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Abstract
Shear wave elasticity imaging (SWEI) has been used to measure the local tissue elasticity. The local tissue shear modulus 
can be reconstructed from the displacement field of shear waves using an algebraic Helmholtz inversion (AHI) equation or a 
time-of-flight (TOF)-based algorithm. The shear waves, which are generated by successive focusing of ultrasonic beams at 
different depths, propagate at oblique angles rather than along the lateral position. The wave propagation at oblique angles 
can result in bias in shear modulus reconstruction using the AHI equation or the TOF-based algorithm. In this study, the 
effect of wave propagation at oblique angles on the tissue shear modulus reconstruction was investigated using in silico finite 
element (FE) simulation. An FE elastic tissue with a hard inclusion model was designed. The shear waves with propagation 
angles of 0°, 5°, and 10° were applied to the model. The shear modulus and the percentage error in the model were computed 
using the AHI equation and the TOF-based algorithm at each propagation angle from 0° to 10°. For the AHI equation, the 
percentage error was 0% at propagation angles of 0° and 5°, and 1% at a propagation angle of 10° in the inclusion. In the 
surrounding tissue, the percentage error was 0% at propagation angles of 0°, 5°, and 10°. For the TOF-based algorithm, the 
percentage error was 0% at propagation angles of 0° and 5°, and 40% at a propagation angle of 10° in the inclusion. In the 
surrounding tissue, the percentage error was 0% at propagation angles of 0° and 5°, and 35% at a propagation angle of 10° 
in the inclusion. Therefore, whereas the TOF-based algorithm produced critical bias in shear modulus reconstruction by the 
shear wave propagation at oblique angles, the AHI equation was not affected by the propagation.
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Introduction

Shear wave elasticity imaging (SWEI) has been utilized for 
noninvasive measurement of local tissue stiffness [1]. The 
tissue shear modulus is closely related to the propagation 
speed of shear waves [1, 2]. The mechanical vibration [3] 
or transient ultrasound (US) radiation force excitation [1, 2, 
4] has been utilized to produce the shear waves. The tissue 
shear modulus can be reconstructed from the displacement 

field of shear waves using an algebraic Helmholtz inversion 
(AHI) equation [2, 4] or time-of-flight (TOF), including ran-
dom sample consensus [5] and the Radon sum [6].

In SWEI, shear waves are created by successive focusing 
of ultrasonic beams at different depths [2]. For curvilinear 
arrays, shear waves travel at oblique angles when the push 
beam does not originate from the center of the transducer 
[7]. In this case, a multi-directional filter has been utilized 
to isolate shear waves propagation at oblique angles [8]. On 
the other hand, for linear arrays, the oblique angles of wave 
propagation are small and the bias of shear wave speed esti-
mation has been usually ignored [7]. The AHI equation and 
the TOF-based algorithm estimate the shear modulus of tis-
sues based on an assumption that shear waves travel along 
the lateral direction [2, 4–6]. Thus, the wave propagation 
at oblique angles can result in bias when estimating shear 
wave speed [5, 6, 9–11] and this could degrade accuracy 
of detecting malignant lesion in SWEI, especially in early 
stage of pathological changes [12, 13]. The quantification 
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of error from the wave propagation at small oblique angles 
can improve accuracy of SWEI using the AHI equation or 
the TOF-based algorithm. So far, there is no report that 
comparing errors of shear modulus estimation between the 
AHI equation and TOF-based algorithm caused by the wave 
propagation at small oblique angles.

In this study, the effect of wave propagation at small 
oblique angles on the tissue shear modulus reconstruction 
was investigated using in silico finite element (FE) simula-
tion. An FE elastic tissue with a hard inclusion model was 
designed. The shear waves with propagation angles of 0°, 
5°, and 10° were applied to the model. The shear modulus 
of the inclusion and the surrounding tissue was computed at 
each propagation angle from 0° to 10° using the AHI equa-
tion and the TOF-based algorithm. The percentage errors of 
shear modulus in the inclusion and the surrounding tissue 
were calculated at each propagation angle.

