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A B S T R A C T

Nanofluid based heat transfer approaches have a tremendous prospect to develop novel cost-effective cooling
technologies. In response to this potential development, a problem of unsteady copper oxide-water nanofluid flow
and natural convective heat transfer within a quadrilateral vessel with uniform heating of bottom wall using
modified Buongiorno model are investigated. The sloping wall of the vessel is maintained at constant low tem-
perature and the uniform thermal condition on the bottom heated wall is considered, whereas the upper hori-
zontal wall is regarded as adiabatic. The governing equations along with boundary conditions are solved using the
Galerkin finite element method. Partial differential equation solver COMSOL Multiphysics with Matlab interface
is used in the simulation. The results of the present problem of a certain situation as a special case have been
verified by the previously published standard numerical investigations. The flow, thermal and concentration
fields, local and average Nusselt number for various pertinent parameters entered into the problem have been
analyzed. The time evolutions for a steady-state solution are also examined. The results show that the adjustment
factor with the optimal nanoparticle volume fraction and the thermal Rayleigh number controls the optimal heat
transfer. The trapezoidal vessel having higher sloping angles with the vertical axis exhibits higher heat transfer.
Heat transfer decreases rapidly in 1–10 nm size nanoparticles for a nanofluid solution.
1. Introduction

Natural convection heat transfer has wide applications in electronic
and mechanical engineering systems for the purpose of cooling and
heating. The perspective of energy saving during heat transfer in these
systems is a crucial issue. A series of experiments have been carried out in
the literature in order to enhance the heat transfer rate using conven-
tional fluid and solid separately. Solid has higher thermal conductivity
than that of fluid. As for example, the thermal conductivity of zinc oxide
is higher than that of the typical fluids like water or engine oil and so on.
Nowadays, buoyancy-driven nanofluids flow and heat transfer analysis
within various enclosures are popular research areas in science and en-
gineering fields. Specifically, the study of free convective incompressible
nanofluids flow inside several rectangular shaped cavities appeals the
scientific communities. Nanofluid is a stable mixture of conventional
fluid and nanoparticles. Heat transfer enhancement using nanofluid
directly depends on the nanofluid filled geometry, combinational of the
base fluid and nanoparticles, high thermal conductivity, least impedi-
ment in fluid flow, longevity, stability, and homogeneity of nanoparticles
(Uddin et al. [1]). Nanofluids have significant potentialities in
Uddin).
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microelectronics, pharmaceutical processes, fuel-cells, hybrid-powered
engines, refrigerator, chiller and heat exchangers where heat transfer
enhancement is required. It is worth mentioning that the insights of
nanofluids, hybrid nanofluids flow and applicability of nanofluids can be
found in the papers of Mehryan et al. [2], Chamkha et al. [3], Mehryan
et al. [4], in the book by Shenoy et al. [5], Mahian et al. [6, 7], Das et al.
[8], Minkowycz et al. [9] and in the review paper by Mahian et al. [10]
and several others.

Appropriate modeling of convective heat transport can be ensured the
utility of a particular nanofluid. Several scientists' have undertaken
diverse studies discussing the convection process in the nanofluid filled
trapezoidal cavity. Saleh et al. [11] studied the natural convection of
water based copper and alumina nanofluids flow in a trapezoidal cavity.
Their results showed that the effective heat transfer enhancement occurs
for a trapezoidal cavity having an acute geometry inclined angle with a
high concentration of copper nanoparticles. Soleimani et al. [12] studied
natural convection heat transfer within a copper-water nanofluid filled a
semi-annulus cavity. Their results showed that there is an optimum angle
of turn for which the rate of heat transfer is maximum for several thermal
Rayleigh numbers. Roslan et al. [13] investigated the buoyancy-driven
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ticle under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

mailto:jashim.fluidm@gmail.com
http://crossmark.crossref.org/dialog/?doi=10.1016/j.heliyon.2019.e01757&domain=pdf
www.sciencedirect.com/science/journal/24058440
www.heliyon.com
https://doi.org/10.1016/j.heliyon.2019.e01757
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/j.heliyon.2019.e01757


M.J. Uddin, S.K. Rasel Heliyon 5 (2019) e01757
heat transfer within a nanofluid filled trapezoidal cavity with variable
thermal conductivity and viscosity. They reported that the effect of the
viscosity was more dominant than the thermal conductivity in heat
transfer augmentation and heat transfer enhancement is not that much
noticeable for using nanofluid. Mahmoudi et al. [14] have studied the
natural convection heat transfer using copper-water nanofluid flow in a
trapezoidal enclosure. Their results disclosed that the enhancement in
average Nusselt Number occurs for a certain lower Reynolds Number
whereas heat transfer declines significantly for the higher Reynolds
Number. Nasrin and Parvin [15] investigated the natural convective heat
transfer utilizing copper-water nanofluid in a trapezoidal enclosure and
showed that the aspect ratio and the Prandtl number significantly
enhance the nanofluid flow and heat transfer. In addition, they recom-
mended a correlation of average Nusselt number in terms of Prandtl
number and cavity aspect ratio. Bondareva et al. [16] studied unsteady
natural convection in a right-angled trapezoidal cavity filled with
nanofluid using Buongiorno's model. Their results showed that the
pivotal parameters of the problem substantively stimulate the flow field
as well as the heat andmass transfer. Aghaei et al. [17] studied the effects
of magnetic field and entropy generation on mixed convection utilizing
nanofluid in a trapezoidal enclosure. They found that the magnetic field
shrinks the convective heat transfer and flow strength of nanofluid. The
insignificant measurement of entropy generation notices for frictions
whereas noteworthy entropy generation takes place for an irreversible
state of heat transfer. Selimefendigil et al. [18] investigated the natural
convection and heat generation in a nanofluid filled entrapped trape-
zoidal cavities under an influence of the magnetic field. Their study re-
ports that the mean heat transfer decreases as the magnetic field
parameter increases for higher thermal Rayleigh number. Alipour et al.
[19] studied the influence of T-semi attached rib on turbulent flow and
heat transfer parameters of a silver-water nanofluid with different vol-
ume fractions in a three-dimensional trapezoidal microchannel. They
showed that the heat transfer coefficient is increased as the Reynolds
number and volume fraction of solid nanoparticle are increased. Esfe
et al. [20] studied natural convection in a trapezoidal enclosure filled
with carbon nanotube and water-ethylene glycol nanofluid. Their results
showed that at a low Rayleigh number, the average Nusselt number is
decreased when the inclination angle or aspect ratio is increased. Job and
Gunakala [21] studied unsteady natural convective alumina-water and
single-walled carbon nanotube-water nanofluids flow in a curly trape-
zoidal cavity with Joule viscous dissipation. They reported that the heat
transfer rate at the wavy heated wall is decreased for alumina-water
nanofluid whereas it is increased for carbon nanotube-water nanofluid.
There are also some notable numerical investigations are worthwhile in
the literature includes Job et al. [22], Arefmanesh et al. [23], Selime-
fendigil and €Oztop [24] and Sheremet et al. [25] and Miroshnichenko
et al. [26].

