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bicoid is a maternally transcribed gene which plays a pivotal role during the early developmental stage of
Drosophila melanogaster by acting as an essential input to the segmentation network. Therefore, fundamental
insights into gene cross-regulations of segmentation network expect to be unveiled by presenting an accurate
mathematical model for bicoid gene expression profile. In this paper, an extended version of Birnbaum-Saunders
with four parameters is introduced and evaluated to describe the spatial gradient of this gene. Theoretical
aspects of four-parameter Birnbaum-Saunders and the estimated parameters are presented and thoroughly as-

sessed for different embryos. The reliability and validity of the results are evaluated via both simulation studies
and real data sets and thereby adding more confidence and value to the findings of this research.

1. Introduction

Birnbaum-Saunders (BS) distribution is an important fatigue-life
model with non-negative support proposed by Birnbaum and Saunders
[1]. Although BS distribution which is also known as fatigue life dis-
tribution was initially proposed for material fatigue and reliability
analyses, the notable and attractive statistical and probabilistic prop-
erties of this model soon made BS as an excellent candidate and pow-
erful technique in various fields of study such as earth, environmental
and medical sciences; see for example [2-6].

In this paper, we provide a more in-depth understanding of BS
distribution by introducing an extended version of this distribution with
four parameters. Our interest in this topic is motivated by recent find-
ings in [7] where authors proposed the BS distribution to describe the
expression profile of bicoid gene. In that study, bicoid gene expression
was described as a significantly stochastic and high volatile profile with
a heavy tail. Following a thorough evaluation of fifty-four commonly
used distributions, Hassani et al. concluded that BS distribution with
three parameters fits the bicoid profile more accurately than the other
distributions.

The protein encoded by bicoid gene is a homeodomain transcrip-
tional factor whose concentration gradient plays a crucial role in
forming the segmented pattern of Drosophila melanogaster. bicoid gra-
dient controls the expression of all the other Hox genes by turning on
the gap genes at different thresholds [8]. Gap genes, in turn, activate
Hox genes in the same sequence as their 3'-to-5 order [8,9].

Besides the fact that studies on certain characteristics of

transcriptional factors initially started with studying Drosophila mela-
nogaster, the main reason behind focusing on this model organism in
genetic studies is an evolutionary principle stating that due to the
common ancestry fact, all organisms have some degree of relatedness
and genetic similarity. For example, several basic biological, physiolo-
gical, and neurological characteristics are conserved between mammals
and Drosophila melanogaster, and approximately 75% of human disease-
causing genes are believed to have a functional homolog in this fly [10].
As can be seen in Fig. 1, in both cases of humans and flies, Hox genes
impose “tagmosis”-regional identities (thoracic vs. lumbar in humans or
thoracic vs. abdominal in flies) [8,11,12].

To introduce the extended version of BS model, extensive simulation
studies have been carried out. Analysing the real data set have also been
performed on all the cleavage cycles in which bicoid gene is expressed in
the embryo.

Having performed the analysis on both simulated and real data sets,
it was found that the four-parameter BS distribution (FBS) introduced in
this study incorporates parameters and serves as a competitor to the
commonly-used three-parameter counterpart [13].

The remainder of this paper is organized as follows. Section 2 pro-
vides a theoretical framework for BS distribution which is followed by
Maximum Likelihood (ML) estimation of parameters and simulation
study procedure. Section 3 describes the data set and evaluates the FBS
on the real data. The paper concludes with a concise summary in Sec-
tion 4.
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Fig. 1. Colinearity of Hox gene expression along the Anterior-posterior (A-P) axis in (a) humans and (b) flies. Figure adopted from [8].

2. Theoretical framework

In this section; first, the underlying theory of BS distribution is re-
viewed and then we propose the log-likelihood equations to obtain ML
estimates of distribution parameters. We believe that knowing the
parameters of this distribution such as the shape, scale and location
parameter, would help to interpret and explore bicoid functioning as an
initiator of segmentation network.

In order to evaluate the performance of FBS distribution in fitting to
real bicoid expression profiles, we perform a simulation study by si-
mulating the exponential curve drawn from the Synthesis Diffusion
Degradation (SDD) model which is a common model for analysing the
bicoid profile [14-17].

2.1. Birnbaum-Saunders distribution

The classical BS distribution originally proposed in [1] contains two
parameters; shape («) and scale (j3). Particularly, the random variable
Tis said to follow the two-parameter BS distribution, denoted by
T ~ BS(a, B), if its cumulative distribution function (cdf) is given by

1

FT(na,ﬁ)=cp[—( r_ B
a

5Vr

)J t>0, a,B>0,
€y

where ®(-)is the cdf of standard normal distribution. This model has an
interesting relationship with the standard normal distribution. If
T ~ BS(a, 8), then

T

_i(\/ﬁ o

- “\r @

More detailed information on two-parameter BS distribution can be
found in [18].

