
Journal of Magnetic Resonance 307 (2019) 106569
Contents lists available at ScienceDirect

Journal of Magnetic Resonance

journal homepage: www.elsevier .com/locate / jmr
On the influence of rotational motion on MRI velocimetry of granular
flows – Theoretical predictions and comparison to experimental data
https://doi.org/10.1016/j.jmr.2019.106569
1090-7807/� 2019 Elsevier Inc. All rights reserved.

⇑ Corresponding author.
E-mail address: daniel.holland@canterbury.ac.nz (D.J. Holland).
Daniel A. Clarke a, Hilary T. Fabich b,c, Timothy I. Brox d, Petrik Galvosas d, Daniel J. Holland a,⇑
aDepartment of Chemical and Process Engineering, University of Canterbury, Private Bag 4800, Christchurch 8140, New Zealand
bABQMR Incorporated, Albuquerque, NM, United States of America
cDepartment of Chemical Engineering and Biotechnology, University of Cambridge, Cambridge University West Site, Philippa Fawcett Dr, Cambridge CB3 0AS, United Kingdom
d School of Chemical and Physical Sciences, Victoria University of Wellington, PO Box 600, Wellington 6140, New Zealand

a r t i c l e i n f o a b s t r a c t
Article history:
Received 6 June 2019
Revised 7 August 2019
Accepted 7 August 2019
Available online 10 August 2019

Keywords:
Granular flow
Pulsed field gradient
Magnetic resonance imaging
Velocimetry
Discrete element method
Rotational motion
Continuum dynamics of granular materials are known to be influenced by rotational, as well as transla-
tional, motion. Few experimental techniques exist that are sensitive to rotational motion. Here we
demonstrate that MRI is sensitive to the rotation of granules and that we can quantify its effect on the
MRI signal. In order to demonstrate the importance of rotational motion, we perform discrete element
method (DEM) simulations of spherical particles inside a Couette shear cell. The variance of the velocity
distribution was determined from DEM data using two approaches. (1) Direct averaging of the individual
particle velocities. (2) Numerical simulation of the pulsed field gradient (PFG) MRI signal acquisition
based on the DEM data. Rotational motion is found to be a significant effect, typically contributing up
to 50% of the signal attenuation, thus amplifying the calculated velocity variance. A theoretical model
was derived to relate an MRI signal to the angular velocity distribution. This model for the signal was
compared to previously published experimental data as well as simulated MRI results and found to be
consistent.

� 2019 Elsevier Inc. All rights reserved.
1. Introduction

Granular materials demonstrate complicated, scale dependent
flow behaviour that is difficult to predict. Depending on the local
flow conditions, granular material may behave analogously to
solid, liquid and gaseous states of matter. There has been some
success in describing granular flows using local rheological models
[1]. However, granular flows are also known to exhibit non-local
[2,3] flow characteristics that arise from the finite size of the
grains. The non-local rheology has been linked to the velocity fluc-
tuations of individual granules [3–5] and/or rotational motion of
particles [6,7]. Detailed experimental measurements of the granu-
lar flow dynamics are required to aid the development of these
non-local rheology models. Optical measurements of the dynamics
are challenging owing to the opacity of granular flow. Here a mag-
netic resonance imaging approach is investigated to measure the
granular flow dynamics, including velocity fluctuations and rota-
tional motion. The key advance of this work over previous
approaches is to develop a model to describe the effects of particle
rotation on the measured signal.
When considering continuum descriptions of granular flow, it is
conventional to use a Reynolds decomposition of the particle
velocity vp; that is vp is expressed as the sum of the mean v ,
and fluctuation u, of the velocity:

vp ¼ v þ u: ð1Þ
Measurement techniques to probe the velocity distribution for

granular flows include using acoustic shot noise [8], particle image
velocimetry [9], diffusing wave spectroscopy [10] and speckle vis-
ibility spectroscopy [11]. However, these techniques are limited to
observations in the near wall region or surface of the particles. Par-
ticle tracking techniques [12–14] are not restricted to surface
observations; though observations are typically restricted to the
use of a single tracer particle and thus do not directly probe the
entire ensemble. Furthermore, only magnetic particle tracking is
able to measure rotational motion [15]. Magnetic resonance imag-
ing (MRI) is a promising alternative technique that can measure
the entire ensemble inside optically opaque systems. For granular
flows, MRI has been used to measure the diffusion coefficient, cor-
relation time, voidage [16], particle phase velocity [17] and veloc-
ity variance [18] in systems such as rotating drums, vibro-fluidised
beds [19], gas fluidised beds [20] and Couette shear cells [21,22].
The effect of rotation of the particles in an ordered system was
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Fig. 1. Illustration of the systems studied, methods of investigation, analysis and
outputs. The outputs from DEM simulations of annular shear flow are obtained by
(1) direct averaging, and (2) simulating the acquisition of the MRI signal by solving
the discrete-time Bloch equations, followed by fitting the model signal equation to
the simulated signal. Physical annular shear experiments using plant seeds were
measured using MRI as reported in [22] and analysed using the model signal
equation.
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studied using time-of-flight MRI [21]. For an ordered system where
granules form concentric layers, it is expected that the shear rate is
zero within the particle and non-zero only at the interfaces
between layers. This staircase velocity profile is disrupted by disor-
dering and rotation. Optical velocimetry (which does not measure
rotation) found that disordering alone was insufficient to explain
the non-zero shear rate within the layers seen using MRI. From
the difference between the optical and MRI shear profiles, the
mean angular velocity in each of the layers was estimated. This
approach is limited to highly ordered systems and does not con-
sider the variance of the angular velocity distribution.

One challenge when developing a new MRI measurement is the
validation of the measurement. The physics of MRI is well under-
stood and can be applied to many problems, however the effect
of factors such as velocity, acceleration and encoding time can be
difficult to predict. Simulations of the signal acquisition with MRI
are sometimes used to assist with quantifying these higher-level
effects. The discrete-time solution of the Bloch equations [23]
allows prediction of the spin magnetisation which is used to obtain
the complex signal from which the image is generated. Further-
more, the transport of spin-bearing particles due to flow can be
taken into account during the image reconstruction [24]. Here
the discrete element method (DEM) is used to generate a simulated
particle flow field. The particle velocities and rotational velocities
are extracted directly from the simulation. Furthermore, the parti-
cle positions and rotational motion are used to confirm the model
of the signal developed in this paper.