The objective of the present work is to observe the mechanisms as
well as the enhancement of heat transfer in a quadrilateral vessel for
copper oxide (CuO)-water nanofluid using a nonhomogeneous dynamic
model. The reason for selecting a quadrilateral vessel is that it has wide
applications in the field of nuclear, civil, mechanical and architectural
engineering. Especially, to use as a fluid-filled solar thermal collector,
security tool and electrical device, nanofluid filled trapezoidal cavity
have a comprehensive prospect. Investigating heat transfer in different
enclosures are necessary for selecting an appropriate heat transfer tool in
engineering application. Hence, analysis of the flow dynamics of nano-
fluids and heat transfer mechanisms within a quadrilateral vessel can be a
contribution in the field of electrical and mechanical engineering.
Recently, Job et al. [22] and Al-Weheibi et al. [27] studied the effect of
solid volume fraction in a trapezoidal shape enclosure filled with several
water-based nanofluids. In their study, Brownian motion, thermopho-
resis and magnetic field effect, as well as the nanofluid concentration
equation, have been neglected. So, in order to predict the accurate result,
these effects must be considered in the modeling. As per the authors'
knowledge, the literature review revealed that using uniform heating of
2

bottom wall taking into the nonhomogeneous dynamic model in a
quadrilateral vessel filled with water-based copper-oxide nanofluid has
not been studied yet. The study has been carried out numerically using
the Galerkin finite element method and the related results have been
shown graphically for copper oxide (CuO)-water nanofluid in the form of
streamlines, isotherms, and isoconcentrations. Moreover, the heat
transfer distributions and average heat transfer have been displayed in
various graphical forms considering practical applications. Subsequently,
the quadrilateral vessel presented in this paper can have an excessive
usage in numerous areas of engineering, the numerical analysis demon-
strated can benefit to encourage the practice of energy, exclusively in the
electrical and mechanical engineering.

2. Model

A physical model of the investigation is shown in Fig. 1 where the
Cartesian coordinates are x and y. The length and height of the quadri-
lateral vessel are L. The lower left corner of the vessel is placed at the
origin where the bottom wall of the vessel is on the x-direction and the y-
axis is normal to it. Based on the vessel's sloping angleðφÞ with y-axis,
three different shapes of a quadrilateral vessel are considered: case-1:
φ ¼ 0∘, case-2: φ ¼ 9∘ and case-3: φ ¼ 15:75∘. The wall conditions are
considered from practical applications. Based on the real functional
conditions in various heat exchangers, the horizontal upper wall is
modeled as adiabatic assuming no heat transfer for this boundary. The
temperature of the left and right inclined walls of the vessel is low as heat
goes through it and demonstrated as T ¼ TC , whereas the bottom wall is
uniformly heated and modeled as T ¼ Th. Under all situations Th > TC is
maintained. Primarily, it is assumed that nanofluid concentration is kept
at low concentration CC while for t > 0, Ch is assumed in the entire
domain so that Ch > CC. No-slip boundary conditions where zero veloc-
ities at all walls are considered. In this modeling, the effects of thermo-
phoresis, Brownian diffusion, and acceleration due to gravity are
included whereas effects of chemical reactions, thermal radiation, and
magnetic field are not considered. We have also assumed that the base
fluid and solid nanoparticles are in a thermal equilibrium state.

The mathematical equations of the present problem are the modified
version of the principal equations of Buongiorno [28]. These equations
are derived for a newmass flux equation (see Uddin and Rahman [29]) to
use the nanoparticle volume fraction as constant, the effect of the
diameter of the nanoparticle, the thermal properties of nanofluid and the
thermophysical correlations accurately. The concentrations equations
are rewritten as the molar concentration of nanofluid to understand the
level of the concentration which produces the state of the nanoparticle in
the solution for the effects of the different related parameters. As per the
author's knowledge, the problem of natural convective heat transfer on
copper oxide-water nanofluid filled quadrilateral vessel taking into ac-
count the modified equations of Buongiorno's model along with uniform
thermal boundary conditions are not studied yet. Hence, the obtained
results of the present investigations are innovative. Let us consider the
two-dimensional unsteady incompressible laminar natural convective
copper oxide-water nanofluid flow within the quadrilateral vessel. The
nanoparticles are assumed as the species of the base fluid because they
are compatible with molecules in size and can be easily fluidized. The
small particles act like the molecules of the base fluid. Nonhomogeneous
state of the mixture occurs for the dynamic effects of the nanoparticles
such as the Brownian and thermophoretic diffusions due to the strong
temperature differences within the nanofluid. In Cartesian coordinates,
the governing equations (Uddin and Rahman [29]) of nanofluid are:

∂u
∂xþ

∂v
∂y ¼ 0 (1)

ρnf

�
∂u
∂t þ u

∂u
∂x þ v

∂u
∂y

�
¼ � ∂p

∂x þ μnf

�
∂2u
∂x2 þ

∂2u
∂y2

�
(2)



Fig. 1. The diagram of the physical system of the problem, (a) 3D geometry, (b) two-dimensional cross-section.

Table 1
Thermophysical properties of base fluids and materials at room temperature.

Items
(bf, p)

ðcpÞ
ðJkg�1K�1Þ

ρ

ðkg m�3Þ
κ

ðW m�1K�1Þ
μ

ðkg m�1 s�1Þ
β

ðK�1Þ

water 4179 997.1 0.613 0.001003 21� 10�5

CuO 531.8 6320 76.5 � 1:8� 10�5

ρnf

�
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�
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�
þ CDT

T

�
∂2T
∂x2 þ

∂2T
∂y2

�
þ DT

T

�
∂C
∂x

∂T
∂x
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where two-dimensional Eqs. (1), (2), (3), (4), and (5) are the continuity,
momentum in x- and y- directions, energy, and concentration equations
respectively. The dimensional velocity components along x and y co-
ordinates are u and v respectively. Here, ρnf μnf CC , p, g, TC , ðρcpÞnf , αnf ,
ðρβÞnf and ðρβ*Þnf are the density, dynamic viscosity, reference concen-
tration, pressure, acceleration due to gravity, reference temperature, heat
capacity, thermal diffusivity, volumetric thermal expansion and volu-
metric mass expansion of nanofluid respectively. Note that volumetric
mass expansion happens due to diverse concentration differences within
nanofluid inside the enclosure. Here the subscripts p, nf and bf represents
solid particle, nanofluid, and base fluid respectively. The Eqs. (4) and (5)
are the reformed energy and molar concentration equations which are
the modified versions of Buongiorno's energy and nanoparticle volume
fraction equations. The coefficients of Eqs. (4) and (5) come out for the
mass flux equation of nanofluid where T, C, DB and DT are dimensional
temperature, concentration, Brownian diffusion coefficient, and ther-
mophoretic diffusion coefficient of nanofluid respectively. The following
correlations of the thermophysical properties of nanofluids are used in
3

the simulation (Xuan et al. [30], Tiwari and Das [31], Uddin et al. [32]
and Uddin [33]):

κnf ¼
�2ϕ

�
κbf � κp

�þ 2κbf þ κp
ϕ
�
κbf � κp

�þ 2κbf þ κp
κbf þ

ρpcpϕ

2Dℓ
T

 
2kBTCDT

3πμnf dp

!1
2

(6)

ρnf ¼ð1�ϕÞρbf þ ϕρp (7)

μnf ¼ μbf ð1� ϕÞ�2:5 (8)

