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In Magnetic Resonance Imaging, mapping of the static magnetic field and the magnetic susceptibility is
based on multidimensional phase measurements. Phase data are ambiguous and have to be unwrapped
to their true range in order to exhibit a correct representation of underlying features. High-resolution
imaging at ultra-high fields, where susceptibility and phase contrast are natural tools, can generate large
datasets, which tend to dramatically increase computing time demands for spatial unwrapping algo-
rithms. This article describes a novel method, URSULA, which introduces an artificial volume compart-
mentalisation that allows large-scale unwrapping problems to be broken down, making URSULA ideally
suited for computational parallelisation. In the presented study, URSULA is illustrated with a quality-
guided unwrapping approach. Validation is performed on numerical data and an application on a high-
resolution measurement, at the clinical field strength of 3T is demonstrated. In conclusion, URSULA al-
lows for a reduction of the problem size, a substantial speed-up and for handling large data sets without

sacrificing the overall accuracy of the resulting phase information.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Multidimensional phase data acquired in Magnetic Resonance
Imaging (MRI) reflect the position-dependent, in-plane orientation
of the transverse magnetisation, observed within a rotating frame
of reference. In a hypothetical ideal experiment on a homogeneous
medium, the phase is expected to be constant (zero) throughout
the volume. Under realistic conditions, however, phase data reflect
inhomogeneities caused by the transmit and receive processes, by
the distribution of the static magnetic field and by local electro-
magnetic tissue properties, such as the magnetic susceptibility and
chemical shifts. Furthermore, information encoded in the phase
data can be used for complex applications such as flow imaging

Abbreviations: AR, Abdul-Rahman unwrapping; GRE, Gradient Recalled Echo;
MRI, Magnetic Resonance Imaging; QBU, Quality Based Unwrapping; QSM, Quan-
titative Susceptibility Mapping; URSULA, UnwRap of SUbdivided Large Array.
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(e.g. Lotz et al., 2002) or Quantitative Susceptibility Mapping (QSM:
Wang and Liu, 2015; Reichenbach, 2012), the latter being derived
from local changes in the static magnetic field.

The projection of the magnetisation state observed in MRI is
restricted to the complex plane - implying a range of [—m,m)
(or [0, 2m) respectively), such that the actual evolution of the
magnetisation over time is masked, whenever this range is ex-
ceeded (e.g. Reichenbach et al., 1997). A globally consistent rep-
resentation of the true phase, biased only by a potential off-
set of n-2m, can be restored by spatial or temporal unwrapping
(e.g. Cusack and Papadakis, 2002 or Haacke et al., 1999, Chap-
ter 25.4). Datasets used for QSM are typically acquired with gra-
dient recalled echo (GRE) or related 3D sequences (Reichenbach,
2012). These data typically have four dimensions - three spa-
tial and optionally, a temporal one. One-dimensional unwrapping
along the temporal dimension is the most straightforward ap-
proach (e.g. Windischberger et al., 2004; Dagher et al., 2014). How-
ever, in order to achieve a high signal-to-noise ratio, experiments
are performed with low bandwidth, implying wide echo spac-
ing (e.g. Deistung et al, 2008). This tends to cause undersam-
pling with respect to the Nyquist sampling limitation in time do-
main in locations where the phase evolves rapidly. Thus, in many
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cases, unwrapping in the spatial domain is the method of choice,
posing a three-dimensional unwrapping problem (e.g. Jenkinson,
2003).

A variety of approaches have been discussed in the literature
of the last decades for two (Goldstein et al., 1988; Hedley and
Rosenfeld, 1992; Strand et al., 1999; Strand and Taxt, 2002; Karout
et al., 2007) or three (Witoszynskyj et al., 2009; Dong and Ji,
2010; Feng et al., 2012; Liu et al, 2012; Li et al, 2014) dimen-
sions. One of the most popular algorithms, PRELUDE (Jenkinson,
2003), uses a compartmentalising strategy, dividing the phase vol-
ume into phase segments of a certain value range and matching
these regions. More consistent and time-efficient unwrapping re-
sults can be achieved by quality-based unwrapping (QBU) algo-
rithms such as those presented by Cusack and Papadakis (2002) or
Abdul-Rahman et al. (2007). The latter method finds strong reso-
nance in the QSM community (e.g. Schweser et al., 2011; Liu et al.,
2011; Haacke et al., 2015) and serves as the reference method
herein.

With the aim of processing large matrices acquired for high-
resolution data, e.g. for ultra-high field MRI systems, the time effi-
ciency of unwrapping becomes a critical point. Fast unwrapping is
essential for applications with compulsory consecutive processing
steps, such as QSM. Particularly, in order to establish phase-based
methods in clinical practice, where physicians require immediate
results to decide upon further measurements or surgical options,
short computing times are required.

