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A B S T R A C T

We aim to introduce the proof of concept of a 3D ultrasound Focuser with possible advanced applications in
living-matter/cell entrapment, particle focusing, transportation through virtual channel and drug, agent or
material delivery systems. The proposed mechanism is assumed to be fully submerged in a fluidic environment
and composed of three parallel acoustic line sources which are located in such a way that form a triangular right
prism. By approximating the wave field of each cylindrical source as a progressive plane wave field whose
amplitude decreases with respect to the travelling distance from the source, the acoustic radiation force exerted
on a single particle is analytically derived. It is shown that when each source has a π/3 phase different from other
sources, an attracting zone around the axis of the triangular prism is formed for wavelengths in the order of the
size scale, ∼λ l O/ (1), where l denotes the distance between each two sources. The optimal operating situation
(the largest attracting zone) is found for the case where ≈λ l. The theoretical study is supported by stability
analysis of dynamics of the entrapped particle which located on the axis of the prism; and validated by com-
puting the trajectories of migration of the test particle. The stability analysis is performed by considering the
unsteady solution of Stokes equations and the possible flow of environmental fluid medium. In addition, the
required settling time and required length scales to focus the particle to the center line of the prism for different
size scale ratios are estimated and discussed. Compared to other 3D focusing techniques, this method is non-
invasive, robust, easy to implement, applicable to nearly all types of micro-particles and does not need any
specific pre-designed channel for focusing process.

1. Introduction

In the revolutionary race towards miniaturization, the advent of
mili-, µm- and molecular sized machines and mechanisms, may ex-
pedite the evolution and progress in modern medicine, biomicro-
fluidics, biotechnologies and biomedicine. Considering the particle/
cell/agents/drugs delivery and entrapment as a vital facility in various
applications in microfluidic lab-on-chips, biochemistry and biomedical
imaging [1], cell separation application [2], nanotechnology [3], drug
delivery [4], gene therapy [5], genomic DNA [6–8], etc. [9–14], the
importance of focusing, trapping and manipulation mechanisms are
cleared. In the aforementioned applications, utilizing force, wave or
flow fields (e.g., acoustical [15–28], optical [29–31], electro-kinetic
[32,33] and hydrodynamics [34–37]) are typical and vastly employed.

The techniques based on the acoustics, have some merits compared
to others due to its non-invasive nature, in-depth penetration, the

sufficient amplitude of driving force, relatively low settling-time, etc.
The common methodologies are based on pushing the object toward the
target area by acoustic tweezers [38–47] and localizing it using
standing wave fields produced by counter-side transducers or possible
wave reflectors [16,20,48–50], two-crossed plane waves approach [51],
single focused acoustic beam manipulators [41,43,45,52–56] and the
standing surface acoustic waves (SSAW) produced by interdigital
transducers [28].

In the present work, we propose a design for a small device which
may serve as a focuser, trapper and virtual transportation channel,
composed of three parallel ultrasonic line sources located in such a way
whose top view depicts an equilateral triangle, which radiate in their
breathing mode (monopole vibration), monochromatically but with
adjusted phase difference. Considering the analytical solution for the
acoustic radiation force exerted on a particle with relatively smaller size
in comparison with the size of the prism, it is shown that the subsequent
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phase differences of π/3 between sources leads to formation of a pres-
sure nodal line on the axis of the prism which induces an area of at-
traction for wavelength-to-prism-length ratio of order of unity.

Considering the possible applications of the proposed configuration
as a trapper, the performance of trapping is evaluated by solving the
Stokes equations in order to estimate the trajectories of assumed par-
ticle initially located at different positions, e.g. within and outside the
attracting zone. In order to check the performance of the proposed
configuration as a focuser or as a guiding channel, it is assumed that the
particle has pre-determined motion along the axis of prism due to the
environmental fluid flow. The trajectories of particle are obtained and
the quality of approach toward the axis of the prism is discussed.
Moreover, the required settling-time and the required axial distance
along the prism are obtained and the geometrical practicability is dis-
cussed.