There is another type of BS distribution which includes three
parameters [13]. The random variable Twhich follows the three-para-
meter BS distribution is denoted by T ~ BS(a, u, f)and its cdf has the
following form

) ~ N(0, 1).

1( [t=
(‘ K p )) t>u, a,f>0, HER,

Fﬂtla,,u,ﬁ):d)(; F _\fq

3)

where the parameter u represents the location of distribution. It is
noteworthy that if T ~ BS(a, y, §), then
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The BS distribution has been extended in [13] based on the Johnson
System. The random variable T is said to follow the FBS distribution,
denoted by T ~ FBS(6, 4, &, y), if its cdf is given by

) ~ N(0, 1).

[t—¢& [ 2
FT(tlé, /1, é", }/) = q)(y + 5(\1 - Vt—g)]’ t> é", 5,/1 > 0,

§,7€ER. (5)

The parameters 8, 4, £ and y are the shape, scale, location and non
centrality parameters, respectively. Similarly, if T ~ FBS(S, 4, &, ),
then

[T—¢ [ 2

(6)

It is evident that if y = £ =0, then T ~ BS(a = 1/8, B = 1), and if
y=0,&=pu, then T~ BS(a =1/8, u =&, B =A). Therefore, the FBS
distribution contains all the versions as particular cases. As discussed in
[13], the extra parameters make the classical BS distribution more
flexible, thus widening the shape, form, characteristics and properties
of the BS model.

2.2. Parameters estimation

Let 5, B, ..., T, be a random sample of size n from the FBS dis-
tribution. The log-likelihood function for 6 = (6, 4, £, )T is given by

1(6) = nc + nlog(s) — glog(/l) - %yz + né? — %Z(Q + g (&, —1))

s g(j;) _ﬁg(g, ‘71) —%Z log(t; — £)

+ log(t; — £ + 1),

1 7)

“-

i

wheret, b, ...,t,is observed sample, ¢ = %llog(Zn) — log(2) is a constant
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that does not depend on 6, and the function g is defined as
g p) =D, (ti—HPn
i=1 (8

It is evident that g (&, 0) = n and %igp) = —pg(&, p — 1) by (8). Now, by
getting the partial derivatives of 1(6), the log-likelihood equations can
be obtained as follows:

) _
2+ 2n8 - 5(£62 + gt -1) —y[ > - Zg(, 71)20
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These log-likelihood equations have no explicit solutions and therefore
they should be solved by using numerical algorithms to get ML esti-
mates.

Let us now use a series of simulated data to evaluate the perfor-
mance of FBS distribution to describe the data. First, an exponential
curve was drawn from the SDD model and then to obtain a noisy series,
normally distributed random noise with zero mean and different am-
plitudes variance were added to various parts of the series. In total 100
observations were generated and the simulation was repeated 1000
times.

Here, the most widely accepted goodness of fit tests are adopted
including Kolmogorov-Smirnov (KS) and Anderson-Darling (AD) tests.
After each step of simulation, the p-values of these tests are considered
as the criterion for decision making. Fig. 2(a) depicts the box plots for
the value of test statistic for KS and AD tests. As can be seen in this
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Fig. 2. The box plot of test statistics, p-values and MLE of parameters.
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Table 1
Standard error of parameters in simulation study.

Parameter 8 A 13 Y

Standard error 0.083 7.457 1.075 0.239

figure, variation in the AD test statistic is greater than KS test statistic.
Fig. 2(b) shows the box plots of p-value for KS and AD tests. The
minimum of p-values is 0.178 and 0.32 in KS and AD tests, respectively.
Therefore, it can be concluded that the FBS distribution fits to all si-
mulated data. In Fig. 2(c), the box plot of ML estimated parameters is
shown. Note that how the variation in scale parameter (1) is much more
than other parameters. In addition, the standard errors of ML parameter
estimation reported in Table 1 indicate that the shape parameter (§) has
the lowest standard error and the standard error of location parameter
(&) is greater than non centrality parameter (y).

2.3. Hazard rate and TTT plot

The hazard rate is a fundamental concept in reliability theory and
survival analysis. It is also known as failure rate, chance function or risk
rate. Hazard rate is important factor in the insurance, finance, com-
merce and regulatory industries and fundamental to the design of safe
systems in a wide variety of applications.

It is well known that the behavior of a statistical distribution can be
characterized by hazard rate. If a distribution is absolutely continuous,
the hazard rate uniquely determines it [19]. The hazard rate may be
increasing, constant (exponential distribution), decreasing, U-shaped or
bathtub, N-shaped or inverse bathtub, and upside-down bathtub [18].

