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A B S T R A C T

The aim of this paper is to investigate propagation characteristics and the generation mechanism of the nonlinear
lowest-order symmetric Lamb mode (S0) which propagates downslope in free elastic plates with slowly linearly
varying-thickness. From theoretical analyses, in a low frequency-thickness product (fd) range, the S0 mode is
slightly dispersive, it is easy to generate, and it approximately satisfies the principle of the phase velocity
matching. Therefore, if a S0 mode is excited at a proper frequency in the low fd range, the amplitude of the
second harmonic wave is linearly increasing in a certain propagating-distance, which is valuable for the practical
NDE application of the second harmonic wave. Moreover, numerical simulations and experiments have been
carried out to validate theoretical results. Our investigation of properties of the second harmonic wave can be
applied to characterize and evaluate micro-structural damages in varying-thickness waveguides.

1. Introduction

Lamb waves are able to propagate long distances in waveguides.
Combined with the highly sensitive nonlinear ultrasonic techniques
[1–9], the nonlinear Lamb wave testing technique has been applied in
many fields such as the fatigue damage assessment [10–12], the micro-
crack detection [13–15], the thermal stress measurement [16–18], and
the long bone evaluation [19]. At present, literatures about nonlinear
Lamb waves mainly focused on uniform-thickness plates and shells.
Notably, for a uniform-thickness plate, Zuo [7] and Wan [20] analyzed
the nonlinear Lamb waves generated by the S0 mode which is slightly
dispersive and easy to generate in the low-frequency range. They
proved that the S0 mode could produce a significant second harmonic
wave which increases linearly over a reasonable propagating-distance.

However, in practical applications, many plates have variable
thicknesses [21–24]. We explored properties of the second harmonic
wave, which is generated by the S0 Lamb mode in a plate whose
thickness varies linearly at a slow rate, in order to generate a highly-
sensitive nonlinear Lamb wave. It is worth mentioning that the S0 mode
in this waveguide is approximately defined. In literatures [23–25], the
low-order Lamb modes such as S0, A0, S1, A1, S2 in varying thickness
waveguides are supposed to be adiabatic, when these modes are slightly
dispersive and the slope of the varying-thickness waveguide is less than
1°. In this paper, we studied the slight-dispersion S0 mode propagating
in a slowly varying-thickness plate (the slope is less than 1°), which can
be treated as adiabatic. An adiabatic mode adapts to the thickness

variation of the plate. That is, it locally corresponds to a guided mode of
a plate with a uniform-thickness, and its phase velocity displays a
smooth change in propagation, depending on the local thickness.
Hence, a varying thickness plate can be considered as a series of plates
with locally uniform-thicknesses, and the second harmonic wave in the
plate can be solved by combining the solutions of the uniform-thickness
plates of all the local thicknesses. Besides, for the adiabatic propagation
of a S0 mode, the energy flux of the incident wave can pass through the
waveguide with almost no-reflection, and the mode-conversion effect is
almost negligible for estimating the penetration energy of the incident
wave [21,23,24,26].

2. Theoretical analyses

Nonlinear S0 Lamb modes in a low fd range satisfies two conditions,
that are an non-zero power flux and an approximate phase velocity
matching [20]. The schematic of a varying- thickness plate is presented
in Fig. 1. The waveguide is considered to be asymmetric with respect to
the horizontal axis, and the proposed method in the following can be
easily extended to the case of the symmetric geometry. Phase velocity
dispersion curves for Lamb modes in aluminum plates with respect to
fd, obtained by the bisection technique, is presented in Fig. 2[27].
When the selected S0 Lamb mode at a given frequency propagates
downslope in the plate, the decrease in thickness leads to a reduction in
the wavenumber, and an increase in the phase velocity. That is, the
black dot in Fig. 2 moves from the right to the left along the phase

https://doi.org/10.1016/j.ultras.2018.11.013
Received 26 May 2018; Received in revised form 20 November 2018; Accepted 29 November 2018

⁎ Corresponding author.
E-mail address: anzhiwu@mail.ioa.ac.cn (Z. An).

Ultrasonics 94 (2019) 102–108

Available online 30 November 2018
0041-624X/ © 2018 Elsevier B.V. All rights reserved.

