.
Viey) = 5 000; (a(,y al) = E(i; rs5) (4.3)

We have computed the ratio of the efficiencies and the results
are given in Table 8. Note that both of them are considerable larger
for the use of SRS. These results illustrate the behaviour of RSS as
alternative for estimating the treatment effects and the variability
of them. Due to the nature of the data non-normality was present,
hence the use of ANOVA for fixing the existence of significance of
the observed differences did not make sense.

5. Conclusion

The use of RSS in ANOVA is at least as good as the SRS
methodology. This result supports that RSS designed experiments
can be analysed using One Way ANOVA. The estimation of the
variance using RSS allows establishing the closeness of the ranking
to the perfect ranking, assumed in the modeling. V(n) is a non-
parametric statistics that can be used for analyzing the quality of
the ranking. A further study of it is needed to establish rules for
evaluating the relative precision of RSS as a function of the quality
of the ranking.
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