In DEM, Newton’s second law of motion is numerically inte-
grated with respect to time for each particle individually [25].
DEM simulations have been used to characterise a variety of gran-
ular flows, including annular Couette shear cells [26], rotating kilns
[27,28], and hoppers [29]. DEM simulations are used to explore the
fundamentals of granular flow in different flow regimes [30,31], to
characterise the rheology of the bulk material [1,32,33], and to
investigate fluid-particle interaction [34,35]. MRI has previously
been used to validate DEM simulations of granular flow by measur-
ing the voidage, velocity, and velocity fluctuations [36,37]. DEM
has also been used to investigate MRI measurements by solving
the discrete-time Bloch equations (ignoring relaxation) using par-
ticle position information from DEM [38]. These simulations were
able to confirm that the mean velocity obtained from experiments
is equivalent to a particle-weighted time-averaged velocity. How-
ever, in that work, fluctuations in the particles’ velocities were
not considered. Furthermore, particles were approximated as point
masses and so the effects of rotation could not be modelled.

This article presents a detailed investigation of pulsed-field-
gradient (PFG) MRI measurements of the fluctuating component
of the particles’ motion, including the effect of rotation. A theoret-
ical model of the signal is developed to describe the effect of rota-
tion of granules on the MRI signal. The model is tested using both
simulated and experimental data. A schematic of the studied sys-
tems and analytical techniques presented in this article is shown
in Fig. 1. Simulated MRI signals are obtained by solving the
discrete-time Bloch equations using DEM simulations of particles
in a Couette cell under annular shear, as shown by the branch
‘‘Bloch equation simulation” in Fig. 1. The outputs of the simulation
are used for two purposes: First, the DEM outputs (positions, veloc-
ities and rotational velocities for each particle) are directly aver-
aged to obtain, at any spatial position, the true mean velocity,
velocity variance and rotational velocity variance. We refer to
these as numerical directly averaged values, as presented by the
branch ‘‘Direct averaging” in Fig. 1. Second, the model of the signal
is validated by calculating the angular velocity variance from the
simulated MRI signal (shown as the ‘‘Fit model to signal” block in
Fig. 1) and comparing it with the directly averaged angular velocity
variance. The MRI simulations are then compared with previously
reported experimental MRI measurements of granular motion [22],
shown in the branch ‘‘Physical MRI experiment” in Fig. 1.

2. Theory

2.1. Conventional analysis

PFG experiments can be used to measure the velocity distribu-
tion of fluids or particles [39]. Here these are briefly reviewed,
before the analysis is extended to include the effects of rotation.
The phase shift of a spin (i.e. the phase acquired in a reference
coordinate system rotating with the Larmor frequency x ¼ cB0)
is the integral of the strength of the magnetic field gradient and
the position of the spin, x, with respect to time:

h tð Þ ¼ c
Z t

0
g t

0� � � x t
0� �
dt

0
; ð2Þ

where c is the gyromagnetic ratio and the gradient is denoted by
g t0ð Þ. For the granular systems studied here, the particles contain
mobile oil which enables signal to be detected. The particle position
is decomposed into an initial position, x0, local mean velocity v and
spatial fluctuation about the mean velocity u giving:

h ¼ c
Z

g tð Þt � v þ uð Þdt þ cx0 �
Z

g tð Þdt ð3Þ

For PFG measurements, bipolar gradients separated by a time,
D, are applied such that the integral

R
g tð Þdt is equal to zero. Anal-

ogous to the concept of k-space for spin density imaging, an
inverse variable known as p is defined by p ¼ c

R
g tð Þtdt. If acceler-

ation and higher derivatives of position are ignored, the signal
within a finite volume element such as an image voxel is then
defined as:

S pð Þ ¼
Z
q xð Þ exp ip � v þ uð Þð ÞdV ð4Þ

where q xð Þ is the spin density at position x. The gradient is chosen
such that the motion is encoded along the x-axis only. Since the
measurement is along x, only the components vx;ux and px need
to be considered. If we assume each particle contributes the same
signal, then by defining the velocity distribution of the particles
within the volume element as P uxð Þ, the integral may be expressed
as:

S pxð Þ ¼
Z

P uxð Þ exp ipx vx þ uxð Þð Þdux ð5Þ
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Given that the mean velocity is constant and assuming that the
velocity distribution along x is Gaussian, Eq. (5) is integrated with
respect to ux to yield:

S pxð Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihu2
x i2p

p exp ipxvxð Þ exp �1
2
p2
x hu2

x i
� �

: ð6Þ

The signal for when the gradient (and hence px) is equal to zero
is denoted as S0, and is used to normalise the signal. Thus, the
phase of the normalised signal provides information about the
mean velocity vx, whereas the absolute value of the normalised
signal gives the variance of velocity:

S
S0

����
���� ¼ exp �1

2
p2
x hu2

x i
� �

� 1� 1
2
p2
x hu2

x i: ð7Þ

Hence, at low values of px, the normalised signal is described by
a quadratic with respect to px, with the velocity variance given by
the coefficient of p2

x .

2.2. Effect of rotation

Particle rotation is not normally considered in MRI, however it
also contributes to the signal attenuation since the spins on a rotat-
ing particle will travel with different velocities. We define a Carte-
sian coordinate system x, y, z, where the flow encoding axis is along
the x-axis and the origin is located at the particle centre of mass.
Therefore, we consider only rotation along the y and z axes, the
angular velocity about these axes are denoted by xy and xz. Rota-
tion about x does not affect the signal. Assuming that xD is suffi-
ciently small (<0.5 rad [40]), it is reasonable to assume the
projection of the rotational velocity along the (linear) velocity
encoding axis is constant during the period D. Thus, the signal from
a particle has a general form given by:

S ¼
ZZZ

q x; y; zð Þ exp ipx vx þ ux þ zxy þ yxz
� �� �

dVp; ð8Þ

where it is assumed that the spin density q is uniform and of arbi-
trary value. The variable of integration, Vp, is the volume enclosed
by the particle surface. For simplicity, q is assumed to be unity,
and hence may be ignored.

For bipolar gradient pulses, the signal does not depend on the
initial position of the particle. Therefore, the total signal from a
region of interest containing many particles is equal to:

S ¼
X
i

ZZZ
exp ipx vx;i þ ux;i þ zxy;i þ yxz;i

� �� �
dVp;i; ð9Þ

where the summation is over all particles i in a specified region. The
translational velocity components are uniform over Vp, thus the vx

and ux terms are shifted out of the integral over the particle. A
change of variables is then performed, where the summation is
replaced by the probability distribution for the velocities of the par-
ticles f xy;xz;ux

� �
:

S ¼
ZZZ

f xy;xz;ux
� �

exp ipx vx þ uxð Þð Þ

�
ZZZ

exp ipx zxy þ yxz
� �� �

dVpdxydxzdux:

ð10Þ

It was assumed that the distributions of the translational
and angular velocities were independent, i.e.
f xy;xz;ux
� � ¼ P xy

� �
P xzð ÞP uxð Þ, where P xy

� �
and P xzð Þ are the

angular velocity distributions about axes y and z, respectively.
The assumption of independent velocity distributions implies that
the angular velocity components of each particle are uncorrelated.
It was further assumed that P xy