T

http://www.sciencedirect.com/science/journal/0041624X
https://www.elsevier.com/locate/ultras
https://doi.org/10.1016/j.ultras.2018.11.013
https://doi.org/10.1016/j.ultras.2018.11.013
mailto:anzhiwu@mail.ioa.ac.cn
https://doi.org/10.1016/j.ultras.2018.11.013
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ultras.2018.11.013&domain=pdf


velocity dispersion curve towards the green dot. With the decreases of
fd, the difference between phase velocities of the primary wave c ω( )p
and the harmonic wave c ω(2 )p becomes smaller as shown in Fig. 2. And,
the derivation from the exact phase velocity matching, which is defined
as = −k ω c ω ω c ω2 / (2 ) 2 / ( )d p p , will also become smaller when the fd
value decreases. The dispersion lengthL, which is expressed as

=L π k2 /| |d , will grow larger. As a result, the modal amplitude of the
second harmonic wave can still be guaranteed to have a cumulative
effect to characterize the material nonlinearity.

To meet the requirements for nondestructive testing in practical
applications, the displacement of the Lamb wave at the plate surface is
convenient to detect. The normal uy and tangential ux components of
the theoretical displacements of the chosen S0 Lamb on the plate sur-
face versus fd is calculated and shown in Fig. 3. As the fd value in-
creases, the theoretical normal-displacement uy0 increases as well, but
the tangential displacement ux0 decreases. Here the subscript “0″ re-
presents S0 mode.

Based on the analyses of the second harmonic wave in an isotropic
elastic uniform-thickness plate, a theoretical analysis has been carried
out for a plate with a slowly linearly-varying thickness, and the plate is
considered to support adiabatic propagating modes. Here, the variable-
thickness plate with length L is divided intoM segments in the direction
of wave propagation, and each single element is measured to be

=l L M/ . And the mth segment xm is linked to the first one with the
relation = + − ∗x x m l( 1)m 1 , where m=1,2,…,M is the position
index. This nonlinear wave-propagation can be solved using the per-
turbation theory, and the displacement field u0 induced by the S0 mode
is expressed as [28]

= +x y t x y t x y tu u u( , , ) ( , , ) ( , , ),m m m0 0
(1)

0
(2) (1)

where u0
(1) is the primary displacement field, and u0

(2) is the secondary
displacement field, which is very small compared with u0

(1) . Different
from the wavenumber expression of a plane wave in a uniform-thick-
ness plate which is presented in Ref. [3]. That is, the wavenumber
varies depending on local thickness to form modes along the S0 mode
branch, so that the phase term should be the accumulation of product of
the varying wavenumber and the corresponding local segment. In a
variable-thickness plate, the appropriate solution for the primary wave
field at the mth segment can be written in the form

= −x y t α x y eu U( , , ) ( , ) ,m m
i k x x ωt

0
(1)

0
(1)

1
[ ( ) ]m m (2)

where k x( )m is the local wavenumber of the primary wave at xm.
=ω πf2 is the circular frequency of the chosen mode and f is the fre-

quency. Because the propagation of an adiabatic mode has no reflection
and mode conversion, the energy flux of an incident wave remains in S0
mode propagating along the waveguide and totally passes through the
interfaces between neighboring segments. x yU ( , )0

(1)
1 is the displace-

ment field vector in the cross section corresponding to the mode at the
first segment, which is related to displacement field vector at the mth

segment through the proportionality factor αm. Under the same incident
energy flux, the proportionality factor αm is determined by the ratio of
mode energy of the m-th segment φ x( )m to the incident wave energy ϕinc
at the first segment:

=α φ x ϕ( )/ .m m inc (3)

In the expression, φ x( )m is defined as the poynting vector flow in the
propagation direction across the section of a plane elastic plate [29,30].
While, at the second order approximation we have

+ ∇ ∇ − ∇ × ∇ × − ∂
∂

= −λ μ μ ρ
t

u u u f( 2 ) ( · ) ( ) ,(2) (2)
0

2 (2)

2
(1)

(4)

= −s u n s̄ n( )· · ,L r r
(2) (1) (5)

where s u( )L
(2) is the second order approximation of the first Piola-

Kirchhoff stress tensor, and where f̄ (1) and s̄(1) are the function of u0
(1) .

Once the solution u0
(1) is known, the nonlinear terms f̄ (1) and s̄(1) are

determined by submitting into the equations as following

= + + + + + + +

× + + + + +

× + + + +

( ) ( )
( )
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u u u u λ B u u B
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Fig. 1. The schematic of the plate with a linearly-varying thickness.

Fig. 2. Phase velocity dispersion curves of Lamb modes in aluminum plates
with respect to the fd. Symmetric modes are marked red, and asymmetric
modes are marked blue. The box region indicates the low frequency region of
the S0 mode.

