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We report an effective and robust method for nuclear magnetic resonance (NMR) longitudinal relaxation
time–transverse relaxation time (T1–T2) inversion with double objective functions. First, we develop the
first objective function based on L1 regularization, proposed an effective method to choose the optimum
L1 regularization parameter, and solve the objective function employing a two-step iterative shrinkage/
thresholding algorithm. Subsequently, we update the kernel matrix based on the solution of the first
objective function, and then develop the second objective function using the measured data and updated
kernel matrix based on the least-squares principle, and we use the conjugate gradient algorithm for the
first time to solve the objective function about NMR data inversion. To improve the speed of NMR T1–T2
inversion, we present a Gaussian-based random SVD method. Finally, numerical and experimental exam-
ples are done to test the robustness of the proposed inversion method. The results indicate that the pro-
posed inversion method can effectively achieve NMR T1–T2 inversion at a low data SNR.

� 2019 Elsevier Inc. All rights reserved.
1. Introduction

Nuclear magnetic resonance (NMR) is a sophisticated technol-
ogy today, and it has been broadly applied in the areas of physics,
chemistry, medicine and geoscience [1–5]. For example, NMR tech-
nology in geoscience is commonly used to identify fluid types and
calculate reservoir petrophysical parameters like porosity, pore
structure, wettability, permeability and bound water saturation
[4–10]. Measured relaxation information about longitudinal relax-
ation time (T1) or transverse relaxation time (T2) by NMR is tightly
associated with the sample physical and structural properties, so
NMR measurement is a powerful tool to characterize the sample
components and structures. Unfortunately, the signals of different
components for a complex sample sometimes overlap in one-
dimensional (1D) NMR map, leading to the misunderstandings of
the sample components. Two-dimensional (2D) NMR can provide
more detailed and more information than 1D NMR [11–13], and
T1–T2 measurement that can acquire T1 and T2 information simul-
taneously is an example. Hence, interpreting the properties of the
mixture is more accurate based on the T1–T2 map than based on
the single T1 or T2 map.
However, measured 2D NMR signals do not directly exhibit dif-
ferent relaxation components. It is wise to invert the signals into
intuitive 2D NMR map, but the inversion problem is an ill-posed,
which means that little changes in the collected signals can make
huge differences in the inverted NMR map, especially when
signal-to-noise ratio (SNR) of signal is low. Researchers have given
much time and attention to focus on developing accurate 2D NMR
map inversion methods. We categorize the inversion methods into
explicit regularization methods and iterative methods according to
the form of the objective function. The objective functions of expli-
cit regularization methods consist of a regularization term and a
fitting residual term. Different regularization methods have differ-
ent penalty functions in the regularization term. Venkataramanan
et al. [12], Song et al. [13] used Frobenius norm of the solution as
the penalty function, known as L2 regularization. The Butler–Ree
ds–Dawson (BRD) algorithm [14] and Levenberg–Marquardt (LM)
algorithm [15] can be used for solving the L2 regularization. Pro-
vencher [16] used the second derivative operator of the solution
as the penalty function, which can be solved by the CONTIN algo-
rithm. Unfortunately, the inverted NMRmaps by this algorithm are
characterized by over-smoothed weak peaks and under-smoothed
strong peaks. Chouzenoux et al. [17] used the standard Shannon
entropy of the solution as the penalty function, known as maxi-
mum entropy regularization, and then Zou et al. [18] developed a
modified Shannon entropy function as the penalty function, and
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applied the LM algorithm for solving the objective function. Zhou
et al. [19], Reci et al. [20], and Guo et al. [21] utilized the L1 norm
of the solution as the penalty term, known as L1 regularization,
which can be solved by the iterative shrinkage/thresholding (IST)
algorithm or the primal-dual hybrid gradient algorithm. The sparse
NMR map can then be obtained using the L1 regularization
method, but selecting the optimum L1 regularization parameter
is the major obstacle. Unlike the above-stated regularization
method with a regularization term, Berman et al. [22], Wang
et al. [23], and Guo et al. [24] implemented two different penalty
functions with different regularization parameters, unfortunately,
there has not been unified standard for selecting the two regular-
ization parameters.