� �
and P xzð Þ are Gaussian dis-

tributed, with a mean of zero and the variance denoted by hx2
yi
and hx2
z i. The mean velocity term is taken outside the integral

and the integration is performed with respect to ux, as described
in the previous section. Thus, the signal takes the form:

S pxð Þ ¼
exp ipxvxð Þ exp � p2x

2 hu2
x i

� 	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihu2

x i2p
p

�
Z

P xy
� � Z

P xzð Þ
ZZZ

exp ipx zxy þ yxz

� �� �
dVpdxydxz:

ð11Þ
The integration is simplified by approximating the exponential

terms as Taylor series expansions. These series are expressed as the
Cauchy product and the resulting volume integral is solved using a
set of reduction formulae. These aspects of the derivation are
described in more detail in Appendix A. Normalisation of the signal
at px ¼ 0 gives:

S
S0

¼exp ipxvxð Þexp �p2
x

2
hu2

x i
� �

�
X1
m¼0

Xm
l¼0

im l�1ð Þ!! m� l�1ð Þ!!
c0;0l! m� lð Þ! pm

x cl;m�lR
mhx2

yi
l=2hx2

z i
m�lð Þ=2

: ð12Þ

where cl;m�l is a coefficient associated with the recursive integral
and R is the particle radius. It is of interest to obtain the angular
velocity variance in terms of the signal, hence the series is truncated
at m = 2. For consistency, the exponential that represents the trans-
lational velocity variance term is also approximated by a truncated
Taylor series. The terms hx2

yi and hx2
z i in Eq. (12) cannot be deter-

mined independently, thus, it is assumed that the system is isotro-
pic, i.e. hx2

yi ¼ hx2
z i ¼ hx2i. Rewriting Eq. (12) with these changes

yields:

S
S0

¼ exp ipxvxð Þ 1� p2
x

2
hu2

x i
� �

1� 1
5
p2
xR

2hx2i
� �

: ð13Þ

Hence, granule rotation contributes towards signal attenuation,
whereas signal attenuation has previously been solely attributed to
translational fluctuations in the standard analysis method. The
rotational component of the signal may be expressed in terms of
an apparent translational velocity variance, hu2

x ix, analogous to
Eq. (7). This apparent translational velocity variance is related to
the angular velocity variance by:

hu2
x ix ¼ 2

5
R2hx2i: ð14Þ

Eq. (14) provides a basis to compare the magnitude of angular
velocity fluctuations with the translational velocity fluctuations
for a generic region of interest. The flow encoding sequence can
be coupled with imaging to spatially localise measurements into
voxels. In this paper, we refer to Eq. (12) as the theoretical signal
model and Eq. (13) as the truncated signal model. Comparisons
with both the complete theoretical model and the truncated model
will be performed.

3. Method

3.1. MRI experiment

The experiments used in this work are those of Fabich et al. [22],
performed on a concentric cylinder rheo-NMR device. A complete
description of the experimental measurements is already pub-
lished; here only a brief summary of the key parameters is
included. The Couette cell consisted of a stationary outer cylinder
with diameter of 47.3 mm and a rotating inner cylinder whose
dimension could be changed to control the gap size between the
inner and outer wall. Particles were placed in the gap between
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the inner and outer cylinder. The base of the outer cylinder was
fixed and the top of the bed was free to expand or contract. Parti-
cles were fixed to the walls of the cylinder to minimise slip and
prevent solid body rotation. Experiments were performed with
particles of different diameters and gap sizes. Here the experi-
ments using 0.44 mm, and 0.60 mm diameter particles with a
gap size of 7.65 mm were used. Experiments were performed with
inner wall velocities U of 17 mm s�1 and 41 mm s�1. The velocity
distribution was measured using a double slice-selective, PFG spin
echo measurement. Flow encoding was spatially resolved in the y-
direction across the Couette cell with a 65 mm field-of-view and a
resolution of 127 lm per pixel. Velocity was encoded in the x-
direction, i.e. perpendicular to the direction of spatial encoding.
The vertical slice was 10 mm, and a horizontal slice of 1 mm was
used to ensure that the curvature of the sample does not have a
significant effect on the motion measured, hence providing a map-
ping vx ¼ vh of the Cartesian to cylindrical velocity components
[41]. The flow encoding gradients were applied for a duration
d = 1 ms, with an observation time D = 3 ms. The choice of observa-
tion time may affect the measured velocity distribution due to col-
lisions between granules. If D is below the mean collision time,
then the velocity variance is expected to be independent of D
[18]. For the experimental system, the velocity variance was insen-
sitive to values of D between 3 and 4 ms [22], hence data collected
using an observation time within this range is suitable for
comparison.
3.2. Simulation details

The DEM simulations were performed in the open-source soft-
ware LIGGGHTS. The full details of this programme are given by
Kloss et al. [42]. In brief, Newton’s equations of motion are numer-
ically solved for each particle. Collisions between particles were
resolved using the Hertzian soft-sphere contact force scheme.

The Couette cell, shown in Fig. 2, had an outer diameter of
47.3 mm and an inner diameter of 32 mm, corresponding to the
experimental geometry. To replicate the seeds being glued to the
side walls of the cell in the experimental setup, single cylindrical
layers of particles were placed next to the walls. The particle
arrangement was face-centred, touching along the diagonals, with
horizontal and vertical spacing equal to

ffiffiffi
8

p
R. For the inner wall, the

particle velocity components were set to match the linear velocity
of the rotating cylinder. At the outer wall, the particle velocity
components were set to zero. The system was initialised by simu-
lating 40,000 particles being poured into the annular gap. The par-
ticles were 0.44 or 0.60 mm diameter spheres. The system was
sheared for 3 s. The rotational velocity of the inner cylinder was
set to 17 mm s�1 or 41 mm s�1.

The Poisson ratio was set to 0.33, and the restitution coefficient
en was 0.9. The static friction coefficient lf was tested at values of
0.1 and 0.5. The elastic modulus for the particles was set to
Fig. 2. Diagram of the annular Couette flow system simulated b
1 � 107 Pa in order to ensure that the computational time required
was suitably low. The time step Dt was fixed at 1 � 10-6 s. Time
steps are advised to be below 25% of the Rayleigh time for numer-
ical stability [43]. The time step used here was 8% of the Rayleigh
time for the 0.44 mm particles with the given contact parameters
and 6% for the 0.60 mm particles. Thus, this time step was deemed
to be sufficiently low. The velocity Verlet scheme was used to solve
the equations of motion for the particle positions and velocities
over time.