Fig. 3. The displacement components in the× and y directions on the surface
of plate vs. fd.
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where δij is the Kronecker delta, O u( )i
3 is the higher order term. Due to

zero power flux of SH0 and A0 modes from the primary to the second
harmonic wave, only S0 mode is considered in the following analysis
[7]. The solution for the second wave field at xm is expressed in the
following equation [3,24]

= +−x y t A x x y e c cv v( , , ) 1
2

( ) ( , ) . . ,m m m
i ωt(2)

0 0
(2) 2

(8)

= ∂ ∂tv u / ,(2) (2) (9)

where c c. . represents the complex conjugate. x yv ( , )m0
(2) is the particle

velocity of ω2 . Furthermore, the modal amplitude A x( )m0 is the solution
of the following ordinary differential equation

∫⎛
⎝

− ⎞
⎠

= +P x d
dx

ik x A x f x f x e4 ( ) ( ) ( ) ( ( ) ( )) ,m m m
surf

m
vol

m
i k x dx

00
*

0 0 0
2 ( )m

(10)

where ∗k x( )m is the local wavenumber of harmonic wave at xm. As
shown in literature [3], due to the self-interaction of the single excited
mode, the phase term should be twice the local wave number k x( )m to
satisfy the second harmonic wave excitation condition. Besides, the
phase term is accumulating with propagating distance, so the phase
term should be the integral of 2k(x )m . P00 is the complex power flux of S0
mode in the x-direction of the wave propagation, which can be ex-
pressed as
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x x x x
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m

m

(11)

xs ( )m0 is the first Piola-Kirchhoff stress tensor, while, f vol
0 and f surf

0
are interpreted as the power flux through the volume and through the
surface, respectively, which can be further expressed as
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From the source condition, we have at the second order the fol-
lowing initial condition for the modal amplitude =A (0) 00 . Hence, Eq.
(10) has the solution

= −A x A x e A e( ) ¯ ( ) ¯ (0) ,m m
iθ x iθ x

0 0
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θ x( )m and ∗θ x( )m are the cumulative phase term of primary and
harmonic wave over the propagated distance respectively, which is the
accumulation of product of wavenumber and the corresponding local
segment. The phase terms ( ∗k (x )m , k(x )m ) and the energy flux terms of
the variable-thickness plates are varying with the propagation distance.
And those characteristics have been fully expressed and embodied in
Eqs. (13)–(15). Similar to expressions in uniform-thickness plate, the
forcing terms f̄ (1) and s̄(1) have a quadratic term of u0

(1) [28]. And, the
second wave field x yv ( , )m

(2) is proportional to the f̄ (1) and s̄(1) . So the
second harmonic amplitude is proportional to the square of the primary
wave amplitude.

The above theoretical method has been developed to investigate the

propagation of guided waves along varying thickness plates. And firstly,
we studied the influence of frequency of primary wave on second
harmonic wave for the plates with same slope by applying the method.
A linearly varying thickness aluminum (Al-7075-T651) plate linearly
varying from 4mm to 2mm (the slope is 0.115°), was considered in this
study and the material properties are listed in Table 1. The modal
amplitude of second harmonic wave (A2) with respect to the propaga-
tion distance was calculated according to Eqs. (4)–(10) with S0 mode
being the primary mode at fundamental frequencies of 100 kHz,
150 kHz, 200 kHz, and 250 kHz. The propagation distance is set to be
1000mm and the results are presented in Fig. 4(a–d). It should be noted
that, through a lot of calculations and verifications, we have found that
the calculated theoretical predictions will be accurate if the smallest
wavelength is above10 times more than the length of a single segment.
To ensure the adequate accuracy, M (the total amount of the segments)
is set to be 2000 in the following calculations, which means that the
smallest wavelength is 12.5 times more than the length of a single
segment. The magnitudes of the primary wave in the x-and z-directions
at =x 0, are = × −u 2.0 10 mx0

(1) 6 and = × −u 2.0 10 mz0
(1) 6 , respectively.

For the primary frequencies of 100 kHz and 150 kHz, the modal
amplitude increases monotonically but not linearly within 1000mm
propagating distance. With the frequency being up to 200 kHz, the
modal amplitude shows an oscillation at 370mm, then grows mono-
tonically in the next 630mm. At 250 kHz, the modal amplitude oscil-
lates spatially almost for four cycles in 700mm and its spatial peri-
odicity increases as the plate thickness decreases. After the fluctuating
range, the modal amplitude increases continually in the remaining
distance. Different from the second harmonic wave in a uniform
thickness plate, the modal amplitude (A2) in the varying-thickness plate
has slight-dispersion length as presented and defined in Ref. [7].

