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A B S T R A C T

This article investigates the mixed convective flow of Jeffrey fluid near the axisymmetric stagnation point over an
inclined permeable stretching cylinder. Analysis subjected to Cattaneo-Christov heat flux, thermal stratification
and homogeneous-heterogeneous reactions are accounted. Suitable transformations are employed to obtain
nonlinear ordinary differential system. Non-dimensional system is computed by Homotopy technique. Graphs and
tables are constructed to analyze the influence of different flow parameters on temperature, concentration and
velocity fields. The interpretation of skin friction coefficient is deliberated. It is noticed from obtained results that
temperature is a decreasing function of thermal stratification parameter. Reverse behaviour of concentration is
witnessed for higher estimations of homogeneous and heterogeneous parameters. Numerical results are compared
with previous published results and found to be in good agreement for special casesof the emerging parameters.
1. Introduction

Study of nonlinear liquids has attained great importance due to its
various applications in the fields of engineering and applied science. The
complex characteristics of non-Newtonian fluids are not completely
identified by single Navier-Stokes equation. In non-Newtonian fluids
shear stress and shear rate are not linearly connected with each other
therefore single constitutive equation is not enough to describe the
relation between shear stresses and shear rate. Non-Newtonian liquids
has a lot of applications in geophysics, petroleum procedures and
chemical industry. Non-Newtonian liquids performs a vital role in
chemical material (toothpastes, shampoos, cosmetics, grease, paints,
pharmaceutical chemicals, oil reservoirs, etc.) food processing (fruit
puree, mayonnaise, ketchup, milk, ice cream, alcoholic beverages,
chocolates in liquefies form, yogurt, etc.) and in biological stuff (syrups,
vaccines, synovial fluid, blood etc.) Such materials are categorized into
integral, differential and rate types. The rate type materials can only be
analysed through the impact of relaxation and retardation times. Relax-
ation and retardation times can be elucidated only through rate type
materials. Jeffrey fluid [1, 2, 3, 4] is one of the subclasses of rate type
materials describing the relaxation and retardation times effects. These
features are present in complex polymeric flows and also in geological
nuclear repositories [5]. Having this in mind, Hayat et al. [6] examined
the radiative flow of Jeffrey liquid embedded in a porous medium with
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heat source/sink. Hussain et al. [7] studied the hydromagnetic flow of
Jeffrey nanofluid within the frame thermal radiation and exponential
stretching. Hayat et al. [8] discussed the Jeffrey fluid flow in view of
Cattaneo-Christov heat flux and homogeneous/heterogeneous reaction.
Tripathi et al. [9] analysed MHD peristaltic flow of Jeffrey liquid in a
finite cylindrical tube. Reddy et al. [10] investigated the flow of Jeffrey
liquid between two oscillating disks. Hamad et al. [11] explored the
stagnation point flow of Jeffrey fluid subjected to variable thermal
conductivity.

Heat transfer which is an important phenomenon in nature exists due
to temperature difference within the same body or between two objects.
Conventionally, heat transfer phenomena have been examined by Fou-
rier's law [12]. But this law is not acceptable in a sense that any primary
disturbance is felt instantly throughout the whole system. To overcome
this difficulty Cattaneo [13] familiarised a thermal relaxation time in the
traditional Fourier's law of heat conduction that allows the transport of
heat via propagation of thermal waves with finite speed. Then Christov
[14] has modified the Cattaneo law by introducing thermal relaxation
time in terms of Oldroyd's upper-convective derivatives. This revised
scheme is recognised as Cattaneo-Christov heat flux model. Ciarletta and
Straughan [15] discussed the uniqueness of solution and structural sta-
bility of system through Cattaneo-Christov heat flux model. The thermal
instability of flow through porous medium is analysed by Hadded [16]
within the frame of Cattaneo-Christov model. This innovative study has
gust 2019
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Fig. 1. Physical model.
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opened the modern era of research refs. [17, 18, 19, 20, 21, 22, 23].
Numerous reacting systems involve both homogeneous and heteroge-

neous reactions that respond differently in the presence or absence of a
catalyst. Homogeneous and heterogeneous reactions occur in biochemical
systems, combustion and catalysis. These reactions are also involved in
nuclear reactor, biochemical system, industrial procedure, combustion etc.
The physical change is completely identified from chemical reaction.
Physical changes embrace changes of state, for example: ice liquefying to
water and then converting to vapours. The physical properties of a sub-
stance will change during these phases, however its chemical identity will
remain same. According to chemical reaction theory, chemical reactions
are mainly classified as homogeneous and heterogeneous reactions. In
homogeneous reactions, the reactants and products are in phase while in
heterogeneous reactions both (reactants & products) are out of phase.
Reactions that occur on the surface of a stimulus of an alternate phase are
also heterogeneous. The collaborations between the homogeneous and
heterogeneous reactions are extremely difficult and thus become a source
of motivation, but it is still ambiguous.