The iterative method does not have a regularization term in the
objective function. Prammer [6] first proposed the truncated singu-
lar value decomposition (TSVD) algorithm to invert NMR data. Sub-
sequently, the TSVD algorithm was improved continually by some
researchers [25–27]. Sadly, the inverted NMR maps by the TSVD
algorithm are not ideal for a low SNR data. Sebastião and Braga
[28] and Sebastião et al. [29] inverted NMR echo data using the
Hopfield neural network method to retrieve T2 map and diffusion
coefficient map. The least-squares QR decomposition (LSQR) algo-
rithm proposed by Paige and Saunders [30] is an algorithm of solv-
ing the least-squares problem with a Lanczos iteration. Tan et al.
[11,31] first used the LSQR algorithm to invert NMR echo data,
and proposed an LSQR–TSVD hybrid inversion algorithm, and con-
cluded that the accuracy was higher for the hybrid algorithm than
for the single algorithm. Su et al. [32] proposed an adaptive NMR
inversion algorithm combining the LSQR and L curve. The inverted
NMR maps by the LSQR algorithm usually exhibit some fake peaks,
which sometimes lead to wrong estimate for the real components.
Wang et al. [33] proposed a simultaneous iterative reconstruction
technique (SIRT) algorithm. The initial values of the SIRT algorithm
affect the precision and convergence rate; the inverted NMR map
with a long relaxation time from the SIRT algorithm may show
many peaks for a low SNR data.

The above descriptions show that the existing inversion meth-
ods have their respective shortcomings and need improvement.
Traditional inversion methods are based on the idea of solving an
objective function of NMR inversion problem with different algo-
rithms, but sometimes it is not enough just to use an objective
function during NMR map inversion. In this paper, a novel method
for NMR map inversion based on double objective functions was
proposed. The first objective function is established based on L1
regularization, and the second objective function is established
based on the least-squares principle and the solution of the first
objective function. In addition, the amount of the measured 2D
T1–T2 data is very large, so the data inversion is time-consuming
and requires a huge amount of memory. Considering the problem
of 2D data quantity, an efficient method was proposed to compress
NMR data. Finally, the robustness and effectiveness of the pro-
posed method were tested by numerical and experimental
examples.

2. Problem statement

NMR T1–T2 measurement can acquire T1 and T2 information
simultaneously, which helps us to distinguish each component of
measured samples. The inversion-recovery (IR) Carr–Purcell–Mei
boom–Gill (CPMG) pulse sequence is usually used for T1–T2 mea-
surement due to its high resolution for a short T1 component.
The measured echo data using the IR CPMG pulse sequence can
be written based on the Fredholm integral equation of the first
kind
Y TW ;tð Þ¼
Z Z

1�2exp �TW
T1

� �� �
exp � t

T2

� �
S T1;T2ð ÞdT1dT2þE TW;tð Þ

ð1Þ
where t is the measuring time; Y TW; tð Þ are the measured echo data
at time t as wait time is TW; S T1; T2ð Þ is the unknown T1–T2 map to
solve; and E TW; tð Þ is the noise.

