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ABSTRACT

In this paper, a fractional non-Fourier heat conduction model is employed to simulate the heat diffusion through
the skin tissue, as a biological system, upon immediate contact with a heat source. In order to study skin models
and different boundary aspects, two problems: the three-layer skin tissue in contact with a hot water source and
a single-layer skin tissue exposed suddenly to a heat source generated by a laser are investigated. In both cases,
the super-diffusion fractional non-Fourier model is used to simulate the heat transfer diffused through the skin
tissue. In the first case, the governing equation is solved using an implicit method, and in the second problem, its
governing equation is solved using a finite volume method. In the fractional non-Fourier model, the effect of the
model's essential parameters (¢and 7) on the prediction of temperature distribution in skin tissue is studied as
well as the effect of other parameters such as the blood rate is studied. In addition, grid study has been in-
vestigated and the most efficient and appropriate gird is obtained. The results are validated against the DPL
(Dual-Phase Lag) model's results. The fractional single-phase-lag model's results indicate that this model is highly
precise and encompasses all the results of the dual-phase-lag model. The results also show the high precision of

the model, taking into account both the microstructure interactions and the lags.

1. Introduction

The Pennes heat transfer model is commonly used for the simulation
of thermal behavior in bodies and biological tissues due to its simplicity
and reliability. The Pennes bio-heat equation describes thermal beha-
vior based on the Fourier classic law which shows the heat signals
diffusion's infinite velocity. In fact, the living tissues are highly in-
homogeneous and require a relaxation time in order to reserve suffi-
cient energy and transfer it to the nearest cell. As a result, the Single-
Phase Lag (SPL) biological heat transfer was proposed for the first time
to solve the inconsistency in Pennes model, and to study the physical
mechanisms and thermal wave behavior in living tissues (Jing Liu et al.,
1999).

The characteristics of wave diffusion in biological heat transfer have
attracted the researchers’ interest. Liu (2008) and Ozen et al. (2008)
studied the biological heat transfer of thermal wave diffusion respec-
tively in multilayer and inhomogeneous tissues. Shih et al. (2005) in-
vestigated the effect of thermal wave characteristics on temperature
distribution during thermal treatment. However, to take into account
the microstructure effects in the rapid transient heat transfer process, a
phase lag was introduced for the absent temperature gradient in SPL
(Cattaneo, 1958; Vernotte, 1958) which was named the Dual Phase Lag
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(DPL) model (Tzou, 1997). Antaki (2005) utilized DPL model to de-
scribe heat conduction in processed meat. Antaki (2005) estimated the
time phase lag for heat flux to be 14-16 s, and the temperature gradient
phase lag to be —0.043-0.056s for processed meat. Xu et al. (2008)
addressed the use of DPL model in skin tissue thermal behavior. Liu
et al. (2012) employed DPL model to analyze temperature distribution
in the three-layer skin. Hooshmand et al. (2015) develop an analytical
solution for a generalized DPL model based on the nonequilibrium heat
transfer in biological tissues during laser irradiation. Lin and Li (2016)
studied heat transfer of skin subjected to the pulse laser heating and
fluid cooling and they use an analytical method for solving the general
problem of heat conduction (DPL method).

On the other hand, in the past three decades, the efficiency of the
fractional calculus, where the derivative and integral are rational, is
proved in the simulation of abnormal behaviors observed in physical
phenomena. However, until recent decades, no significant use of frac-
tional calculus has been found in scientific and engineering fields, and it
has only been studied in mathematics.

Today, due to its inherent capability, the fractional calculus is
highly promising in the simulation of anomalous behaviors in highly
complicated processes in different scientific fields. In fact, the
Fractional Single-Phase Lag (FSPL) is, in comparison to SPL and DPL, a
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newfound field in describing non-Fourier heat conduction, and is cap-
able of describing the rapid transient effects of heat transfer (time ef-
fects) and the effects of microstructural interactions (space effects), si-
multaneously. Some major applications of fractional calculus are
simulations of anomalous diffusion, viscoelasticity, the control theory,
and bio-engineering. Ghazizadeh et al. (2012) employed FSPL for the
first time to model non-Fourier conduction in processed meat.
Povstenko (2011) generalizes theory of thermal stresses based on the
fractional Cattaneo-type heat conduction equation. Povstenko and
Povstenko (2013) studied fractional heat conduction in a composite
medium consisting of a spherical inclusion. The heat conduction is
described by the time-fractional heat conduction equation with the
Caputo derivative of fractional order and used Laplace transform to
solve equations. Zhang et al. (2014) model one-dimensional heat con-
duction problem where two cold waves collide in a layer and compare
the solutions of the parabolic equation, the hyperbolic heat equation,
the fractional heat equation, and the generalized Cattaneo equations.
They investigated effect of fractional parameter on results. Povstenko
(2015) published a book as fractional thermoelasticity consists of each
generalization of heat conduction equation results in formulation of the
corresponding generalized theory of thermal stresses. This book de-
voted to fractional thermoelectricity. Ezzat et al. (2016) used a frac-
tional model of bioheat equation for describing quantitatively the
thermal responses of skin tissue under sinusoidal heat flux conditions
on skin surface. They use analytical method to solve problem. Yu et al.
(2016) formulate a fractional thermal wave model for a bi-layered
spherical tissue. They estimate relaxation parameters and Caputo
fractional derivative for a fractional thermal wave model by means of
inverse analysis with Levenberg-Marquardt method.