Besides, aluminum plates linearly varying from 4mm to 2mm but
with different slopes at a fixed primary frequency were studied. The
modal amplitudes of the primary wave (A1), the second harmonic wave
(A2) and the corresponding relative nonlinearity parameter (A A/2 1

2) of
y-direction displacement uy were obtained and shown in Fig. 5(a) and
(b), respectively. And they-direction displacement at the surface of the
plate is convenient to detect by a single beam laser vibrometer in ex-
periments. For the amplitudes of the primary mode (A1) is changing
with the propagating distance, the accumulation of relative non-
linearity parameter (A A/2 1

2) is not precisely consistent with A2.
The frequency of the primary wave is 150 kHz, and the slopes of the

plates with thickness linearly varying are 0.072°, 0.082°, 0.095°, 0.114°,
0.143°, and 0.191°, respectively. The slope of the plate has certain in-
fluences on the generation of the second harmonic wave. As shown in
Fig. 5, although the slope of the plate is varying, both the modal am-
plitudes of second harmonic wave(A2) and the relative nonlinearity
parameter (A A/2 1

2) increase almost linearly up to 200mm along the
propagation distance. When the slope of the plate is 0.191°, the relative
nonlinearity parameter grow almost linearly on the first 500mm as
shown in Fig. 5(b). According to the slopes of the curves shown in the
figures, we can validate its cumulative effect. In fact, the larger the
slope, the stronger the cumulative effect [20]. For the parameter A /A2 1

2,
as the slope of curve shown in Fig. 5(b), the cumulative effect of plates
with a large slope is stronger than that of a small slope. But for the
second harmonic wave A2 shown in Fig. 5(a), the cumulative effect of
plates with larger slope is slightly weaker within the distance of
400mm.

Table 1
Material parameters used in numerical simulations [20].

ρ (kg/m3) κ (GPa) μ (GPa) A (GPa) B (GPa) C (GPa)

2810 70.3 26.96 −351.2 −149.4 −102.8
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3. Numerical results

Numerical simulations were carried out to validate the theoretical
predictions, which can provide a convenient way to investigate the
cumulative harmonic from S0 mode generation in waveguides and
eliminate the nonlinear effects arising out of the physical operations
and instrumentations. The numerical simulations were carried out by
using the software COMSOL. The Murnaghan model was adopted and

plane strain condition was used. The schematic of the varying thickness
plate used in simulations is shown in Fig. 1, where the aluminum plate
linearly varies from 4mm to 2.5 mm with a slope of 0.173°. And ma-
terial properties are listed in Table 1. The source is specified as a dis-
placement boundary condition at× =0 to excite the appropriate
mode, using a 20-cycle Hanning windowed tone-burst with a central
frequency of 150 kHz or 250 kHz, respectively. The absorption
boundary condition was loaded at the end of the plate and stress free

Fig. 4. Variations of second harmonic wave (normalized amplitude) vs. propagation distance for plate with linearly varying thickness, ranging from 4mm to 2mm
with a slope of 0.115° and at a primary frequency of 100 kHz (a), 150 kHz (b), 200 kHz (c) and 250 kHz (d), respectively.

Fig. 5. Modal amplitudes of propagating second harmonic wave (a) and the relative nonlinearity parameter (b) of y-direction displacement uy for plates with linear
thickness variation from 4mm to 2mm with different slopes, at a primary frequency of 150 kHz.
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boundary conditions were applied to the rest of the boundaries.
Triangular elements were used. To ensure convergence for both

primary and second harmonic modes, the maximum element length is
0.3 mm, and the maximum time step is 0.005 μs. In addition, the
monitor points were placed at the lower boundary of the plate to pick
up the signal of y-direction displacements in the time domain at a step
of 10mm. The Fast Fourier Transform (FFT) technique was used in
post-processing to extract the amplitudes of the primary wave (A1) and
the second harmonic wave (A2). The amplitudes of the primary wave
(A1) and the calculated relative nonlinearity parameter (A A/2 1

2) versus
propagation distance are shown in Fig. 6. It can be observed that the
numerical results agree well with the theoretical predictions. As shown
in Fig. 6(a) and (b), with the propagation distance increasing, the
amplitude of the primary wave steadily decreases, because the ampli-
tude of the y-direction displacement uy on the plate surface decreases as
corresponding fd decreases as presented in Fig. 3. With the excited
frequency of primary S0 mode at 150 kHz, Fig. 6(c) demonstrates that
the relative nonlinearity parameter increases almost linearly up to at
least 500mm. Such a distance is significant for NDT applications of
nonlinear Lamb waves in thickness linear variation plate. In Fig. 6(d),
when the excitation frequency is 250 kHz, the modal amplitude oscil-
lates almost for two cycles in 280mm, and then its spatial periodicity
gets larger with the propagation distance increasing.