In the following, a novel technique, UnwRap of SUbdi-
vided Large Arrays (URSULA), is presented (first mentioned in
Lindemeyer et al., 2013 and Lindemeyer, 2015). It combines the
high reliability of the QBU algorithm proposed by Abdul-Rahman
et al. (2007) with a parallelisation technique that allows the dis-
tribution of the unwrapping task to a parallel computing grid. This
is an important development, given the fact that the original algo-
rithm is not well suited for parallel computing in its basic form.
In contrast, URSULA can reduce the computing time significantly,
especially for extensive volumes, while still preserving the spatial
consistency of the result. Beyond the QBU algorithm used in this
work, URSULA offers a general means of parallelisation for any ex-
isting unwrapping approach applied to any given scenario.

2. Materials and methods
2.1. Theory:

Abdul-Rahman et al. (2007) describe an approach to spatially
unwrap phase data based on QBU. A quality describing the phase
change along all directions is assigned to each voxel by calculating
second differences within a +1 neighbourhood. Subsequently, the
quality of a surface between two adjacent voxels is calculated by
adding the quality of both. To solve the global unwrapping prob-
lem, all surfaces - or links - are processed in ascending order, or
equivalently in descending quality. Voxels connected by the cur-
rently processed link are grouped. In this way, voxels and groups
join other groups until only one global volume remains. Sequential
computing of the interfaces is implied by this strategy. The Abdul-
Rahman approach will henceforth be denoted by AR.

The concept behind the present algorithm is to distribute the
unwrapping problem by subdividing the entire volume into a num-
ber of subsets. Every subset is processed as an individual un-
wrap volume. This decreases the size of each individual unwrap-
ping problem dramatically and allows for parallel computation
of the independent problems. The results are reassembled and
matched, as illustrated in Fig. 1. Since the actual unwrapping prob-
lem favours sequential solving, a careful choice for subdivision and
reassembling of the volume is essential for a consistent result. One
could choose a subdivision that reduces the dimensionality by pro-

cessing two-dimensional slices of the volume independently, as in
classical applications. Yet, when excluding one dimension, the in-
formation contained is lost and cannot contribute to a proper so-
lution. This becomes fatal whenever rapid phase changes within
the slice prevent proper unwrapping, whilst a moderate phase gra-
dient in slicing direction would still suffice to solve the problem.
Furthermore, evaluation regions of non-convex shape tend to be-
come fragmented into disjoint segments when split into slices.

In the most popular region-merging approach, PRELUDE
(Jenkinson, 2003), datasets are compartmentalised according to the
phase behaviour, and hence the merging process is the demand-
ing step for computation. Parallelising this step is difficult, as it
requires permanent inter-process communication with all subsets.
Our approach aims to relocate expensive computing to the intra-
subset unwrapping part so that this step can be parallelised. A low-
cost matching process is achieved by an optimised subset shap-
ing. Thus, the present approach uses three-dimensional subsets
aligned on a regular, orthogonal grid. In the literature one can find
some related concepts, e.g. Strand et al. (1999) and Strand and Taxt
(2002), where rectangular subdivision is used for phase unwrap-
ping in two dimensions, however a different strategy is employed.

Let ¢[ijk] be a discretised phase volume of size Nx x Ny x Nz,
and m be the volume mask. The subdivision will be defined by the
subset size sy x Sy x s, leading to the following subset count:

cx = [N/sxl, ¢y =[Ny/syl, ¢z =[N/s;] (1)

(where [ -] implies rounding to the upper integer). The remaining
voxels from non-integer division results are assigned to an addi-
tional subset with appropriately reduced dimensioning. A voxel in
the original volume is addressed as ¢[ijk], while the same voxel
expressed within the subset uvw, located at position [pqr], is de-
noted by:

D Uu-Sx+p i
Puw|q|=@|V-sy+q|=¢|]| (2)
r W-S,+71 k

with pe[0: sx), qe[0: sy), re[0: sz) and uel0: c), vel0: ¢y),
we[0: ¢;). This indexing scheme is illustrated in Fig. 2. Subset
masks myyw[pgr] are defined equivalently, based on the volume
mask m.

Each subset, @uww, is processed with AR, resulting in the subset
unwrap results @w:

Guvw = AR(Quvw) (3)

For this step, the subset definition is temporarily extended by one
voxel in all directions (pe[-1:sx+1), ge[-1:s,+1) and re
[=1:s,+1)). This ensures accurate results on the subset surfaces,
as all voxels of the actual subset possess a complete neighbour-
hood. An unwrapped subset @y, may exhibit a mismatch of con-
stant offset +[1,2,3,...]-2m with respect to the global unwrap,
and thus to other subsets, resulting from the natural independence
of the applied unwrapping processes (visible in Fig. 1):

Muvw - Puvw, global = Mupw - Puvw + 27T - Myyw, (4)

where ny, represents the wrap count. It is necessary to determine
the wrap count for all subsets and this process is known as match-
ing.