The present study is innovative compared to previous studies, spe-
cifically on biological tissue, in that it utilizes and analyzes FSPL results
for the first time on skin tissue under the influence of transient heat flux
due to the laser. This investigation is indicative of the efficiency and
capability of such model in laser treatment and medicine.

In this paper, two skin tissue samples as biological systems have
been studied, and the results reveal the model's efficiency and high
precision for investigating heat behavior of skin tissue. Thus, two pro-
blems of single-layer and three-layer skin models have been in-
vestigated under various conditions in order to expand the use and
capability of FSPL. In both cases, the superdiffusion FSPL is used so as
to simulate heat transfer diffused in skin tissue. In FSPL model, the
effect of essential parameters (xand 7) on prediction of heat and tem-
perature history in skin tissue has been studied along with the effect of
other parameters such as blood perfusion on temperature distribution.
The grid study has also been done and the most efficient and appro-
priate grid has been obtained. The results have been validated against
the results of DPL model. The FSPL results indicate that the model is
highly precise and encompasses all the results of the Fourier model, the
hyperbolic model, and the Dual Phase Lag model. The results also show
the precision of the model, taking into account both the microstructure
interactions and the times lags.

2. Bio-heat conduction models

Bio-heat conduction models have been addressed in this section.

2.1. Pennes Fourier conduction model

The diffusion term in Pennes bio-heat transfer equation is based on
the Fourier classic law (Pennes, 1948), implying the infinite speed of
the diffusion of heat signals, introduced by Joseph Fourier in his studies

on heat conduction.
q(xr, t) = —kVT(x, t) (@D)]

By combining the Fourier law Eq. (1) in energy balance equation as:
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or

i —div(q(x, 1)) + wp pp, ¢ (Ts = T) + Gper + Qo

pe @
And eliminating the heat flux q, the general bio-heat transfer
equation will result:
aT )
‘OCE =kV?T + wy py p(Tph — T) + ey + Qo 3)
Where T skin temperature q is heat flux, cis specific heat capacity of
the tissue, wyis Perfusion rate of blood, p, is Density of blood, ¢, is
specific heat capacity of the blood, T, is temperature of blood, g,,,, is
metabolic heating source and gq,,, is external heat generation.

2.2. SPL Non-Fourier conduction model

Since the classic Fourier model is a thoroughly diffusive nature
model and does not take into account the limited speed of propagating
heat stimulations in transient conditions, Cattaneo and Vernotte
(Cattaneo, 1958; Vernotte, 1958) independently introduced the fol-
lowing model based on relaxation between temperature gradient and
heat flux to avoid such physical (Cattaneo, 1958; Vernotte, 1958),

qr, t+ 1) = —=kVT(r, t) 4

where 7, represent heat flux phase lags.
By combining Eq. (4) and Eq. (2) and eliminating the heat flux q, the
bio-heat transfer equation of SPL model will be obtained:

d aT
kV2T = (1 + Tqa ) [P CE — Wy Py ep(Th = T) — Der — qext]

)

2.3. DPL Non-Fourier conduction model

Since the microstructure interactions are not considered in SPL
model, Tzou presented DPL model to take into account such effects by
adding the temperature phase lag term with SPL model. After that, DPL
equation is stated as follows (Tzou, 1997):

qr, t+ 1) = —kVT(x, t + 77) (6)

where 7, and 7 represent heat flux and, temperature gradient phase
lags, respectively. When 7, < 77, the heat flux is generated before the
temperature gradient, and if 7 < 7, the temperature gradient is gen-
erated before the heat flux. If it is assumed 7 = 0, Eq. (6) turns into SPL
model, and if it is assumedr; = 77, Eq. (6) turns into the Fourier heat
conduction equation.