Materials and methods

FE modeling

A 2D FE tissue model was designed using commercially 
available software (ANSYS Workbench 18.0, ANSYS Inc., 
Canonsburg, PA, USA). Figure 1 shows the schematic of the 
tissue model with dimensions and boundary conditions for FE 
simulations. A rectangular FE model with a length of 97 mm 
and a height of 60 mm was designed. A circular shape (10 mm 
diameter) inclusion was located 20 mm from the bottom sur-
face and 38 mm from the right side of the model, as shown 
in Fig. 1. The 2D FE model was assumed to be isotropic and 
incompressible. The elastic moduli of inclusion and surround-
ing tissue were defined 10 kPa and 5 kPa, respectively, and 
Poisson’s ratio was defined 0.495. The 2D FE tissue model 
was meshed using 2D triangular plane strain elements. The 

bottom boundaries of the tissue were fixed in all directions 
to prevent any bulk motion from the local body force excita-
tion for shear wave generation. To create planar shear waves, 
consecutive body forces with time gap from 0 to 30 µs were 
applied downward over a 3 × 3 mm area through the entire tis-
sue depth of the FE model for 180 µs. The wave propagation 
with angles of 0°, 5°, and 10° were generated by adjusting the 
time gap of consecutive body forces. Shear wave attenuation 
was not considered within the scope of the study. The Y dis-
placements of shear waves over time were extracted over the 
entire X (across the body force direction) extent of the mesh. 
The temporal and spatial resolution of FE simulation were 
125 µs and 0.2 × 0.2 mm, respectively.

SWEI–modulus reconstruction

To remove wave reflections around the inclusion region, a 1D 
directional filter [8], which identifies the backward-moving 
shear waves in the X direction and eliminates the waves in 
the frequency domain, was applied to the Y displacement ver-
sus time data. The shear moduli of the inclusion and the sur-
rounding tissue were reconstructed using the AHI equation 
and the TOF-based algorithm. In the TOF-based algorithm, 
the shear wave speed was determined from the Y displace-
ment field by estimating the shear wave arrival time at each X 
position and calculating the slope of the position versus time 
data [6]. The slope was calculated using data from the posi-
tions within a 3-mm kernel in the X direction that was stepped 
across the X range. Shear wave speeds were reconstructed 
using a 3-mm kernel in the Y direction and then smoothed 
using a 2 mm × 2 mm median filter. The shear modulus (G) 
was calculated from the estimated shear wave speeds using the 
following equation:

where ρ is the density of medium and c is the speed of the 
shear wave. Each shear modulus for the hard inclusion and 
the surrounding tissue was spatially averaged within the area 
of the hard inclusion size. The average shear moduli of the 
inclusion and surrounding tissue were computed at each 
propagation angle up to 10°.

For the shear moduli in the inclusion and surrounding tis-
sue, the Shapiro–Wilk test was performed to evaluate normal-
ity. An one-way ANOVA test was performed for the average 
shear moduli of the inclusion and surrounding tissue to com-
pare the variation between each wave propagation angle.

Results

Figure 2 shows the axial displacement color maps of the 2D 
FE tissue model at propagation angles of 0°, 5°, and 10°, 
which were captured at 3.0 ms and 4.5 ms after the shear 

(1)G = �c
2

Fig. 1   Schematic of the tissue model with dimensions and boundary 
conditions for FE simulations
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waves were generated by body force. The red color repre-
sents the shear wave front, and the location of the inclusion 
is represented by a black dashed circle. The shear wave front 
advanced immediately after it was propagated into the inclu-
sion area. Note that the dynamic range of the color map was 
adjusted to clearly display the shear wave front.

Figure 3a presents the reconstructed shear modulus maps 
of the FE tissue model calculated by the AHI equation at 
propagation angles of 0°, 5°, and 10°. Figure 3b presents the 
reconstructed shear modulus maps of the FE tissue model 
calculated using the TOF-based algorithm at propagation 
angles of 0°, 5°, and 10°. The black dashed circle represents 
the boundary of the inclusion and the surrounding tissue. 
The shear modulus was spatially averaged in the inclusion 
and the surrounding tissue.