To compare DEM data to MRI, the discrete particle data were
converted into continuum variables by direct averaging. Direct
averaging involves binning DEM particle velocity data into voxels
according to the positions of particles, followed by calculation of
the local mean and variance of the binned particles’ velocity. MRI
measurements of velocity variance differ from the directly aver-
aged variance by the following: (1) flow encoding occurs over a
finite time, D; (2) MRI gives time-averaged values of the mean
and variance of the velocity; (3) the finite observation time D
means that the displacement of nuclear spins due to particle rota-
tion also contributes to the MRI signal. In the supplementary mate-
rial, we investigate the significance of the effects of acquisition and
time averaging by comparing different mathematical definitions
for the mean velocity and velocity variance. Here, we use the def-
inition that was found to most closely correspond to that recovered
from MRI (Method 4 in the supplementary material). First, the
velocity of particle p for sampling i is calculated as an average over
the flow encoding time D:

vx;p;i ¼
xp
��
t¼tiþdþD

� xp
��
t¼ti

dþ D
: ð15Þ

The local mean velocity is then obtained by averaging these
individual velocity values over Np particles and Ns sampling times
(or repetitions) according to:

vx ¼
PNs

i¼1

PNp
p¼1vp;x;i/p;iPNs

t¼1

PNp
p¼1/p;i

: ð16Þ

The velocity variance is then obtained from:

hu2
x i ¼

PNs
i¼1

PNp
p¼1 vx;p;i � vx
� �2

/p;iPNs
i¼1

PNp
p¼1/p;i

; ð17Þ

where /p;i is the volume fraction of particle p at sampling i that
resides within each voxel. The rectangular region of interest (ROI)
shown in Fig. 2 was divided into a series of voxels along the y-
axis. The ROI was 1 mm high by 1 mm wide. This region is analo-
gous to the region selected experimentally using the double slice
selective pulses. Here, the vertical dimension was smaller than used
in the experiment due to the small size of the computational
domain used. The system varies only slightly along the vertical
direction hence the reduced size of the domain in the vertical direc-
tion does not influence the results. The particle volume fraction in
y DEM. Data from the inset were used for post-processing.
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each voxel at the end of flow encoding was calculated by the corre-
lation from Khawaja et al. [44], which has previously been found to
give accurate volume fractions and a low computation time [45].
Time-averaged profiles were then obtained by taking the average
over 30 samples collected at 0.1 s time intervals. Data from both
sides of the Couette were averaged, producing profiles of mean
velocity and velocity variance against distance from the inner wall.

3.3. Algorithm for simulated MRI signal acquisition

Simulating the MRI experiments enabled the effect of rotation
on the signal to be quantified. The signal was simulated using:
(1) translational motion only, (2) rotational motion only, and (3)
both translation and rotation. Differences in the mean and variance
profiles of the velocity between these three sets of results may be
attributed to particle rotation. Each particle was represented as a
collection of 3500 satellite points surrounding the centroid of the
particle. The centre position of each particle was updated at each
step by first-order numerical integration of the translational veloc-
ity obtained from the DEM simulation as a function of time. The
difference between numerical integration of the velocity data and
the DEM positions was negligible. The interval between steps
was 0.1 ms. The angular velocity component of each particle was
used to calculate the rotation matrix for each satellite point. The
updated linear position of each satellite point x0 due to rotation
was calculated by generating a rotation matrix from the angular
velocities, and multiplying this rotation matrix by the pre-
rotation position x of the satellite point relative to the particle cen-
tre, as shown by:

x
0 ¼

1 0 0
0 cos hx � sin hx
0 sin hx cos hx

2
64

3
75

cos hy 0 sin hy
0 1 0

� sin hy 0 cos hy

2
64

3
75

�
cos hz � sin hz 0
sin hz cos hz 0
0 0 1

2
64

3
75x;

ð18Þ

where hi ¼ xiDt. Note that the DEM simulations consider rotations
about all three axes, as do the discrete-time solutions to the Bloch
equations. Thus, these simulations serve to check the assumption
that rotation about x may be ignored in our theoretical model of
the signal. The DEM data were output at 100 ls intervals to min-
imise data storage requirements. These data were output for
4.5 ms, which corresponds to the flow encoding time in the MRI
experiments. In order to replicate the longer total experiment time
of the MRI, these 4.5 ms sample periods were repeated at intervals
of 0.1 s, which corresponds to a displacement of at least 1 dp for
most of the particles in the bed. For each DEM simulation, a total
of 30 flow encoding samples were obtained where for each sample,
the positions were recorded for 4.5 ms and the ROI contained
approximately 1000 particles. The simulated MRI pulse sequence
is shown in Fig. 3.

A square-wave gradient was applied for a half-period (d) of
1 ms. The observation time between gradients (D) was 3.5 ms.
The amplitude of the gradient was adjusted in 64 steps about
0 T m�1, with a maximum gradient strength equal to 0.34 T m�1.
Fig. 3. Diagram of the simulated MR sequence used to measure the mean velocity
and the granular temperature in the DEM simulations of Couette flow.
The phase of each satellite point was calculated by first order
numerical integration of cg tð Þ � xðtÞ with respect to time. The phase
of each satellite point was then converted into a complex signal.
These signals were allocated to bins according to the position of
the satellite points at the end of the sampling period (Dþ d). The
signals were summed together to give the total signal within the
voxel. The simulated signals are processed in the same manner
as the experimental signals to extract the mean velocity and the
variance of the velocity distribution. The mean velocity was calcu-
lated using:

vx ¼ arg S=S0ð Þ
px

: ð19Þ

According to Eq. (7), the variance of the velocity is found by fit-
ting a second-order polynomial to the translational motion compo-
nent of normalised signal against px. The variance is the second-
order fitting coefficient. Considering rotation, the variances are
found by fitting a second-order polynomial to the rotational com-
ponent of the normalised signal against px as shown in Eq. (13).
4. Results and discussion

In this section, we first compare the theoretical model of the
signal shown by Eq. (12) to MRI simulations of an idealised test
case where the translational and angular velocities are indepen-
dent. Next, the truncated model of the signal shown by Eq. (13)
is used to calculate the translational and angular velocity variances
of the MRI simulation of DEM annular shear flow, which are then
validated against the physical MRI experiments reported in [22].