The highly complex state of interaction occurs during these reactions.
The rate of consumption and products of reactant within system (fluid
and catalyst surface) is different for homogeneous/heterogeneous re-
actions. That situation intensifies the complexity of state of reaction.
Initially, Merkin [24] inspected the laminar flow of viscous fluid with
such type of reactions. Abbas et al. [25] studied the viscous fluid flow in
existence of homogeneous and heterogeneous reactions and slip condi-
tions. Hayat et al. [26] deliberated the flow of carbon nanotubes past a
nonlinear stretchable sheet with variable thickness and hetero-
geneous/homogeneous. Recent development related to hetero-
geneous/homogeneous reactions can be seen via Refs. [27, 28, 29, 30,
31].

The main objective of present article is to explore the combined effect
of mixed convection and axisymmetric stagnation point flow of Jeffrey
fluid. Flow is caused by an inclined permeable stretching cylinder. The
novelty of problem is to investigate the Cattaneo-Christov heat flux
model for non-Newtonian fluid model with additional effects of homo-
geneous/heterogeneous reactions, mixed convection, stagnation point
and thermal stratification. The novel non-Fourier heat flux model is
employed with combined effects of homogeneous/heterogeneous re-
actions. Strong nonlinear ordinary differential system is attained by
employing suitable transformations. Convergent series solutions of dif-
ferential systems are obtained by HAM [32, 33, 34, 35, 36, 37, 38].
Currently some latest work has been cited (see refs [39, 40, 41, 42, 43]).
Moreover, the skin friction coefficient and Nusselt number are discussed.
Velocity, temperature and concentration profiles are also studied for
different emerging parameters.

2. Model

Consider steady two-dimensional stagnation-point flow of an
incompressible Jeffrey liquid over an inclined permeable stretching
cylinder of radius Rc that makes an angle α₁with vertical. Homogeneous/
heterogeneous reactions is presented. Heat transfer phenomenon is
analyzed with the Cattaneo-Christov heat flux theory. The problem is
deliberated under cylindrical polar coordinates ðr; θ; zÞwith velocity
components ðu; v;wÞ. The surface of inclined cylinder is being stretched
with the velocity UwðzÞ ¼ U0z

L . The axisymmetric coordinate system is
chosen in such a way that the z-axis is along the cylinder and r-axis is
normal to the cylinder (see Fig. 1). The surface of the cylinder is main-

tained at variable temperature Tw

�
¼ T0 þ D1z

L

�
. The effect of external

forces and pressure gradient is supposed to be negligible.
The homogeneous reactions are assumed to be of the cubic autoca-

talysis in form (Eq. 1)

bA þ bB → 3bB; rate ¼ bk1ab2 ; (1)
2

Isothermal reaction of first order on catalyst surface is defined in Eq.
(2)

bA → bB; rate ¼ bk2a; (2)

where (a) and (b) symbolize the concentrations of the chemical species bA
and bB, while ðbk1; bk2Þ defines the rate constants. We also supposed that
heat released during homogeneous/heterogeneous state of reaction is
negligible. The constitutive equations for a Jeffrey fluid model are
defined in Eqs. (3) and (4)

τ¼ � PI þ S (3)

S ¼ μ
ð1þ ξ1Þ

�
A1 þ ξ2

�
∂A1

∂t þ V :r
�
A1

�
(4)

where ðμÞ denotes dynamic viscosity, ðξ1Þ for relaxation to retardation
time ratio, ðξ2Þ retardation time and A1ð¼ grad V þ ðgrad VÞtÞ for first
Rilvin-Erickson tensor respectively. This model comprises the features of
viscous fluid and second grade fluid.

If ξ1 ¼ ξ2 ¼ 0, then problem characterize the viscous fluid model.
If ξ1 6¼ 0 and ξ2 ¼ 0, then problem represent the second-grade fluid.
If ξ1 6¼ ξ2 6¼ 0 then, problem signify Jeffrey fluid model.

The conservation laws after using the boundary layer approximations
[44, 45, 46, 47, 48] and the above considered assumptions are given by
Eqs. (5), (6), (7), (8), and (9)

∂
∂r ðruÞþ

∂
∂z ðrwÞ ¼ 0; (5)

w
∂w
∂z þ u

∂w
∂r ¼ UeðzÞ dUe

dz
þ ν1
ð1þ ξ1Þ

�
∂2w
∂r2

þ 1
r
∂w
∂r

�
þ g1β1ðT � T∞Þcosα1

ν1ξ2
ð1þ ξ1Þ

�
u
∂3w
∂r3

þ ∂u
∂r

∂2w
∂r2

þ w
∂3w
∂z∂r2

þ ∂w
∂r

∂2w
∂r∂zþ

1
r

�
u
∂2w
∂r2

þ w
∂2w
∂r∂z

��
;