�
ρβ*
�
nf
¼ ð1� ϕÞ�ρβ*�

bf
þ ϕ

�
ρβ*
�
p

(9)

ðρβÞnf ¼ ð1� ϕÞðρβÞbf þ ϕðρβÞp (10)

�
ρcp
�
nf ¼ ð1� ϕÞ�ρcp�bf þ ϕ

�
ρcp
�
p (11)

αnf ¼ κnf
�
ρcp
��1

nf
(12)

DT ¼ 0:126
κnf
κbf

ƛβbf μnf
ρnf

(13)

DB ¼ kBTC

3πμnf dp
(14)
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where κnf , μbf ,cp, ϕ, dp, kB, βbf , β
*
bf and Dℓ

T are the thermal conductivity of
nanofluid, the viscosity of the base fluid, specific heat, nanoparticle
volume fraction, the diameter of nanoparticle, Boltzmann constant,
thermal expansion of the bulk fluid, mass expansion of base fluid and the
numeric value of

ffiffiffiffiffiffi
DT

p
respectively. The symbol ƛ is the correction factor

used to measure the thermal conductivity of nanofluid (Uddin et al. [1],
Uddin and Rahman [29]) depends on solid particle size in the mixture as

ƛ¼ � 0:0002dp þ 0:1537 (15)

The numerical values of Eqs. (6), (7), (8), 9 (10), (11), (12), 13) (14)
and (15) are obtained using the thermophysical properties of the nano-
particle and conventional base fluid shown in Table 1.

The appropriate initial and boundary conditions for the present
problem along with the above-stated model are as follows:

For t¼ 0; entire domain: u ¼ v ¼ 0; T ¼ TC; C ¼ CC ; p ¼ 0 (16)

For t > 0,

On the horizontal wall: u¼ v ¼ 0; T ¼ Th; C ¼ Ch 8 y ¼ 0; 0 � x � L

(17)

On the vertical wall:

u¼ v ¼ 0; T ¼ TC ; C ¼ Ch 8 x cosðφÞ � y sinðφÞ ¼ 0; 0 � y � L (18)

u¼ v ¼ 0; T ¼ TC ; C ¼ Ch 8 x cosðφÞ þ y sinðφÞ ¼ L cosðφÞ; 0 � y � L

(19)

On the upper wall: u¼ v ¼ 0;
∂T
∂y ¼ 0; C ¼ Ch 8 y ¼ L; tanðφÞ � x

� L� tanðφÞ (20)

It is noted that, physically, there is no concentration within the rigid
boundaries of the geometry. The concentration boundary conditions are
adopted to find the solutions of the highly nonlinear governing equa-
tions. The zero concentration boundary conditions on the walls produce
the singularities. In this context, to understand the concentration levels in
the entire vessel, the nonzero, as well as the maximum concentration
boundary condition, Ch at all walls, are applied.

A nondimensional analysis is the customary study of fluid mechanics.
To describe several transport mechanisms in nanofluids, it is meaningful
to make the conservation equations into non-dimensional form. The
advantages of non-dimensionalization are available in the literature.
Non-dimensionalization provides the sovereignty to scrutinize a few
systems regardless of their material belongings. One can easily recognize
the regulatory flow parameters of the system using the method of
dimensionless. It is also possible in this way to make a sweeping state-
ment of the magnitude and profile of the geometry as well as to get
insight into the physical problem which are the essentials in the inves-
tigation. These aims can be achieved through the appropriate choice of
scales. As a scale of distance, we choose the length of the cavity of the
region under consideration measured along the x-axis. Thus, in order to
reduce the dimensionless form of the governing Eqs. (1), (2), (3), (4), and
(5) with boundary conditions, Eqs. (16), (17), (18), (19), and (20), we
incorporate the following dimensionless variables

ξ¼αbf t
L2

; X ¼ x
L
; V ¼ vL

αbf
; U ¼ uL

αbf
; Y ¼ y

L
; Р ¼ pL2

ρbfα
2
bf

; θ ¼ T � TC

ΔT
; Φ

¼ C � CC

ΔC
(21)

where, ρbf and αbf , L, ΔC ¼ Ch � CC, ΔT ¼ Th � TC , CC and TC are the
density and thermal diffusivity of the base fluid, geometry reference
length, concentration difference, temperature difference, nominal con-
centration and reference temperature within nanofluid, respectively. We
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have assumed that the temperature differences occurred within nano-
fluid are significantly smaller than the applied temperature. Also, the
concentration differences due to temperature variations are nominal than
the reference concentration inside the nanofluid filled enclosure. That
means ðΔC=CCÞ << 1 and ðΔT=TCÞ << 1. Considering the constant
properties of nanofluid and using relations given by Eq. (21) into Eqs. (1),
(2), (3), (4), and (5), the dimensionless governing equations of nanofluid
flow can be expressed in the following form:

∂U
∂X þ ∂V

∂Y ¼ 0 (22)

� ρbf
ρnf

∂Р
∂X þ Prμnf

νbf ρnf

�
∂2U
∂X2

þ ∂2U
∂Y2

�
¼ ∂U

∂ξ þ U
∂U
∂X þ V

∂U
∂Y (23)

� ρbf
ρnf

∂Р
∂Y þ μnf

νbf ρnf
Pr
�
∂2V
∂X2

þ ∂2V
∂Y2

�
þ ðρβÞnf

βbf ρnf
RaTPrθ þ RaCPrΦ

¼ ∂V
∂ξ þ U

∂V
∂X þ V

∂V
∂Y (24)

αnf

αbf

�
∂2θ
∂X2

þ ∂2θ
∂Y2

�
þ 1
Le

�
∂Φ
∂X

∂θ
∂X þ ∂Φ

∂Y
∂θ
∂Y

�
þ PrNTBT

Sc

 �
∂θ
∂X

�2

þ
�
∂θ
∂Y

�2
!

¼ ∂θ
∂ξ þ U

∂θ
∂x þ V

∂θ
∂y

(25)

Pr
Sc

�
∂2Φ
∂X2

þ ∂2Φ
∂Y2

�
þ Pr
Sc

�
NTBTC

�
∂2θ
∂X2

þ ∂2θ
∂Y2

�
þ NTBT

�
∂Φ
∂X

∂θ
∂X þ ∂Φ

∂Y
∂θ
∂Y

��

¼ ∂Φ
∂ξ þ U

∂Φ
∂X þ V

∂Φ
∂Y

(26)

where Eqs. (1), (2), (3), (4), and (5) are the dimensionless continuity,
momentum in X- and Y- coordinates, energy, and concentration equa-
tions respectively. In addition, ξ, X and Y, U and V, P, θ and Φ are the
dimensionless time, coordinates, velocities along X and Y directions,
pressure, temperature, and concentration respectively. The nondimen-
sional parameters usually introduced in dimensionless principal Eqs.
(22), (23), (24), (25), and (26) by the nondimensional variables (see Eq.
(21)) and due to the considered relations ðΔT=TCÞ << 1 and
ðΔC=CCÞ << 1, where the reference temperature and molar reference
concentration appeared. The dimensionless parameters are as

follows:RaC ¼ L3gΔC
νbf αbf

ðρβ*Þnf
ρnf

is the local solutal Rayleigh number, RaT ¼
L3βbf gΔT
νbf αbf

is the local thermal Rayleigh number, Pr ¼ νbf
αbf
, is the Prandtl

number, Le ¼ κbf CC

ðρcpÞbf DBΔC is the modified Lewis number, NTBTC ¼ DT
DB

ΔT
ΔC

CC
TC

is

the dynamic diffusion parameter, NTBT ¼ DT
DB

ΔT
TC

is the dynamic thermo-

diffusion parameter and Sc ¼ μbf
ρbf DB

is the Schmidt number.