4.1. Verification of the theoretical model of the signal

In this section, the theoretical model of the signal developed in
Section 2 is verified. The prediction from Eq. (12) was compared
with the simulated MRI signal from the trajectories of 10,000
non-interacting particles. The particles are non-interacting such
that there is no change in the velocity during flow encoding. Thus,
this scenario represents an idealised case to test the theoretical sig-
nal model. The motion encoding gradient was defined as being
along the x-axis, and the gradient strength, observation time and
encoding time were set as defined in Section 3.3. Gaussian transla-
tional and angular velocity distributions were imposed on the sys-
tem. In all cases, the mean translational and angular velocities of
the system were set to zero. In these simulations, the translational
and both angular velocity components were uncorrelated and ran-
domly sampled from distributions with variances hu2

x i, hx2
yi and

hx2
z i, respectively. First, the variance of the angular velocity distri-

butions about each axis were set to be identical, i.e. isotropic. Fig. 4
(a) shows the absolute value of the normalised signal against the
angular velocity variance for several translational velocity vari-
ances. Irrespective of the translational velocity variance, excellent
agreement between the simulations and model was observed,
demonstrating that the theoretical model was able to describe
the effects of translational and rotational motion on the signal
when these components were independent. Fig. 4(b) demonstrates
that the model predictions agree well with the MRI simulation,
even at the maximum values of pxj j that were measured experi-
mentally (px ¼ 400 s mm�1). An example of correlated rotational
velocities is shown (blue crosses), where the agreement between
simulations and Eq. (12) is poor since the assumption of indepen-
dent velocity distributions was violated. These results confirm the
validity of the theoretical model, provided the assumption of inde-
pendent velocity distributions is valid.

The theoretical signal model does not assume that the system is
isotropic. It should, in principle, also be applicable for anisotropic



Fig. 4. MRI simulations of a generated set of particles with Gaussian translational and angular velocity distributions. (a) Normalised signal against angular velocity variance
where px ¼ �330 s mm�1, hx2

z i ¼ hx2
yi. (b) Normalised signal against p where hx2

yi ¼ hx2
z i ¼ 500 rad2 s-2. MRI simulation data are denoted by markers, Eq. (12) is denoted by

solid lines of the corresponding colours. hu2
x i ¼ 0 mm2 s�2 ( ), hu2

x i ¼ 2 mm2 s�2 ( ) hu2
x i ¼ 5 mm2 s�2 ( ), hu2

x i ¼ 10 mm2 s�2 ( ), hu2
x i ¼ 20 mm2 s�2 ( ). A special case where

hu2
x i ¼ 0 and the angular velocity components of the granules are correlated (i.e. xy ¼ xz) is also shown ( ). (For interpretation of the references to colour in this figure legend,

the reader is referred to the web version of this article.)
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systems. To verify the model for anisotropy, the simulation
described in the preceding paragraph was repeated with anisotro-
pic rotational components by sampling xy and xz from distribu-
tions with variances hx2

yi, and hx2
z i, respectively, i.e. hx2

yi–hx2
z i.

Fig. 5(a) gives the signal attenuation with respect to the velocity
variances about the y and z axes for the MRI simulation and the
theoretical signal model when the velocity variance was zero.
Fig. 5(b) shows the relationship between the signal and the inverse
variable px for several combinations of the angular velocity vari-
ances. Agreement between the simulations and the model is
excellent.

In Fig. 5(b) and (b), at low px the signal follows an approxi-
mately parabolic shape, but at higher px there is an inflection in
the signal intensity such that it is no longer parabolic in shape.
Therefore, back-calculation of the variance with the truncated sig-
nal model of Eq. (13), which is parabolic, may not always provide
an accurate estimate of the velocity variance. We explore the suit-
ability of this method in the following section.
Fig. 6. Profiles of the absolute normalised signal from translational motion against
the inverse variable for granular Couette flow of 0.44 mm particles (a)
U = 17 mm s�1, lf = 0.1, (b) U = 41 mm s�1, lf = 0.1, (c) U = 17 mm s�1, lf = 0.5, (d)
U = 41 mm s�1, lf = 0.5. MRI simulation data are denoted by markers. The result
from Eq. (12) was calculated by extracting the rotational and translational variances
from the DEM data using direct averages and are denoted by solid lines. In (d), the
fit of Eq. (13) to the simulated MRI data is shown by the green dashed line. Profiles
at r = 1.5 mm ( ), r = 2.1 mm ( ), and r = 2.6 mm ( ). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)
4.2. Couette flow verification and validation

Simulations permit easy isolation of rotational and translational
motion effects on the signal. The inverse function of the truncated
signal model of Eq. (13) was used to calculate the contribution of
translational and angular velocity variances for granular Couette
flow. First, only the translational velocities are considered. The
mean velocity and the variance of the translational velocity were
calculated by direct averaging as described by Eqs. (16) and (17),
respectively. In Fig. 6, Eq. (12) was compared against the signal
Fig. 5. MRI simulations of a generated set of particles with Gaussian translational and angular velocity distributions. (a) Normalised signal against angular velocity variance
about the y-axis for constant values of angular velocity about the z-axis for hu2

x i = 0 and px = � 330 s mm�1. (b) Normalised signal against px where hu2
x i = 0 and hx2

z i ¼
500 rad2 s-2. MRI simulation data are denoted by markers, Eq. (12), where m = 40 is denoted by solid lines. hx2

y i ¼ 0 rad2 s-2 ( ), hx2
y i ¼ 500 rad2 s�2 ( ), hx2

y i ¼1000 rad2 s�2

( ), hx2
y i ¼1500 rad2 s�2 ( ), hx2

y i ¼ 2000 rad2 s�2 ( ).
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predicted using the MRI simulation of translational motion for the
0.44 mm particles. Similar profiles were found for the simulations
involving 0.60 mm diameter particles (not shown here). At the
inner moving wall i.e. r < dp, the agreement is poor (not shown)
since the granules have identical velocities, which violated the
assumption of Gaussian-distributed velocities. Beyond the moving
wall, the agreement between Eq. (12) and the MRI simulation of
the DEM particle trajectories was generally very good. However,
in cases where the angular velocity variance is particularly high,
for example Fig. 6(d) where lf = 0.5 and U = 41 mm s�1, significant
deviations occur for greater values of px. These localised deviations
suggest that obtaining the most accurate value for the variance
requires fitting to a subset of the data at low px, analogous to the
measurement of flow propagators in porous media [46].