The discrete form of Eq. (1) can be expressed as

Y TWm; tið Þ ¼
XJ

j

XP
p

1� 2exp �TWm

T1;p

� �� �
exp � ti

T2;j

� �
S T1;p; T2;j
� �

þ E TWm; tið Þ ð2Þ
where Y TWm; tið Þ and E TWm; tið Þ are the measured echo data and
noise with the mth (m = 1, 2, 3, . . . , M) wait time at time ti (i = 1,
2, 3, . . . , I); S T1;p; T2;j

� �
is the T1;p; T2;j

� �
amplitude in the unknown

T1–T2 map to solve.
The matrix form of Eq. (2) is written as

Y ¼ K1SK
T
2 þ E ð3Þ

where Y and E with a size of M � I are the measured echo data and
noise; the elements of K1 with a size of M � P are

K1 m;pð Þ ¼ 1� 2exp � TWm
T1;p

� 	
; the elements of K2 with a size of I � J

are K2 i; jð Þ ¼ exp � ti
T2;j

� 	
; S with a size of P � J is the unknown

T1–T2 map to solve; superscript T stands for the transpose of matrix.
The 2D NMRmap inversion problem can be described as a prob-

lem of how to solve S under the condition that the measured data Y
and the kernel matrices K1 and K2 are known. In a 2D NMR inver-
sion problem, 2D problem is usually transformed to a 1D problem,
which is then solved using an inversion algorithm; subsequently,
the 1D solution is reallocated to a 2D space. Thus, it would be
obtain

y ¼ Ksþ e ð4Þ
where y ¼ vect Yð Þ; s ¼ vect Sð Þ; e ¼ vect Eð Þ;K ¼ K1 � K2; vect() rep-
resents the operator establishing a new vector through stacking all
the columns of a matrix; � represents the Kronecker product of two
matrices.

NMR data inversion, solving s according to Eq. (4), is an ill-
posed problem. More careful attention should be paid to the inver-
sion to improve the precision of NMR data processing.

3. Methods

3.1. Compression method

Considering the large size of 2D NMR datasets, the measured
data y and kernel matrix K in Eq. (4) were usually compressed
before inversion to improve the inversion speed [34,35]. The SVD
method is the most popular compression method, but it is time-
consuming because of SVD of kernel matrix K. In this paper, a
Gaussian-based random SVD method was proposed to compress
the NMR data; in this method, a low-dimensional matrix is devel-
oped based on kernel matrix K and subsequently an SVD is imple-
mented for the low-dimensional matrix to obtain the compression
matrix [36], so the proposed method can save a large amount of
time in the SVD of matrix. First, a random matrix Q satisfying Eq.
(5) was constructed based on random sampling,

K � QQ TK ð5Þ
Then, a low-dimensional matrix T was given by

T ¼ Q TK ð6Þ



Fig. 1. Flowchart of the Gaussian-based random SVD method for NMR data
compression.
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Finally, we complement SVD for matrix T rather than matrix K.
Obviously, the former saves much time to perform SVD.

The detailed steps of the method are as follows: (1) input the
kernel matrix K, measured data y, and compression number nc;
(2) determine the column of K and develop a Gaussian-based ran-
dommatrix Pwith a size of n� nc; (3) calculateW = KP and obtain
the orthonormal matrix Q of the matrix W using QR decomposi-
tion; (4) calculate the low-dimensional matrix T = QTK and per-
form an SVD of the matrix T ¼ URVT; (5) calculate the new

matrix U
_

¼ QU and output the kernel matrix K
_

¼ U
_T

K and mea-

sured data y
_ ¼ U

_T

y after compression. Therefore, the flowchart of
Gaussian-based random SVD method to compress NMR data was
given in Fig. 1.

3.2. Inversion method

Proper objective function is essential for the inversion of T1–T2
map. An objective function is usually developed based on the mea-
sured data and constructed kernel matrix in the traditional inver-
sion methods. The inversion results may deviate from the true
solution for the noisy data, especially for low SNR data. In this
study, a novel method to invert NMR map was proposed based
on double objective functions. First, an objective function based
on L1 regularization was developed, which can be written as
[19,21]

arg
sP0

min L sð Þ ¼ 1
2
k y � Ks k22 þ kk s k1 ð7Þ

where k > 0 is the L1 regularization parameter that controls the
weight of the residual and the regularization term. Subsequently,
the kernel matrix was updated based on the solution of Eq. (7).
Then, another objective function was developed from the measured
data and the updated kernel matrix based on least-squares princi-
ple, which can be written as