By combining Eq. (6) and Eq. (2) and eliminating the heat flux q
from both equations, the general form of DPL heat conduction model
will be obtained as follows (Zhou et al., 2009):

d d oT
(1 + TTE)kVZT = (1 + Tqa )[pcg — Wp O cb(Tb - T) ~ et — qext]

)

As it can be seen from the above equation, using DPL model in-
creases the number of terms and creates compound derivatives on the
right-hand side of the DPL heat conduction equation. These added
terms and derivatives complicate the numerical and analytical solutions
of the DPL equation with respect to those of SPL model.

Tzou and Dai (2009) extended the concept of the time lag for si-
mulating heat transfer in the media involving multiple heat carriers. In
his study, he showed that as the number of heat carriers increases, the
order of the time lag parameters also increases in the final equation.
Increasing the order, in turn, complicates the physical response of the
obtained equation due to creation many and higher order compound
derivatives. The presence of such higher order and compound deriva-
tives results in a limitation of mathematical stability in the equation
and it makes analytical solution and numerical solution difficult.

In the past two decades, extensive efforts have been made in order
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Fig. 1. Schematic view of physical model.
to study anomalous diffusion phenomenon. Here, fractional calculus 3T (r, 1) SL+aT (r, 1) 9%,
y P > pe=— +peti g =kVAT(r, 0 + % o Qeen

has successfully proved high capability at offering a more precise de-
scription of mid-behaviors observed in most physical phenomena
(Djorev et al., 2003). Non-Fourier heat transfer phenomenon, one of the
anomalous diffusion categories, is also an active practical field for
fractional calculus.

3. Basic definition of fractional calculus

In this section, we present basic equations of fractional calculus.
Assume f(t) continues at [a, t]. There are Several definitions of a
fractional derivative such as Grunwald-Letnikov's definition,
RiemannLiouville's definition, and Caputo's definition. These three de-
finitions are defined as (Podlubny, 1999).

Grunwald—Letnikov:

[t/At]

o%f 1 a
Dif)= -5 = Sf(t—rar),  wf=(-1)
LDIFO= 5= E Wff(t—rat),  wf=( >(r] ®
Riemann—Liouville:
3 1 dn
Da ) =—-L = t— n—oa—1 d s -1
R OR e P dt,,{( e (@dr L n
<a<mnneN ©
Caputo.
o%f 1 y
CDEF(t) = —L = t — r)n—a-1 (n) d
D) === —r(n_a){< oI O (D)dr n
—-l<a<n ,n€N (10)

Caputo Definition has the ability to consider the initial condition
and boundary conditions. In this paper, initial conditions and boundary
conditions are very important. Therefore, we use a fractional derivative
based on Caputo definition. For more details on basic fractional theory
and fractional mathematics, see reference Podlubny (1999). Among
these, two heat transfer equations can be referred to as fractional
models introduced in heat transfer.

3.1. Fractional Cattaneo model

Compte and Metzler (1997) generalized the Cattaneo model to the
time fractional Cattaneo models and studied the properties of the cor-
responding fractional Cattaneo equations and introduced a fractional
time derivative operator in the equation as follows:

o%q(x, ) _

= —kV2T(x, t
= (x, 1)

a

qr, ) +7 an

The Operator ;[i; in the above equation is formulated according to

Riemann-Liouville definition. By combining the above relation (11)

with Eq. (2) and eliminating heat flux q, the generalized Cattaneo
equation (CV) is obtained as:

qgen = Wp Oy a(lh—T) + et t Gext (12)

Through changing fractional derivative order, @, in Eq. (12) from 0
to 1, heat transfer mechanism shifts from Fourier classic model to heat
wave model. For 0 < a < 1, Eq. (12) models mid-behaviors of heat
transfer between pure diffusion and heat wave.

3.2. Fractional Non-Fourier conduction model

In SPL and DPL models, the heat conduction equation was obtained
by generalizing the first order of Taylor series in energy equation and
eliminating heat flux between the two equations. Recently, Ghazizadeh
(2010) generalized SPL model to FSPL model. They stated FSPL model
by applying fractional Taylor series formula to SPL as follows:

qr, ) _

r,t)+ o =
q@x, 1) + 14 P

—kVT(x, ) 13)

where 0 < a < 1 is the fractional order of the derivative. :% is the
fractional order derivative based on Caputo definition. By combining
Eq. (13) and Eq. (2), and then eliminating the heat flux q, FSPL equa-
tion results:

1+ 9%,
e = kVAT(r, 1) + 7%

qgm = Wp Py Cb(I;) - T) + Dt + Qoxt

oT
peytper,

q gl+a + qgen

a4

4. Governing equations, discretization and grid generation
4.1. Test case 1

The skin single-layer tissue of thickness L =1 mm and initial tem-
perature Ty = 37 °C are shown in Fig. 1. At t = 0%, a laser beam with a
constant intensity (Q;,) is shone onto the left skin surface boundary for
5s. After 55, the laser stops. Fig. 1 depicts one-dimensional computa-
tional grid for the tissue. The skin single-layer model is used in this
problem (Zhou et al., 2009).

