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A B S T R A C T

The remarkable properties of topological insulators have inspired numerous studies on topological transport for
bulk waves, but the demonstrations of topological edge states with tunable frequency are few attempts. Here, we
report on the active frequency tunability of topologically protected edge states for in-plane bulk waves by ap-
plying a thermal field. We find that the center frequency of topological band gap is shifted down and the band
width is enlarged as the temperature increases. Meanwhile, the frequency range of topologically protected edge
states is also shifted to low frequency region with the higher temperature. Furthermore, the robust propagation
of in-plane bulk waves along a desired path is demonstrated within different frequency bands. The tunable
frequency for both topological band gaps and topologically protected edge states achieves the active control of
the transport for in-plane bulk waves, which may dramatically facilitate practical applications of novel phononic
devices.

1. Introduction

Topology, a pure modern mathematical concept, has stimulated
extremely hot research interest in the field of physics and engineering
[1–13]. The topological insulators is widely observed and realized in
the electronic materials. One of the most unique properties of electronic
topological insulators is the emergence of topologically protected one-
way transport [14]. The electrons propagate along an interface between
domains that have different topological characteristics. Though topo-
logical insulators are first observed in electronic systems, the observa-
tion has inspired a series of theoretical predications and experimental
investigations in other analogous systems. For example, the concept of
topological physics has been introduced to the field of photonics due to
the significant similarities of band structure between electronic crystals
and photonic crystals, which opens a new direction towards the study of
topological states. Up to now, numerous investigations of topological
transport for photons have been demonstrated from microwave to op-
tical frequencies [15]. Some intriguing advancements of topological
photonic states are obtained, such as immunity to backscattering, un-
paralleled tolerance towards defects/imperfections, and topological
transport on the lattice edges.

Due to these remarkable hallmarks, topological properties are not
only studied in photonic crystals but also introduced to the field of
phononics [16–37]. In acoustic systems, Ni et al. [16] theoretically

observed the topologically protected acoustic edge states transport by
breaking time-reversal symmetry. Yves et al. [22] studied the possibi-
lity to induce topologically non-trivial acoustic states at the deep sub-
wavelength scale. Zhang et al. [25] further experimentally realized
acoustic valley pseudospin and topologically protected edge states. In
elastic systems, Kim et al. [26] studied the experimental realization of
topologically protected edge states of elastic waves with complete band
gaps in 1D continuous structures and Yin et al. [27] demonstrated the
existence of interface modes for both longitudinal and bending waves in
elastic phononic crystals. Vila et al. [28] reported the observation of
topological valley modes that the mirror symmetry is broken by ar-
ranging the localized masses at the nodes in a 2D hexagonal lattice. In
addition, topological guiding of elastic waves [29] and topological
valley-chiral edge states of Lamb waves [30] were also demonstrated in
phononic crystal slabs. Our previous works theoretically studied the
topologically protected transport of plate-mode waves [31] and bulk
elastic waves [32]. However, an even greater challenge in topological
phononic crystals is posed by the lack of the frequency tunability,
which is essential for enhanced functionality in practical applications
but relatively few attempts to study. It is desirable to introduce a certain
degree of freedom to actively tune the frequency range of the band gaps
and edge states in topological phononic crystals so as to satisfy func-
tional needs. Due to the usually fixed geometry and constituents of
topological insulators after the fabrication, some effective strategies to
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deal with this challenge are necessarily taken into account. Here, we
take inspiration from the band gap tunability of phononic crystals, in
which the frequency range of band gaps varies with the intensity of
applied field, such as electric field [38,39], magnetic field [40–42], or
thermal field [43–47]. In a similar way, these physical fields can also be
utilized for tuning the frequency range of topological band gaps and
edge states. Due to the strongly temperature-dependent elastic prop-
erties of epoxy in our discussion, the effects of thermal field on the
frequency tunability are taken into consideration here. The active fre-
quency controllability for both topological band gaps and edge states
has special advantage in fine-tunable information processing and
medical imaging technology.

In this paper, the frequency tunability of both topological band gaps
and topologically protected edge states for in-plane bulk waves is de-
monstrated in 2D solid-solid phononic crystals. As the temperature in-
creases from 20 °C to 60 °C, the center position of topological band gap
is shifted to lower frequency zone and the band width is enlarged with
the higher temperature. Most importantly, the frequencies of topolo-
gically protected edge states are also shifted down with the increase of
temperature. Finally, the robust propagation of in-plane bulk waves
along a predefine path is further demonstrated within different bulk
band gaps. The active frequency tunability of topologically protected
edge states is realized in our discussion by changing the temperature,
which may dramatically facilitate practical applications of topological
elastic wave devices.