arg
s�P0

min L� sð Þ ¼ 1
2
k y � K�s� k22 ð8Þ

where K� is the sub-matrix of K obtained by deleting the columns of
K corresponding the solution s of Eq. (7) equaling to 0. Finally, the
solution s� of Eq. (8) was solved, and the nonzero elements of swere
sequentially replaced with the elements of s� to obtain the final
inversion solution. The aim of the second objective function [Eq.
(8)] is to optimize the solution of the first objective function [Eq.
(7)] and make the final solution closer to the true solution.

Eq. (7) can be solved by many algorithms, such as primal-dual
hybrid gradient algorithm and IST algorithm. However, each itera-
tive solution depends only on the previous iterative solution for
these algorithms, so the convergence speeds of the algorithms
need to be improved. Thus, Eq. (7) was solved using a two-step
IST (TIST) algorithm [21,37] that each iterative solution depends
on the two previous ones and the convergence speed is faster.
The iterative approach can be expressed as

s2 ¼ Wk s1 þ KT y � Ks1ð Þ
� 	

ð9Þ

stþ1 ¼ 1� að Þst�1 þ a� bð Þst þ bWk st þ KT y � Kstð Þ
� 	

; t > 1

ð10Þ
where t is the iteration time; st is the tth iterative solution; a and b
are step size parameters (a–1, b–1); andWk is the soft thresholding
function, that is expressed as

Wk xð Þ ¼ soft x; kð Þ ¼ sign xð Þmax xj j � k;0ð Þ: ð11Þ
To guarantee convergence of the algorithm, the objective func-
tion value L sð Þ should be reduced after each iteration, i.e.,
L st þ 1ð Þ 6 L stð Þ. However, L st þ 1ð Þ may be larger than L stð Þ using
the iteration of Eq. (10). The algorithm at a ¼ b ¼ 1 is convergent,
and the proof is shown in [38]. Thus, we replace Eq. (10) with

st þ 1 ¼ Wk st þ KT y � Kstð Þ
� 	

when L st þ 1ð Þ > L stð Þ. Comprehen-

sively, we would implement the following iteration for t > 1,

stþ1 ¼ Wk st þ KT y � Kstð Þ
� 	

; L mð Þ > L stð Þ
m; L mð Þ 6 L stð Þ

(
ð12Þ

wherem is determined from Eq. (10); and L stð Þ is the value of objec-
tive function [Eq. (7)] at iteration time t � 1.

Many optimization algorithms can be used for solving Eq. (8),
including the steepest descent (SD) algorithm, the conjugate gradi-
ent (CG) algorithm and the Newton algorithm among others [39–
41]. These algorithms have been widely used for the inversion of
seismic data, magnetotelluric sounding data, and heat conduction.
However, the CG algorithm overcomes the shortcoming of the SD
algorithm that has a very slow convergence speed and avoids the
shortcoming of the Newton algorithm that computes Hessian
matrix and its inverse matrix, and it is a revision of the conjugate
direction algorithm. Based on this, the CG algorithm was used to
solve Eq. (8). If the solution of Eq. (7) is expressed as sold, the initial
solution of Eq. (8) could be written as s�1 that is the sub-matrix of
sold obtained by deleting all elements with a value of 0. In the CG
algorithm, the initial search direction d1 ¼ y � K�s�1 and the kth
search direction dkþ1 is a linear combination of the negative gradi-
ent �rL� s�kþ1

� �
and the previous search direction dk, given by

dkþ1 ¼ dk � a�
kþ1rL� s�kþ1

� � ð13Þ

where a�
kþ1 is the combination coefficient at the kth iteration. For

k P 1, the solution s�kþ1 for Eq. (8) can be calculated from s�k by
means of a line search along dkþ1. Therefore, the iteration scheme



Fig. 2. Flowchart of the proposed inversion method.