Figure 4a shows the average shear moduli of the inclu-
sion (diagonal stripe pattern bar) and the surrounding tissue 
(solid bar) versus propagation angles of 0°, 5°, and 10° com-
puted using the AHI equation. Figure 4b shows the average 
shear moduli of the inclusion and the surrounding tissue 
versus propagation angles of 0°, 5°, and 10° computed using 
the TOF-based algorithm. The input shear moduli of the 
inclusion and the surrounding tissue were denoted as red 
and blue dashed lines, respectively.

The error bar represents the standard deviation of the 
spatially averaged shear modulus for the inclusion and the 
surrounding tissue. In the AHI equation, at 0° propagation 
angle, the average shear moduli of the inclusion and the 

surrounding tissue were 3.3 ± 0.2 kPa and 1.7 ± 0.1 kPa, 
respectively. At a 5° propagation angle, the average shear 
moduli of the inclusion and the surrounding tissue were 
3.3 ± 0.2 kPa and 1.7 ± 0.1 kPa, respectively. At a 10° propa-
gation angle, the average shear moduli of the inclusion and 
the surrounding tissue were 3.3 ± 0.2 kPa and 1.7 ± 0.1 kPa, 
respectively. Both the shear moduli of the inclusion and the 
surrounding tissue had normal distribution with p > 0.05. 
The average shear moduli of the inclusion and the sur-
rounding tissue were not significantly different for 0°, 5°, 
and 10° propagation angles. In the TOF-based algorithm, 
at a 0° propagation angle, the average shear moduli of the 
inclusion and the surrounding tissue were 3.3 ± 0.3 kPa and 
1.7 ± 0.1 kPa, respectively. At a 5° propagation angle, the 
average shear moduli of the inclusion and the surrounding 
tissue were 3.4 ± 0.4 kPa and 1.7 ± 0.1 kPa, respectively. At 
a 10° propagation angle, the average shear moduli of the 
inclusion and the surrounding tissue were 4.7 ± 0.3 kPa and 
2.3 ± 0.1 kPa, respectively. Both the shear moduli of the 
inclusion and the surrounding tissue had normal distribu-
tion with p > 0.05. The average shear moduli of the inclusion 
and the surrounding tissue were not significantly different 
between 0° and 5° propagation angles. However, both the 
average shear moduli of the inclusion and the surrounding 
tissue significantly different between 5° and 10° propagation 

Fig. 2   Axial displacement color maps for propagation angles of 0°, 
5°, and 10° at 3.0 ms and 4.5 ms after the shear waves were generated 
by body force

Fig. 3   Reconstructed shear modulus maps of the FE tissue model at 
propagation angles of 0°, 5°, and 10° using a the AHI equation and b 
the TOF-based algorithm
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angles (p < 0.05). Figure 4c presents the percentage error of 
the shear modulus versus the propagation angles of 0°, 5°, 
and 10°.

The percentage errors of the inclusion and surrounding 
tissue are represented as open red circles and open blue 
squares, respectively. The solid and dashed lines represent 
the percentage errors for the TOF-based algorithm and AHI 
equation, respectively. For the AHI equation, the percentage 
error was 0% at propagation angles of 0° and 5°, and 1% at a 
propagation angle of 10° in the inclusion. In the surrounding 
tissue, the percentage error was 0% at propagation angles of 
0°, 5°, and 10°. For the TOF-based algorithm, the percent-
age error was 0% at propagation angles of 0° and 5°, and 
40% at a propagation angle of 10° in the inclusion. In the 
surrounding tissue, the percentage error was 0% at propaga-
tion angles of 0° and 5°, and 35% at a propagation angle of 
10° in the inclusion.

Discussion

The errors of the tissue shear modulus computed by the 
TOF-based algorithm were much higher than those com-
puted by the AHI equation for the oblique wave propaga-
tion. In the AHI equation, the percentage errors were less 
than 1% at propagation angles of 0°, 5°, and 10° for both 
the inclusion and the surrounding tissue. In contrast, in the 
TOF-based algorithm, the percentage errors were over 30% 
at the propagation angle of 10° for both the inclusion and 
the surrounding tissue. The TOF methods are based on the 
shear wave arrival time at each lateral position [11], and 
the shear wave speed estimation was critically affected by 
the wave propagation at oblique angles. On the other hand, 
the AHI equation uses the frequency domain of the axial 

displacement field, and the shear modulus reconstruction 
was less dependent on the wave propagation angles.

