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A B S T R A C T

A non-paraxial multi-Gaussian beam (NMGB) model is proposed for Leaky Rayleigh Waves (LRWs) generated by
a focused immersion transducer at oblique incidence. Using the NMGB model, the velocity fields are calculated
and compared with the corresponding results obtained by the paraxial multi-Gaussian beam (MGB) model and
the more exact Rayleigh–Sommerfeld integral (RSI) model. Numerical results show that the LRW beam behavior
obtained using the NMGB model agrees well with that using the RSI model, but the NMGB model is much more
efficient. Moreover the NMGB model overcomes the accuracy limitation of the MGB model. Good agreement
between the NMGB model and experimental measurements for both on-axis and off-axis fields is obtained when
an attenuation coefficient is introduced. In addition, this model can be used to measure the attenuation coef-
ficient with consideration of the diffraction attenuation. It is observed that the attenuation coefficient of the LRW
will increase when the acoustic impendence differences between the solid and fluid decrease. The NMGB model
described in this article provides an efficient tool for calculating the velocity fields of the LRW and is therefore
significant for practical applications of ultrasonic measurements.

1. Introduction

Leaky Rayleigh waves (LRWs), propagating at a fluid/solid inter-
face, are sensitive to surface and near-surface flaws in solids [1,2]. The
LRW can be generated in an immersion test system when longitudinal
waves impinge obliquely upon the fluid/solid interface [2]. LRWs have
a highly concentrated sound beam and energy [3], and are widely used
to detect flaws in the structure [4] and evaluate material properties in
many applications [5–7]. Accurate models of the LRW velocity field are
important for analyzing the detection capabilities of a system [8], op-
timizing an ultrasonic experimental configuration [9], and quantita-
tively evaluating the detected flaws [10]. Highly accurate and efficient
models of the LRW can have a significant impact on nondestructive
detection evaluation (NDE) of materials and components [11,12].

Current methods to calculate the velocity field for Rayleigh waves
include the Rayleigh–Sommerfeld integral (RSI) model [11,13], the
multi-Gaussian beam (MGB) model [14–19] and the distributed point
source method (DPSM) [20–22]. The velocity fields for Rayleigh waves
have been built with the RSI model and the MGB model, respectively.
Schmerr et al. [11] used the superposition of Green's functions and the
stationary phase approximation to develop an RSI model for calculating

the Rayleigh wave velocity fields generated by angle beam wedge
transducers. Zhao et al. [18,19] introduced the MGB model to simplify
the calculation process and increase computational efficiency. These
researchers have established the basis for modeling the LRW velocity
fields in an immersion testing setting. However, the MGB model pro-
posed by Zhao et al. is based on the paraxial approximation, and is not
accurate for side lobes, and these models are focused on the Rayleigh
waves generated by a planar transducer. Banerjee and Kundu used the
DPSM to calculate ultrasonic fields in solids immersed in a fluid for
detection of internal anomalies [22]. Although this method does not
require any far-field approximation, and can avoid the accuracy pro-
blem of the paraxial approximation, it is only a semi-analytical re-
solution. We expect to give a clear analytical solution, which can be
introduced to the ultrasonic measurement model [11,23] and the dif-
fuse backscatter model [24,25] in the future, in which we can evaluate
the flaw size and the grain size near surface later.

In addition, the leaky attenuation is not taken into account in all
above methods and it is an important aspect of LRW propagation.
Attenuation is the result of continuous radiation (i.e. leaking) back into
the fluid [4], and has a great effect on the velocity field of the LRW. Due
to the presence of amplitude loss caused by diffraction, it is difficult to
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isolate the effect of the leakage attenuation. To address prior limita-
tions, a non-paraxial multi-Gaussian beam (NMGB) model is developed
in this article to calculate the beam fields generated by a focused
transducer. Thus, the main purpose of this article is to model the LRW
velocity fields generated by a focused immersion transducer theoreti-
cally and investigate their characteristics experimentally. First, the
generation process of the LRW is briefly illustrated and the RSI model,
the NMGB model and the MGB model for the LRW velocity fields are
derived. Then, the results of different models are provided, and effects
of water path and transducer parameters on the beam behavior are
discussed. The LRW velocity fields at the water/steel and water/alu-
minum interfaces are measured to verify the proposed theoretical
models and study the LRW velocity field behavior. Finally, the at-
tenuation coefficients of the LRW for water/aluminum and water/steel
interfaces are measured and discussed with consideration of the dif-
fraction attenuation.

2. Theory

2.1. Leaky Rayleigh wave generation

The generation of the LRW and the coordinate system used are
shown in Fig. 1. When an immersion transducer is placed at an oblique
incidence angle ψ greater than the critical angle θ, the mode-converted
LRWs can be generated [3]. These waves propagate along the solid
surface with a penetration depth of about one wavelength and leak
energy into the fluid [26]. The origin of the x y z( , , )1 1 1 coordinates is in
the center of the transducer and that of x y z( , , )2 2 2 is located at the in-
tersection of the transducer center axis and the specimen surface. The
coordinates z1 and z2 are taken normal to the transducer and the plane
surface of the sample, respectively.

The incident angle can be calculated using Snell’s law, and is related
to the velocity c of the wave along the fluid-solid interface. This velocity
satisfies the following generalized Rayleigh equation [27]
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where Re indicates the “real part”. cf is the longitudinal wave velocity
of fluid. cp and cs are the longitudinal and shear wave velocities of the
solid, respectively. cr is the LRW velocity. ρf and ρs are the densities of
the fluid and sample, respectively. θ is the critical angle.