Fig. 3. Diagram of the logarithmic relationship between the residual v2 skð Þ and the
L1 regularization parameter k.

Fig. 4. Oil-water T1–T2 map model.

Fig. 5. Calculated echo data of oil-water model without noise.
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of the CG algorithm for solving Eq. (8) can be expressed as Eqs.
(14)–(20), and the iteration time k is more than 0.

qkþ1 ¼ K�pkþ1 ð14Þ

a�
kþ1 ¼ k hk k22=k qkþ1 k22 ð15Þ

s�kþ1 ¼ s�k þ a�
kþ1pkþ1 ð16Þ

dkþ1 ¼ dk � a�
kþ1qkþ1 ð17Þ
hkþ1 ¼ K�ð ÞTdkþ1 ð18Þ

b�
kþ1 ¼ k hkþ1 k22=k hk k

2

2 ð19Þ

pkþ2 ¼ hkþ1 þ b�kþ1pkþ1 ð20Þ

where the initial value p2 ¼ h1 ¼ K�ð ÞTd1.
The proposed inversion method was summarized in the flow-

chart, as shown in Fig. 2.

3.3. Choice of L1 regularization parameter k

The regularization parameter provides a tradeoff between regu-
larity and fidelity-to-data; the parameter directly determines the
quality of the inversion results [12,17,42]. Hence, when the first
objective function [Eq. (7)] is solved, choosing an appropriate L1
regularization parameter is of significance. In this study, an effec-
tive method for choosing L1 regularization parameter was
proposed.

The residual with different regularization parameters can be
calculated from

v2 skð Þ ¼ 1
2
k Ksk � y k22 ð21Þ

where sk is the solution of the first objective function with the reg-
ularization parameter k.

The logarithmic relationship between the residual v2 skð Þ and
the L1 regularization parameter k can be plotted, as shown in
Fig. 3. Different from the L2 regularization method, the residual
for the L1 regularization method does not increase with the



Fig. 6. Inverted T1–T2 maps of oil-water model with different SNRs using the TSVD method. (a) SNR = 5; (b) SNR = 10; (c) SNR = 20; (d) SNR = 40.

Fig. 7. Inverted T1–T2 maps of oil-water model with different SNRs using the norm smoothing method. (a) SNR = 5; (b) SNR = 10; (c) SNR = 20; (d) SNR = 40.
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increase in the value of the regularization parameter. Fortunately,
too large or too small L1 regularization parameter results in a high
residual from Fig. 3. The global minimum residual can be found at
the red1 point in Fig. 3, and the corresponding sk is considered as the
1 For interpretation of color in Fig. 3, the reader is referred to the web version of
this article.
optimum solution of Eq. (7), thus the corresponding k is the opti-
mum L1 regularization parameter.

Above all, only calculate the residuals with different regulariza-
tion parameters, and then obtain the optimum L1 regularization
parameter kopt which is the corresponding k with the smallest
residual.



Fig. 8. Inverted T1–T2 maps of oil-water model with different SNRs using the curvature smoothing method. (a) SNR = 5; (b) SNR = 10; (c) SNR = 20; (d) SNR = 40.

Fig. 9. Inverted T1–T2 maps of oil-water model with different SNRs using the proposed method. (a) SNR = 5; (b) SNR = 10; (c) SNR = 20; (d) SNR = 40.
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4. Numerical examples

In this section, some numerical examples were implemented to
validate the practicability and effectiveness of the proposed
inversion method. Two formation T1–T2 map models with a poros-
ity of 12 pu were developed, which are oil-water model and gas-
water model. All the results were obtained from the same
computer.



Table 1
Comparisons of the inversion results of different methods for oil-water model.