Considered the behavior of the problem under analysis, the frac-
tional equations super-diffusion version is used, and the governing
equation of the problem for FSPL is as follows:

o al+orq an

a
6_‘5 = + owpbcba—T

ax? ox

"4 Gpea = (15)

where D :% is the thermal diffusion coefficient. The problem's
boundary conditions are (Zhou et al., 2009):

q= Qin(]- _Rd)
g=0

for x=0, o<t<t,,

0<t<tf,

t;=5s

for x=1, t;=40s (16)

where R, represents diffuse reflectance of the laser shone on the sur-
face, Q;, laser intensity and ¢, duration of laser shone on the surface.
Values of these parameters are presented in Table 1. The initial con-
ditions are as follows (Zhou et al., 2009):
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Table 1
Values of the laser's parameters (Zhou et al., 2009).
Parameter Value
Diffusion reflection 0.05
Laser intensity (Xz) 20
cm-
Laser duration (s) 5

Layer 1: Epidermis
Layer 2: Dermis
Layer 3: Subcutaneous fat

ED

DF Body
Skin core
surfac 1 2 3
> %
Fig. 2. Three-layer skin coordinate and geometry.
x)=0 a—q—O for 0<x<L when t=0
1 a a7

After calculating heat flux by FSPL model, energy balance is em-
ployed in order to obtain temperature distribution (Zhou et al., 2009),
ar _ 9q

pe—

ot - ax + Wbpbcb(n) -7 + et t Gext

1s)
where q,,, is zero. In appendix A, used finite volume method for dis-
cretization governing equation.

Eventually, equation (A-7) is written for all grid elements. After
that, by solving the resulted equations system using TDMA method, the
heat flux is obtained, which can after that be employed to yield tem-
perature distribution by the following equation:

t+At

— qE

t+At
—_ qW

2Ax

A
T + At
pc

Ty = + Wy (T — Tp) + ey

19)

4.2. Test case 2

At t = 0, the skin surface is exposed to an immediate contact with a
heat source such as hot water at a constant 100 °C for 15s. Then, the
heat source is removed, and the skin surface is cooled using 0 °C water-

120 Grid
200 Grid
600 Grid
900 Grid
1200 Grid

65 |

Temperature (¢)

sl v o 0
20
Time (s)
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ice mixture for 30s. In order to model skin physics, a three-layer skin
model of thickness L = 6 mm is used which consists of Epidermis,
Dermis, and Fat, as schematically depicted in Fig. 2 (Kuo-Chi et al.,
2011).

As in the previous problem, the super-diffusion fractional equation
based on caputo definition is employed considering the behavior of the
problem under analysis, and for FSPL fractional model, the governing
equation is written:

oT a OVHT | whpph_q 3T _ 1y 02T |, Whphch
o g e pici 4 0% T Di ox? + Pici T - 1)
4 Gt amer | G ot o) | T O*WhppcT)

eici pici % pici o«

(20)

ki

where D; = P i = 1,2,3 is the thermal diffusion coefficient for three

skin layers in Table 3and a is the fractional order. The boundary con-
ditions are as follows (Kuo-Chi et al., 2011):where u(¢t) is unit step

function that defines:

T(0,t) =100 — 100u(t —15) 45>t>0
T(L,)=T, t>0
T, =37°C (21)
1 t>15
u(t—15) =
{0 t<15 22)
Moreover, the initial conditions are:
T (x,0) 8T (x, 0)

T(x,0) =T, = =0

0 =% at ar? (23)

The boundary conditions have been obtained at the interfaces of
two layers (ED, DF) assuming that temperature and heat flux are con-
tinuous. The governing equations are discretized using an implicit
method. For fractional equation discretization, some fractional terms
require being discretized. Based on Caputo fractional derivative, they
are discretized in appendix B.

After that, the resulted algebraic system of equations is solved using
TDMA method, and temperature distribution through the skin is ob-
tained.

4.3. Grid generation

For both problems, the grid study has been done both in temporal
and in spatial dimensions. The most efficient grid obtained for the first
problem is 120 spatial grids and 90-time step in Fig. 3, and for the
second problem, it equals 900 spatial grids and 500-time step in Fig. 4.