In general, the hazard rate of random variable T is defined by

fr(©

hr(t) = - F@)

(10)
where f.(-) is the probability distribution function (pdf) of T and Fr(-)
its cdf. The hazard rate of FBS distribution has been studied in [13]. If
T ~ FBS(8, 4, &, ), then the hazard rate of T is given by
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$@) ,
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where ¢(-) and ®(-) are pdf and cdf of standard normal distribution,
respectively; and

[t—¢ [ 2
(=y+8l— - =
asre (\ i Vf-g) 12)
o da 8 -O3—E+2)
T 22 (13)

The hazard rate of FBS distribution has a variety of shapes de-
pending on the values of FBS parameters. For instance, in the case of
y = 0 which is the three parameters BS distribution, the hazard rate has
inverse bathtub shape [13].

The Total Time on Test (TTT) function is a useful tool to char-
acterize the shape of the hazard rate [19]. This function and its scaled
version are defined as follows

arw= L7 - Eeyay, 4

Hy'(w)

Wr(u) = )’

O<u<l.

15)

The scaled TTT function can be approximated by empirical version
of it which is defined as

k
W(ﬁ)_ Zic T + (n = DT B
n - 9 9 eeey
n Y Ty

where Ty is ith order statistic. Plotting the consecutive points
(k/n, Wy (k/n)) gives the empirical scaled TTT plot, which can be used
to detect the type of hazard rate that the data might have [13]. For
example, if the TTT curve is concave (or convex), then the increasing
hazard rate (or decreasing hazard rate) class is appropriate. Ad-
ditionally, if the TTT curve is first concave (or convex) and then convex
(or concave), a bathtub (or inverse bathtub) hazard rate should be used.
Of course, if the TTT curve is a straight line, the exponential

(16)

Table 2
KS and AD p-values and ML estimation of parameters.
Embryo KS AD 1) i £ Y
p-value p-value

ab2 0.895 0.710 0.712 (0.055) 25.575 (10.103) 0.431 (0.477) 0.255 (0.325)
BECab7 0.251 0.311 0.263 (0.027) 1.464 (0.481) —0.016 (0.011) —0.235 (0.157)
BECab11 0.984 0.965 1.205 (0.154) 44.222 (41.813) 2.691 (3.115) 0.561 (1.119)
BECac30 0.550 0.874 1.621 (0.322) 58.527 (82.877) —5.703 (8.945) 0.495 (2.106)
abl8 0.764 0.438 0.910 (0.059) 32.562 (12.193) 2.602 (0.764) 0.279 (0.360)
ac22 0.388 0.320 0.873 (0.058) 28.413 (10.225) 4.100 (0.735) 0.123 (0.330)
ad14 0.244 0.133 0.941 (0.055) 47.262 (16.867) 5.122 (1.005) 0.389 (0.353)
ad22 0.589 0.599 0.940 (0.056) 42.732 (15.851) 1.709 (0.718) 0.709 (0.367)
ad23 0.488 0.349 1.093 (0.106) 26.541 (12.281) 1.950 (1.458) —0.217 (0.478)
BECab14 0.720 0.546 0.905 (0.093) 26.585 (12.400) 10.931 (1.305) —0.198 (0.411)
BECab17 0.997 0.999 1.025 (0.129) 13.556 (6.889) 4.527 (0.987) —0.482 (0.471)
BECab19 0.974 0.992 1.232 (0.157) 27.984 (17.411) 9.896 (2.266) —0.184 (0.701)
BECad4 0.840 0.626 1.171 (0.324) 19.985 (17.661) 16.361 (4.301) —1.099 (0.783)
cbl6 0.202 0.114 0.802 (0.047) 31.240 (10.268) 4.031 (0.591) 0.300 (0.286)
abl7 0.266 0.076 0.755 (0.031) 33.368 (7.188) 8.322 (0.347) 0.267 (0.185)
ad4 0.490 0.290 0.839 (0.041) 28.524 (6.985) 3.936 (0.541) —0.009 (0.216)
adé6 0.084 0.040 0.739 (0.038) 22.204 (4.805) 4.190 (0.406) —0.338 (0.171)
adl6 0.075 0.027 0.798 (0.034) 39.912 (9.347) 5.988 (0.427) 0.448 (0.207)
ad27 0.356 0.186 0.874 (0.052) 22.190 (5.925) 7.786 (0.578) —0.242 (0.235)
be4 0.023 0.019 0.784 (0.042) 66.974 (16.374) 0.314 (0.368) 0.999 (0.210)
be7 0.074 0.016 0.781 (0.030) 31.599 (6.288) 2.925 (0.337) 0.203 (0.174)
BECab10 0.364 0.342 1.200 (0.107) 133.295 (66.361) 7.231 (1.790) 1.790 (0.571)
BECac12 0.628 0.383 1.073 (0.116) 144.019 (73.295) 2.963 (1.423) 1.964 (0.512)
BECac36 0.419 0.358 1.110 (0.090) 28.292 (11.697) 0.037 (1.302) —0.101 (0.437)

76



H. Hassani et al.

Medical Hypotheses 122 (2019) 73-81

Cleavage Cycle 10 Cleavage Cycle 11 Cleavage Cycle 12
2 4
<
2
e
3 4
8
o | |
| —
j 3
o
i
B ———

distribution should be employed [13]. More information about TTT

function can be found in [19].