When using a brain mask, sequential matching of neighbour-
ing subsets cannot generally solve the global unwrapping problem.
Fig. 3a-b illustrates subsets aligned in one dimension, but the miss-
ing mask support on their direct connection cannot be matched
unless the connection is established within the mask support.

Hence, a quality-based, surface-matching algorithm was devel-
oped. The problem is related to unwrapping on voxel-scale, as
the subsets differ by multiples of 2;r. This motivates the employ-
ment of the AR solving principle, transferred to a macroscopic view
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Fig. 2. Indexing scheme for global (left),subset (right) and intra-subset (top) reference.

where the subsets act as base elements and links are defined by
their shared surface. For example, two adjacent subsets in the x-
direction share the following valid voxel neighbours:

Sy —1 ) 0
~ neighb.
Puvw|q < Quriww| q
r r
Sy —1 0
if 1 Myywl|q Mypew|q | =1 (5)
r r

In order to maximise the number of reference voxel pairs, sur-
faces fully covered by the mask are strongly favoured over par-
tially covered ones. Thus, the quality measure employed for the
matching order should be the mask coverage of the link surface.
For each subset a so-called connectivity (percentage of the subset
edges shared with neighbouring subsets on the mask support) is
estimated by conjunction of the proximate subset surface masks.
For example, in the first index direction (x) this means:

Sy —1 0
Q(u, v, w) = Z (mu,v,w |:q i| My yi1w |:q:|) (6)
q.r r r

The wrap distance Any(u, v, w) between the subsets is calcu-
lated accordingly:

Any(u,v,w) =

| <¢u,v,w[gx } ~ Gt [?])}

21 -Qu(u, v, w))‘]) (7)

Qualities and wrap distances for y and z direction can be de-
rived respectively.

Fig. 3c illustrates the quality estimation of subset connectivities.
The matching procedure follows the iterative grouping approach of
AR. Links are processed with decreasing surface coverage, Qy, Qy or
Q.. Every two adjacent subsets a and b are processed as follows:

o Neither a nor b is assigned to a group:

Assign new group identifier, g, and shift one subset by the mu-
tual phase difference An.

Subset a belongs to group gq, b, is unassigned:

Subset b joins group g4 (g4 = g4 Ub), while being shifted by An.
Both grouped, a €g; and b eg:

Smaller group, e.g. #g, < #g;,, joins the bigger one, g, = g, U
ga, with every assigned subset in g, being shifted by An.

Both belong to the same group (gq = gp,): No action.
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Fig. 3. Subset matching: (a) sequential matching fails due to a lack of mask sup-
port (grey); (b) following the mask support - allows for valid results; (c) scheme
of assigning edge qualities based on mask coverage. In the matching process, sur-
faces of high quality are processed first. This illustration is partially adapted from
Lindemeyer (2015), p. 78, Fig. 5.3.

The relative wrap distances, Any, are collected in a global
wrap distance map, nyw. Once all subset links have been pro-
cessed, nyyw is applied to the volume, resulting in a consistent un-
wrap:

p] [P It
Muyw | q | - Guow| q | + 27T - Nyyw —> G| J (8)
r r k

Fig. 4 illustrates the workflow of the URSULA matching algo-
rithm. Potential remaining global offsets due to unwrapping and
matching are avoided by calculating a local unwrap of a central
region of interest, R, prior to and after the URSULA parallelisa-
tion and matching. The unwrapped volume is shifted by 27 - ngjgpar,
where:

AR R]) — AR ior| R
Ngiopal = round( (@post ])Zn (‘Ppnor[ ])) 9)
Hence, the global phase unwrap is:
Pglobal = (Z) -2 - nglobal (10)

2.2. Efficiency

The AR is expected to scale roughly with tag = aag - N\NyN; ~
aag - N3, where aug is a proportionality coefficient. If k nodes
are available to compute | = cxcyc; subsets, the ideal time for un-
wrapping within URSULA would be tynw = aag - (I/k) - sxSys; with-
out considering matching and overhead. The time required by the
matching process is proportional to the number of subsets and to
their surface: tyacch ~ Omatch - - (5xSySz)?3. Overhead time for dis-
tribution and collection of parallelised computing results scales
with subset size and the number of computing nodes, t,, = oy, -
I - sysysz. The expected behaviour for the URSULA computing time
thus calculates to:

!
2/3
furs = OUAR - 1 * SxSySz + Con + L+ $xy5z + Clmaten + |+ (515y52) /

tar

T+a0h'N3+amatch'l'52 (11)

~
=

Hence, AR and URSULA both predominantly scale with N3 (N
being the voxel count in one dimension). The transfer overhead,
scaling also with N3, counteracts the time reduction due to paral-
lelisation. Including a constant offset, y, to account for any over-
head induced by pre-compiling and executing the comprehensive
function leaves « - N3 4+ 8 -Is2 +y for URSULA, with «, 8,y being
fitting parameters.