The authors are confident that the proposed configuration can serve
as a simple and practical idea of adaptive and flexible focuser or trapper
or transportation channel, since its size can vary by a simple telescopic
mechanism and its frequency of operation is not limited to a specific
value due to its general piezoelectric based transducer and may be
adapted to the required size of operation. Moreover, as a focuser, there
is no need for a channel and the device is able to operate within an
unbounded fluidic medium or may be used as a sampler in bio-fluidic
environments. In addition, the focusing/trapping volume is efficient
with respect to the total occupied volume of device. Generally, the in-
troduced configuration can be an alternative asset of the other techni-
ques and solutions given in the literature, with its special advantages
and possible challenges.

2. Formulation

Fig. 1 shows the general geometry of the trapper with the shape of
prism, which its face is an equilateral triangle. The side length of the
triangle is denoted by l. It is assumed that the height of the prism is
sufficiently larger than the triangle length scale, so that the dynamics of
the problem could be regarded as 2D (two dimensional) problem. The
line sources of acoustic field are located at the corner lines of the prism,
radiating ultrasonic waves monochromatically with frequency of ω.

In order to examine the functionality of the proposed mechanism in
creating an attraction zone for drug or material entrapment, a test
particle with spherical geometry is chosen. The radius of particle is
denoted by a, assuming < <a l. For simplicity, the particle is assumed
to be non-deformable and neutrally buoyant.

Distances of the particle from each source and the corresponding

angles are denoted by d α( , )1 1 , d α( , )2 2 and d α( , )3 3 , respectively.
Additionally, Fig. 1 depicts the spherical particle which is insonified by
three incident waves from each source. With the limitation of < <a λ/ 1
where λ denotes the wavelength of the incident waves, the incident
waves from each source in any relative angles and distances of the
particle from the sources is assumed to be Pseudo-plane wave with its
amplitude decreasing relation with the distance, ∝ −dj

1/2 (See Appendix
A). The justification for the mentioned approximation and its negligible
effect on the radiation force estimation is discussed in numerical results
and analysis section.

A challenge in practice which may question the viability of the
model, is the coupling mechanism which connects the transducers and
its effects on the acoustic field due to possible end-effect. Considering
telescopic slender rod connections between the transducers just at the
top and the bottom of the configuration, the assumed free unbounded
fluidic medium condition seems reasonable and the effects of the as-
sumed connecting links between the transducers may be limited. In
other words, away from the top and bottom boundaries the end-effects
are rendered negligible, thus not drastically affecting the predicted
results.

2.1. Acoustic field equations

Following the standard methods of theoretical acoustics, governing
equations for an inviscid and ideal compressible fluid medium that
cannot support shear stresses may be expressed respectively as [57]

∂
∂

+ ∇ =
ρ
t

ρv. ( ) 0, (1)

⎛
⎝
∂
∂

+ ∇ ⎞
⎠
+ ∇ =ρ

t
pv v v. 0.

(2)

where ρ is the fluid density, v is the fluid particles' velocity and p de-
notes the ambient pressure. In linear acoustic, the above equations are
simplified to

∂
∂

+ ∇ =
ρ
t

ρ v. 0.f (3)

∂
∂

+ ∇ =ρ
t

pv 0. (4)

where ρf denoted the density of fluid host medium in equilibrium state.
Combination of Eqs. (3) and (4) leads to

∂
∂

= ∇ ∇
t

cv v( . ),
2

2
2

(5)

where = ∂ ∂c p ρ{( / ) }s
1/2 is the speed of sound in fluid host medium, and

where subscript “s, 0” means the constant entropy. Assuming the irro-
tational nature of the wave propagation phenomenon, the velocity
vector can be expressed as a gradient of a scalar potential function,
= −∇ψv . Substitution of this expression into Eq. (3) yields to

∂
∂

= ∇
ψ

t
c ψ.