Method SNR

40 20 10 5

TSVD Porosity (pu) 12.73 13.34 13.41 13.50
RE 0.79 0.82 0.85 0.85

Norm smoothing Porosity (pu) 12.12 12.22 12.34 12.46
RE 0.34 0.41 0.61 0.74

Curvature smoothing Porosity (pu) 12.05 12.10 12.25 12.55
RE 0.35 0.48 0.65 0.76

Proposed method Porosity (pu) 12.04 12.10 12.15 12.18
RE 0.28 0.33 0.40 0.55

Fig. 10. Gas-water T1–T2 map model.

Fig. 11. Calculated echo data of gas-water model without noise.
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4.1. Oil-water model

Oil-water T1–T2 map model containing bound water, free water
and light oil was displayed in Fig. 4. The porosities of bound water,
free water and light oil were all 4 pu, and their T1 and T2 were
0.01 s and 0.015 s, 0.2 s and 0.2 s, and 0.8 s and 1 s, respectively.
The following forward parameters were set: the wait time group
was [0.0001 0.0005 0.001 0.005 0.01 0.05 0.1 0.5 1.0 2.0 4.0 8.0
12.0 16.0 20.0] s; the echo spacing was 0.2 ms; the echo number
was 10,000; and the components of T1 and T2 were each 64. The
echo data with different wait times were calculated according to
Eq. (2), as shown in Fig. 5, and Gaussian noises with different SNRs
(5, 10, 20, and 40) were added to the calculated echo data and the
corresponding noisy echo data were obtained. Subsequently,
the echo number of the noisy data was compressed to 200 by the
Gaussian-based random SVD method. Next, the compressed data
were inverted by different inversion methods including the SVD
method, norm smoothing method, curvature smoothing method,
and the proposed method to obtain corresponding T1–T2 maps, as
shown in Figs. 6–9.

It can be seen from Figs. 6–9 that the inverted T1–T2 maps using
the TSVD method are very poor when the data SNR is lower than
40, which are exhibited that the light oil and water signals overlap
each other exactly and bound water signal diverges obviously. The
inverted T1–T2 maps using the norm smoothing method and the
curvature smoothing method are similar when the data SNR is
fixed, and when the data SNR reaches 40, the inverted T1–T2 maps
are similar to the model, but the light oil and water signals overlap
each other and bound water signal diverge obviously at SNR � 20.
Fortunately, the inverted T1–T2 maps using the proposed method
can exhibit more focused fluid signals, which are exhibited that
the light oil, free water, and bound water signals are separate when
data SNR is low; this indicates that the proposed inversion method
guarantees the sparsity of the solution and exhibits the strong
robustness, and also suggests that the proposed method for choos-
ing the optimum L1 regularization parameter and the proposed
compression method and are acceptable. Therefore, the proposed
inversion method is more competitive than the TSVD method,
norm smoothing method, and the curvature smoothing method
in aspects of NMR T1–T2 map inversion for oil-water model with
a low SNR data.

Moreover, the porosity and the relative error of the inverted T1–
T2 maps were calculated, as shown in Table 1. The porosity is cal-
culated by summing the amplitude of T1–T2 map, and the relative
error is determined from

RE ¼ k S� Smodel k2
k Smodel k2

� 100% ð22Þ

where RE is the relative error between the inverted T1–T2 map and
the model; S is the inverted T1–T2 map; and Smodel is the T1–T2 map
model.

From Table 1, it can be seen that the porosity of the inverted T1–
T2 map from the proposed method is closest to the model porosity
and the relative error is also lowest among the four inversion
methods when the data SNR is fixed, which also verified the supe-
riority of the proposed method to process T1–T2 data of oil-water
model.

4.2. Gas-water model

Gas-water T1–T2 map model containing bound water, free water
and gas was displayed in Fig. 10. The porosities of bound water,
free water and gas were all 4 pu, and their T1 and T2 were 0.01 s
and 0.015 s, 0.2 s and 0.2 s, and 4.0 s and 0.06 s, respectively. The
following forward parameters were set: the wait time group was
[0.0001 0.0005 0.001 0.005 0.01 0.05 0.1 1.0 2.0 4.0 8.0 12.0 16.0
24.0 40.0] s; the echo spacing was 0.2 ms; the echo number was
5000; and the components of T1 and T2 were each 64. The echo data



Fig. 12. Inverted T1–T2 maps of gas-water model with different SNRs using the TSVD method. (a) SNR = 5; (b) SNR = 10; (c) SNR = 20; (d) SNR = 40.