9>>>>>=>>>>>;
(6)
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ρ1Cp w
∂T
∂z þ u

∂T
∂r ¼ r:q; (7)
� �

u
∂a
∂r þw

∂a
∂z ¼ DA

�
∂2a
∂r2 þ

1
r
∂a
∂r

�
� bk1ab2; (8)

u
∂b
∂r þw

∂b
∂z ¼ DB

�
∂2b
∂r2 þ

1
r
∂b
∂r

�
� bk1ab2; (9)

Here ðν1Þ; ðβ1Þ; ðUeÞ and ðα1Þindicate the kinematic viscosity, mixed
convection coefficient, free stream velocity and angle of inclination
respectively. Moreover ðLÞ; ðρ1Þ; ðCpÞ and ðqÞ signify characteristic
length, density, specific heat and heat flux respectively. Here DA and DB

identify diffusion species coefficients.
In the past, heat transfer analysis has been performed by means of

classical Fourier's law of heat conduction. Energy equation via Fourier's
law is of parabolic type. It shows that the whole system is instantly
affected by the initial disturbance. Mathematically, it is written in Eq.
(10)

q¼ � krT; (10)

where k represents thermal conductivity of fluid and negative sign in-
dicates that heat flux moves from higher temperature region to lower
one. Main drawback of his model is that initial disturbance is suddenly
recognized by the medium under consideration. In practical life this
could not be possible, so this is called "paradox of heat conduction".
This issue has been controlled through the thermal relaxation time in the
Fourier's law (see Cattaneo [13]). Mathematically, it is presented in Eq.
(11)

qþ ξ3
∂q
∂t ¼ �krT; (11)

where ξ3 represents the thermal relaxation time and new term
�
i:e: ξ3

∂q
∂t

�
involved above is identified as Thermal inertia. In 2009, Christov (see ref.
[14]) improved the analysis of Cattaneo [13] by introducing thermal
relaxation time and using Oldroyd's upper convected derivatives for the
material-invariant formulation. Cattaneo-Christov heat flux [49, 50] is
mentioned in Eq. (12)

qþ ξ3
h∂q
∂t þ V:rq� q:rV þ ðr:VÞq

i
¼ �krT; (12)

It is mentioned that the Cattaneo–Christove model has some limita-
tions i. e for ξ3 ¼ 0, Eq. (12) reduces to the classical Fourier law. Due to
existence of thermal relaxation time factor ðξ3 6¼ 0Þ, the paradox of heat
conduction is rectified.

For steady and incompressible fluid situation one has (Eq. 13)

qþ ξ3½V:rq� q:rV� ¼ �krT; (13)

Elimination of heat flux q from Eqs. (7) and (13), we have

u
∂T
∂r þw

∂T
∂z þ ξ3

0BBBBB@
u2
∂2T
∂r2

þ w2∂
2T
∂z2

þ ∂T
∂r

�
w
∂u
∂z þ u

∂u
∂r

�
þ�

w
∂w
∂z þ u

∂w
∂r

�
∂T
∂z þ 2wu

∂2w
∂r∂z;

1CCCCCA
¼ αc

�
∂2T
∂r2 þ 1

r
∂T
∂r

�
; (14)

here, αc

�
¼ k

ρ1Cp

�
is the thermal diffusivity of the fluid.

The boundary conditions of the considered flow problem are given in
Eq. (15)
3

���
9>>>>>
w ¼ Uw ¼ U0z
L

; u ¼ V1; T ¼ Tw ¼ T0 þ D1z
L

;

DA
∂a
∂r ¼

bk2a DB
∂b
∂r ¼ �bk2a

���������
at r ¼ Rc;

w → UeðzÞ ¼ U∞z
L

T → T∞ ¼ T0 þ D2z
L

;

a → a0; b → 0;

�����������
when r → ∞;

>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>;
(15)

By introducing the following dimensionless variables [51].

η ¼
ffiffiffiffiffiffiffi
U0

Lν1

r �
r2 � R2

c

2Rc

�
; uðηÞ ¼ �Rc

r

ffiffiffiffiffiffiffi
U0

ν1L

r
f ðηÞ

wðηÞ ¼ U0z
L

f 0ðηÞ; ΘðηÞ ¼ T � T∞

Tw � T0
;

a ¼ a0gðηÞ; b ¼ b0hðηÞ;

���������������
(16)

The incompressibility condition is automatically satisfied and flow
expressions [52, 53, 54] are given below (Eqs. (17), (18), (19), and (20))

ð1þ 2ΛηÞf 000 þ ð1þ ξ1Þ


f f 00 � f 02

�þ 2Λf 00 þ Λβcðf 0f 00 � 3f f 000Þ
þð1þ 2ΛηÞβc



f 002 � f f ð4Þ

�þ ð1þ ξ1ÞA2
c þ ξmð1þ ξ1Þθcosα1 ¼ 0;