2.3. Implementation

The actual AR algorithm is available as a C-based Python wrap-
per package, thus an implementation of URSULA in Python was
developed to facilitate a fair comparison and to allow for easy
implementation in other projects. The URSULA package uses the
AR algorithm as a back-end for unwrapping the individual subsets.
Listing 1 shows URSULA in simplified pseudo-code. In Listing 2 the

Algorithm 1 URSULA (simplified).
1: procedure URSULA(g, m, sx, Sy, Sz)
2 Nyy,z < shape(¢p)
Cxyz < ceil(l\lx,y,z/sx,y,z)
xy.z[pqr] < 3D grid (0 : Sxyz : Nxyz)
bxyzlpar] < axyZ[pqr] +sxy.
if bxy-[pqr] > Nxy . then
bx,y,z[pqr] < Nyy.z
R < central ROI
@pre < AR(@[R])
10: @ <« 0-array of size ¢
> Process in parallel:
11: for iy, iy.i;€[1:cx,1:¢y,1:¢;] do

© X N2 Rw

12: Osub < Plaxy.zlixiyiz] — 1 : bxy |ixiyiz] + 1]
13: @sub < AR(@sup)

14: Plaxy.zlixiyiz] : bxyzlixiyiz]]

15: < @supl1 i sxyz + 1]

16: @ < subsetmatch(@, m, s, sy, S7)
17: @post <~ AR(@[RD

18: Nglobal < round ((@post — Ppre) /27T )
19: (Z) (—f[) — nglobal -2

20: return ¢

subset matching process is described. For distributed computing,
the package dispy (dispy.sourceforge.net) was chosen, as it can eas-
ily be set up on any number of computers connected within a local
area network.

2.4. Hardware

Processing took place on up to six nodes of a Linux-based com-
puting cluster consisting of quad-core processors at 2.4 GHz with
8 GB of memory and eight virtual cores. The nodes communicate
via Gigabit Ethernet connection.

2.5. Simulation

For the purpose of validation, a numerical phantom is em-
ployed. Since the number of computed interfaces is independent of
the phase data contained, the computing time required by AR and
URSULA depends predominantly on the volume size. Thus, without
loss of generality, one particular function is chosen, challenging the
algorithm with high wrap frequency, but controlled phase changes
within the simulated mask, keeping the spatial distance of phase
wraps in Nyquist-compliant range for at least one dimension ev-
erywhere:

f=x-2y+z4+001-x>—-0.01-(z>—y%)
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Raw Subsets

Unwrapped Subsets

Matching

Global Unwrap

Fig. 4. Schematic example for matching and grouping. From left to right, top to bottom: Raw phase (subdivided), unwrapped subsets, matching and grouping steps and
rightmost the unwrap result after matching all subsets. The red line indicates the current interface being computed, while the coloured borders mark different groups. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Source Function

Wrapped Phase

Phase + Noise

Apply Mask

Fig. 5. Simulation workflow showing sample slices at a volume size of 643 (1283 and 256° in the background, respectively) for all simulation steps.

+0.0004 - (z—x)3 — 0.0003 - y°, (12)

with x,y,z € [-1, 1]. For a grid of size N x N x N the canonical vari-
ables are scaled by the factor y /N, where y = 64.

The function is chosen to behave smoothly within the evalua-
tion mask, m, defined further below. Phase noise, 8¢, is generated
with normal distribution at a standard deviation of o, = 0.25 rad.
The simulated and the wrapped phase are obtained by:

N
Dtrue = 0.6- ? . f+5(p (13)

Y= mod; (Prrue), (14)

where 0.6 is a scaling factor and multiplication with N/y ensures
to approximately scale the spatial wrap distance (phase change per
voxel) with the volume dimensioning.

A mask is defined as:

m:(,/x2+y2+z2<%>, (15)

and set False at the volume surface (x,y,z=0or N—1)

A comparison based on simulation between AR and URSULA is
performed with o, = 0.25rad for N =[64, 80, ..., 336,352] - ex-
amples for the synthetic data are shown in Fig. 5.

Phase unwrapping of ¢ is performed using AR on a single node,
and with URSULA on 1,2,4, and 6 nodes with each 4 dispynode
processes running in parallel. For parameter analysis, URSULA is

applied with subset sizes between N/8 and N/2 in steps of 8 voxels.
For each parameterisation 30 averages are computed.