2

2
2 2

(6)

Considering the monochromatic nature of the wave fields, oscil-
lating with the frequency of ω, the feasible description of the form

= −ψ t Re φ er r( , ) ( ( ) )iωt leads to the so-called Helmholtz equation as
[57]

∇ + =k φ( ) 0,2 2 (7)

where =k ω c/ is the wave number for the dilatational wave. The so-
lution of the above equation according to the boundary conditions of
the system leads to evaluation of the velocity vector field by
= −∇ψ tv r( , ) and the acoustic pressure via = ∂ ∂p r θ ω ρ ψ t tr( , , ) ( , )/ .
It can be shown that the expansions of the scalar velocity potential

function of inclined incident plane wave satisfying Eq. (5), have the
form of below [57]Fig. 1. Configuration of the problem.
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where jn is the spherical Bessel function of the first kind of order n,
= + − +Y n n m π n m P θ e(2 1)( ) !/[4 ( )!] (cos )n

m
n
m imφ are spherical har-

monics, Pn
m are associated Legendre polynomials and the over-bar de-

notes the complex conjugate of the respective function [58],
=ξ j, 1, 2, 3j is the phase index associated with the sources. Also,

d α β( , , )j j j denotes the distance of the particle from each source and the
corresponding polar and azimuthal angle of the incident wave inter-
acting with the particle. Notice that the harmonic time variations
throughout the manuscript with −e ω ti dependence, suppressed for sim-
plicity. ∼p O φ ρω| | ( )rad.,0 0 is the order of amplitude of the radiating
acoustic pressure at the vicinity of sources. Eq. (8) can be rewritten as
(See Appendix A)
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Likewise, the scattered wave field can be written as [57]
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where =A a In
m

n
m

n
m, = +h x j x iy x( ) ( ) ( )n n n is the spherical Hankel

function of the first kind of order n [58], An
m which is the unknown

modal scattering coefficient determined by employing the appropriate
boundary conditions, later. Considering the superposition principle in
linear acoustic regimes, the total velocity potential, the velocity field
and the acoustic pressure in surrounding medium can be evaluated by

= +φ φ φ ,t sc rad. . .

= −∇ +v φ φ( ),sc rad. .

= + = − +p p p iωρ φ φ( ).t sc rad sc rad. . . . . (11)

Assuming the particle as an ideal rigid sphere, the boundary con-
dition on the surface of the particle can be written as

∂ ∂ ==φ r θ ω r( , , )/ | 0.t r a. (12)

Substituting Eqs. (9) and (10) into (11) and then into (12), yields
= − ′ ′a j ka h ka( )/ ( )n

m
n n .

2.2. Acoustic radiation force

In nonlinear acoustic regime, a body insonified by a sound field is
known to experience a time-averaged force that is called the acoustic
radiation force. For the case of a time-harmonic wave field, the time
averaged radiation force can be written as

∬
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2 /
is the time average operator,

= +ψ ψ ψt rad sc. . . is the real part of the total potential function in host
medium, = −∂ ∂v ψ r/n t. and = −∂ ∂v ψ r θ/t t. are the radial and tangential
components of velocity vector, = −∇ψ tv r( , )t. . Substitution of Eqs. (5)
and (6) into above expression of radiation force and using far-field
method to calculate the radiation force leads to [59]
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where = + + + − +b n m n m n n{[( )( 1)]/[(2 1)(2 1)]}n
m 1/2 and

= − + − +c n m n m n n{[( )( )]/[(2 1)(2 1)]} .n
m 1/2

2.3. Particle dynamics

The equation of motion of a small spherical particle moving within a
viscous fluid can be written as [60]

∫= − − −
−

+m dv
dt

πηav m dv
dt

πηa dτ dv dτ
πν t τ

F6 1
2

6 /
[ ( )]

,p
i

i f
i t i

i
2

0 1/2 (15)

where vi is the velocity of the particle, ≅m πa ρ(4/3)p
3 is the mass of

particle. The first term in the right-hand side of Eq. (15) is known as the
“Stokes drag”, in which η is the dynamic viscosity of the fluid, and a is
the particle radius, next two terms are the added-mass-force and his-
tory-force, respectively. Moreover, ≅m πa ρ(4/3)f

3 is the mass of dis-
placed fluid, and =ν η ρ/ is the kinematic viscosity of the fluid. These
three forces represent the unsteady forces acting on the particle
[61,62]. Lastly, the final term, Fi, is the external force acting on the
particle which for our case denotes only the acoustic radiation force.