The initial and boundary conditions in dimensionless form for the
present problem can be written as:

For ξ¼ 0; entire domain: U ¼ V ¼ 0; θ ¼ 0; Φ ¼ 0; P ¼ 0 (27)

For ξ > 0,

On horizontal base wall: U¼ 0; V ¼ 0; θ ¼ 1 8 Y ¼ 0; 0 � X � 1

(28)

On the inclined wall:

U¼ 0; V ¼ 0; θ ¼ 0; 8 X cosðφÞ � Y sinðφÞ ¼ 0; 0 � Y � 1 (29)

U¼ 0; V ¼ 0; θ ¼ 0; 8 X cosðφÞ þ Y sinðφÞ ¼ cosðφÞ; 0 � Y � 1

(30)



Fig. 2. Grid refinement test.
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Upper wall of trapezium: U¼ 0; V ¼ 0;
∂θ
∂Y ¼ 0; 8 Y ¼ 1; tanðφÞ

� X � 1� tanðφÞ
(31)

The heat transfer distribution is represented by the local Nusselt
number ðNuLÞ for nanofluid can be written as

NuL ¼ � κnf
κbf

∂θ
∂Y (32)

and at the bottom heated wall, the average Nusselt number ðNuavÞ is
expressed as

Nuav ¼ � κnf
κbf

Z 1

0

∂θ
∂Y dX (33)

The fluid motion is represented by the stream function ðψÞ which has
been defined from the components of velocity U and V. Their relations
are given by

U¼ ∂ψ
∂Y ; V ¼ �∂ψ

∂X (34)

Eqs. (32) and (33) are used calculating the heat transfer distribution
and the average heat transfer respectively. Also, Eq. (34) is applied to the
governing Eqs. (1), (2), (3), (4), and (5) analyzing the flow field in terms
of the streamlines.

3. Methodology

With the Eqs. (27), (28), (29), (30), and (31), the governing dimen-
sionless Eqs. (22), (23), (24), (25), and (26) have been solved by Galerkin
weighted residual scheme of finite element method (FEM) whose details
are well analyzed by Zienkiewicz et al. [34] and Codina [35]. Uddin and
Rahman [36] have studied the step by step finite element procedures on
the governing equations of the present problem. In this study, all the
necessary calculations have been performed to understand the finite
element method over the Eqs. (22), (23), (24), (25), and (26) and the
boundaries restriction, Eqs. (27), (28), (29), (30), and (31). Fixed
non-uniform triangular elements are constructed from the geometrical
domain in this method. Finite element equations are developed using a
six-node triangular element where six nodes are connected to velocities,
concentration, and temperature. In this case, only corner nodes of the
element are related to pressure. The pressure gradients are matching
between the momentum equations for continuity requirement and a
lower order multinomial has been chosen for the continuity equation.
Uniform pressure is considered with a linear element whereas it is
noncontinuous between elements. Then, the Galerkin weighted residual
technique is employed where the governing equations are changed to a
system of integral equations. The exact integration formula is directly
applied to each term of the integral equations. Then, to adjust the
nonlinear system of arithmetical equations, the proposed wall conditions
are executed. The set of general nonlinear arithmetical equations are
resolved in the arrangement of a matrix. Newton-Raphson iteration
technique and Euler backward scheme are used to find the solutions of
Table 2
Comparison of the present data ðNuaveÞwith those of Ghasemi et al. [37] De Vahl Davi
30, γ ¼ 0∘, Le�1 ¼ 0 and NTBT ¼ 0.

ϕ ¼ 0

RaT Ghasemi et al. [37] De Vahl Davis [38] Wan et al. [3

103 1.002 1.118 1.117
104 1.183 2.238 2.254
105 3.150 4.509 4.598
106 7.907 4.509 8.976
107 16.929 - -

5

the global matrix. A partial differential equation solver with MATLAB
interface is employed for the output of the problem. The convergence
criterion of the numerical solutions along with error estimation has been
set to

		Mmþ1 � Mm
		 � 10�5, where M is the general dependent variable

ðU; V ; θ; ΦÞ and m is the number of iteration.
The grid independence is one of the required processes before result

generation of the problem. The grid generation is a technique to divide a
domain into a set of subdomains, termed finite element. The variables are
calculated at the discrete locations defined by the numerical grid. It is
basically a discrete representation of the geometric domain on which the
problem is to be solved. Independence over the number of grids of the
geometry is one of the important analysis of the simulation. In the present
work, a widespread mesh testing procedure has been followed in order to
guarantee a grid-independent solution for a copper oxide-water nano-
fluid for the fixed value ϕ ¼ 0:05, dp ¼ 10 nm, RaC ¼ 104, RaT ¼ 106,
n ¼ 3, at ξ ¼ 1. Here, n is a spherical shaped nanoparticle. Within the
resolution field, we have examined six different non-uniform grid sys-
tems with 151, 268, 418, 778, 1140, 1773, 5120 13277 and 18719
number of elements for the geometry of case-3 where the sloping angle is
φ ¼ 15:75∘. For the abovementioned elements, to develop an under-
standing of the grid fineness, a numerical design is executed for a specific
key in terms of average Nusselt number ðNuavÞ at the bottom heated wall
as shown in Fig. 2. A small difference is observed between the scale of
average Nusselt number for elements 13277 and 18719 respectively.
Thus, in order to meet the grid independence study, 13277 elements are
used in the numerical experiment. We have also checked the grids
independency study for the quadrilateral vessel having φ ¼ 9∘ and φ ¼
0∘(square). We have found that 14906 elements and 17038 elements
meet the grids independency for case-2 having φ ¼ 9∘ and case-1 having
φ ¼ 0∘ respectively.

The code validations are also imperative practices in the computa-
s [38] and Wan et al. [39] for different values of RaT and ϕwhile RaC ¼ 0, Ha ¼

ϕ ¼ 0:02

9] Present study Ghasemi et al. [37] Present study

1.014 1.060 1.210
1.289 1.212 1.334
3.868 3.138 3.351
8.601 7.979 9.989
17.622 17.197 18.230
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tional dynamics after the grid independence study. Present numerical
code is verified by comparing the data in steady case of Ghasemi et al.
[37], De Vahl Davis [38] and Wan et al. [39]. Ghasemi et al. [37] have
studied two-dimensional natural convection flow in a square enclosure
filled with water-Al2O3 nanofluid in the presence of the magnetic field. In
this case, present code has been transferred for the alumina-water
nanofluid filled square enclosure. The nanofluid concentration equa-
tion of our study is not considered. The hydromagnetic field parameter
(Ha ¼ 30) with its inclination angle (γ ¼ 0∘) are also deliberated with the
momentum equations to make a similar study with those of Ghasemi
et al. [37]. In a special case, where RaC ¼ 0, Le�1 ¼ 0 and NTBT ¼ 0, the
average Nusselt number is estimated for the thermal Rayleigh number
between 103 and 107, and nanoparticle volume fraction ϕ ¼ 0 and ϕ ¼
0:02 which is shown in Table 2. An outstanding agreement is obtained by
the present numerical code with those of Ghasemi et al. [37]. We have
also compared the result of the present numerical code with standard
numerical results of De Vahl Davis [38] and Wan et al. [39] where an
air-filled square cavity and Pr ¼ 0:70 are considered. The average Nusselt
number for a special case where Pr ¼ 0:70, RaC ¼ 0 Le�1 ¼ 0,NTBT ¼ 0,
ϕ ¼ 0, C ¼ 0 and RaT ¼ 103 � 106 is displayed in Table 2. An excellent
accord has been found in the comparison. The agreements of the com-
parisons motivate for the further numerical results of the present study.
Fig. 3. Streamlines for the nanoparticle volume fraction ðϕÞ and thermal Rayleig
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4. Results and discussion