The computing time is recorded and the accuracy of the un-
wrapping results per voxel and cycle (277) is calculated by:

_ Z(x,y,z) em |¢UHW — Ptrue — 27 - nd|

(16)
27 - Z(x,y,z)em 1

€y

where ny is the estimated global phase difference between result
and ground truth in multiples of 2.

Additionally, the noise influence is assessed using simulations
at 0y =[0.1,0.2, ..., 1.0]rad at an array size of 2563 and subset
dimensioning of [163, 243, ..., 643] with 30 averages each.

2.6. Sample application

In order to demonstrate the method in the context of typical
data, a healthy volunteer was measured on a Siemens 3T human
scanner (Siemens Healthcare, Erlangen, Germany) after obtaining
informed consent. A standard 3D multiple-echo gradient-echo se-
quence with TE = [9.68, 31.49] ms, TR = 42 ms, « = 14° and BW
= 70Hz/Px was acquired. The resolution was 0.6 mm isotropic and
the matrix size 310 x 320 x 160 voxel. Standard shimming routines
of the manufacturer were employed. The second echo was chosen
for evaluation. Furthermore, by artificially multiplying the phase
values by a factor of two, a more challenging scenario was gen-
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Algorithm 2 Subsetmatch (simplified).

1: procedure SUBSETMATCH({, m, Sx, Sy, Sz)
Ny,y,z < shape(m)
3 Cxyz < Ceil(Nxyz/Sxy.z)
4 xy z[pqr] < 3D grid (0 : sxyz : Nxyz)
5: bx,y,z[pqr] <~ ax.y.z[pqr] + Sxy.z
6: if bxyz[pgr] > Nxy . then
7
8
9

bxy.z[pqr] < Nxy.
Qx < 0O-array in size [cx — 1, ¢y, 7]
: Qy < O-array in size [cx, ¢y — 1, ¢z]
10: Q; < O-array in size [cx, ¢y, c; — 1]

11: for iye[0:c], iye[0:c] iz€[0: ] do

12: if iy < cx then

13: Qulixiyiz] < surf([ix, iy, iz], [ix + 1. iy, iz])

14: if iy < ¢, then

15: Qylixiyiz] < surf([ix, iy, iz], [ix. iy + 1,1])

16: if i; < c; then

17: Q:lixiyiz] < surf([ix, iy, i], [ix, iy, iz + 1])

18: F < 0-array of size [5, (cx — 1)cycz + cx(cy — 1)cz + cxCy(cz —
D]

19:  F[0,:] < [Q«[:]. Qyl:]. Q:[:]]

20: F[1: 3, :] < interface position

21: F[4, :] < interface direction
22: F < sort(F, by column 0, inverse) > Sort by Quality
23: g« (—1)-array in size [, ¢y, ¢;]
24: n < 0-array in size [cx, ¢y, ¢7]
25: for i = Tuples in F do
26: if i[0] < 0.0 then skip to next
27: [k, k] < coordinate/direction F[1 : 4, i]
28: ©off < difference to neighbour (Eq. 7)
29: Ntmp =< N[k + kpe] — n[k] + round (¢og/27 )
30: V1,V9 <0
31: Wy, Wy < g[k], glk + ke
32: if g[k] # (—1) then
33: V1 < X (g=glkD
34: else
35: glk] < i
36: v <1
37: if glk + k] # (1) then
38: vy =Y (g =glk + keel])
39: else
40: glk+ ko] < i
41: vy <1
> both groups unassigned:
42: if wvy=1)A(y;=1) then
43: n[k + keey] < nlk + kpe] — nemp
> first group bigger:
44; if (v >15) A (W; #w,) then
45: n[g=wq] =nlg=wi] - ntmp
46: glg=wq] =glw,]
> second group bigger:
47: if (11 <vy) A (W #wy) then
48: n[g =w;] = n[g = wy| + Nmp
49: glg=wy] = glwi]

> Assign shifted phase:
50: Pout = 0-array with size of @

51: for iy,iy,i; €[0:¢x,0:¢y,0: ;] do
52: @Poutlalixiyiz] : blixiyiz]] < @lalixiyiz] : blixiyiz]] + 27 -
nlixiyiz]

return Qoy¢

where ‘surf computes the connectivity quality measure as in Eq. 6.

erated:
@ = £ exp?vm

The brain mask was generated manually, utilising region grow-
ing with ITKSnap (Yushkevich et al., 2006).

According to the volume dimensions, subset sizes of 2r x 2r xr
with r =16, 24, ..., 80] were chosen. A comparison of perfor-
mance over 30 averages was assessed, by running AR on one and
URSULA on 1, 2, 4 and 6 nodes. The required computing time was
recorded and the results were compared for differences using the
formula in Eq. (16) with the AR as reference.