A Laplace transform applied to Eq. (15) for a test particle which
starts at rest, leads to

̂ ̂+ + + =m m s πηa πηa ν s v F[( /2) 6 (6 / ) ] ,p f i i
2 1/2 1/2 (16)

where ∧, represents variables in the Laplace domain, and s is the La-
place variable.

The temporal evolution of particle velocity is calculated using the

convolution ∫= ∗ = −v f g F t τ g τ dτ( ) ( )i

t

i
0

where g is

= + + +−g L m m s πηa πηa ν s{1/[( /2) 6 (6 / ) ]}p f
1 2 1/2 1/2 and −L {.}1 denotes

the inverse-Laplace operator.
Considering the Cartesian coordinate system in Fig. 1 and the

component of acoustic radiation force as =F E S Yx inc c x. , =F E S Yz inc c z.
and =F 0y , the particle temporal velocity components can be computed
numerically by the aforementioned convolution integral. Obviously, for
the velocity component of particle along the Y-axis (i.e., the axis of
prism) in the existence of axial background flow of environmental fluid
medium, vy is obtained as =v vy y,0 in which the subscript “y, 0” denotes
the value of vy at =t 0, which is describes the background flow-field
velocity. The trajectory of migration then can be calculated by nu-
merical integration of velocity components. In the limiting case of
steady-state, the velocity field can be analytically determined as
=v F πηa/(6 )x x , =v F πηa/(6 )z z and =v vy y,0 and the trajectory of the

particle can be approximated as = − = −dX dZ v v Y Y/ / /x z x z,
= +Y v t Y .y,0 0

3. Numerical results and analysis

3.1. Acoustic pressure and radiation force distribution

The proposed idea of making an attractive zone within the trapper is
to form a pressure node at the geometrical center of the trapper, i.e. axis
of the prism, by adjusting = + = +ξ ξ π ξ π2 /3 4 /31 2 3 . In order to ex-
amine the feasibility of the proposed mechanism, several numerical
examples are considered. The host medium characteristics are assumed
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to be =ρ 1000 kg/m3 (∼ O (10 ) kg/m3 3) and =c 1400 m/s (∼ O (10 ) m/s3 )
and the radiating pressure-amplitude, p| |rad. , is set to be of order
∼ O (10 ) Pa4 . After numerous simulations with the qualitative objective
function of making the maximum area of attraction, the optimal order
of wavelength of the sources is found as ∼λ l O/ (1). Several sizes of the
trapper are considered as = =l λ 10 , 10 , 10 μm2 3 4 which indicate
=kl π2 . For each selected size of the trapper, the test particle size is

assumed to be in range of < <a l0.01 / 0.1. The lower limit of the par-
ticle size is due to this fact that for small size of particles, the magnitude
of the induced acoustic force is so small that the convergence and settle
down of particles is too time consuming and the process is not efficient.
Also, for very small particles, other forces such as surface tractions
become comparable to the generated radiation force acting in the
particle. The operating frequencies of interest are considered to be
= = = × × ×f ω π c λ/2 / 1.4 10 , 1.4 10 , 1.4 10 Hz,7 6 5 respectively. The

required frequencies of operation belong to the range of
∼ − ∼O O(10 ) kHz (10 ) MHz2 1 which is practical and feasible.

Fig. 2 illustrates the 2D contour plot pattern of normalized pressure
amplitude, p p/t rad.,0, inside the trapper. All the size scales are normal-
ized. The required pressure node at the center of the trapper is formed
and three anti-nodes are generated on the virtual sides of the trapper.
Also, a low pressure region around the central node is seen which is
similar to a triangle which we will refer to as “attraction triangle” from
this point on. The white lines connect the three pressure nodes and the
three pressure anti-nodes, which are located such that two virtual tri-
angular patterns are formed.