2. Theory and method

Fig. 1a shows the schematic diagram of the system we proposed.
The system is that the epoxy cylinders embedded in a honeycombed
ceramic netted matrix. The pristine honeycomb lattice of individual
atomic sites is to be considered as a triangular lattice of hexagons with
the characteristic of C6-symmerty, marked by a red dash line in Fig. 1a.
The structural parameters of the system are: the lattice constant
a=4mm, the diameter of the large ceramic cylinders D=1.56mm,
the diameter of the small epoxy cylinders d=1.20mm, and the width
of the connecting band b=0.30mm, respectively. As a typical and
widely used engineering material, epoxy possesses special mechanical
properties that strongly depend on the temperature [48,49]. In our
discussion, the temperature only influences the Young’s modulus and
shear modulus of epoxy and the mass density is assumed to be tem-
perature-independent. The Young’s modulus and shear modulus of
epoxy are given in Table 1 and the mass density is 1180 kg/m3 [50],
respectively. The Young’s modulus, Poisson’s ratio and mass density for
ceramic are E=110.4 GPa, μ = 0.256 and ρ = 3050 kg/m3, respec-
tively [51]. Base on the zone folding mechanism, the Brillouin zones
(BZs) will be converted to the small 30°-rotated hexagon as shown in

Fig. 1b and the K symmetry point is folded to the Γ symmetry point.
The elastic wave equation in an inhomogeneous, linear, isotropic

medium with no body force has the following form [52]:
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where →u r t( , )i is the displacement vector of the ith component, →ρ r( ) is
the position-dependent mass density, →λ r T( , ) and →μ r T( , ) are the
position-dependent and temperature-dependent Lame coefficients, re-
spectively. As the temperature increases, the relationships between the
Young’s modulus E, shear modulus G and the Lame coefficients always
follow the same equations [50]:
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In isotropic medium, the 2D bulk elastic wave field is decoupled. So,
the wave Eq. (1) can split into two decoupled independent equations,
one for out-of-plane modes (uz) and the other for mixed in-plane modes
(ux and uy), respectively. The mixed in-plane modes studied here in-
clude both longitudinal and transverse waves. The corresponding
equations are the following form:
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According to the Bloch-Floquet theorem, the mass density ρ( ), the
Lame coefficients λ μ( and ) and the displacement (ui) can be expanded
in Fourier series at the corresponding temperature T as [52]
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G
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G
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Fig. 1. (a) Schematic of hexagonal lattice
phononic crystals considered the epoxy cy-
linders embedded in a honeycombed
ceramic netted matrix connected with band.
(b) The first BZs for the six-scatterers (black
solid line) and two-scatterers (red dash line)
unit cells. (For interpretation of the refer-
ences to colour in this figure legend, the
reader is referred to the web version of this
article.)

Table 1
The temperature-dependent Young’s modulus (E) and shear modulus (G) of
epoxy.

Temperature/°C 20 30 40 50 60

E/GPa 12.9 12 10.4 6.7 1
G/GPa 4.925 4.615 4 2.575 0.385
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where k is the wave vector, G and G’ are the vectors of the re-
ciprocal lattice, Φ represents the mass density ρ( ) and the Lame coef-
ficients λ μ( and ), and TΦ ( )G means the Fourier coefficients at the
corresponding temperature T. Substituting Eqs. (6) and (7) into Eqs. (4)
and (5), we can obtain the generalized eigenvalue equation of finite
element method [53]:

− =k uK ω M[ ( ) ] 0,2 (8)

where K and M are the stiffness and mass matrices, respectively. The
band structure can be obtained by solving the eigenvalue problem
within the primitive unit. A simplified approach is that the wave vectors
k is utilized for sweeping along the boundary of the irreducible BZ (M
→ Γ → K→M).

The key physics that realizes a phononic topological insulator is to
increase the degree of freedom to further create a double Dirac cone
[54]. Therefore, it is necessary to adopt a deliberate strategy to form a
fourfold degeneracy of band structure. A single Dirac cone first ob-
tained within the primitive unit (marked by an orange dash line in
Fig. 1a) and a double Dirac cone is further formed on the center of BZ
based on a simple folding transformation mechanism [55]. A method
proposed by Wu et al. [56] in the context of photonic crystals is adopted
to tailor the topological properties of the crystalline metamaterial,
which considers C6-symmerty triangular lattices of expanded or
shrunken hexagons. The method is based on the fact that the C6-
symmerty point group has two 2D irreducible representations, which
correspond to even and odd parities respective to spatial inversion
operation. We turn to the realization of frequency tunability for both
topological band gaps and edge states after obtaining topological band
gaps and edge states. The elastic properties of some smart material are
thermal-sensitive. Hence, the application of a thermal field is taken into
consideration here due to the strongly temperature-dependent elastic
properties of epoxy in our discussion. The frequency ranges for both
topological band gaps and topologically protected edge states can be
tuned by changing the intensity of the applied thermal field.