3. Results
3.1. Simulation

For all averages, mean values of the computing time and me-
dian values of the error count were determined. The standard de-
viation was calculated as a measure for the distribution of the sim-
ulation results. However, a Gaussian distribution of the values was
not expected.

On the hardware described above, AR could be computed up to
a volume size of 3043, while URSULA could be applied with up to
3523 voxels due to memory restrictions.

The parameter plots in Fig. 6 illustrate the time minimum, im-
plying the optimal subset dimensioning per volume size achievable
with URSULA. The values are normalised to the minimum required
time in each column (volume size). For computation on a single
node, the optimum is mostly half of the volume size, meaning a
subdivision factor of 8. For higher node counts, smaller subset di-
mensioning becomes advantageous above a certain volume size,
e.g. from 1283 at four nodes. For 4 and 6 computing nodes, the
ideal computing time is reached by comparably small subset di-
mensioning.

Fig. 7 illustrates numerical results for the computing time, com-
paring the time-optimised URSULA subset dimensioning for each
node count with the AR. URSULA clearly outperforms the AR for
volume sizes bigger than 1283 - even when only using one slave
node. The Figure also shows the least-squares fit of or-N3 for AR
and « - N3 + B .Is? + y for URSULA, respectively. The fit describes
the URSULA curve well for all node counts and also follows the
timing results for AR below 2563. Above this threshold, the AR re-
quires substantially more time than expected.

Finally, Fig. 8 compares the result error of the algorithms for
the application on six nodes, calculated by Eq. (16). The high node
count was chosen to compare the average error of URSULA for very
high parallelisation factors with that of AR.

For time-optimised subset dimensioning, the error is compara-
ble between AR and URSULA, indicating only slightly higher values
for URSULA. As a comparison, the highest occurring error (regard-
ing subset dimensioning) is plotted. Compared with AR, the most
adverse error level still remains in the same order of magnitude.

The behaviour of the result error within AR and URSULA for dif-
ferent noise levels is shown in Fig. 9. In order to consider both the
realistic and adverse choice for the subset configuration, the setup
with the fastest computing time and the setup with the highest
error occurrence are compared. The error of the ‘fastest’ configu-
ration correlates well with the behaviour of the AR approach and
rises only slightly faster than AR regarding the noise level. For the
‘highest error’ configuration, the error is clearly higher than for the
AR approach. Yet, it remains in the same order of magnitude and
does not deviate greatly from the ‘fastest’. Both algorithms provide
good results up to an error level of about o = 0.4rad. Above this
level, the result error increases exponentially.
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colour scale, each column (volume size) is normalised by its minimum computing time, which is indicated by a white dot. Hence, the normalised relative minimum per
column always has a value of 1.0 and the other subset configurations along the vertical axis are given as relative values with respect to the minimum. (For interpretation of
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Computing Time Comparison

40 T T

A Ao URSULA 1 Node
a5l — URSULA 1 Node (fit) |
v v URSULA 2 Nodes
— URSULA 2 Nodes (fit) +
URSULA 4 Nodes 7
— URSULA 4 Nodes (fit)
URSULA 6 Nodes
— URSULA 6 Nodes (fit)
« « AR
— AR (fit)

w
o
T
A
A

N

(%))
T
v
v

Time [seconds]
> =

-
o
T
L

50 100 150 200 250 300 350

Volume Dimension [px]

Fig. 7. Computing time (mean values over 30 averages) required by AR and URSULA
(1, 2, 4 and 6 nodes) for simulated volumes of size N> (x axis) and o, = 0.25 rad.
Solid graphs indicate fitting results.

3.2. Measurement

Both algorithms produce satisfying unwrap results for the mea-
sured data as illustrated in Fig. 10. No significant wraps remain in
the volume and the results appear widely similar. The figure shows
characteristic unwrapping errors occurring in both algorithms, and
an example of an URSULA-specific unwrapping error that can be
caused by the volume subdivision scheme. These errors are mostly
encountered near the mask surface and in regions with phase gra-
dients close to the Nyquist limitation, as illustrated in Fig. 10.

The numerical difference between both results is quantified
in Fig. 11. For higher subset dimensioning the difference reaches
below 0.01 wraps/voxel. When referring to AR as the standard
method, this agrees with the range of the error value expected in
the simulation with comparable volume size.

The timing results for the volume of 310 x 320 x 360 voxels
are illustrated in Fig. 12 and listed in Table 1. Except for very

Result Error

0.014 : : : ‘ ‘ .
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Fig. 8. Result error of AR and URSULA (6 nodes) for simulated volumes of size N3
(x axis) and a noise level of o, = 0.25 rad. Horizontal bars indicate individual sim-
ulations, whilst circles indicate median values. ‘Fastest’ refers to the subset dimen-
sioning with fastest computing at 6 nodes, while ‘highest error’ refers to the di-
mensioning with highest error rate. (For interpretation of the coloured graphs, the
reader is referred to the web version of this article.)

small, non-optimised subset dimensioning, all URSULA configura-
tions computed significantly faster than AR. The difference be-
tween 4 or 6 node computation is only marginal.