500 Time Step
800 Time Step
ettt 1000 Time Step
2000 Time Step

0r

o1 5] @ @
=] o =] o

Temperature (c)

S
o

I
o
T

STV PRI AETCST TR T Y AT R VTR TSR T TR |
350

Fig. 3. Grid study for case 1.
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Fig. 4. Grid study for case 2.

5. Numerical results and discussion

In the fractional non-Fourier model, the two essential parameters («
and 7) are unknown. Through trial and error, and analyzing their effect
on the predicted thermal behavior, values of these parameters have
been obtained, and they predict DPL's results with high precision. In
addition, the results have been validated against DPL results indicating
a high level of accuracy.

5.1. Test case 1

In this case, the single-layer skin model is employed, and its phy-
siological properties are presented in Table 2 (Zhou et al., 2009).
Governing equations discretized by FVM method that given equation
(A-6), by solving equation (A-6) using TDMA method, the heat flux is
obtained and finally temperature distribution obtained with equation
(19).

Fig. 5 shows the effect of the fractional order parameter, o, on
temperature history on the boundary affected by laser, at a constant
time lag, T = 16 s. In addition, this figure shows that increase in a re-
sults in increasing temperature, further approaching wave mode and
widening fluctuations. It shows that decrease in « to zero, results show
Fourier model.

The smaller the fractional order is, the more temperature distribu-
tion approaches that of diffusion or Fourier case. In addition, due to
present phase lag and high transient flux, there are fluctuations in
temperature history. These temperature fluctuations occur due to en-
ergy accumulation at the position imposed high heat flux. After a re-
laxation time, this energy is released and transferred to another position

Table 2
The skin single-layer tissue's physiological properties (Zhou et al.,
2009), test case 1.

Value Properties

1000 Density (X£)

m

4187 ifi ity (.
Specific Heat Capacity (kg—K)
0.628 Thermal Conductivity (lo)
m K
1060 Blood Density (*£)
nr
3860 Blood Specific Heat Capacity (@%)
3

0.00187 Blood Perfusion (3r,n7

m?° tissue s
1190 Metabolic Heat (%)

m
37 Blood Temperature (°C)

in the skin. However, as can be seen, in smaller values of a that heat
transfer mechanism tends towards pure diffusion, fluctuations decrease,
which means less energy accumulation.

Fig. 6 shows the effect of phase lag T on temperature history at the
boundary affected by laser at a constant fractional order, o = 0.98.
Here, the effect of phase lag 7 is the same as the effect of fractional
order a in Fig. 5, i.e. its increase results in temperature increase. Figs. 5
and 6 conclude that @ and 7 both take non-Fourier effects into account
and are dependent on each other.

Here, in order to indicate the accuracy of the FSPL model, its results
are compared with DPL model results available in reference (Zhou
et al., 2009). Fig. 7 shows the comparison of FSPL model's results with
DPL model's results with high accuracy. DPL model's results were ob-
tained for 7, = 16 and 7 = 0.05. In FSPL model, the necessary para-
meters, o = 0.9985 and 7 = 16, have been calculated through trial and
error and they well predicted DPL model's results.

According to the above results, these two parameters (¢ and 7 ) in
FSPL model predict both the environment transient heat flux effects (z,)
and microstructure interactions effects (z;) in DPL model. In addition to
contributing factors analyzed on heat transfer in skin tissue, other
factors such as blood rate, laser intensity, and diffuse reflectance, have

«=0.7
«=0.8
8F =09
[ —(0.98
s0 o=
75 |
70
z k
s 05
@ -
= -
£ 60F
L =
= n
£ 55 -
= s
50 |
45 H
40
g5 b L 1 . L L
0 10 20 30 40
Time (s)

Fig. 5. The effect of fractional order («) on temperature history on the
boundary affected by laser (x = 0) in skin tissue, 7 = 16, test case 1.
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Fig. 6. The effect of T on temperature history on the boundary affected by laser
(x = 0) in skin tissue, « = 0.98, test case 1.

an influence on heat transfer in skin tissue.

Fig. 8 indicates the effect of blood perfusion parameter on heat
transfer in skin tissue. As a result of higher blood rate, skin transfers
more heat through to blood due to a convection process, and thus skin
temperature drops. Also, by looking at Fig. 8, an increase in blood
perfusion predicts lower temperature distribution.

Fig. 9 depicts the effect of laser intensity shone on skin surface on
temperature history. With an increase in laser intensity, the affected
surface experiences temperature increases and the temperature sig-
nificantly drops when the heat source is removed. Higher or lower laser
intensity is employed depending on the thermal treatment type.