3. Results and discussion

As shown in Fig. 2a, b, we first calculate the band structures before
zone folding and after zone folding at T=20 °C, respectively. It is
shown in Fig. 2b that a double Dirac cone is achieved at Γ’ point.
Having obtained a double Dirac cone, we can focus on opening a to-
pological band gap and tailoring the topological properties of our

system. Here, we expand or shrink the six epoxy cylinders in the large
unit cell to break the lattice symmetry and the schematic of which is
shown in Fig. 3. The corresponding band structures for expanded
clusters (R=0.60a) and shrunken clusters (R=0.56a) are calculated
as shown in Fig. 3a, b, respectively. Obviously, two twofold degeneracy,
one for the lower bands and the other for the upper bands, appear at the
BZ center because the symmetry of the lattice is broken. At the same
time, a topological band gap is opened around the Dirac point. Ac-
cording to quantum mechanics, the two twofold degeneracy always be
classified as a pair of dipolar modes p p( / )x y and a pair of quadrupolar
modes −( )d d/xy x y2 2 . The dipoles are even or odd symmetrical to the axes
x/y (corresponding to p p/x y), while the quadrupole is odd symmetrical
to the axes x and y (corresponding to dxy), or even symmetrical to the
axes x and y at the same time (corresponding to −dx y2 2). The corre-
sponding eigenfield distributions for both expanded clusters
(R=0.60a) and shrunken clusters (R=0.56a) are calculated as shown
in Fig. 3c, respectively. For expanded clusters, the lower twofold de-
generacy states have a pair of dipolar states and the upper twofold
degeneracy states have a pair of quadrupolar states, which opens a
topologically trivial band gap. By comparing the eigenstates at the Γ’
point between expanded clusters and shrunken clusters, we find that a
reversal of eigenstates is obtained between dipolar modes and quad-
rupolar modes. That is to say, for shrunken clusters, the dipole modes
rise above the quadrupole states. This reversal leads to an inverted band
structure and gives rise to a nontrivial band topology. Meanwhile, the
reversal of the band structure indicates that the band topology changes
with the ratio of R/a.

The elastic properties of epoxy are strongly temperature-dependent.
As shown in Table 1, the increasing temperature leads to significant
changes both in the Young’s modulus and shear modulus. The Young’s
modulus decreases from 12.9 GPa to 1 GPa and the shear modulus
decreases from 4.925 GPa to 0.385 GPa. The band structure of corre-
sponding phononic crystals may be proportionally scaled by changing
the temperature. To demonstrate it, we calculate the band structures for
both expanded and shrunken structure at different temperatures as
shown in Fig. 4. For shrunken structure, the center frequency of the
topologically nontrivial band gap is 817.56 kHz at 20 °C and
759.75 kHz at 40 °C, respectively. The corresponding band width is
33.27 kHz at 20 °C and 37.75 kHz at 40 °C, respectively. When tem-
perature increases to 60 °C, a significant change emerge where the
center frequency is shifted to 484.46 kHz and the band width is en-
larged to 74.84 kHz. The topological band gap is shifted to low fre-
quency zone with higher temperature. Fig. 5 shows the center fre-
quency and band width of the topological band gaps for expanded and
shrunken clusters when temperature increases from 20 °C to 60 °C. It is

Fig. 2. (a) Band structure of undeformed structure based on the primitive unit cell containing two neighboring scatterers and a Dirac cone is formed at point K. (b) A
double Dirac cone formed at the Γ’ point by band folding. Inset: The schematic diagram of the primitive unit cell.
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obvious that the center frequency of the topologically nontrivial band
gap for shrunken clusters is shifted down and the band width is en-
larged with the increase of temperature. The topologically trivial band
gap for expanded clusters has the same changes with the higher tem-
perature. It means that the position and band width of the topological
band gaps for both shrunken clusters and expanded clusters can be
dynamically tuned by varying the temperature.

One of the key manifestations of topological insulators is the pe-
sudospin-dependent unidirectional edge states. The special edge states
emerge from the boundary between domains that have different band
topologies. To obtain the edge states and study its frequency tunability,
we consider a ribbon-shaped supercell. The supercell is composed of the
topologically trivial crystals (R=0.60a, 10 unit cells) located at the left
and topologically nontrivial crystals (R=0.56a, 10 unit cells) located
at the right. The absorbing boundary condition is imposed along the left
and right edges of the supercell. Meanwhile, the periodic boundary
condition is introduced in the other direction of the lattice vector.
Fig. 6a shows the band structure of the supercell with T=20 °C. Two
additional states appear in the frequency range of bulk gap between
802.78 kHz and 837.63 kHz as indicated by the red solid curves.
Fig. 6d, e show the distributions of the real-space displacement field on
the interface for the eigenstates at the solid curves around the Γ’ point
(labeled by black point A and blue point B in Fig. 6a with kx
=±0.1(π/a)), respectively. The displacement field is confined at the
interface and decays exponentially into bulk crystals on both sides. It