4. Discussion and perspective

The simulations show that moderate or large dimensioning of
the subsets gives good results and needs to be optimised only for
minimal time demands, whereas extremely low subset dimensions
increase computing time. Adverse subset dimensioning, e.g. lead-
ing to fragmented mask parts, may occasionally increase the result
error as seen in the in vivo measurement between subset dimen-
sioning 40 and 48 (Fig. 11), but can easily be prevented by slightly
increasing or decreasing the subset size. In general, URSULA re-
duces the computing time in the synthetic experiments by up to
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Table 1

Computing time in seconds for AR and URSULA applied on the in vivo measurement over 30 averages.

Subset dimensioning (2n x 2n x n) [voxel]

- 16 24 32 40 48 56 64 72 80
AR
1 node 12.3874 - - - - - - - - -
+0 0218557 - - - - - - - - -
URSULA
1 node - 3132 1434 1092 999 864 786 792 758 745
to - 4.78 135 0.82 053 030 025 023 017 0.10
2 nodes - 16.91 8.51 6.81 620 564 528 542 533 557
+to - 135 0.41 0.24 022 024 015 0.19 0.15 0.18
4 nodes - 1057  5.87 4.98 455 445 428 444 476 529
+to - 0.49 0.24 0.32 027 032 019 0.21 0.19 0.23
6 nodes - 727 461 4.49 414 402 414 434 472 522
+to - 0.28 0.18 0.32 032 028 028 018 0.16 0.19

Result Error
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Fig. 9. Result error of AR and URSULA for different noise levels with a simulated
volumes size of 256°. Horizontal bars indicate individual simulations, whilst cir-
cles indicate median values. ‘Fastest’ refers to the subset dimensioning with fastest
computing at 6 nodes, while ‘highest error’ refers to the dimensioning with highest
error rate. (For interpretation of the coloured graphs, the reader is referred to the
web version of this article.)

75%, in the presented in vivo case by more than 65% on the given
hardware configuration.

This does not critically increase the error of the result. For
time-optimal subset dimensioning, the error produced by UR-
SULA in the simulation is close to that of the AR approach. With
respect the AR unwrap error, URSULA reaches high deviations
(<0.002 Wraps/Voxel) only for a few outliers. This is probably due
to adverse subset and volume dimensioning. However, for high vol-
ume sizes the absolute error is still lower than 0.01 Wraps/Voxel.
In order to achieve the lowest computing time for a given infras-
tructure, the subset dimensioning should, after setting an initial es-
timate, be optimised for volume size and for the number and com-
puting power of the available parallel workers. The results show
that time-optimised subset dimensions lead to result errors that
remain very close to errors generated by the AR.

A few outliers of low error rate for the AR potentially originate
in poorly connected regions that usually cannot be properly un-
wrapped but benefit from a spontaneous connection generated by

the artificial noise or due to fortunate noise distribution. Such sce-
narios are much more unlikely using the subdivision in URSULA.

In the presented simulations, only volumes up to 3523 voxels
could be treated. The limiting factor is the memory available in the
master node (8GB in the presented study) controlling the unwrap-
ping process. This limitation causes the deviations in the timing
curve of AR from o« N3 at high volume sizes (see Fig. 7), as the
(swap-free) system struggles with memory shortage and realloca-
tions.

However, if larger volumes must be computed with URSULA,
it is only necessary to increase the memory in the master node,
whilst the slaves can be operated at lower memory with an ac-
cording number of parallel processes.

In the simulation, the conditions for URSULA were optimised
for different volume sizes within four computing node constella-
tions. Yet, optimisation of the subset dimensions for a given vol-
ume is not only dependent on the number of workers and on
the volume size, but is strongly influenced by the architecture and
speed of the employed network as well as by the processors and
memory of all involved workers. Hence, in order to achieve ideal
results, the URSULA parameterisation must be optimised whenever
it is introduced to a new computing network.

Interestingly, the result error per voxel seems to increase in a
linear fashion with the volume size, although naively a constant
error rate could be expected. Whilst taking into account that the
rim of the evaluation mask usually coincides with regions of higher
phase gradients, it is clear that unwrap errors are more likely to
occur in this region. The wrap frequency per voxel is kept constant
over the volume change for the artificial data, and hence the linear
increase of the error with volume size appears more reasonable.