9=; (17)

ð1þ 2ΛηÞθ00 þ 2Λθ0 � PrðbS1 þ θ0Þf 0 þ Prf θ0þ
Prαc


ðbS1 þ θ0Þ
f f 00 � f 02
�þ f f 0θ0 � f 2θ00

� ¼ 0;

9=; (18)

ð1þ 2ΛηÞg00 þ 2Λg0 þ Scfg0 � ScKmgh2 ¼ 0; (19)

ð1þ 2ΛηÞh00 þ 2Λh0 þ Sc
δ
fh0 � Sc

δ
Kmgh2 ¼ 0; (20)

Transformed boundary conditions (Eq. (21)) are

f 0ð0Þ ¼ 1; f ð0Þ ¼ Vc; θð0Þ ¼ 1� bS1;
g0ð0Þ ¼ Ktgð0Þ; δh0ð0Þ ¼ Ktgð0Þ; f 0ð∞Þ → Ac;
θð∞Þ → 0; gð∞Þ → 1; hð∞Þ → 0;

�������� (21)

Here ðΛÞ characterizes curvature parameter, ðβcÞ Deborah number in
form of retardation time, ðAcÞ velocity ratio, ðKmÞ strength of homoge-
neous reaction parameter, ðKtÞ strength of heterogeneous reaction
parameter, ðδÞ mass diffusion ratio, (Sc) Schmidt number, ðαcÞ thermal
relaxation factor and (Pr.) for Prandtl number respectively. The above-
mentioned parameters are mathematically defined in Eq. (22).

Λ ¼
ffiffiffiffiffiffiffiffiffiffiffi
ν1L
U0R2

c

s
; βc ¼

U0ξ2
L

; αc ¼ U0ξ3
L

Kt ¼
bk2
DA

ffiffiffiffiffiffiffi
ν1L
U0

r
; Pr ¼ μCp

k
; Ac ¼ U∞

U0
;

Km ¼
bk1a20L
U0

; δc ¼ DB

DA
; Sc ¼ ν1

DA
:

������������������
(22)

The size of bA and bB are considered to be comparable so that we
further assume the equality of diffusion coefficients as a special case i.e.,
DA ¼ DBðδ ¼ 1Þ:Thus we have
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gðηÞþ hðηÞ ¼ 0; (23)
Invoking Eq. (23) into Eqs. (19) and (20), we get Eq. (24).

ð1þ 2ΛηÞg00 þ 2Λg0 þ Scfg0 � ScKcgð1� gÞ2 ¼ 0; (24)

The local skin friction coefficient Cf (surface drag) and the local
Nusselt number Nuz (rate of heat transfer) are defined as follow (Eq. 25):

Cf ¼ τw
ρ1U

2
w

;

Nuz ¼ zqw
kðTw � T0Þ

9>>>>=>>>>; (25)

Shear stress (τw) and heat flux (qw) are presented in Eqs. (26) and (27).

τw ¼ μ1
ð1þ ξ1Þ

∂w
∂r þ μ1ξ2

ð1þ ξ1Þ
�
u
∂2w
∂r2 þ w

∂2w
∂r∂z

�����
r¼Rc

; (26)

qw ¼ � k
∂T
∂r

����
r¼Rc

; (27)

Above physical quantities in dimensionless form are

1
2
Cf ðRezÞ1=2 ¼ 1

ð1þ ξ1Þ
½f 00ð0Þ � βcðf ð0Þf 000ð0Þ þ Λf ð0Þf 00ð0Þ � f 0ð0Þf 00ð0ÞÞ�;

(28)

NuzðRezÞ�1=2 ¼ � θ0ð0Þ; (29)

Where, Rez

�
¼ UwL

ν1

�
is the local Reynolds number.

3. Methodology

Numerous methods are used for solving nonlinear equations. We have
adopted homotopic technique (HAM) for our problem to get convergence
solutions. Computations are performed with the aid of Mathematica
software. Homotopy analysis method was first proposed by Liao [55] in
1992 which is used for the construction of series solution of highly
nonlinear problems. In this method, we have great freedom for the se-
lection of linear operators and initial guesses. The auxiliary linear oper-
ators and initial guesses are mentioned in Eqs. (30) and (31)

foðηÞ ¼ 1þ Vc þ Acðη� 1Þ þ ðAc � 1Þexp½�η�
θoðηÞ ¼ ð1� bS1Þexp½�η�

goðηÞ ¼ 1� 1
2
exp½�Ktη�

(30)

b£f ½f � ¼ f 000 � f 0; b£θ½θ� ¼ θ00 � θ; b£g½g� ¼ g00 � g (31)

