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In his comment [1] Dr. Cheng discusses the derivation of Eq. (9)
in my article [2] and suggests a correction to the main result aris-
ing from a modified definition of the medium correlation function.
While a brief response is given in the following two paragraphs,
more comments are made in the rest of this note intended for a
curious reader.

In brief, after a discussion of media with NMR-reporting inclu-
sions, Dr. Cheng derives his Eq. (4) that coincides with Eq. (9) in my
original article. While misconceptions in his derivation are com-
mented upon below, this agreement suggests stopping the discus-
sion of this issue and turn to the second one.

The second point of Dr. Cheng’s comment concerns the defini-
tion of the correlation function of microbeads,

C rð Þ ¼
Z

d3r0
V

v r0 þ rð Þv r0ð Þ � f2; ð1Þ

where V is the volume of the mesoscopic sphere, v the indicator
function of inclusions and f their volume fraction. An alternative
definition used by Dr. Cheng does not include the subtraction of
f2. While definitions may be a subject of convention, the present
one is operational in Dr. Cheng’s calculations removing the factor
1� f in the final result. To give a brief response, the constant �f2

affects only the Fourier component with k ¼ 0. Note that C kð Þ
enters the final result in the product with the dipole field,
Yab kð Þ. The latter is explicitly set to zero at the point k ¼ 0 by
the reason given below with more details in a recent review [3].
Therefore, the value of the correlation function at this point is
irrelevant.

To give more details to the first issue, the starting point of Dr.
Cheng’s derivation, Eq. (2) of his comment, is the averaging of
the phase factor, exp iX rð Þtf g, over the medium. This is misleading,
since we consider the diffusion narrowing regime in which each
spin samples a large portion of the medium, therefore not having
a constant value of X rð Þ. It is the essence of the diffusion narrowing
that the time-averaged field experiences by spins equals the space
averaging of X rð Þ.

In the same vein, the introduction of the ‘‘magnitude signal at
each spatial point” contradicts the essence of the diffusion narrow-
ing. If we wish to consider NMR-visible inclusion, it is the local
density of NMR-visible spins that can be used, say q0 and q1 inside
and outside the inclusions, respectively. In the absence of
exchange between these compartments and to the first order in
X rð Þ, the overall frequency shift is the weighted mean over the
compartments,
042
X ¼ fq0

fq0 þ 1� fð Þq1
X0 þ 1� fð Þq1

fq0 þ 1� fð Þq1
X1; ð2Þ

where X0 and X1 are the compartment-averaged Larmor fre-
quency offsets for the volume inside and outside the inclusions,
respectively:

X0 ¼
Z

d3r
fV

v rð ÞX rð Þ; X1 ¼
Z

d3r
1� fð ÞV 1� v rð Þ½ �X rð Þ: ð3Þ

The general formula, Eq. (2), coincides with Eq. (9) in my publica-
tion derived for the originally considered case of q0 ¼ 0 and with
the last but one expression in Eq. (2) in Dr. Cheng’s comment in
the case q0 ¼ q1. The same equality justifies his inline expression
for the case of zero frequency shift inside the inclusions. This case
is however unrealistic for dense media in which each inclusion is
exposed to the field induced by all other ones.

Turning to the second issue raised by Dr. Cheng, consider the
above definition of C rð Þ, which was used in [2]. For very large sep-
aration, r, the local forms of the indicator function v r0 þ rð Þ and
v r0ð Þ become statistically independent and can be replaced by
their mean, f, which makes the integral equal f2. Since this cancels
against the second term in Eq. (1), the correlation function tends to
zero for large separations. Provided this occurs faster than 1=r3,
such a function has a non-singular Fourier transform, C kð Þ. Dis-
carding the constant term in Eq. (1) results in the addition of the

delta-function, 2pð Þ3f2d kð Þ to the so far non-singular C kð Þ. The
same is clear from the relation in the Fourier space, Eq. (13) in
[2] if the comment about the k ¼ 0 component is ignored,

C kð Þ ¼ v kð Þv �kð Þ
V

: ð4Þ

Indeed, when calculating the components with k ¼ 0;v rð Þ can be
replaced with its mean value, f, which gives fV for v k ¼ 0ð Þ. The
resulted contribution in C kð Þ is f2V , which is precisely the magni-
tude of the above delta-function for k ¼ 0. As supplemental mate-
rial to this response, a Matlab script is provided to illustrate the
properties of correlation function, both C rð Þ and C kð Þ in one spa-
tial dimension.

The k ¼ 0 component of the elementary dipole field, Yab kð Þ, is
proportional to the spatially constant component of the field. Solv-
ing the magnetostatic equations for any given source distribution
within the mesoscopic sphere leaves this component arbitrary,
which is normally fixed by the boundary conditions on the sphere
surface. Since the field from the sources outside the mesoscopic
sphere is taken into account separately (Fig. 1 in [2]), this field
should not be double counted, which is equivalent to considering
the mesoscopic sphere with no outside sources (Fig. 1 in [2]). In
principle, the sources inside the sphere could induces a constant
field component thus contributing to Yab kð Þ for k ¼ 0. However,
this component must be zero to obey the well-know fact that
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the field offset within a sphere is zero with account for the field of
the classical Lorentz sphere on the molecular scale. More detailed
discussion can be found in [3].

Appendix A. Supplementary material

Supplementary data associated with this article can be found, in
the online version, at https://doi.org/10.1016/j.jmr.2019.07.042.

References

[1] Yu-Chung N. Cheng, Comments on Larmor frequency in heterogeneous media, J.
Magn. Reson. (2019), https://doi.org/10.1016/j.jmr.2019.07.042.
[2] V.G. Kiselev, Larmor frequency in heterogeneous media, J. Magn. Reson. 299
(2019) 168–175.

[3] A. Ruh, V.G. Kiselev, Calculation of Larmor precession frequency in magnetically
heterogeneous media, Concepts Mag. Reson. Part A (2019) e21472, https://
onlinelibrary.wiley.com/doi/full/10.1002/cmr.a.21472.

Valerij G. Kiselev
Medical Physics, Dept. of Radiology, Medical Center, Faculty of Medicine,

University of Freiburg, Germany1

E-mail address: kiselev@ukl.uni-freiburg.de

Available online 18 July 2019
1 Killian Str. 5a, D-79106 Freiburg, Germany.

https://doi.org/10.1016/j.jmr.2019.07.042
https://doi.org/10.1016/j.jmr.2019.07.042
http://refhub.elsevier.com/S1090-7807(19)30167-3/h0010
http://refhub.elsevier.com/S1090-7807(19)30167-3/h0010
https://onlinelibrary.wiley.com/doi/full/10.1002/cmr.a.21472
https://onlinelibrary.wiley.com/doi/full/10.1002/cmr.a.21472
mailto:kiselev@ukl.uni-freiburg.de

	Response to Comment on “Larmor Frequency in Heterogeneous Media”
	Appendix A Supplementary material
	References