Fig. 10 indicates the effect of skin surface's diffuse reflectance

FSPL

- — — . DPL
85

80
75
70
65
60

55

Temperature (5)

50

LU LA LI LA B LA A R |

45

40

35 L L L L
0 10 20 30 40

Time (s)

Fig. 7. FSPL model temperature history with a = 0.9985 and 7 = 1l6on the
boundary affected by laser (x = 0) and its comparison with that of DPL model
7, = 16 and 7 = 0.05 (Zhou et al., 2009), test case 1.
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w_b=0
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(=]
—=
o

Fig. 8. The effect of blood perfusion on temperature history on the boundary
affected by laser (x = 0) in skin tissue in FSPL mode with « = 0.9985and 7 = 16,
test case 1.

parameter on temperature history. According to the diagram, it can be
stated that as the skin tissue diffuse reflectance is higher, it will diffuse
a significant amount of the laser heat in the environment and absorb a
little amount; therefore, increasing the diffuse reflectance leads to the
lower temperature distribution in the skin tissue.

5.2. Test case 2

Now, the results of test case 2 will be assessed. In this case, skin
tissue is assumed to consist of three layers, Epidermis, Dermis and Fat,
and its surface is exposed to a hot water source. The physiological
properties of each tissue layer are different as seen in Table 3 (Kuo-Chi
et al.,, 2011). Governing equations discretized by FDM method that
given equation (B-5), by solving equation (B-5) using TDMA method,
temperature distribution obtained.

Q_in=1 W/cm "2
Q_in=2 W/cm"2
Q_in=10 W/em "2
Q_in=30 W/cm "2

700

600

500

~
1=
=3

Temperature (¢)
b=
(=)

LIS LNLANLLA FLANLANLAN N LA |

200

100

0 10 20 30 40
Time (s)

Fig. 9. The effect of laser intensity on the temperature history on the boundary
affected by (x = 0) laser in skin tissue in FSPL mode with « = 0.9985and 7 = 16,
test case 1.
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Rd=0.003
Rd=0.05
Rd=0.5
Rd=0.9

85

80

Temperature (¢)

20
Time (s)

Fig. 10. The effect of surface's diffuse reflectance on temperature history on the

boundary affected by laser (x = 0) in skin tissue in FSPL mode with a = 0.9985
andr = 16, test case 1.

Table 3
Physiological properties of skin multilayer tissue (Kuo-Chi et al., 2011), test
case 2.

Fat Dermis Epidermis Blood Properties
971 1116 1190 1060 P
Density (E)
2700 3300 3600 3770 Specific Heat Capacity (T ]0 )
g 'K
0.185 0.445 0.235 - Thermal Conductivity (lo)
m K
368.3 368.1 368.1 - Metabolic heat ()
mr
0.0044 0.0015 0.0001 - Thickness (m)
o=0
100 =0.3
- o=0.7
90 a=0.9
- «=0.98
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Fig. 11. The effect of fractional order («) on temperature history at ED interface
in skin tissue, 7 = 10, test case 2.
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Fig. 12. The effect of fractional parameter (7) on temperature history at ED
interface in skin tissue, a = 0.98, test case 2.

Fig. 11 shows the effect of the fractional order parameter, @, in a
constant phase lag, 7 = 10 s, on temperature history at the skin first and
second layer interface. The increase in fractional order parameter pre-
dicts a higher temperature.

Also, Fig. 12 illustrates the effect of phase lag parameter, 7, in a
constant fractional order, o = 0.98, on temperature history. As con-
cluded in the previous problem, an increase in phase lag value predicts
a higher temperature and these two essential parameters are highly
correlated. As can be seen, there is a significant temperature increase
when skin surface is contacted with the hot water source for 15s, and
when the heat source is removed, a huge temperature drop occurs. If
attention is paid to the moment of adding and removing hot water, no
sudden increase or drop in temperature will occur at that moment. In
fact, this increase or drop in temperature happens with a lag time which
FSPL model has predicted with a significant accuracy taking into con-

a=0
80 - «=0.3
B a=0.7
B «=0.9
ol =0.98
60 |-
- [
I [
£ 50
= [
=
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a |
g 40
£ B
=
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Fig. 13. The effect of fractional order (@) on temperature history at DF interface
in skin tissue, 7 = 10, test case 2.
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Temperature (c)

x/L

Fig. 14. The effect of fractional order («) on FSPL model temperature dis-
tribution at the 15th second of the solution for 7 = 10and variousx, test case 2.

sideration all of its effects.

Fig. 13 illustrates the effect of fractional order in FSPL model on the
tissue's history distribution at DF interface. As evident in the diagram,
varying « from O to approximately 1 would change the temperature
distribution from that of diffusion mode to that of nearing wave mode.
On the other hand, comparing the results in Figs. 11 and 13 clearly
reveals that at the second interface (DF), which is further away from the
skin surface, a lower temperature is predicted with a less sudden in-
crease in a longer period.