The above mentioned operators b£f , b£θ and b£g satisfy the following
properties Eq. (32)
b£f ½ _N2expð�ηÞ þ _N1 þ _N3expðηÞ� ¼ 0; b£θ½ _N4expð�ηÞ þ _N5expðηÞ� ¼ 0; b£g½ _N6expð�ηÞ þ _N7expðηÞ� ¼ 0:

9>>=>>; (32)
where constants _Ni notify the arbitrary constants for i¼ (1–7).
4

3.1. Zeroth-order equations

The problems statements at this order (Eqs. (33) and (34)) are

ð1� qÞb£f ½bf ðη; qÞ � foðηÞ� ¼ qhf N :
f ½bf ðη; qÞ; bθðη; qÞ; bgðη; qÞ�

ð1� qÞb£θ½bθðη; qÞ � θoðηÞ� ¼ qhθN :
θ½bf ðη; qÞ; bθðη; qÞ; bgðη; qÞ�

ð1� qÞb£g½bgðη; qÞ � goðηÞ� ¼ qhgN :
g½bf ðη; qÞ; bθðη; qÞ; bgðη; qÞ� (33)

bf 0ð0; qÞ ¼ 1; bf ð0; qÞ ¼ Vc; bθð0; qÞ ¼ 1� bS1;bg0ð0; qÞ ¼ Ktbgð0; qÞ; bf 0ð∞; qÞ ¼ Ac; bθð∞; qÞ ¼ 0;bgð∞; qÞ ¼ 1;

�������� (34)

where N:
f ; N

:
θ and N:

g are expressed in Eqs. (35), (36), and (37)

N :
f ½bf ðη;qÞ;bθðη;qÞ;bgðη;qÞ�¼


1þ2Λη
�
0BBBBBBBB@
∂3bf ðη;qÞ

∂η3
þβc

0BBBBBBBB@

�
∂2bf ðη;qÞ

∂η2

�2

�

bf ðη;qÞ∂4bf ðη;qÞ
∂η4

1CCCCCCCCA

1CCCCCCCCA
þð1þξ1Þ

�bf ðη;qÞ∂2bf ðη;qÞ
∂η2

�∂bf ðη;qÞ
∂η

∂bf ðη;qÞ
∂η þA2

cþξmbθðη;qÞcosα1

�
þ

2Λ
∂2bf ðη;qÞ

∂η2
þΛβc

�
∂bf ðη;qÞ

∂η
∂2bf ðη;qÞ

∂η2
�3bf ðη;qÞ∂3bf ðη;qÞ

∂η3

�
;

9>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>;
(35)

N :
θ½bf ðη; qÞ; bθðη; qÞ; bgðη; qÞ� ¼ ð1þ 2ΛηÞ ∂

2bθðη; qÞ
∂η2

þ 2Λ
∂bθðη; qÞ

∂η

�Pr
�
∂bθðη; qÞ

∂η
∂bf ðη; qÞ

∂η þ bS1
∂bf ðη; qÞ

∂η � bf ðη; qÞ ∂bθðη; qÞ∂η

�
þ

Prαc

0BBBBBBBB@
ðbθðη; qÞ þ bS1Þbf ðη; qÞ ∂2bf ðη; qÞ∂η2

�
�
∂bf ðη; qÞ

∂η

�2

þbf ðη; qÞ ∂bf ðη; qÞ∂η
∂bθðη; qÞ

∂η � ðbf ðη; qÞÞ2∂2bθðη; qÞ
∂η2

1CCCCCCCCA

9>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>;

(36)

N :
g½bf ðη; qÞ; bθðη; qÞ; bgðη; qÞ� ¼ ð1þ 2ΛηÞ ∂

2bgðη; qÞ
∂η2

þ 2Λ
∂bgðη; qÞ

∂η

þScbf ðη; qÞ ∂bgðη; qÞ
∂η � ScKcbgðη; qÞð1� bgðη; qÞÞ2

9>>>>>=>>>>>;
(37)

3.2. Deformation equations ðmth � orderÞ

The mth order system (Eqs. (38) and (39)) is
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b£f ½fmðηÞ � χ
m
fm�1ðηÞ� ¼ hf Rf

mðηÞ;
θ

>>=
b£θ½θmðηÞ � χ
m
θm�1ðηÞ� ¼ hθRmðηÞb£g½gmðηÞ � χ

m
gm�1ðηÞ� ¼ hgRg

mðηÞ

9
>>; (38)

with

f ð0Þ ¼ 0; f 0ð0Þ ¼ 0; θð0Þ ¼ 0;
g0ð0Þ ¼ 0; f 0ð∞Þ ¼ 0; θð∞Þ ¼ 0;

gð∞Þ ¼ 0;

�������� (39)

where Rf
mðηÞ; Rθ

mðηÞ and Rg
mðηÞ are marked in Eqs. (40), (41), and (42)