Fig. 3 depicts the 2D contour plot of the amplitude of dimensionless
radiation force function, ̂ ̂= +e eY Y Y| |x x z z , for the test particle with size
ratio of =a l/ 0.05, which at selected points, its direction is demon-
strated with arrows (i.e., the length of arrows is linearly proportional to

the amplitude of the force). To relate Figs. 2 and 3 one can clearly
observe that the radiation force on the pressure antidotes on the sides of
the triangle, illustrate local minima. Moreover, an interesting twisted
Star-like pattern is observed in which minimum zones of radiation force
occur. The (three) minimums of the radiation force occur on the wings
of the star-like region which are consistent with the corners of the at-
traction triangle. It should be noted that for other sizes of test particle,
the general pattern of the normalized radiation force is similar to that
shown in Fig. 3, but with different amplitudes which may be approxi-
mated as ∝Y a| | .

Considering the challenge of acoustic streaming, following the es-
timation of Doinikov [63–67] for acoustic viscous boundary layer
thickness, δ, as ∼ ∼ −O η ρω O([ /( )] ) (10 ) μm1/2 1 , and considering the si-
tuation of < <δ a l, one can disregard the effects of acoustic streaming
while not introducing large errors in the analysis with the same as-
sumptions as presented paper [47].

In order to justify approximating cylindrical wave field with pseudo-
plane wave field, we should ensure that the estimated radiation force
does not deviate from the true radiation force generated by cylindrical
sources, in our case of study. Looking at Hasegawa et al. 1981 [68] in
which the radiation force is obtained for a solid sphere subjected to
spherical (curved) wave field, it is found that for <ka 1 where =k π λ2 /
is the wave number of incident wave, the radiation force associated
with a curved wave front of incident acoustic field is similar to the
radiation force acting on a sphere located at infinity where the wave
front resembles a plane wave, independent of the material properties of
sphere and the distance ratio, d a/ .

3.2. Stability analysis of particle dynamics at center-line

Considering the centerline (axis) of the prism as the a fixed-points of
the entrapped/focused particle, the stability of this fixed-point can be
determined via examining the eigenvalues of the variational matrix of
the corresponding in xz-plane as

=
⎡

⎣

⎢
⎢
⎢

∂ ∂ ⎡
⎣⎢
−

−
⎤
⎦⎥

⎤

⎦

⎥
⎥
⎥

∗
× ×

×
×

J
I

α F r
πηa α

πηa α

[0] [ ]

(1/ )[ / ]
6 / 0

0 6 /
,

i j

2 2 2 2

2 2
2 2 (17)

where ×I[ ]2 2 is the identity matrix, ∂ ∂ = ⎡
⎣⎢
∂ ∂ ∂ ∂
∂ ∂ ∂ ∂

⎤
⎦⎥

F r
F X F Z
F X F Z[ / ]

/ /
/ / ,i j

x x

z z
and

= +α m m /2p f . The above Jacobian (variational) matrix is obtained by
linearization of the equations of motion around the center line, ignoring
the effects of history force. For our case of study, the eigenvalues take
the form of = ± =γ α ω jβ ω i( ) ( ), 1, 2i i i in which the negative values of
α ω( )i means stability and the positive values indicate that the fixed-
point in xz-plane is unstable.

For the case of =l 100 μm, =a 5 μm and ≈ka 0.314, we found
= − ±γ j1.0080 0.40531 and = − × ±γ j1.068 10 0.40532

5 which denotes
stability with possible oscillatory behavior. The stability analysis is
done for the range of particle size, < <a l0.01 / 0.1. Fig. 4(a)–(d) show
the variation of α β α β, , ,1 1 2 2 as functions of a l/ , respectively. The locus
of stable equilibrium points is found to be a spiral curve for the men-
tioned size ratio, which it is expected that the entrapped particles size
scales perform inward spiral motion. The analysis is checked for other
size scales of =l 1000 μm and =l 10, 000 μm, and the same conclusion
is drawn.

3.3. Migration of particles – steady solution approximation

In order to visualize the performance of the suggested trapper/fo-
cuser, Fig. 5 illustrates the migration trajectories of the test particle,
initiated form several different positions. The trajectories are plotted
via the characteristic equation of = −dZ dX Y Y/ /z x. This approximate
relation is drawn from the low Stokes number condition and low Rey-
nolds number approximation of Maxey and Riley governing equations

Fig. 2. 2D contour plot pattern of normalized pressure amplitude inside the
trapper.