3. Empirical results

The quantitative bcd gene expression data in wild-type Drosophila
melanogaster embryos was achieved using FlyEx database [20]. The

ab2

A
5 0.23

BECab7

BECab11

5 0.44 0.42

5 0.34

Fig. 3. Box plots for MLE of parameters.

expression profiles were extracted from the nuclear intensities of %10

longitudinal and are unprocessed for any noise reduction methods. Si-
milar to [21-23], we set to work with A-P data.

Table 2 reports the p-values of KS and AD tests together with ML
estimates of parameters achieved in fitting FBS distribution to the ac-

BECac30

ad14

5 0.26

ad22
A

5 -0.11 -0.41

Fig. 4. Correlation for MLE of parameters.
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tual data for a number of embryos. Overall, the result of the application
to real data appears to be consistent with the simulation findings.
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Fig. 5. Correlation for MLE of parameters.
Considering the achieved p-values, it can also be concluded that FBS centrality parameter (y).
distribution fits all real data sets at %1 significance level. The standard Fig. 3 depicts the box plot of estimated parameters at three cleavage
error of estimation has been reported in parenthesis. As can be seen, in cycles of 10, 11 and 12. A detailed description of different cleavage
all cases, the largest and smallest standard errors are achieved for the cycles is made available in [7]. It is important to highlight that mole-
scale (1) and shape parameter (8) respectively. Moreover, in most cases, cules encoded by bicoid begin to appear in the embryo at cleavage cycle
the standard error of location parameter (§) is greater than non- 10 making the lengths of the bicoid profiles of cycles 10 and 11 notably
ab2 BECab7 BECab11 BECac30
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Fig. 6. Empirical scaled TTT plots of embryos in cleavage cycle 10 and corresponding hazard rates.
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Fig. 8. Empirical scaled TTT plots of embryos in cleavage cycle 11 and corresponding hazard rates (b).

lower than the consequent cycles. Hence, as can be seen, the accuracy
of parameter estimation in particular for the scale parameter (1) is
inversely related to the length of available profiles.

Figs. 4 and 5 show the correlation plots for MLE of parameters
computed numerically using Hessian matrix at three cleavage cycles of
10, 11 and 12. As can be seen in these figures, there is evidence of a
high positive correlation between MLE of Aand y in all emberyos.
Moreover, the parameter ¢ has negative correlation with other para-
meters in most of cases.

In Figs. 6-10, the empirical scaled TTT plots of all embryos along
with hazard rates of corresponding FBS distribution based on ML esti-
mates of parameters §, 1, & and y (reported in Table 2) are depicted. As
can be seen in these figures, the empirical scaled TTT plots have been
able to detect the shape of hazard rates well. In cleavage cycle 10, the

hazard rate of embryo BECab7 is decreasing. However, the shape of
almost all hazard rates in cleavage cycles 11 and 12 are upside-down
bathtub.

4. Conclusion

BS is a right-skewed distribution which has considerable application
in modelling a failure over time. Therefore, proposing a more advanced
version of this distribution to model the bicoid profile correctly matches
the nature and the practice of this distribution [24]. Hence, in this
paper, BS distribution with four parameters has been put forward to
model the bicoid gene expression profile.

To obtain the ML estimates of parameters, log-likelihood equations
have been proposed, and since there are no explicit solutions to these
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Fig. 10. Empirical scaled TTT plots of embryos in cleavage cycle 12 and corresponding hazard rates (b).

equations due to their non-linearity and complicated form, the ML es-
timates of four parameters have been achieved numerically.

To assess the newly proposed distribution a simulation step has been
performed by simulating the exponential curve drawn from the SDD
model as the benchmark. According to the simulation results, the FBS
distribution fits the simulated profiles reliably. Also, the results of fit-
ting FBS distribution to real Bed expression profiles indicate that this
distribution performs well on the real data as well.

The comprehensive comparison study performed in [7] and the
reliability of the estimated parameters in the current research expect to
open up the possibility of using statistical distributions to represent the
characteristics of gene expression profiles and unveil the interaction
networks in a dynamic multivariate system.
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