The thermophysical properties shown in Table 1 are used to deter-
mine the controlling parameters of the problem. The Prandtl number is
6:8377 for water. Let us assume some standard values used in available
literatures, (Buongiorno [28], Tiwari and Das [31], Williams et al. [40],
Garoosi et al. [41], Kim et al. [42], Uddin et al. [43, 44, 45, 46]) ΔT ¼
10K, ΔC ¼ 0:01, TC ¼ 300K CC ¼ 1, dp ¼ 10 nm, n ¼ 3 and ϕ ¼ 0:05.
Using these standard values and the values of thermophysical properties
from Table 1, the physical parameters entered into the governing equa-
tions are obtained as follows: Le ¼ 3:82� 105, Sc ¼ 26111,
DB ¼ 3:8525� 10�11; DT ¼ 8:7252� 10�12; NTBTC ¼ 0:75495 and
NTBT ¼ 0:0075495. The Rayleigh number ðRaTÞ and the solutal Rayleigh
number ðRaCÞ are varied to understand the nanofluid characteristics as
well as the heat transfer. The ratio of RaT and RaC is fixed to 102. Most
importantly, DB, DT ,Le, Sc, NTBTCand NTBT change according to the
particle size, nanoparticle volume fraction and thermophysical properties
of base fluid and particle. In the present investigation, the variations of
RaT ¼ 104 � 107, RaC ¼ 102 � 105, ϕ ¼ 0� 0:05, dp ¼ 1� 50 nm, φ ¼
0∘; 9∘; 15:75 ∘ on streamlines, isotherms, isoconcentrations, local and
average Nusselt number for different time steps have been analyzed.

Fig. 3 illustrates the effects of the Rayleigh number and nanoparticle
h number ðRaT Þ for the fixed nanoparticle diameter, dp ¼ 10 nm at ξ ¼ 0:2.
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volume fraction on streamlines. As can be seen that two strongly clock-
wise and anticlockwise symmetric vortices are significantly rotating in
the entire cavity showing the normal nature of convection. A velocity
layer is significantly visible between the two vortices in the middle of the
cavity for all cases. Also, two velocity boundary layers are formed
remarkably on the sloping boundaries. For the lower thermal Rayleigh
number (RaT ¼ 105), streamlines are feeble and not that much vigorous.
Streamlines have a tendency to be elongated horizontally which is an
indication of the conductive mode of energy production in the enclosure.
The two centers of the vortices are appeared near the inclined colder
walls of the cavity due to a strong temperature gradient on that part.
Maximum velocities for X and Y-directions are not significant that means
solids of the fluid is deficient in fluid motion activities. The velocity
boundary layers are not visible on the entire colder walls, only formed
near the corners of the cavity due to the formation of temperature
gradient only on that portion. Because of slow flow, the densities of the
streamlines are very high as well as uniform in this case. These are due to
the lower temperature differences which result in the lower buoyancy
force in an entire nanofluid. As the thermal Rayleigh number enhances
Fig. 4. Isoconcentrations for several nanoparticle volume fractions and thermal Rayle
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ðRaT ¼ 107Þ, the fluid motion increases, the temperature gradient forms
on the entire nanofluid as well as the boundaries of the vessel, the
streamlines become stronger and elongates vertically, maximum values
of the velocities enhance significantly and the densities of streamlines
noticeably reduced. The streamlines nonuniformly distort and some
streamlines cluster on each other. The thickness of the velocity boundary
layers on the colder walls increases. The cores of the convection cells
have a tendency to come across in the middle of the vortices and they
look like two eyes of an owl. The thickness of the resultant velocity layer
between the two big vortices decreases in this case whereas very thin
three parallel layers in the middle of the cavity are formed for higher
thermal Rayleigh number indicates a strong convection cell rotate in the
entire vessel which drives the higher heat transfer in the application.
These are due to the results of higher temperature differences within
nanofluid which create higher buoyancy force in the cavity. The fluid
motion at the corners of the geometry is high for a higher Rayleigh
number because of temperature gradient forms on the angle between two
walls. Fig. 3 also shows noticeable effects of nanoparticle volume fraction
on streamlines. The effects of nanoparticle volume fraction on fluid flow
igh number for fixed value of the nanoparticle diameter, dp ¼ 10 nm at ξ ¼ 0:2.
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are connected with the state of buoyancy force. Without nanoparticle in
the base fluid, the streamlines are expansive and loosely connected with
each other. The convective cells have a tendency to move horizontally
towards colder boundaries speedily due to results of diminutive rotations
of strong vortices. Also, for lower Rayleigh number (RaT ¼ 105), the
densities of streamlines of base fluid are high at the cores of the vortices
near a lower boundary of the cavity whereas for RaT ¼ 107 , the
convective cells of the vortices are not that much high and they are
parallel to the boundaries of the vessel. The cores of the vortices are
conspicuously distorted and velocity layers are formed significantly near
at all boundaries in this case. For nanofluid, the streamlines have a ten-
dency to be compressed to the middle of the cavity throughout the cases
due to higher densities of nanoparticles. The thickness of the boundary
layers of nanofluid is less than that of the base fluid. As nanoparticle
volume fraction increases, boundary layers thickness decreases, densities
and strength of the streamlines increases due to the random motions of
nanoparticle which enhances rotational movements in convective cells.
The maximum velocities of nanofluid increases for a certain level of
nanoparticle volume fraction and thermal Rayleigh number. As we have
seen that for, RaT ¼ 105, the maximum velocities increase up to 2.5%
nanoparticle volume fraction in the mixture and after that, they decrease.
Fig. 5. Isotherm for several nanoparticle volume fractions and
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However, RaT ¼ 107, maximum velocity increases up to 5% nanoparticle
volume fraction. These indicate that the adjustment between the buoy-
ancy force and nanoparticle volume fraction is highly required in the
application.