In order to compare the effects of rotation and translation, it is
useful to fit the truncated signal model (Eq. (13)) over a range of px

that avoids the inflection point at high px. In Fig. 6(d), the truncated
signal model fitted to the simulated MRI signal data is shown by
the dashed line. The fitted model deviates visibly from the simu-
lated MRI signal as a result of including the inflected data in the
fit. To quantify what constitutes an acceptable range of px, Fig. 7
shows the fitted variance in terms of the maximum px used in
the fit. The resulting variances are compared to the direct average.
The standard error in the direct average assuming that the velocity
is normally distributed was calculated by [47]:

Dhu2
x i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2hu2

x i
Np � 1

s
: ð20Þ

For these cases, the value of the variance is not sensitive to the
fitting range for small px, i.e. here px < 100 s mm�1. When fitted
over the maximum px tested, a growing deviation from the
low-px fit is observed. This deviation occurs due to the signal
departing from the parabolic form assumed by Eq. (13). The devi-
ation is strongest at the highest variances tested (about 40 mm2

s�2). For these systems, the signal flattens out as it is nearly com-
pletely attenuated. The agreement between the variance fitted to
the MRI simulations and the direct averages (shown by the solid
lines) is very good for low px, with deviations below 10% and
Fig. 7. The translational velocity variance measured by fit of Eq. (7) to MRI
simulations as a function of the fitting range for granular Couette flow of 0.44 mm
particles. (a) U = 17 mm s�1, lf = 0.1, (b) U = 41 mm s�1, lf = 0.1, (c) U = 17 mm s�1,
lf = 0.5, (d) U = 41 mm s�1, lf = 0.5. Direct averages are shown by solid lines. The
standard error in the direct average (Eq. (20)) is denoted by the dotted lines.
Markers show the fits of Eq. (7) to MRI simulation data at r = 1.5 mm ( ),
r = 2.1 mm ( ), and r = 2.6 mm ( ). The error bars represent the uncertainty in the
fit to the MRI simulation data.
within the statistical error obtained from Eq. (20). Hence, if the
fit of Eq. (7) to the simulated MRI signal is over a range of px where
the fit is not sensitive to the maximum value of px then MRI is able
to recover the time average of the observation-averaged transla-
tional velocity variance.

The suitability of PFG sequences for measuring the angular
velocity variance was assessed using a similar approach to that
used for the translational velocity. The angular velocity variance
was calculated using a modified direct average, where the local
mean angular velocity was given by:

xy ¼
PNs

i¼1

PNp
p¼1xy;p;i/p;iPNs

i¼1

PNp
p¼1/p;i

; ð21Þ

where the individual particle angular velocities from the DEM were
averaged over the flow encoding time consisting of N instantaneous
time points, i.e. xy;p;i ¼ 1=N

PN
t¼0xy;p;i;t . The angular velocity vari-

ance was calculated using:

hx2
yi ¼

PNs
i¼1

PNp
p¼1 xy;p;i �xy
� �2

/p;iPNs
i¼1

PNp
p¼1/p;i

: ð22Þ

These locally averaged variables were used as inputs to Eq. (12)
to estimate the MR signal using our theoretical model. From this
signal, the translational and angular velocity variance was calcu-
lated from the inverse function of Eq. (13).

Fig. 8 compares the MRI simulations and the theoretical signal
model given by Eq. (12) against px. This model follows the simu-
lated MRI signal from the DEM trajectory data well, although devi-
ations are apparent at the highest values of px tested for lf = 0.5
and U = 41 mm s�1 shown in Fig. 8(d). The effect of fitting range
on the recovered angular velocity variance is related to the direct
average in Fig. 9. At small fitting ranges, the recovered angular
velocity variance was approximately constant, however significant
deviation was observed for the widest fitting ranges at high angu-
lar velocity variances, identical to the translational motion shown
in Fig. 7. The region of constant hx2i was generally in good agree-
ment with the directly averaged angular velocity variance, to
within statistical uncertainty. As with the translational velocity
variance, if the fit of Eq. (13) to the simulated MRI signal is limited
Fig. 8. Profiles of the signal from angular motion against the inverse variable for
granular Couette flow of 0.44 mm particles (a) U = 17 mm s�1, lf = 0.1, (b)
U = 41 mm s�1, lf = 0.1, (c) U = 17 mm s�1, lf = 0.5, (d) U = 41 mm s�1, lf = 0.5.
MRI simulation data are denoted by markers, the result from Eq. (12) was calculated
using direct averages and are denoted by solid lines. Profiles at r = 1.5 mm ( ),
r = 2.1 mm ( ), and r = 2.6 mm ( ).



Fig. 9. The angular velocity variance measured by fit of Eq. (13) to MRI simulations
as a function of the fitting range for granular Couette flow of 0.44 mm particles. (a)
U = 17 mm s�1, lf = 0.1, (b) U = 41 mm s�1, lf = 0.1, (c) U = 17 mm s�1, lf = 0.5, (d)
U = 41 mm s�1, lf = 0.5. Direct averages are shown by solid lines. The standard error
in the direct average (Eq. (20)) is denoted by the dotted lines. Markers show the fits
of Eq. (13) to MRI simulation data at r = 1.5 mm ( ), r = 2.1 mm ( ), and r = 2.6 mm
( ). The error bars represent the uncertainty in the fit to the MRI simulation data.

Fig. 11. Comparison of experimental and simulated velocity variance profiles of
Couette shear with 0.44 mm dp particles. The MRI experiments ( ) were
reported previously [22] and were run at the same U as the simulations. DEM
simulations were performed with parameters of (a) lf = 0.1, U = 17 mm s�1, (b)
lf = 0.1, U = 41 mm s�1, (c) lf = 0.5, U = 17 mm s�1, (d) lf = 0.5, U = 41 mm s�1. MRI
simulations incorporated translational motion only (case 1) ( ), angular motion
only (case 2) ( ), and both translational and angular motion (case 3) ( ). Direct
averages were calculated for the translational velocity variance ( ) and angular
velocity variance ( ).
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to a narrow range of px then the time-averaged angular velocity
variance can be determined using MRI.

We now compare the relative contributions of the translational
and rotational motion to the attenuation of the signal. The velocity
variance was found by fitting to Eq. (7) using three versions of the
simulated MR signal: (1) only translational motion of the granules
contributed towards the signal, (2) only particle rotation con-
tributed to the signal, and (3) both rotation and translation of gran-
ules contributed to the signal. For (2), the apparent velocity
variance obtained from the fit is related to the angular velocity
variance by Eq. (14). Experimentally, the situation described in
(3) occurs. MRI simulation has enabled us to produce variance pro-
Fig. 10. Analysis of granular Couette flow of 0.44 mm particles with en = 0.9,
lf = 0.1, and U = 17 mm s�1 using MRI simulation method. (a) Normalised absolute
signal across the gap (px ¼ 330 s mm�1). (b) Normalised absolute signal against px

for the region circled in black on (a). (c) Angle of the complex signals against p, the
local mean velocity is given by the gradient. (d) Velocity variance profile.
Considering only particle translation (case 1) ( ); Considering only particle
rotation (case 2) ( ); Considering both rotation and translation (case 3) ( ).
files for (1) and (2), which are not possible to obtain from the
experiments reported in [22]. Fig. 10(a) shows the signal attenua-
tion across the gap as measured by the MRI simulation of the DEM
particle trajectories for these three cases. At the inner wall, signal
attenuation is low for all cases. Particles fixed to the wall have
the same velocity and are not free to rotate. The signal reaches a
local minimum about �1dp from the inner wall. In this rapid flow-
ing region, granules exhibit a distribution of velocities and rotate
as a result of frictional contacts. Further away from the inner wall,
the signal attenuation is reduced due to the narrowing of velocity
distributions as kinetic energy is dissipated. Near the outer wall,
there is negligible signal attenuation since the granules are nearly
static. The signal attenuation is greatest for case 3 where the
effects of cases 1 and 2 occurred simultaneously. The relationship
between the signal against px within the high-shear region (circled
in black) is shown in Fig. 10(b). The profiles exhibited the parabolic
relationship predicted by Eq. (7) for pxj j < 100 s mm -1. It is note-
worthy that the product of the signals for cases 1 and 2 is equal
to the signal from case 3, as was observed from the test cases in
the preceding section. This relation confirms that the velocity dis-
tributions are sufficiently independent for Eq. (12) to be valid.