Figs. 14 and 15 respectively show the effects of « on temperature
distribution across skin tissue at 15 and 45 s after imposing the water
heat source on the surface's skin tissue. As in the previous figures, the
a‘s effects are clearly visible. The results indicate the fractional model's
capability at giving a non-Fourier description under certain circum-
stances. It can prove the environment's diffused nature, its wavy nature
and diffusion-wave mid modes by varying the values of a and 7

o=0
«=0.3
a=0.7
«=0.9
o=0.98

55

50
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40

35

30

25

Temperature (¢)

20
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AR RN LR L R LR RN EENEE EEREE REEE|

x/L

Fig. 15. The effect of fractional order («) on FSPL model temperature dis-
tribution at the 45th second of the solution for 7 = 10and various «, test case 2.
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Fig. 16. FSPL model temperature history with a = 0.98and 7 = 10 at ED inter-
face and its comparison with that of DPL model 7; = 10and 7 = 0.005 (Kuo-Chi
et al., 2011), test case 2.

parameters in the FSPL model. Also, it is observed in Figs. 14 and 15
that at the first 15s, when the skin is in contact with hot water, the
temperature approaches equilibrium farther away from the skin sur-
face.

For validation, the results of the FSPL model are compared to the
results of DPL conducted in reference (Kuo-Chi et al., 2011).

In Fig. 16, the temperature history results at the ED layers’
boundary, and in Fig. 17, the results of temperature distribution in skin
tissue at the 15th second of the solutions are compared with those of
DPL model. DPL model results are for 7, = 10 and 7 = 0.005, and the
FSPL model results are for 7 = 10 and a = 0.98 through trial and error.
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Fig. 17. FSPL model temperature distribution with a = 0.98and 7 = 10at the
15th second of the solution and its comparison with that of DPL model
7, = 10and 7 = 0.005 (Kuo-Chi et al., 2011), test case 2.
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The FSPL model can make a highly accurate prediction of DPL model
results.

6. Conclusion

Because of the sensitivity of biological tissues and the advances of
science to cure diseases, it is required to consider the thermal aspects of
these biological systems. In this paper, after assessing different condi-
tions and obtaining the results, the capability of the FSPL model at
describing various physical conditions in skin tissue has been con-
cluded, and this model can be considered a more comprehensive model
for describing heat transfer in skin tissue as a biological system to in-
clude all Fourier and non-Fourier models so far evaluated with this

Symbols and Abbreviations

Journal of Thermal Biology 84 (2019) 274-284

regard. The FSPL model's results indicate that this model is highly
precise and encompasses all the results of the dual-phase-lag model.
The results also show the high precision of the model, taking into ac-
count both the microstructure interactions and the lags.

It can be concluded that fractional non-Fourier model is highly ef-
ficient in describing heat in such phenomena as laser therapy in med-
icine. Application of this model can open a new field in medical ad-
vances and thermal aspects of the biological systems.

For instance, with an empirical experiment conducted on a tissue,
this FSPL model can help to obtain the required parameters (¢ and )
unique to that biological system. Prediction of temperature distribution
and its effects can improve and enhance the precision of laser therapy
or similar therapies in that biological system.

¢ Specific heat capacity of the tissue [kgiK] r Position vector (radius vector)
b Specific heat capacity of blood [—-] Df fractional order derivative
kg K
D Thermal diffusion coefficient [JW—S] @ time derivative order
.

L Density of tissue [k—i] r Gamma function

nr
Pb Density of blood [X£] wj Weighted arithmetic mean

3

nr

k Thermal conductivity of the tissue [lo] f@® Continues function
m K
q Heat flux [%] Wwr Weight function
2
m
Gext External heat generation [%] u(t) Unit step function
nr
een Heat generation in skin [%] v Gradient operator
nr
et Metabolic heating source [%] div Divergence operator
mr
Wb Perfusion rate of blood [L3 DF Dermic-Fat interface
m3 tissue s

L Skin thickness [mm] ED Epidermis-Dermic interface
T Temperature of tissue °c] FSPL Fractional Single-Phase Lag
T Temperature of blood [°C] DPL Dual Phase Lag
B Initial temperature [°C] SPL Single Phase Lag
t Time [s] CV Cattaneo Vernet
ty Time duration of start to finish [s] FVM Finite Volume Method
tr Time duration of laser shone on the surface [s] FDM Finite Difference Method
T Time lag TDMA Tri-Diagonal Matrix Algorithm
T Temperature gradient time lag SPL Single Phase Lag