Fig. 4 represents isoconcentrations for several nanoparticle volume
fractions and thermal Rayleigh number. The level of isoconcentrations
represents the state of the uniformities of nanoparticles in the mixture
and this will allow us to understand the stability of solid particle. As can
be seen that two oppositely rotating symmetric loops of isoconcentration
are very active in the vessel throughout the cases. The loops of iso-
concentration are almost similar to that of the streamlines of the flow.
This indicates that the fluid flow in this geometrical shape is optimal in
the heat transfer application. The level of isoconcentration of nanofluid is
higher than that of the base fluid. This is due to superfluous random
motions of nanoparticles in water. Also, the cells of active loops for base
fluid are flourishing and dispersive in the entire cavity whereas for
nanofluid they slightly compress each other due to an increased density
of the mixture. For lower Rayleigh number, the loops of isoconcentration
elongate vertically for base fluid whereas the cells in all loops for
nanofluid distribute horizontally. This is due to the lower temperature
differences but for a higher density of nanofluid. The cells density in each
thermal Rayleigh number for fixed dp ¼ 10 nm at ξ ¼ 0:2.
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loop of isoconcentrations for nanofluid significantly higher than that of
base fluid because nanoparticle takes heat energy from the heated bot-
tom wall and randomly migrates in the entire cavity. As the nanoparticle
volume fraction increases, the levels of concentration, cells densities, and
strength of isoconcentration loops increase due to nanoparticles random
and thermophoretic diffusive nature. The effects of this phenomenon are
increased remarkably for higher buoyancy force. It is an important point
to note that for a lower Rayleigh number loops of isoconcentrations are
compressed to the base wall and not spread in the entire enclosure which
indicates that the conduction mode of heat transfer dominates in the
enclosure. On the other hand, for the higher Rayleigh number iso-
concentration cells distribute in the entire enclosure. The cells densities
of each loop are significantly higher than that of the lower Rayleigh
number. This indicates that convective cells of the isoconcentration
dominate in this case.

The effect of solid volume fraction on isotherms for selected values of
RaT at ξ ¼ 1 is displayed in Fig. 5. The results of this figure will give us
insights regarding characteristics of energy diffusion within the fluid-
filled cavity. Also, the mode of heat transfer can be identified in
different locations of the domain in this case. Each line of isotherm
within the cavity represents heat transfer capabilities from the bottom
wall to the sloping walls through the fluid. The fluid takes heat from the
Fig. 6. Vertical walls effects on flow (1st column), thermal (2nd column) and concen
ξ ¼ 0:2.
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heated wall, then carries it towards the colder wall where particles of
fluid enhance heat transfer rate on colder walls. As can be seen from the
figure that nanoparticle volume fraction and buoyancy parameter
significantly affects isotherms. For a lower value of thermal Rayleigh
number, (RaT ¼ 105), isotheres did not significantly influence near
heated and colder walls. Only in the middle of the cavity, they are nor-
mally distributed and shows convection mode of heat transfer where
little contorted cells visible. There exist poor isotherms leveling in the
entire enclosure except near the heated wall at which isotherm lines
parallel to each other which indicates that conduction mode of heat
transfer governs at a heated wall. As nanoparticle volume fraction in-
creases, isotherms compress to each other and tend to come across slowly
towards the heated wall. These are due to the lesser temperature gradient
and higher temperature differences within the fluid neighboring the
heated wall that produces higher conduction cells on that portion and
convection cells in the middle of the vessel. For RaT ¼ 106, isotherms are
distorted in the middle of the cavity and parallel distributions of isotherm
are seen near the colder walls. Isotherms are looking like shining
candlelight shaped in the middle of the vessel which indicates convection
mode of heat transfer dominates in this case. As nanoparticle volume
fraction increases, in this case, isotherms are highly compacted and
curved in the middle and coming close to the lower wall due to the
tration (3rd column) fields for fixed dp ¼ 10 nm, RaT ¼ 1:72� 107, ϕ ¼ 0:05 at
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addition of more nanoparticles with base fluid. This indicates a higher
convection mode of heat transfer happens in the middle. As thermal
Rayleigh number increases, the distortions and levels of isotherms in-
crease which yields convection mode of heat transfer significantly in-
creases. For RaT ¼ 107, the thermal boundary layer of isotherms formed
on the colder walls designates higher conduction mode of heat transfer.
The isotherms noticeably bloom at the heated wall indicates convection
mode of heat transfer dominates. It is important to observe that only
convective isotherm cells exist in the middle of the vessel. As nano-
particle volume fraction increases in this situation, isotherms distorts to a
greater extent. Also, the thickness of the boundary layers decreases as a
result of increased migrations and interactions of solid nanoparticles for
advanced temperature variances. Henceforth, it can be settled that in the
whole vessel apart from near the leaning partitions and an insulated
upper barricade, isotherms deformed severely that specifies advanced
convection mode of heat transfers. Also, as solid particle rises in the fluid,
the upturn curves of temperature traced in the entire cavity. Hence, the
higher heat transfer can be found at the higher nanoparticle volume
fraction and thermal Rayleigh number.

The effects of three sloping angles (φ ¼ 15:75∘,φ ¼ 9∘ φ ¼ 0∘) on
streamlines, isotherms, and isoconcentrations have been depicted in
Fig. 6. As can be seen that streamlines, isotherms, and isoconcentrations
are significantly influenced by the sloping angles. The symmetric pattern
of isotherms, streamlines and isoconcentrations occur inside the cavity
for three distinct sloping angles. These happen because the quadrilateral
Fig. 7. Effects of φ ¼ 15:75∘, φ ¼ 9∘ and φ ¼ 0∘ in terms of Nuav for (a) Rayleigh num
10 nm, RaT ¼ 1:72� 107, ϕ ¼ 0:05 at ξ ¼ 0:2.
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vessel is symmetric with a uniform thermal boundary condition acts on
the bottom wall and higher buoyancy force acts against gravity. Also,
thermal diffusions of nanoparticles happen uniformly in the entire cavity.
The two opposite rotational vortices strongly visible throughout the
cases. Two oppositely rotational vortices are strongly visible throughout
the cases. The cores of the streamlines are looked like owls eyes. The
velocity layers are significantly pronounced on the vertical walls as well
as in the middle of two vortices. However, there are significant distinc-
tions among three streamlines in three different geometries. The velocity
boundary layer thickness as well as the layers in the middle vortices,
streamlines densities and cores areas of two vortices inside the quadri-
lateral having, φ ¼ 15:75∘ are pointedly higher than that of other quad-
rilaterals having φ ¼ 9∘ and φ ¼ 0∘ respectively. It is important to note
that velocities in X-direction are same throughout the cases whereas
velocity in Y direction within the cavity having an angle φ ¼ 15:75∘ is
higher than that of the cavity having angles φ ¼ 9∘ and φ ¼ 0∘ respec-
tively. These are due to the fact that the two higher tended colder walls
are closed to a heated wall which can take heat hastily. Also, the solid
nanoparticle can rapidly migrate from the heated wall to the colder walls
and after that can come back quickly in the middle portion of the vessel.