Fig. 3. 2D contour plot of the amplitude of dimensionless radiation force
function and its direction, which is shown as an arrow.
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[60] which are condensed to the steady stokes theory [69–71]. For our
study, the Stokes number as an index of characteristic time of a particle
dynamics to the characteristic of flow dynamics which is defined as

=Stk t v a/s0 , where t0 is the relaxation time (i.e., the time constant in
the exponential decay of the particle velocity due to the drag, which for
our case of low Reynolds number condition and Stokes flow, may be

approximated as =t ρa μ4 /180
2 ), which is of order ∼ −O (10 )4 , ∼ −O (10 )2

and ∼ O (1) for =l 100 μm, =l 1000 μm and =l 10, 000 μm respec-
tively. It should be noted that as mentioned before, the size of test
particle is in the range of < <a l0.01 / 0.1. In order to have steady so-
lution approximation, all the unsteady inertial and history forces should
be neglected and the only remaining force, i.e. the drag force, may be
approximated as the well-known Stokes drag instead of Basset drag.
Therefore, the external radiation force on the particle is balanced with
the Stokes drag force as < > = πη aF v6 ,d s where vs is the particle ve-
locity vector. Considering < > ∝F v ,d s and quasi-stationary dynamics
of trapped particle, the simplifications to obtain trajectories seems
reasonable. The effects of unsteady terms on the dynamics and corre-
sponding trajectories of test particle for various size scales are discussed
later.

The trajectories are divided into attractive (i.e., continuous curves)
and repulsive (i.e., dashed curves) types where for any initial position
on the boundaries of attractive circle, the test particle moves inward
within the trapper. As it is seen in Fig. 5, many of stable trajectories are
initiated from the pressure antinodes on the sides of triangle. The stable
trajectories approach (directly) towards the central node or (indirectly)
the star-like wings and keep on migrating towards the center. The area
of attraction may be distinguished by the condition of ⩽Y e. 0,r where
= +Y YY e e( )x zx z is the total radiation force function exerted on the

test particle and er is the radial unit vector in XY-plane. The white
curves in Fig. 5 show the boundaries of the area of attraction. As an
indicator for the area of attraction, the diameter of its assumed cir-
cumscribed circle (i.e., illustrated by three white nodes in Fig. 5) is
found as ∼d l0.38 .s

Considering the area of attraction circle with respect to the prism
area, it is concluded that approximately, half of the trapper can be re-
garded as the effective trapping volume for drug/material/agent or any

Fig. 4. The (a) real and (b) imaginary of first eigenvalue and the (c) real and (d) imaginary of the second eigenvalue corresponding to the Jacobian matrix for lateral
stability (stability in xz-plane) analysis of central axis of trapper, as a function of size ratio, a/l.

Fig. 5. Trajectories of the test particles, initiated form different positions in the
trapper according to the steady dynamics approximated solution. Three nodes
of radiation force inside the trapper are marked with white circles which may
form a the circumscribed circle of the area of attraction, we may call basin of
attraction, since all initial positions of test particles in this area leads to a tra-
jectory inward the configuration, like an attractive basin. The trajectories are
divides into attractive (i.e., continuous lines) and repulsive (i.e., dashed lines)
types.
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other material which should be carried or cell/active matters/genes,
etc., which should be captured in a biological system.

3.4. Migration of particles – unsteady solution and time of settle down

In this section, the effect of unsteady terms on the migration of test
particles initially located at different positions for different size scales,
are discussed. Moreover, an interesting quantity which may reflect the
performance of the proposed configuration especially as a focuser in a
transportation channel, is the time of settling down of the test particle
along the central axis of prism and the corresponding trajectories.