Shear wave propagation angles over 10° produced criti-
cal biases of the shear modulus reconstruction using the 
TOF-based algorithm. For linear arrays, the wave propaga-
tion angle is usually over 10° and thus, the bias of shear 
modulus computation should be considered when using 
the TOF-based algorithm. In the TOF-based algorithm, the 
multi-directional filter [8], designed corresponding to each 
direction of the shear wave propagation, should be utilized 
to reduce the bias of shear modulus computation.

The overestimation of shear modulus in the inclusion and 
the surrounding tissue was observed at propagation angles 
of 10° (Fig. 4b). The TOF-based algorithm determines the 
shear wave speed from the axial displacement field by esti-
mating the shear wave arrival time at each lateral position 
[11]. The shear wave propagation at oblique angles distorted 
the axial displacement field, and this may have caused a 
delay in the shear wave arrival time at each lateral position. 
Further studies are required to determine the reason for the 
overestimation of the shear modulus computation.

In this study, the FE model was designed with the hard 
inclusion and the surrounding tissue. The hard inclusion pro-
duced a higher error of shear modulus computation than the 
surrounding tissue for wave propagation at an oblique angle 
of 10° (Fig. 4c). The percentage error of shear modulus in 
the hard inclusion sharply increased from 5° to 10° wave 
propagation angles, and reached 40%. In contrast, the per-
centage error of shear modulus in the soft surrounding tissue 
increased up to 35% at the wave propagation angle of 10°. In 
the inclusion region, the shear wave propagation angle can 
vary significantly due to wave deflection and reflection [8]. 
Thus, the effect of oblique angles of wave propagation was 
higher in the hard inclusion region than in the surrounding 
tissue area.

Fig. 4   Shear moduli of the inclusion and the surrounding tissue 
at propagation angles of 0°, 5°, and 10° computed using a the AHI 
equation and b the TOF-based algorithm. c Percentage errors of shear 

modulus in the inclusion and the surrounding tissue at propagation 
angles of 0°, 5°, and 10°
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There are several limitations of our FE simulation 
approach. First, the FE tissue model assumed linear elastic 
materials. However, soft tissues normally have nonlinear 
elasticity [14]. In future studies, the effect of nonlinear tis-
sue elasticity on the reconstruction of shear modulus for 
wave propagation at oblique angles needs to be evaluated. 
Second, the anisotropy of tissue properties was not consid-
ered in the FE simulation. The shear wave speed is distinctly 
different according to orientation of shear wave propagation 
in skeletal muscle tissues due to its anisotropic mechani-
cal properties [15]. We will further study the effect of the 
anisotropy on the tissue shear modulus estimation for wave 
propagation at oblique angles. Third, the speckle noise was 
not considered, and the axial displacement field of the shear 
wave were obtained by FE simulation. US images normally 
contain speckle noise [16], which affects the axial displace-
ment estimation. This effect of speckle noise on shear modu-
lus computation may need further investigation.

To sum up, the wave propagation at small oblique angles 
produced critical biases of the shear modulus reconstruction 
when using the TOF-based algorithm. To improve accuracy 
of the TOF-based shear modulus reconstruction, the multi-
directional filter should be used even for the wave propaga-
tion at small oblique angles.

Conclusion

The in silico FE simulation of SWEI demonstrated that shear 
wave propagation at oblique angles produced a critical bias 
of the shear modulus reconstruction using the TOF-based 
algorithm. In addition, the hard inclusion produced higher 
overestimation of shear modulus computation than the sur-
rounding tissue, for wave propagation at an oblique angle of 
10°. This overestimation can cause a critical error in elastic-
ity measurements for tissues including hard inclusions, such 
as breast cancer tissue. Therefore, to reduce the bias of shear 
modulus computation, the multi-directional filter should be 
utilized in the TOF-based shear modulus reconstruction.
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