This figure also depicts the changes of isotherms for three different
sloping angles (φ ¼ 15:75∘, φ ¼ 9∘ and φ ¼ 0∘). As we have seen that
isotherms are strong, contorted and spread in the entire geometry
throughout the cases. However, little distinctions among them can be
observed. The isotherms of the trapezoidal cavities are slightly stronger
and more convoluted than that of the square geometry (φ ¼ 0∘). The
ber (b) nanoparticle volume fraction and (c) nanoparticle diameter for fixed dp ¼
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convective cells for case-1 ðφ¼ 15:75∘Þ are higher than that of case-2
(φ ¼ 9∘). The thermal boundary layer thickness in the geometry for
case-3 (φ ¼ 15:75∘) is less than that of the other two cases. This happens
because particles can take heat from the heated wall and immediately
migrates to the colder walls rather than staying in the middle. These
indicate that higher heat transfer happens in the quadrilateral vessel
having a higher possible sloping angle (φ). Also, two strong loops of
isoconcentrations are spread in the entire quadrilateral vessel in all cases.
Surprisingly, slightly more uniformities of nanoparticles in the base fluid
and firmest isoconcentrations are observed for case-2. The densities and
levels of the convective cell of isoconcentrations are higher than that of
the other two cases. This indicates that spacious geometry with slanting
colder walls can determine the higher stabilized condition in the heat
transfer application.

The effects of three sloping angels (φ ¼ 15:75∘, φ ¼ 9∘ and φ ¼ 0∘) in
terms of average Nusselt number are described in Fig. 7. This illustrates
heat transfer rate on the heated bottom wall of the cavity for different (a)
thermal Rayleigh number (b) nanoparticle volume fraction and (c)
nanoparticle diameter when dp ¼ 10 nm, RaT ¼ 1:72� 107 , ϕ ¼ 0:05.
We have seen that the average Nusselt number is significantly enhanced
if the sloping angle, thermal Rayleigh number, nanoparticle volume
fraction are increased and nanoparticle diameter is decreased. From
Fig. 7 (a), we have seen that as the angle, φ increases, the average heat
Fig. 8. (a) velocity in X-direction (b) velocity in Y-direction (c) temperature, and (d)
10 nm, RaT ¼ 107, ϕ ¼ 0:05 at ξ ¼ 0:2.
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transfer increases. This enhancement in heat transfer is significantly
higher for the lower thermal Rayleigh number than that of the higher
thermal Rayleigh number. As thermal Rayleigh number goes to a point-
edly high value, the average Nusselt number on the heated wall tends to
meet at a certain point. Average Nusselt number is almost similar for both
RaT ¼ 105 and RaT ¼ 104 in all circumstances which indicate a pure
conduction mode of heat transfer. Importantly, rapid heat transfer
enhancement starts from RaT ¼ 105 in all cases and this represents a
critical thermal Rayleigh number of the current system. Fig. 7(b) shows
augmentation in heat transfer for three different sloping angles (φ). It
observes that the heat transfer improvement is not that much significant
for the base fluid whereas remarkably higher heat transfer increment
occurs for nanofluid. Also, as nanoparticle volume fraction increases in
nanofluid, heat transfer increases promptly for the vessel having φ ¼
15:75∘ whereas it rises regularly for a square enclosure where φ ¼ 0∘. The
effects of nanoparticle size in terms of average Nusselt number in three
different sloping angles of the vessel are depicted in Fig. 7(c). As can be
seen that a rapid decrease in heat transfer is found for the particle size 1
nm to 10 nm and after that, a gradual decrease is noticed for all sloping
angles. The declined in heat transfer rate happens significantly for the
trapezoidal vessel having (φ ¼ 15:75∘and φ ¼ 9∘) than that of a square
cavity where φ ¼ 0∘. So, it can be concluded that the nanoparticle size
and geometrical shape of heat transfer objects matter outstandingly in
concentration profile on the cut-line at Y ¼ 0:4; 0:14 � X � 0:86 for fixed dp ¼
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the heat transfer application.
The velocity in X-direction, velocity in Y-direction, temperature and

concentration profile at Y ¼ 0:4 , 0:14� X � 0:86 of trapezoidal cavity
having φ ¼ 15:75∘ is shown in Fig. 8 (a)–(d) respectively. From Fig. 8(a),
we have seen that the distribution of U-velocity is almost zero on the cut-
line for lower thermal Rayleigh number, RaT ¼ 103 � 105. The positive
and negative values of U-velocity are found for RaT ¼ 106� 107 and the
U-velocity increases at interval 0:45� X � 0:86 and decreases at
0:14� X � 0:45 significantly for RaT ¼ 106 � 107 whereas it intersects
at X ¼ 0:45, Y ¼ 0:4 . The maximum and minimum values of U-velocity
are found near at the right and left walls of the cavity respectively in this
case. The maximum and minimum values of U-velocity increase rapidly
as the thermal Rayleigh number enhances. Interestingly, similar results
are found for V-velocity for lower Rayleigh number (RaT ¼ 103 � 105)
but for a higher Rayleigh number, the patterns and distributions of V-
velocity are distinct than that of U-velocity shown in Fig. 8(b). We have
seen that a positive downward parabolic profile on 0:3� X � 0:7 and
two negative upward parabolic profile of V-velocity along with two
intersecting points on the cut-line at X ¼ 0:3 and X ¼ 0:7 are observed.
For the higher Rayleigh number, two similar minimum values of
V–velocity have been found on the cut-line at which the minimum and
maximum of U-velocity are found whereas maximum value of V-velocity
is found at which U-velocity is intersected. Also, V-velocity distribution
expanses sharply in this case. Temperature profiles for various thermal
Fig. 9. Local Nusselt number versus (a) Y ¼ 0:4; 0:14 � X � 0:86 (b) U-velocity (c)
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Rayleigh number shown in Fig. 8(c).
The simultaneous semicircular shaped of temperature profiles are

observed for RaT ¼ 103 � 104. Interestingly, the temperature distribu-
tions are increased significantly for RaT ¼ 104 � 106. Also, maximum
temperature is found at the middle of the cut-line for RaT ¼ 106 which
indicates that thermal diffusion of nanoparticles is maximum at that
point. For RaT ¼ 107, temperature profile is distorted and declined
rapidly in the middle, have a tendency to be distributed evenly and
enhanced at both sides of the cut-line than that of RaT ¼ 106 which
shows a uniform temperature distribution. This is due to the higher
temperature differences in the entire cavity that strengthen the buoyancy
force which acts against the gravity. The thermal diffusions of solid
nanoparticles occur in the entire vessel as well, which makes even tem-
perature distribution. The concentration profile has been shown in
Fig. 8(d), and depicted that as thermal Rayleigh number enhances,
concentration profiles and uniformity of concentration levels enhance
meaningfully in the whole cavity. For RaT ¼ 103, higher concentration
notices at the left and right sides of the cut-line whereas in themiddle it is
almost zero whereas concentration profile and levels are fluctuated for
RaT ¼ 103 � 106. Henceforth, uniform nanoparticle distributions with
nanofluid happens at higher Rayleigh number.

The time evolution for a steady-state solution has been illustrated by
Fig. 9(a)–(d). In this section, we have investigated time evolution for a
steady-state solution for different parameters entered into the problem.
V-velocity and (d) concentration, C for fixed dp ¼ 10 nm, RaT ¼ 106, ϕ ¼ 0:05.
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Note: the analysis of stability or instability for various ranges of param-
eters within the prescribed domain have not taken part in the current
result and discussion. Here, Fig. 9(a)–(d) represents local Nusselt number
distribution for natural values of X (within the domain), velocity in
X-direction, velocity in Y-direction, temperature, and concentration for
numerous time steps on the cut-line at Y ¼ 0:4 , 0:14� X � 0:86. The
pattern and distributions of local Nusselt number showed significant
dissimilarities because of the different contributions from each variable.
Concomitantly, the change in heat transfer has a significant dependence
compared to the natural phenomenon on time, thus the local Nusselt
number has been significantly influenced by several time steps. The local
Nusselt number versus X values of the cut-line for different times has
been depicted in Fig. 9(a). Where the heat transfer distribution increases
normally for the initial periods of time, then starts to decrease with
contortions and it becomes steady after a certain time. The steady-state
local Nusselt number has been obtained at ξ ¼ 0:021 where the heat
transfer distributions are symmetric on the cut-line but overlapped each
other after a certain period of time. The maximum heat transfer obtained
at X ¼ 0:5 and minimum heat transfer occurred at the left and right side
of the line because the cavity's slanting walls influence nanoparticles to
diffuse in the middle.