Rf
mðηÞ ¼ ð1þ 2ΛηÞ

�
f 000m�1 þ βc

Xm�1

k¼0



f 00m�1�kf

00
k � fm�1�k f ivk

��þ
ð1þ ξ1Þ

�Xm�1

k¼0



fm�1�kf 00k � f 0m�1�k f

0
k þ A2

cð1� χ
m
Þ�þ ξmθm�1cosα1

�
þΛβc

Xm�1

k¼0



f 0m�1�k f

00
k � 3fm�1�kf 000k þ 2f 00m�1

�
;

9>>>>=>>>>;
(40)
Fig. 2. h� curves of f 00ð0Þ; θ0ð0Þ and g0ð0Þ:

_N1 ¼ �bf 0mð0Þ � bf mð0Þ; _N2 ¼ bf 0mð0Þ; _N4 ¼ �bθmð0Þ; _N6 ¼ 1
1þ Kt

bg0
mð0Þ �

1
1þ Kt

bgmð0Þ; _N3 ¼ 0; _N5 ¼ _N7 ¼ 0; (51)
Rθ
mðηÞ ¼ ð1þ 2ΛηÞθ00m�1 þ 2Λθ0m�1 � PrbS1f 0m�1�
Pr

Xm�1

k¼0



θm�1�k f 0k � fm�1�kθ

0
k þ bS1αc



f 0m�1�kf

0
k � fm�1�kf 00k

��

þPrαc

Xm�1

k¼0

0B@ θm�1�k

Xk

l¼0

fk�lf 00l � θm�1�k

Xk

l¼0

f 0k�lf
0
l

þfm�1�k

Xk

l¼0

f 0k�lθ
0
l � fm�1�k

Xk

l¼0

fk�lθ
00
l

1CA;

9>>>>>>=>>>>>>;
(41)

Rg
mðηÞ ¼ ð1þ 2ΛηÞg00m�1 þ 2Λg0m�1 � ScKcgm�1þ
Sc

Xm
k¼0

ðfm�1�k þ 2Kcgm�1�kÞgk � Kcgm�1�k

Xk

l¼0

gk�lgl;

9=; (42)

χ
m
¼

8<: 0 m � 1
1 m > 1

������: (43)

For _q ¼ 0 and _q ¼ 1we have (Eq. (44))

bf ðη; 0Þ ¼ foðηÞ; bθðη; 0Þ ¼ θoðηÞ; bgðη; 0Þ ¼ goðηÞ;bf ðη; 1Þ ¼ f ðηÞ; bθðη; 1Þ ¼ θðηÞ; bgðη; 1Þ ¼ gðηÞ;

9=; (44)

According to Taylor0s series expansion, we have Eqs. (45), (46), and
(47)

bf ðη; qÞ ¼ foðηÞ þ
X∞
m¼1

fmðηÞqm

fmðηÞ ¼ 1
m!

∂m

∂qm
bf mðη; qÞ����

q¼0

;

(45)

bθðη; qÞ ¼ θoðηÞ þ
X∞
m¼1

θmðηÞqm

θmðηÞ ¼ 1
m!

∂m

∂qm
bθmðη; qÞ

����
q¼0

;

(46)
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bgðη; qÞ ¼ goðηÞ þ
X∞
m¼1

gmðηÞqm

gmðηÞ ¼ 1
m!

∂m

∂qm
bgmðη; qÞ

����
q¼0

;

(47)

The general solution ðfmðηÞ; θmðηÞ; gmðηÞÞin the form of special solu-

tions ðbf ðηÞ;bθðηÞ;bgðηÞÞare written in Eqs. (48), (49), and (50)

fmðηÞ¼bf ðηÞ þ _N1 þ _N2expð�ηÞ þ _N3expðηÞ; (48)

θmðηÞ¼ bθðηÞ þ _N4expð�ηÞ þ _N5expðηÞ; (49)

gmðηÞ¼ bgðηÞ þ _N6expð�ηÞ þ _N7expðηÞ; (50)

in which constants _Ni Eq. (51) are defined as

4. Analysis

HAM technique provides great freedom to control rate of convergence
of series solution by auxiliary parameters. To decide about convergence
criteria after utilizingHAMweneed accurate range of auxiliary parameters
whenh-curves areparallel to the horizontal axis. For this purpose, values of
auxiliary parameters hf ; hθ and hg are selected from relevant range of
plotted h-curves at 25th iteration. Fig. 2 portrays the acceptable ranges of
auxiliary parameters hf ; hθ and hg as ð�1:3 � hf � �0:4Þ; ð�1:5 � hθ �
�0:5Þ and ð� 1:2 � hg � � 0:4Þ. In this study, numerical computations
are restricted thoroughly with practical range of non-dimensional pa-
rameters [56] as ð0:2 � Λ � 0:8Þ; ð0:1 � ξm � 0:5Þ; ð0:4 � ξ1 � 1:5Þ;
ð0:2 � βc � 0:6Þ; ð0:1 � αc � 0:5Þ; ð0:2 � bS1 � 0:6Þ; ð0:1 � Kt � 0:5Þ;
ð0:5 � Pr � 2:5Þ; ð0:1 � Km � 0:5Þ and ð0:1 � Vc � 0:4Þ: Table 1 is
computed to present the convergence analysis of homotopic expressions. It
is inspected that computations are enough for 35thorder of approximations
for momentum, energy and concentration equations. Table 2 is built to
validate the present consequences with previously published results by
Acharya [57], Khan and Pop [58] and Hsiao [59]. This table shows the
great agreement with previous literature.