Fig. 10(c) shows the angle of the complex signal against px for
the high shear region. The local mean velocity was found from
the gradient of these data. The profiles from cases 1 and 3 were
similar, while case 2 had a gradient close to zero. These data were
consistent with the theoretical model prediction that the rotation
component was real. Thus, rotation has no effect on measurement
of mean translational velocity and the model for the signal ignoring
rotation given by Eq. (7) is suitable for mean velocity
measurements.

The local variance of the velocity in the sample was found by fit-
ting Eq. (7) to the absolute value of the complex simulated MRI sig-
nals such as those shown in Fig. 10(b). The resulting velocity
variance across the gap is shown in Fig. 10(d). The variance profile
mirrors the signal profile, where regions with large velocity fluctu-
ations corresponded to high signal attenuation. The variance
obtained by only considering translational motion (case 1) was
about 75% of the variance measured when including both modes
of motion (case 3). This disparity demonstrates that the velocity



Fig. 12. Comparison of experimental and simulated velocity variance profiles of
Couette shear with 0.60 mm dp particles. The MRI experiments ( ) were
reported previously [22] and were run at the same U as the simulations.DEM
simulations were performed with parameters of (a) lf = 0.1, U = 17 mm s�1, (b)
lf = 0.1, U = 41 mm s�1, (c) lf = 0.5, U = 17 mm s�1, (d) lf = 0.5, U = 41 mm s�1. MRI
simulations incorporated translational motion only (case 1) ( ), angular motion
only (case 2) ( ), and both translational and angular motion (case 3) ( ). Direct
averages were calculated for the translational velocity variance ( ) and angular
velocity variance ( ).

Fig. 13. DEM average angular velocity variance across annular gap for dp ¼
0.44 mm, lf ¼ 0.1, U ¼ 41 mm s�1 for rolling friction coefficient, lr ¼ 0 ( ), 0.05
( ), 0.5 ( ).
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variance measured by MRI is not a direct measurement of transla-
tional velocity fluctuations; instead it is amplified due to the addi-
tional signal attenuation induced by rotating granules.

Figs. 11 and 12 show the velocity variance profiles recovered by
fitting Eq. (13) to the simulated MRI signal from the annular shear
DEM simulations for 0.44 mm and 0.60 mm diameter particles. In
these simulations, the apparent velocity variance from granule
rotation was a significant fraction of the total variance. In general,
the angular motion was 20% of the total variance at the inner wall,
this ratio increased with distance across the gap. For lf = 0.1, the
maximum ratio was about 40% at the outer wall. For lf = 0.5, the
maximum ratio increased to about 70%. If the friction coefficient
is increased, then the torque on a particle increases, increasing
its angular velocity. As a result, the sample may have a wider range
of angular velocities, increasing the angular velocity variance. The
granule radius did not affect the ratio significantly since the
increase of the contribution to the signal associated with increas-
ing the radius was counteracted by the 0.44 mm particles experi-
encing higher angular velocity variances. This finding is
consistent with that of Nichol and Daniels [48] where the partition
of kinetic energy between translational and rotational modes was
found to be insensitive to particle size.

Also shown in Figs. 11 and 12 are the experimental data
reported in [22]. For the 17 mm s�1 cases, translational motion
alone was sufficient to account for the experimentally observed
velocity variance for the 0.44 mm particles (Fig. 11a), while rota-
tional motion was required for the 0.60 mm particles (Fig. 12a).
Modelling the effect of rotation caused the MRI simulation data
to exceed the experiment by up to 50% at the peak value for the
0.44 mm particles. For the 41 mm s�1 cases, the MRI simulations
with the 0.44 mm diameter particles were in good agreement with
the MRI experiments, while those with the 0.60 mm diameter par-
ticles showed that the simulated peak variance was less than half
that of the experiment, although the decay beyond 1.5 mm was
captured accurately. One possible explanation for the discrepan-
cies between the simulation and experiment that are observed in
Figs. 11 and 12 is that the rotational velocities about the y and z
axes are correlated, i.e. our theoretical model could be flawed in
the Couette system. To test this possibility, the apparent velocity
variance arising from rotation obtained by direct averaging is
shown in Figs. 11 and 12. Compared to the variance fitted to the
MRI simulations, the agreement is excellent, indicating that there
is no evidence of correlation between rotation velocities about
the y and z axes and that MRI can accurately measure the angular
velocity variance of granular flows. Therefore, the discrepancy
between the simulations and experiment seen here is not due to
an error in Eq. (12), instead it may be due to the contact model
in DEM being insufficient in this system.

One effect not considered in the contact model used in the DEM
simulations is rolling friction. Rotational motion between contact-
ing granules is resisted by frictional torque. This frictional torque,
commonly known as ‘‘rolling friction” is an important mode of
kinetic energy dissipation and provides support to geometrically
stable granular structures [49]. Rolling friction has been found to
have a minimal effect on the translational velocity distribution of
sheared granular flows in the intermediate regime [50]. Here addi-
tional simulations were run including rolling friction to test the
effect on rotational velocity distributions. Fig. 13 shows the veloc-
ity variance profiles across the gap for rolling friction coefficients of
0, 0.05, and 0.5. Typical values for the rolling friction are around
0.05. The results indicate that rolling friction inhibits granule rota-
tion, thus reducing the angular velocity variance. Including rolling
friction in the DEM simulations may explain the discrepancy seen
for the 0.44 mm diameter particles in Fig. 11. It is recommended
that future experiments include measurements of the static and
rolling friction coefficients to ensure the validity of the contact
model used in DEM.

Rolling friction is not sufficient to explain the discrepancy seen
for the 0.60 mm diameter particles in Fig. 12. It is hypothesised
that the experimental velocity variance in [22] may exceed that
seen in the simulations owing to an effect related to the particles
attached to the walls, however further work is required to investi-
gate this effect in more detail.