For different time steps, the heat transfer distribution versus velocity
in X direction has been represented in Fig. 9(b). We have seen equal
Fig. 10. Local Nusselt number distribution on the vertical cut-lines of the trapezoidal
0:6 when dp ¼ 10nm, ϕ ¼ 0:05, RaT ¼ 106.
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positive and negative distributions of U-velocity on the cut-line which
indicate identical symmetric clockwise and anticlockwise rotations of
vortices in the cavity for heat transfer enhancement. The maximum heat
transfer has been noticed at U ¼ 0. Elliptic shaped of heat transfer dis-
tributions are observed for ξ 2 ½0:003; 0:01�. As time goes on, interest-
ingly symmetric shaped of heat transfer disseminations has been
contributed for U-velocity. After ξ ¼ 0:017, the heat transfer distribu-
tions have coincided for the rest of the time steps which means that
steady solution occurred for U-velocity at this time period. Fig. 9(c)
represents the local Nusselt number distributions versus V-velocity.
Overlapped and asymmetric heat transfer distribution have been
observed for negative and positive V-velocity for various time steps. As
time is increased, the heat transfer distributions are increased. The heat
transfer distribution looks like a loop for negative V-velocity whereas it
decreases significantly and almost an increasing line for positive V-
velocity.

The maximum heat transfer has been noticed for a higher positive
value of V-velocity. The steady state heat transfer distribution occurs for
the contribution of V-velocity at ξ ¼ 0:028. Fig. 9 (d) represents time
effects on heat transfer distribution for concentration on the cut-line. As
can be seen that the heat transfer distribution for various concentration
levels has been changed over the periods of time. The higher heat transfer
has been noticed at the higher concentration levels. Initially, local
cavity for several time steps at (a) X ¼ 0:2, (b) X ¼ 0:3 (c) X ¼ 0:5, and (d) X ¼
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Nusselt number distributions have been found at the low concentration
level. As time increases, the local Nusselt number distributions have been
shifted at higher concentration levels. So, steady state and higher heat
transfer distribution can be obtained after a certain time period.

The time evolutions in terms of local Nusselt number distributions on
the numerous vertical cut-lines have been shown in Fig. 10 (a)–(d). As
can be seen that time steps significantly affects the local Nusselt number
distribution. The pattern and distributions of local Nusselt number on
different vertical cut-lines are dissimilar at different positions in the
cavity. Initially, local Nusselt number distributes on the lower portion of
the cut-line and as time goes on, it propagates in the entire line
throughout the cases. The higher value of local Nusselt number has been
observed at the lower side of the cut-line because of the heated wall.
Fig. 10(a) shows local Nusselt number distributions on a vertical cut-line
at X ¼ 0:2 for different time steps. It is seen that as time step increases,
the local Nusselt number distributions rise sharply with fluctuating. After
a certain time, it reaches a stable state with little change. The steady state
condition of local Nusselt number occurs at ξ ¼ 0:028 in this case. The
maximum values of local Nusselt number for different time steps have
been obtained at Y ¼ 0:03. The local Nusselt number distributions (NuL)
for various time steps drop down sharply from their maximum values at
Y ¼ 0:12. Then heat transfer distributions look like a downward
parabola shaped where distributive lines overlap each other. Fig. 10(b)
represents the local Nusselt number (NuL) distributions on the line at X ¼
0:3 different time steps. The patterns of NuL curves are importantly
different than that of the curves at X ¼ 0:2. As can be seen that the
distributions of local Nusselt number for different time stages have been
increased initially and then fluctuated. They are looked like different
oceanic waves throughout the time periods. The maximum NuL has been
found at Y ¼ 0:08 for ξ ¼ 0:008 and local Nusselt number curve starts
increasing from a higher value, reached to a peak, then drops down
sharply to a lower value and then again distribute in a wavy pattern.
These patterns of heat transfer distribution within a vessel indicate that
the molecules, as well as nanoparticles random motions and thermo-
phoretic behaviors, contribute to heat transfer enhancement. The steady
state solution, in this case, occurred at ξ ¼ 0:04. Instead of wavy shaped,
almost downward parabolic local Nusselt number distributions have
been noticed for numerous time steps on a vertical cut-line at X ¼ 0:5
which is portrayed in Fig. 10 (c). In addition, the heat transfer dissemi-
nations have been fluctuated and overlapped for a certain time step and
then they become steady for the rest of the time. The steady state solution
in terms of NuL has been ensued early at ξ ¼ 0:027 than that of other
cases. Among the maximum values of local Nusselt number in various
positions within the cavity, the highest maximum value has been ob-
tained in this case because higher thermal diffusions happen in the
middle of the cavity. Fig. 10 (d) represents local Nusselt number distri-
butions at X ¼ 0:6. It is observed that theNuL distributions are similar for
the initial time steps with that of the distributions at X ¼ 0:5. As time
increases, the NuL distributions reach to a peak and then fluctuates. After
a certain time step, the NuL distributions drop down sharply at Y ¼ 0:18.
The steady state solution has been attained at ξ ¼ 0:035 in this case.

5. Conclusions

In the present article, the natural convective copper-oxide water
nanofluid flow and heat transfer within the quadrilateral vessel using a
dynamic model has been investigated numerically. The flow patterns,
thermal fields, concentration levels of the nanofluid and base fluid, im-
pacts of variables for different relatable parameters and effects of sloping
angles of the vessel are investigated. The central results of the investi-
gation can be summarized as:

(1) A trapezoidal cavity having a possible higher sloping angle ex-
hibits higher heat transfer.

(2) Higher heat transfer distribution has been obtained at higher
thermal Rayleigh number and nanoparticle volume fraction.
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(3) For higher nanoparticle volume fraction in the solution, higher
thermal Rayleigh number is required.

(4) Adjustment between nanoparticle volume fraction and the buoy-
ancy force has been highly required to find an optimum nanofluid
flow.

(5) As nanoparticle volume fraction and thermal Rayleigh number
increases and particle diameter decreases, the mean heat transfer
increases significantly for a trapezoidal cavity having higher
slopping angle.

(6) 105 is the critical thermal Rayleigh number of the present
problem.

(7) Symmetric distribution of velocity, temperature and concentra-
tion profiles within the cavity have been obtained at the higher
Rayleigh number.

(8) The local Nusselt number dissemination on the horizontal cut-line
are symmetric within the cavity whereas the asymmetric distri-
bution of local Nusselt number has been found on the vertical cut-
line of the cavity.

(9) The steady-state solution of the problem occurs at different time
steps and it depends on the particular parameter settings and
geometrical space.
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