Fig. 6(a) depicts the planar (XZ-plane) trajectories of test particles,
initially located at different positions but all of them are at rest state, for
different size of trapper, but the same size ratio of =a l/ 0.05, as:
= =l a100 μm, 5 μm, = =l a1000 μm, 50 μm and =l

=a10, 000 μm, 500 μm. Fig. 6(b) shows the XZ-trajectories with re-
spect to time, < <t0 10 s. In all cases, the wavelengths of the incident
wave fields are kept ≈λ l. The initial positions of test particle are
highlighted with black colored circles. The trajectories corresponding to
the cases of = =l a100 μm, 5 μm, and = =l a1000 μm, 50 μm, coin-
cide with the steady solution approximation which are shown with
dashed lines. As the size of test particle increases to the last case of
=a 500 μm, even with the same size ratio, =a l/ 0.05, the unsteady

solution deviates from the steady one as it is shown with the continuous
curves. This is due to the fact that for higher size of particle, the driving
forces as well as the terms corresponding to the unsteady solution play
the most influencing roles in the dynamics of the particle compared to
the viscous terms. Also, it should be pointed out that the initial posi-
tions of the test particles are selected so that the functionality of the
proposed device can be evaluated. Four initial positions on the attrac-
tion circle and three initial positions are selected close to one of the
pressure anti-nodes on the side of the prism (See Fig. 2). As it was ex-
pected, all the initial positions on the boundary of attraction circle
approach toward the center line of prism. Also, the initial position
around the anti-node of pressure field which is inside the triangle is
captured by the attracting basin, but the other trajectories are pushed
outside the device due to the repulsive effect of anti-nodes of pressure.

In order to investigate the time of settling down, the criterion of
+ <X t Z t d[ ( ) ( )] 0.01 s

2 2 1/2 is assumed, in which ds is the diameter of
the circumscribed circle of attraction area. Fig. 7 illustrate the variation
of maximum time of settle down, for selected size ratios of test particle,

=a l/ 0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07, 0.08, 0.09, 0.10, and three
cases of =l 100 μm, 1000 μm, 10, 000 μm. It is seen that the time of
settling down is approximately equal for the two cases of
=l 100 μm, 1000 μm for which similar trajectories were obtained from

the steady solutions. For the case of =l 10, 000 μm, the time of settling
down slightly deviates from the other two cases as a l/ increases and
thus higher time of settle down is recorded. The difference is not con-
siderable similar to the deviation between the trajectories. This implies
that the same (slightly perturbed) dynamics governs the motion of the
test particle where the perturbations originate from the unsteady effects
associated with the history force, the added mass and the inertial ef-
fects. As it is observed, the time of settling down decreases as the size
ratio of the test particle increases, from 93.90 s for

= =a l l/ 0.01, 10, 000 μm and 93.85 s for =a l/
= =l and l0.01, 1000 μm 100 μm to 2.40 s for = =a l l/ 0.1, 100 μm,

2.43 s for = =a l l/ 0.1, 1000 μm and 3.37 s for = =a l l/ 0.1, 10, 000 μm.
Considering an approximation for the time of migration as
∝ =∗ ∗t l v ρc η P Y a l/ /[| | ¯ ( / )]rad

2
.

2 in which ∗v indicates a characteristic
averaged migration velocity scale, estimated as
∝ ∝∗v F πηa P ρc η a l Y¯/(6 ) [| | /( )]( / ) ¯rad.

2 2 , where the over-bar denotes
average over the path, it might be expected that for same size ratios,
a l( / ), the same orders of time of migration is expected. Moreover, the
viscosity of fluidic medium as well as the density and the sound speed
(i.e., bulk modulus) have decelerating effects on the focusing/trapping
process while the radiating acoustic pressure amplitude has accel-
erating effects.

Fig. 6. (a) The planar (XZ-plane) trajectories of test particles, initially located at
different positions but all of them are at rest state, for different size of trapper,
but the same size ratio of =a l/ 0.05, as: = =l a100 μm, 5 μm,
= =l a1000 μm, 50 μm and = =l a10, 000 μm, 500 μm. The initial positions

of test particle are highlighted with black colored circles. The wave sources are
schematically shown as circles. The trajectories corresponding to the cases of
= =l a100 μm, 5 μm, and = =l a1000 μm, 50 μm, are coincident as well as

the steady solution approximation which are shown with dashed lines. (b) The
XZ-trajectories of test particles with respect to time, < <t0 10 s.