The significant contribution that rotation makes to the velocity
variance fitted from the MRI signal raises an important considera-
tion when validating DEM simulations of velocity distributions
against MRI experiments. Unlike particle tracking methods, which
measure the translational velocity variance, the MRI velocity vari-
ance consists of both translational and angular variances. Thus, it is
necessary to analyse the DEM simulation data in accordance with
the physics of MRI signal acquisition. The results shown here con-
firm that in most cases the best agreement with MRI experiments
is achieved by incorporating the effects of both translational and
rotational motion into the analysis of DEM simulation data.
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The results also demonstrate that rotational motion can influ-
ence the behaviour of the system. The simulations with different
particles and rotational speeds show inconsistent partitioning of
energy between the rotational and translational motion. Accurate
contact models, and possibly boundary conditions, are required
in order to describe this partitioning effectively. Therefore, to fully
validate DEM it is critical to obtain measurements of mean veloc-
ity, velocity fluctuations, and the fluctuations arising from rota-
tional motion. This work presents a first attempt to probe the
rotational motion of granular flows using MRI. The analysis shows
that PFG MRI is sensitive to both rotational and translational
motion. The effects of rotational and translational motion are mul-
tiplicative. Therefore, if an independent measurement of transla-
tional motion were performed, the rotational component of the
signal (and hence the angular velocity variance) could be obtained
from the total signal.

5. Conclusions

A theoretical model describing the MRI signal in terms of the
translational and angular velocity distributions of granules was
developed, shown by Eq. (12). Soft-sphere DEM simulations were
conducted for a collection of spherical particles under annular
shear flow. The mean and variance of the translational velocity
were calculated by two approaches. (1) A direct averaging method
as justified in the supplementary material. (2) Fitting the truncated
signal model to a simulated MRI signal acquired from the DEM par-
ticle trajectories. Simulated MRI allowed for inclusion and exclu-
sion of particle rotation. For an idealised test case of a non-
interacting particles, the theoretical model perfectly describes
the behaviour of the signal for px < 330 mm s�1. For annular shear
flow, fitting Eq. (13) to simulated MRI data at low px returned
velocity variances that were within the standard error of the vari-
ances of directly averaged velocity data. These simulations show
that when using experimental MRI data to validate simulations,
particle rotation must be considered.

The theoretical model of the signal considering granule rotation
developed here has the potential to enable experimental MRI mea-
surements of the angular velocity distribution. Few other tech-
niques are sensitive to granular rotation. This model shows that
the rotational and translational contributions to the signal are mul-
tiplicative. Hence if an independent measure of translational
motion is possible, the rotational motion can also be determined.
This information would allow for valuable insights into the dynam-
ics of flowing granular media, and is the subject of ongoing work.

Appendix A

The exponentials within the volume integral of Eq. (11) are
expressed as Taylor series expansions:

S pxð Þ ¼
exp ipxvxð Þ exp � p2x

2 hu2
x i

� 	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihu2

x i2p
p �

Z
P xy
� � Z

P xzð Þ

�
ZZZ

V

X1
n¼0

in pxzxy
� �
n!

nX1
n¼0

in pxyxzð Þ
n!

n

dVpdxydxz: ð23Þ

Expressing these series multiplications as Cauchy products
gives:

S pxð Þ ¼
exp ipxvxð Þ exp � p2x
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Taking the independent terms out of the volume integral gives:

S pxð Þ ¼
exp ipxvxð Þ exp � p2x
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The triple integral over the spherical region was found by con-
verting to spherical coordinates and performing iterated integrals
using reduction formulae. The volume integral in Eq. (25) was
expressed as

R
xaybdV , where a ¼ m� l and b ¼ l are positive inte-

gers. This integral was converted into spherical coordinates:Z r

0

Z p

0

Z 2p

0
raþbþ2 sin hð Þaþbþ1 sin uð Þa cos uð Þbdudhdr ð26Þ

The integral with respect to u was found using the following
reduction formula which was applied recursively:

Ia;b ¼
Z

sina xð Þ cosb xð Þdx ¼ sina�1 xð Þ cosbþ1 xð Þ
aþ b

þ a� 1
aþ b

Ia�2;b ð27Þ

As the definite integral is evaluated over the limits 0 and 2p, the
first term on the right-hand side of Eq. (27) is zero for every recur-
sion due to the presence of the sine function. If a is an even integer,
then the final term in the series is I0;b ¼

R
cosb xð Þ. If a is an odd

integer, then the final recursion I1;b contains a sine term and hence
is zero. From this point onwards, we let a be an even integer. The
coefficient of I0;b is the product of the preceding recursions.

Ia;b ¼ I0;b
Ya=2
i¼1

2i� 1
2iþ b

ð28Þ

The following recursion formula is used to derive I0;b:

Ib ¼
Z

cosb xð Þdx ¼ sin xð Þ cosb�1 xð Þ þ b� 1ð ÞIb�2

b
ð29Þ

Taking the definite integral over 0 to 2p cancels out all the
trigonometric terms. If b is an even integer, then the final recursion

I0 ¼ R 2p
0 dx ¼ 2p. Thus, we let b be an even integer. I0 has a coeffi-

cient that is the product of the preceding recursions, thus:

Ia;b ¼ 2p
Yb=2
j¼1

2j� 1
2j

Ya=2
i¼1

2i� 1
2iþ b

ð30Þ

The integral with respect to h was obtained by the following
reduction formula:

Ic ¼
Z

sinc xð Þdx ¼ cos xð Þ sinc�1 xð Þ þ c � 1ð ÞIc�2

c
ð31Þ

where c ¼ aþ bþ 1. If a and b are even, then c is odd. For this inte-
gral, the limits are 0 and p, hence the first term in Eq. (31) is zero
due to the sine function. The final term in the recursion is
I1 ¼ R p0 sin xð Þdx ¼ 2. The coefficient of I1 is the product of preceding
coefficients, thus:

Ic ¼ 2
Yc�1ð Þ=2

k¼1

2k
2kþ 1

ð32Þ

Integration with respect to r from 0 to R gives:Z R

0
raþbþ2dr ¼ Raþbþ3

aþ bþ 3
ð33Þ

The product of Eq. (30), (32), and (33) gives the spherical inte-
gral for Eq. (26):
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This integral is expressed as ca;bR
aþbþ3, the product of the gran-

ule radius term and a coefficient ca;b, which is equal to:

ca;b ¼ 4p
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If either one or both exponents are odd, the integral is equal to
zero. Hence the signal associated with particle rotation is real. If
the exponents are even, then the result takes the form: cl;m�lR

mþ3,
where R is the particle radius and cl;m�l is the coefficient obtained
from the triple integral for a particular term in the series.

Eq. (25) is then integrated with respect to each of the angular
velocity components, these integrals take the following form:Z þ1
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: ð36Þ

Substituting Eq. (34) and (36) into Eq. (25) gives the result
shown in Eq. (12).
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