Table 1
HAM convergence analysis when ξ1 ¼ 0:5; βc ¼ 0:3; αc ¼ 0:2;Km ¼ Kt ¼ 0:1;
ξm ¼ Pr ¼ 1:0; S1 ¼ 0:2; Sc ¼ 1:5; Vc ¼ 0:2.

Approximation order f 00ð0Þ θ0ð0Þ g0ð0Þ
1 0.8587 0.6985 0.1382
7 0.8524 0.7322 0.1345
14 0.8554 0.7524 0.1360
20 0.8582 0.7959 0.1371
25 0.8607 0.7934 0.1450
30 0.8612 0.7668 0.1429
35 0.8624 0.7743 0.1408
40 0.8624 0.7743 0.1408
46 0.8624 0.7743 0.1408

Table 2

Numerical comparison of �θð0Þ when Λ ¼ bβ t ¼ bβc ¼ ξ1 ¼ Ac ¼ ξm ¼ βc ¼bS1 ¼ Km ¼ 0 and Pr ¼ 5.

αc Acharya et al.
[57]

Khan and Pop
[58]

Hsiao et al.
[59]

Present
(HAM)

0.1 0.9524 0.9524 0.952432 1.00124
0.2 0.6932 0.6932 0.693211 0.69582
0.3 0.5201 0.5201 0.520147 0.51596
0.4 0.4026 0.4026 0.402631 0.40236
0.5 0.3211 0.3211 0.321149 0.32340

Fig. 3. Impact of Λ on f 0ðηÞ:

Fig. 4. Impact of βc on f 0ðηÞ:

Fig. 5. Impact of ξ1 on f 0ðηÞ:

Fig. 6. Impact of ξm on f 0ðηÞ:

Fig. 7. Impact of Ac on f 0ðηÞ:
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5. Results & discussion

The graphical analysis of parameters like curvature parameter ðΛÞ,
Deborah number ðβcÞ, velocities ratio parameter ðAcÞ, strength of ho-
mogeneous reaction parameter ðKmÞ, strength of heterogeneous reaction
parameter ðKtÞ, mass diffusion ratio ðδcÞ, Schmidt number ðScÞ, thermal
relaxation parameter ðαcÞ, Prandtl number ðPrÞ, fluid parameter ðξ1Þ,



Fig. 8. Impact of α1 on f 0ðηÞ:

Fig. 9. Impact of Λ on θðηÞ.

Fig. 10. Impact of αc on θðηÞ:

Fig. 11. Impact of S1 on θðηÞ:

Fig. 12. Impact of Pr on θðηÞ:

Fig. 13. Impact of α1 on θðηÞ:
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mixed convection parameter ðξmÞ and thermal stratification parameter
ðS1Þ on velocity f 0ðηÞ, temperature θðηÞ and concentration gðηÞ is dis-
played in Figs. 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, and 16. In Fig. 3
role of curvature parameter ðΛÞ on f 0ðηÞ is demonstrated. For higher
value of curvature parameter ðΛÞ, the velocity curve declines near the
surface of cylinder and enhances away from it. Physically, increase of
curvature parameter ðΛÞ yields the decrease in radius of cylinder that
7

causes low resistance in flow field. As a result f 0ðηÞ shows increasing
behavior far away from the surface of cylinder. Consequence of Deborah
number ðβcÞ on f 0ðηÞ is illustrated via Fig. 4. The velocity f 0ðηÞ profile and
related momentum boundary layer thickness are amplified with the rise
of Deborah number ðβcÞ. In fact, increase of parameter ðβcÞ corresponds
to the intensify the elasticity of fluid material. That is accountable for



Fig. 14. Impact of Km on gðηÞ:

Fig. 15. Impact of Kt on gðηÞ:

Fig. 16. Impact of Sc on gðηÞ:

1 0:5

M. Ijaz, M. Ayub Heliyon 5 (2019) e02303
increase in velocity profile f 0ðηÞ. Fig. 5 emphasis on the impact of fluid
parameter ðξ1Þ on velocity profile f 0ðηÞ. As expected, the velocity profile
f 0ðηÞ declines with the higher values of ðξ1Þ. Since ðξ1Þ being ratio of
relaxation to retardation time produces resistance to the fluid flow that
eventually diminishes the velocity f 0ðηÞ. Noticeable characteristics of
mixed convection parameter ðξmÞ are shown in Fig. 6. Physically increase
of ðξmÞ is responsible to enhance the buoyancy forces. That results in
8

enhancement of velocity f 0ðηÞ. Fig. 7 is revealed to study the features of
velocities ratio parameter ðAcÞ on velocity f 0ðηÞ. It is observed from figure
that velocity profile upsurge for both cases Ac > 1 and Ac < 1. The in-
crease of ðAcÞ upsurges free stream velocity that eventually result in the
improvement of f 0ðηÞ. This developing behavior of f 0ðηÞ remained same
when either free stream velocity dominates or followed. Thickness of
boundary layer has reverse effects. Impact of angle of inclination ðα1Þ on
velocity distribution is displayed in Fig. 8. The decaying nature of ve-
locity field is observed for greater value of ðα1Þ. Since, impact of gravity
force decreases for higher altitude. That causes reduction in velocity
profile. Fig. 9 depicts behavior of curvature parameter ðΛÞ on tempera-
ture θðηÞ. It is evident that temperature θðηÞ declines near surface of
cylinder and it enhances away from it for greater values of ðΛÞ. Variation
of thermal relaxation parameter ðαcÞ on temperature θðηÞ is shown in
Fig. 10. Increase in ðαcÞ leads to decrease in both temperature θðηÞ and
thermal boundary layer thickness. Physically, for higher estimation of
ðαcÞ fluid particle required more time to transfer heat to its adjacent
particles. As a result, temperature curve decreases for greater ðαcÞ. In
Fig. 11, variation of temperature distribution θðηÞ against thermal strat-
ification parameter ðS1Þ is captured. In fact, temperature difference ðTw �
T∞Þ gradually decreases for higher approximation of ðS1Þthat ultimately
declines the temperature curve. The temperature and thermal boundary
layer thickness are decreased significantly for greater values of Prandtl
number ðPrÞ(see Fig. 12). Since, Prandtl number is the ratio of mo-
mentum to thermal diffusivities. For higher Prandtl number momentum
diffusivity enhances while thermal diffusivity diminishes. Here weaker
thermal diffusivity dominant over the stronger momentum diffusivity.
Therefore, temperature profile reduces. Fig. 13 is plotted to study the
impact of ðα1Þ on temperature profile θðηÞ. Enhancing behavior of tem-
perature is observed for greater approximation of ðα1Þ. Since, gravity
impact decreases with inclination that becomes a source of declining in
heat transfer rate. Hence, temperature field θðηÞ increases. Variation of
homogeneous reaction ðKmÞand heterogeneous reaction parameters
ðKtÞfor concentration distribution gðηÞ is shown in Figs. 14 and 15.
Conflicting behavior of both parameters is noticed for concentration and
associated layer thickness. Since reactants are consumed during homo-
geneous reaction and consequently fluid concentration denigrates which
is apparently seen from this figure (see Fig. 14). It is noticed that the
concentration boundary layer thickness upsurges with increasing ðKtÞ
which agrees with the common physical behavior of the homogeneous
and heterogeneous reactions parameters. Variation of concentration
profile gðηÞ against Schmidt number ðScÞ is displayed in Fig. 16. For
greater values of ðScÞ, the concentration profile gðηÞ is found to be
growing. In fact, the Schmidt number is defined as the ratio of mo-
mentum diffusivity to mass diffusivity. Therefore, higher values of the
Schmidt number correspond to reduce the mass diffusivity. The role of
Fig. 17. Impact of βc on 2 ðReÞ Cf :



Fig. 18. Impact of Ac on 1
2 ðReÞ0:5Cf :
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skin friction coefficient Cf , for emerging parameters ðβcÞ and ðAcÞ are
presented in Figs. 17 and 18. The dwindling influence of skin friction
coefficient is observed for both ðβcÞ and ðAcÞ.

6. Conclusions

In this study we analyze the homogeneous/heterogeneous reactions
for Jeffery fluid model induced by an inclined stretching cylinder. Heat
transfer analysis has been accomplished via Cattaneo-Christove heat flux
model. Resulting equations have been transformed into dimensionless
ODEs and solved via homotopic technique. Based on the entire study
following conclusions can be figure out:

❖ Higher values of Deborah number result in the enhancement of ve-
locity distribution.

❖ There is a direct relation of curvature parameter ðΛÞwith velocity and
temperature profiles

❖ Velocity profile enhances with greater values of velocity ratio
parameter ðAcÞ while it declines with fluid parameter ðξ1Þ.

❖ Effects of homogeneous ðKmÞand heterogeneous ðKtÞ reaction pa-
rameters on the concentration profile are quite opposite.

❖ Temperature distribution reduces for higher approximation of Prandtl
number ðPrÞ and thermal stratification parameter.
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