Fig. 7. The variation of maximum settling time for selected size ratios of test
particle, =a l/ 0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07, 0.08, 0.09, 0.10, for three
cases of =l 100 μm, 1000 μm, 10, 000 μm.
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Considering the proposed configuration as a focuser, the required
length of settle down along the axis of prism is a key factor. In the used
dynamic model, the motion of test particle is not influenced by the
planar acoustic wave field along the Y-axis; therefore the governing
equation of motion along the Y- axis leads to the simple solution of

=Y t v t( ) y,0 where vy,0 denotes the axial velocity of flow field associated
with the fluidic host medium which assumed to be constant. For the
small micron-scale case of =l 100 μm, for particle size in the range of

< <a l0.01 / 0.1, and practicable flow velocity of ∼v O (10) μm/sy,0 , the
axial length for settle down is obtained in the range of
∼ − ∼O l O l(0.1) (1) , which is suitable. For the relatively large scale
case of =l 10, 000 μm, the same length scales for axial time of settle
down is obtained for flow velocity of ∼v O (10 ) μm/sy,0

3 .

4. Conclusion

In the presented work, a new, simple and versatile mechanism
composed of three parallel acoustic line sources for acoustic particle

confinement purposes has been introduced. The proposed mechanism is
composed of three parallel acoustic line sources which are located in
such a way that form a triangular right prism. It is found that relatively
large attractive region, compared to the volume occupied by the prism
itself, is formed around the center line, i.e. axis, of the triangular prism
for wavelengths within the order of size-scale of proposed configuration

∼λ l O/ (1), where l denotes the length of triangle prism. The optimum
operating condition (the maximum attractive zone) is found when
≈λ l. The study is supported by the linear stability analysis of the dy-

namics of entrapped test particle located on the center line, i.e. the
trivial fixed point of the test particle, of the prism and the trajectories of
migration and the required time/length for settling down, for several
initial positions that are calculated by considering the unsteady solution
of Stokes equations and the possible flow of environmental fluid
medium. The authors hope that the proposed configuration may serve
as a feasibility study of advanced assets for the applications of cell/
living-matter trapper or drug/agent carrier or transportation channel or
focuser.

Appendix A. Pseudo-plane wave assumption of cylindrical wave field

Let a sphere of radius a centered at point O be excited by a line source at distance d from point O with an intensity of s. Consider the line source to
be of infinite length parallel to y-axis (See Fig. A1).

According to [72], the incident wave generated by the line source can be written as

∑ ∑=
=

∞

=

φ A h kr P θ e( ) (cos ) ,inc
n m

n

n
m

n n
m imϕ

.
0 0 (A.1)

where h (.)n is spherical Hankel function of first kind and order n, Yn
m are the spherical harmonics and for the above relation to be valid, =ϕ π0,

should hold which exactly is the case in the presented paper. Also, An
m are found to be [72]

= − +A s
k

π n F iH kd n m(2 1) ( ( ), , ),n
m

j
(2)

(A.2)

in which F is found by solving a system of n equations given in Eq. (35) of [72] and H (.)n
(2) is the cylindrical Hankel function of second kind and order

n.
In the presented paper, it is assumed that ka is of order −O (10 )1 and since it is assumed that the ratio d a/ is of order −O O(10 ) (10 )1 2 , it can be

acceptable to replace H kd( )n
(2) with its asymptotic formula up to order −O kd(( ) )1 as (The accuracy of this assumption discussed in Section 3.1)

≈ − ⎡⎣
− + ⎤⎦H kd

πkd
e( ) 2 ,n

i kd n π(2) (2 1) 4
(A.3)

which leads to

= − + − ⎡⎣
− + ⎤⎦A s n i π

k d
e δ(2 1) 2

n
m i kd n π

m3
(2 1) 4 0, (A.4)

where = ⎧
⎨⎩

=
≠δ

i j
i j

1
0ij is the kronecker delta function. Thus, the incident wave potential field can be rewritten as

∑= +
=

∞
− ⎡⎣

− + ⎤⎦φ φ s π
k d

n e h kr P θ2 (2 1) ( ) (cos ).inc
n

i kd n π
n n. 0 3

0

(2 1) 4
(A.5)

Applying translational addition theorem to Eq. (A5), one can obtain Eq. (8) by considering three sources with phase difference.

) 

Fig. A1. Schematic of problem.
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