Fig. 13. Inverted T1–T2 maps of gas-water model with different SNRs using the norm smoothing method. (a) SNR = 5; (b) SNR = 10; (c) SNR = 20; (d) SNR = 40.
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with different wait times were calculated according to Eq. (2), as
shown in Fig. 11, and Gaussian noises with different SNRs (5, 10,
20, and 40) were added to the calculated echo data and the corre-
sponding noisy echo data were obtained. Subsequently, the num-
ber of the noisy echo data was compressed to 200 using the
Gaussian-based random SVD method. Next, the compressed data
were inverted using different inversion methods including the
SVD method, norm smoothing method, curvature smoothing
method, and the proposed method to obtain corresponding T1–T2
maps, as shown in Figs. 12–15. Finally, the porosity and relative
error of the inverted T1–T2 maps were calculated, as shown in
Table 2.



Fig. 14. Inverted T1–T2 maps of gas-water model with different SNRs using the curvature smoothing method. (a) SNR = 5; (b) SNR = 10; (c) SNR = 20; (d) SNR = 40.

Fig. 15. Inverted T1–T2 maps of gas-water model with different SNRs using the proposed method. (a) SNR = 5; (b) SNR = 10; (c) SNR = 20; (d) SNR = 40.
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From Figs. 12–15, it can be seen that the gas signal diverge
obviously and is not displayed completely in the inverted T1–T2
map using the TSVD method, and the same is true for the inverted
T1–T2 map using the norm smoothing method at SNR � 10; the
bound water, free water and gas signals in the inverted T1–T2 map
using the proposed method are all focused well and do not overlap
one another. Moreover, it can be seen from Table 2 that the inverted
T1–T2 maps from the proposed method have a better porosity and a
lower relative error with model over above mentioned inversion
methods. Combined Figs. 12–15 and Table 2, a conclusion can be



Table 2
Comparisons of the inversion results of different methods for gas-water model.

Method SNR

40 20 10 5

TSVD Porosity (pu) 12.49 12.76 13.12 13.18
RE 0.76 0.80 0.87 0.89

Norm smoothing Porosity (pu) 12.10 12.19 12.35 12.46
RE 0.36 0.46 0.64 0.76

Curvature smoothing Porosity (pu) 12.07 12.11 12.19 12.31
RE 0.38 0.47 0.67 0.77

Proposed method Porosity (pu) 11.99 12.02 11.45 11.45
RE 0.30 0.40 0.59 0.72
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draw that the proposed inversion method exhibits the strong
robustness for processing T1–T2 data of gas-water model.

After comprehensive analysis for oil-water model and gas-
water model, it can be concluded that the proposed inversion
method is robust and can achieve valuable solutions of NMR map
inversion problem at a low data SNR.
5. NMR experiments

To validate the usefulness of the proposed inversion method to
process actual NMR data, 2D T1–T2 experiments for CuSO4 solu-
tions with three concentrations and tight sandstone using IR-
CPMG pulse sequence were implemented on a 2 MHz NMR Rock
Core Analyzer produced by Magritek and the measured data were
processed.
5.1. CuSO4 solutions