Furthermore, spikes in the error curve of URSULA (see Fig. 8)
are related to the choice of the optimal subset dimensioning for
time efficient computation. In the present study, best timing over
best error rate was intentionally chosen in order to create a real-
istic impression. The strong peak in the ‘fastest’ curve at volume
size N = 336 may therefore be caused by the choice of a small or
adverse subset size.

Reduction of the computing time for single data sets enables
new possibilities for instant on-line phase, field and susceptibility
analysis. Although the absolute time gain of a few seconds seems
moderate for current clinical standards, one has to direct the at-
tention to the relative gain and future applications. The reduction
of computing time by a factor of 3 or 4 per echo allows for faster
evaluation and higher patient throughput at high field sites where
individual receive channel evaluation becomes necessary. Scenar-
ios in which the unwrap of significantly more than one volume
becomes necessary, e.g. multi-channel receive (e.g. Robinson and
Jovicich, 2011), multi-echo recording, and also iterative By esti-
mation, such as that required for shimming, will profit strongly.
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Fig. 10. Four transverse sample slices of the in vivo measurement, showing from top to bottom: raw phase, masked phase multiplied by a factor of two, AR, URSULA and
the difference map of URSULA — AR. The leftmost slice is most inferior and shows a high number of wraps due to cavity-induced field distortions. The arrows on the left
hand side indicate unwrap failures by both algorithms. The arrows on the right hand side indicate unwrap errors induced by the volume subdivision of URSULA.

As a numerical example, if a measurement with a resolution of
3043, recorded over 16 echo time points with a 32-channel receive
coil, and thus 512 volumes, is unwrapped, assuming the computing
times from our simulations as a rough approximation, one can esti-
mate the total computing times to be: Tar = 512 - 32 = 16384 sec-
onds and TyrsyLae = 512 -8 = 4096 s. This represents a time gain
of over 3 h 20 min.

Besides the obvious advantage in computing time savings, UR-
SULA exhibits even more potential. The subdivision of the volume
was chosen in Cartesian grid pattern — however, an arbitrary shape,
e.g. guided by data quality, anatomy or mask shape is generally
feasible. Furthermore, the parallelisation approach is applicable to
other data processing tasks that evaluate the relation of neighbour-
ing voxels.

The parallelisation technique, dispy, was chosen for the ap-
proach, since it is highly scalable. It can be set up on almost any

constellation of workstations within one local area network. These
do not have to be exclusively dedicated for URSULA processing,
neither do they have to form a sophisticated computing cluster.
The presented algorithm performs very well within typical con-
vex masks. Yet, a few pitfalls exist. A subset containing two disjoint
regions may lead to an inconsistent unwrap result, as no math-
ematical relation is given inside of the subset. The same failure
can occur if two regions within one subset are naturally connected
over a pathway that lies partially outside of the subset volume - in
this case the algorithm will choose the connection of highest qual-
ity available within the subset. However, the latter case is rare in
brain imaging. Disjoint mask segments can be avoided by a slight
change in subset dimensioning. Additionally, URSULA is subject to
the accuracy of the employed subset unwrapping technique, which
in the presented case is the AR. This means that the global unwrap
of a subset with incorrectly unwrapped neighbours is prone to fail.
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Fig. 12. Computing time required by AR (single node) and URSULA (1, 2, 4 and 6
nodes) with different subset dimensions. The AR timing result is repeated over all
subset sizes for better visualisation. The plot shows the time average and standard
deviation over 30 computed averages.

URSULA can easily be extended to include additional quality
measures for subset-matching such as the average local phase gra-
dient. In a further extension, subsets could be subdivided into in-
dividually computed disjoint mask segments in order to avoid the
pitfalls described above.

5. Conclusions

The presented method, URSULA, enables unwrapping of three-
dimensional phase data with four-fold (for the given computing
network) or faster speed when compared to the underlying conser-

vative AR algorithm. Data integrity and noise dependence remain
in the same range and do not increase significantly when choosing
subset dimensions that are time-optimised. This was successfully
demonstrated on extensive simulations with known ground-truth
as well as on a measurement example.

Given the same computing hardware, URSULA is able to handle
larger data arrays than AR. Due to its conception, URSULA is able
to compute extremely large arrays, requiring only the master node
to provide higher memory resources.

URSULA embodies a universal way to parallelise a large-scale
unwrapping problem by breaking it down into independent, small-
scale problems. While the presented work features the AR algo-
rithm, URSULA offers a free choice for the algorithm used to un-
wrap the subsets. It is even possible to use a combination of dif-
ferent algorithms.

We show that URSULA offers ideal properties to compute large,
high resolution datasets of current and future acquisition tech-
niques. Ultra-high field techniques such as phase and susceptibility
mapping with multi-channel receive will profit greatly from the re-
duced computing times, taking yet another step towards real-time
processing at the scanner site. Furthermore, restrictions to the vol-
ume size implied by the hardware are clearly reduced.
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