7 Heat flux time lag
Ry Diffusion reflection
Qin Laser intensity [lz]
cm-
Appendix A

Finite volume method used for discretization governing equation. First, the heat flux equation (13) is integrated:

t+At

e E al+a e t+At
ST (G raStaa= [ f
w t w t

2

q oT
D— + D wyp,cp,— |dt dx
( 9x? bpbbax)

e

g ][+A[

;*'Ax[q+1'; 7o

= At [Da—q +D wbpbch]
ox

t w

(A-D

(A-2)

where ‘;‘:—g the term is replaced by the following relation (Ghazizadeh et al., 2010):

g _ n a A n—j+1 n—j n—j—1
S = % Ej:l wj (q,- - Zqi + g )
o = 1 1 1
T r2-a) " 2—a’ A%

wi = (7 = (= 1))

(A-3)

where I' is Gamma function and w is Weighted arithmetic mean (Ghazizadeh et al., 2010).

Insert equation (A-2) in equation (A-1):
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t+At t a t+AL oot At—j+1 t+At—j a t o ( t—j+1 t—j
Axl:qP _qp+Tq Gazj=1 wj (qp J _qp J)_Tq Uotz]'=1wj (qu _qp ]):I

(+AL 2 t+AL +At TL — Tt
= At DqE B+ 9w +D Wp0pCh £
Ax 2 (A-4)
By separating j = 1 from series:
Ax[gpt — qp + 5 o (gt — qp) — 5o (qp — g5
+ % ZHA[W‘-"( t+AL—j+1 _ f+Af—j) — % Zt wé( —j+1 _ f—j)
q 9« Zij=> Wj Gp 9p q O« 24j=o Wj \dp 9p
+AL 2 t+AL +At TL — Tt
= At| D% b _*w 4 p Wp 0, Cp =
Ax 2 (A-5)
By simplifying the equation, the following equation is obtained:
an;+At — aqu;A‘ + awaf;'A[ +b (A-6)
where
— pAt — DAt
a4 = DAx o Gw = DAx
ap=aE+aw+Ax+AquaUa
_ TL— T},
b = [Ax + 2Ax tf'a,] qp — DX T4 0n qp A+ D wppycp 2 WAt
t+At At—j+1 At—j t it _i
- Ax Tqaaa l:zj’=2 W‘]a(q}[J+ AR q}fn+ ! ]) - Zj=2 W]a(q}ta - Q,[: J) (A 7)
Appendix B
Finite difference method used for discretization governing equation. the governing equation is written:
8T qottar WhoCh o 6%T _ 1y 8T WhOpCh _
ath grlta o 4 a% Dl? + pici -1
4 et tmer | G et amed) | G S WhepcnTo)
pici pici o< pici ar* (B‘l)
1+ . . . . . .
where Z,:g the term is obtained from equation (8) by the following relation (Ghazizadeh et al., 2010):
t
glter 1 _ 0T _
W—m/‘(f—f) ﬁdf n=2=>n-1<1l+a<n
a
t J_opi=1y -2
— 1 _ —a Tz _ZTi + Tz
= r(1—a)f(t ) —dz
a
o -
o1 yn W Ten —
= Ta-m Zj=t NG J i —2)de
[j—l
_ 1 Zn Tij—ZTij_lJrTij_z o _(tn—z)l’a
T r-a) “j=1 Nz 1-a
R S TR R e St 1« 1-a
e e e v ol 2 A Gl Y
1 1 Ad=%on j j—1 j—2 N1 . _
i T e L (W -2 4+ >(—(n D)4 (=G = D) )
_ 1 1 1 n n—j+1 n—j n—j—1y| :1— . 1—
Tr-o1-a At”“zj:l(Ti -2+ T )(‘I “-0-D 0‘) (B-2)

. . . . . . . - . 1+ . .
where I' is Gamma function and w is Weighted arithmetic mean (Ghazizadeh et al., 2010). Similar to equation (A-3), ‘Z[l fg and 2%1 following relation:
al-qu n 1 vl . i1
W = Oi4a Zj:] Wj+oz(qin J+1 _ Zqin J + qin J )

1 1 1
Ol4+a =

Fl—-a) 1—a’ Afd+a
witt = (=G =D

aD! i i i
E =X Wi T = 2¢ T + g
S U S O
O = Fr-a)’ 2—a’” At®
wi = (2 = = 1) (B3

and in this problem, we assume that:
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aoc(qext + qmet) —

“wppyenTh) _ 0
o« ’

B q,

0

By simplifying the resulted equation, we have:

DiAt
Ax?

WhPhCh
pb —T Ol 4 At) "

T+ (1 + 2”‘“ W’J”“’Jm + 1801 AL +

_ DiAt
Ax? Tl
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