The first CuSO4 solution was formed by adding 0.005 g
CuSO4�5H2O to 10 g water; the second one was formed by adding
0.03 g CuSO4�5H2O to 10 g water; and the third one was formed
Fig. 16. Inverted T1–T2 maps of NMR experimental data for different CuSO4 solutions usin
(c) the third CuSO4 solution; (d) three CuSO4 solutions together.
by adding 0.1 g CuSO4�5H2O to 10 g water. The three CuSO4 solu-
tions were measured separately through three groups of T1–T2
experiments, and then three CuSO4 solutions were put together
and measured by another experiment. During the experiments,
the measured parameters were set as follow: the scanning number
was 4; the echo spacing was 0.2 ms; the wait time group consisted
of 20 values logarithmically spaced between 1 and 5000 ms; the
echo number was 5000. Finally, the measured NMR data obtained
from the four groups of T1–T2 experiments were processed using
the proposed method and the corresponding T1–T2 maps were
obtained, as shown in Fig. 16. The peak in Fig. 16(a) is located at
(0.46, 0.46) s, the peak in Fig. 16(b) is located at (0.12, 0.12) s,
and the peak in Fig. 16(c) is located at (0.02, 0.02) s. The three iso-
lated peaks in Fig. 16(d) are located at (0.46, 0.46) s, (0.12, 0.12) s,
and (0.02, 0.02) s from top-right to down-left. The location of each
peak is correlated with the concentration of the CuSO4 solution,
and the higher concentration is, the longer relaxation time of the
peak is. Moreover, the position of each peak in Fig. 16(d) corre-
sponds to the peak position of independent solution. These phe-
nomena are in good agreement with common sense, which
revealing the effectiveness of the proposed method for processing
NMR experimental data of the solutions.
g the proposed method. (a) The first CuSO4 solution; (b) the second CuSO4 solution;



Fig. 17. Inverted T1–T2 maps of NMR experimental data for the water-saturated tight sandstone using the proposed method. (a) TS1 and (b) TS2.
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5.2. Tight sandstone

Two cylindricalwater-saturated tight sandstone coreswere used
in the NMR experiments. The first one named as ‘‘TS1” is character-
ized by a length of 4.51 cm, a diameter of 2.52 cm, and a gas porosity
of 8.7 pu, and the second one named as ‘‘TS2” is characterized by a
length of 5.17 cm, a diameter of 2.52 cm, and a gas porosity of
11.41 pu. During the experiments, the measured parameters were
set as follow: the scanning number was 32; the echo spacing was
0.15 ms; the wait time group consisted of 20 values logarithmically
spaced between 0.1 and 2000 ms; the echo number was 2000. Sub-
sequently, the measured data were processed using the proposed
method to obtain corresponding tight sandstone T1–T2 maps, as
shown in Fig. 17. The calculated porosity of TS1 from the inverted
T1–T2 map is 8.57 pu, and the calculated porosity of TS2 from the
inverted T1–T2 map is 11.07 pu, which are very close to the gas
porosity of the corresponding tight sandstone. Therefore, the pro-
posed method can be used to process NMR experimental data of
the rock.

After the analysis of the experiment results for the solutions
and tight sandstones, it can be concluded that the proposed
method is effective for processing NMR experimental data.

6. Conclusions and future works

In this study, a Gaussian-based random SVD method was pro-
posed for compressing NMR data. Subsequently, a novel inversion
method with double objective functions was proposed for T1–T2
data inversion. The first objective function was developed based
on L1 regularization and solved by the TIST algorithm, and a new
method for choosing the optimum L1 regularization parameter
was proposed; the second objective function was developed based
on the solution of the first objective function and solved by the CG
algorithm. The effectiveness of proposed method was assessed
through numerical and experimental investigations. The results
suggested that the Gaussian-based random SVDmethod can imple-
ment T1–T2 data compression efficiently and reliably, the proposed
method can choose the optimum L1 regularization parameter accu-
rately and robustly, and the proposed inversion method works well
and exhibits the strong robustness for NMR data inversion when
data SNR is lower. Of course, the proposedmethods can be extended
to process other dimensional NMRdata. For the futurework,wewill
apply our proposed methods to processing NMR field data, while
working on exploring more accurate inversion methods for a lower
SNR data based on the idea of double objective functions.
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