4. Experimental studies

Fig. 7 illustrates the experimental setup to verify the nonlinear
features of the S0 mode on an aluminum varying thickness plate (Al
7075). The material properties of the plate are the same to those listed
in Table 1. The excitations were achieved by two wedge transducers in

contact, at central frequency of 150 kHz and 250 kHz respectively,
coupled to the surface of the plate at× =0. A 20-cycle Hanning
windowed tone-burst signal was generated by a signal generator
(Tektronix AFG 3102) and was magnified by a high power gated am-
plifier. The ultrasonic waves were measured using a laser vibrometer
(Polytec PSV-400) to pick up the time-domain signals of the y-direction
displacement on the plate surface. The time trace of the signal with 512
averages was recorded by an oscilloscope to improve the signal-to-noise
ratio and then processed by a computer. In the experiment, the dis-
placement was measured in the far field along the propagation distance,
from 100 to 460mm with a step of 30mm. Each set of measurements
was repeated independently for seven times. Fig. 8(a and b) show the
variation of the amplitude of the primary wave with respect to the
propagation distance, while Fig. 8(c and d) show the normalized re-
lative nonlinearity parameters in the distance of propagation with ex-
citation frequency of 150 kHz and 250 kHz, respectively.

Regarding the amplitude of primary wave versus the propagation
distance, the experimental results of excitation frequency at 150 kHz
and 250 kHz are almost consistent with the theoretical predictions, as
shown in Fig. 8(a and b). In the first case, when the excitation frequency
is 150 kHz, the linear increase of the relative nonlinearity parameter
with the propagation distance is clearly shown from 100 to 460mm in
Fig. 8(c), which demonstrates a cumulative second harmonic genera-
tion in this region. When the excitation frequency is 250 kHz, almost
one and a half cycles of oscillation is shown in Fig. 8(d) from 100mm to
460mm. It should be noted that the first cycle between 0 and 100mm is
difficult to captured experimentally mainly due to the near field effect.
Such results agree well with the predictions of theoretical and the nu-
merical calculations, indicating that the amplitude of the second har-
monic wave grows linearly in a certain distance in the varying-thickness

Fig. 6. The normalized amplitude of primary A1(a-b) and corresponding relative nonlinearity parameter A /A2 1
2(c-d) of y-direction displacement uy on the plate

surface varying versus propagation distance for plate of linear variation thickness with slope of 0.173°, at a primary frequency of 150 kHz (a and c) and 250 kHz (b
and d).
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plate in the low frequency range.
The relative nonlinearity parameters of uniform thickness and

varying thickness plates are compared at a primary frequency of
250 kHz, as given in Fig. 9. In the uniform-thickness plates, the modal
amplitude of the second harmonic wave of uy remains bounded and
oscillates with a constant spatial periodicity. However, for the varying
thickness plate, the nonlinear parameter shows a weaker spatial peri-
odicity, its amplitude will not reach zero except at the beginning point,
and it is in an upward trend.

5. Conclusions

The second harmonic wave in a varying-thickness plate has been
studied, based on the property that the symmetric Lamb mode (S0)
exhibits slight-dispersion in the low fd range. A theoretical model of
nonlinear guided waves in a slowly linearly-varying-thickness plate has
been derived, and it has been verified using numerical simulations and
experiments. The cumulative and spatial oscillation properties of low-
frequency nonlinear Lamb waves have been discussed. According to the
results, the application of nonlinear Lamb wave testing technique may
be extended from the uniform-thickness plate to the varying-thickness

Fig. 7. Experimental setup.

Fig. 8. The normalized amplitude of primary A1(a-b) and the corresponding relative nonlinearity parameter A A/2 1
2(c-d) of uy on the plate surface measured over

increasing propagation distance for aluminum plate of thickness linear variation with slope of 0.173°, at excitation frequency of 150 kHz (a and c) and 250 kHz (b and
d).
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plate.
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