means that the solid curves represent the dispersion relations of edge
states that are tightly confined around the interface between the to-
pologically nontrivial and trivial phases. At the same time, we plot the
local magnified view where black arrows indicate the time-averaged
Poynting vectors. The Poynting vectors exhibit a nonzero anticlockwise
(clockwise) time-averaged mechanical energy flux (Ij =−σijvj, where
σij and vj are stress tensor and velocity vector, respectively) for the
pseudospin-up (pseudospin-down) state even averaged over time. Note
that, the structures at the interface between the trivial and nontrivial
domains do not have the same deformation. The C6 crystalline sym-
metry of the boundary is effectively broken. So, a tiny gap will opens in
the edge states around the Γ’ point. Even so, the corresponding topo-
logical properties remain valid. Fig. 6b, c show the band structures of
the edge modes at the same ribbon-shaped supercell for T=40 °C and
T=60 °C, respectively. It is obvious that the frequencies of topologi-
cally edge states are shifted to lower frequency zone with the increase
of temperature, which provides a new approach to dynamically tune
the frequencies of the edge states without changing the structure or
constitutes of system. The dynamic controllability for topological edge
states makes it flexible for the practical application of topological
phononic insulators.

A main exotic property of topological edge states that distinguishes
them from their topologically trivial counterparts is robustness. We
consider an interface between two distinct domains to demonstrate the
robustness of topological edge states. An excitation source is placed on

Fig. 3. (a) and (b) Band structures of symmetry broken unit cells with expanded clusters (R=0.60a) and shrunken clusters (R=0.56a) when T=20 °C. Inset: The
schematic diagram of expanded and shrunken six-scatterers for the large unit cell. (c) The field distributions of the pseudospin dipolars and quadrupolars for
expanded clusters (R=0.60a) and shrunken clusters (R=0.56a).
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the left side of the interface as shown in Fig. 7a. Fig. 7b–d show the
displacement distributions of the edge states with the following tem-
perature and frequency: 814 kHz at 20 °C, 759 kHz at 40 °C, and
446 kHz at 60 °C, respectively. Remarkably, there is no obvious back-
scattering in the edge states due to the topological protection.

Moreover, the in-plane bulk waves can robust against local lattice de-
fects/imperfections and disorder in the interface. In order to further
confirm the topological robustness of the edge states, we deliberately
introduce different kinds of defects into the interface and investigate
their influence as shown in Fig. 8. It can be seen that the propagation of
the in-plane bulk waves is immune to backscattering by self-detouring
around the disordered region or reorganizing the field distributions in
the local defects. These results suggest that topological protection is not
affected by local defects. It provides a robust and dynamically fre-
quency-tunable transport for in-plane bulk waves along arbitrary paths.

4. Conclusion

In conclusion, the active frequency tunability of the topological
band gaps and topologically protected edge states for in-plane bulk
waves is demonstrated through numerical simulation. The strongly
temperature-dependent elastic properties of epoxy are taken into con-
sideration in our discussion. When the temperature increases from 20 °C
to 60 °C, for both shrunken clusters and expanded clusters, the center
position of topological band gap is shifted down and the band width is
enlarged. Most importantly, the frequencies of topological edge states
are also shifted to low frequency zone with the increase of temperature.
The active control of the frequency range for topologically protected
edge states is realized by changing the temperature. In addition, the
robust propagation of in-plane bulk elastic waves along a desired path is
further demonstrated at different temperatures. These prominent fea-
tures of the frequency tunability for both topological band gaps and
topologically protected edge states provide a new route to implement
unique tunable functionalities, which has special advantage for the

Fig. 4. Band structures with expanded clusters (top) and shrunken clusters (bottom) when T=20 °C, 40 °C and 60 °C, respectively.

Fig. 5. Center frequency and band width of the topological band gaps for both
expanded clusters (R=0.60a, blue dash-dotted line) and shrunken clusters
(R=0.56a, red dash-dotted line) when the temperature changes from 20 °C to
60 °C. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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Fig. 6. (a)–(c) Band structures of supercell with topological edges modes shown by the red solid curves when T=20 °C, 40 °C and 60 °C, respectively. Inset: The local
magnified view of the tiny gap between two red solid curves. (d) and (e) Real-space displacement field distributions and the time-averaged Poynting vectors
distributions at the interface with distinct topologies. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of
this article.)

Fig. 7. (a) Schematic diagram of a desired boundary between trivial and nontrivial domains and an excitation source placed on the left side of the boundary. (b)–(d)
the displacement field distributions of the in-plane bulk waves propagating in the channels with different frequencies and temperatures.
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designing of integrated topological phononic devices.
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