2.2. Rayleigh-Sommerfeld integral model of the LRW

The case of a focused immersion transducer radiating the LRW
along the surface of the sample is considered using the Rayleigh-
Sommerfeld integral (RSI). The velocity field of the LRW v x y( , )A A1 1 can
be written as [28]
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where Tp p, and Ts p, are the ordinary plane wave transmission coeffi-
cients for longitudinal waves and shear waves, for a fluid/solid in
smooth contact [28].Q defines the ‘‘power flow’’ which is given in [19].
ω is the circular frequency and =k ω c/r r is the wave number of the LRW
in the sample. The parameter = − + −r x x y y( ) ( )A s A s2

2 2
1 1 1 1 defines

the distance from any point X x y( , , 0)s s0 1 1 of the source area S1, to an
arbitrary point A x y( , , 0)A A1 1 1 on the surface of the solid. p x y ω( , , )s s1 1 is
the pressure field (sound source of the LRW) on the surface of the
sample radiated from the focused transducer. It can be expressed using
a modified Rayleigh-Sommerfeld integral as [11]
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where = +l x ys s
2 2
0 0

, =k ω c/f f is the wave number in fluid, and F is
the focal length of the transducer. αf is the attenuation coefficient for
longitudinal waves in the fluid and the parameter

= − + − +r x x y y z( ) ( )s s1
2 2 2

0 0 defines the distance from an arbitrary
point on the sample surface to arbitrary point on the transducer surface,
S0.

Placing Eq. (5) into Eq. (3), the velocity field of the LRW can be
expressed as
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where αLRW is the attenuation coefficient of the LRW to account for
losses as the wave propagates along the surface of the sample. The
velocity v ω( )0 at the transducer face is assumed to be uniformly dis-
tributed and the initial value is set as unit. The RSI model is commonly
used by numerical solution of the integral in Eq. (7). Note that, when
A x y( , , 0)A A1 1 1 is outside S1 area, the hole S1 area is used for the in-
tegration, and when A x y( , , 0)A A1 1 1 is located in S1 area, the integral
area is changed. For more details, see Ref. [29].

2.3. Multi-Gaussian beam model of the LRW

Although the RSI can be used to calculate the radiation beam field
from focused transducers exactly, it requires a large computation cost.
Thus, a general MGB model is often used to simplify the computations.
In this case, we assume that ≫k a 1f , where a is the radius of the
transducer, such that the beam is reasonably directional and localized
in the vicinity of the x2 axis. First, the uniform normal velocity on the
transducer surface is expanded as a superposition of several Gaussian
beams [14]. For a focused transducer, the velocity over the transducer
face can be expressed as [15]
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Fig. 1. Schematic diagram of the LRW generation and the definition of the
coordinate systems.
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where An, Bn are 25 groups of complex coefficients that reproduce
accurately the velocity field of an immersion transducer [11]. Using the
paraxial approximation, the factor ik r rexp( )/f 1 1 can be simplified as [18]
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The Green’s function of Eq. (4) can be approximated as [19]
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Placing Eqs. (8)–(11) into Eq. (7), an expression for the MGB model
calculated by the paraxial approximation can be obtained as
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In Eq. (12), =D k a /2f
2 is the Rayleigh distance,
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2.4. Non-paraxial multi-Gaussian beam model of the LRW

It is not unexpected that the MGB model will lose accuracy as the
paraxial approximation is used [11]. Here, the NMGB model is derived.
Let the distance r1 be expressed in terms of several approximate terms. A
non-paraxial approximation is used to expand this distance to obtain a
more accurate solution that is beyond the paraxial approximation [30].
In the case,
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where = + +R x y z1
2 2 2 . Because the r1/ 1 term is slowly varying in

comparison with the ik rexp( )f 1 term in Eq. (6), r1/ 1 can be replaced with
R1/ 1, and the pressure on the transducer surface is expressed as the

superposition of Gaussian beams [18,19]. After some algebra, a non-
paraxial multi-Gaussian beam expression for the pressure over the
transducer face p x y ω( , , )s s1 1 can be obtained as
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The coordinates on the surface of the sample can be written as
( =x x ψcoss1 , =y ys1, = +z r x ψsins10 1 ). r10 is the distance from the
central point of x y z( , , )1 1 1 to that of x y z( , , )2 2 2 and here we treat it as the
water path. Then R1 can be expressed as
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Due to the fact that R1/ 1 term is also a slowly varying function in
comparison with the ik Rexp( )p1 1 term in Eq. (6), we substitute r1/ 10 with

R1/ 1 [18]. Then the velocity fields of the focused transducer
p x y ω( , , )s s1 1 on S1 area can be expressed as
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Placing Eqs. (14) and (18) into Eq. (3), the velocity field of the LRW
v x y( , )A A1 1 can be reduced to
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where = +M k r M/f111 10 11 and = + +M k r k R M/ /f r222 10 2 22. Finally, by
including the attenuation of the LRW as it propagates, the NMGB model
for the LRW velocity field can be expressed as
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Eq. (20) is one of the primary results of the article. From Eq. (20), it
is observed that the velocity field mainly depends on the water path,
parameters of the focused transducer, and attenuation of the LRW.

2.5. Numerical results

In this section, the LRW velocity field generated by a focused
transducer are calculated using the RSI model, the NMGB model and
the MGB model. For the calculations, several parameters are assumed,
as shown in Table 1.

Fig. 2 shows the on-axis velocity fields calculated by the RSI model,
the NMGB model and the MGB model. The off-axis velocity field
components at x=25, 39 and 66mm for the three models are shown in
Fig. 3. From these results, it is clear that the MGB method is not suf-
ficiently accurate to determine the velocity field of the LRW, especially
at the side lobes. Also, the velocity field of the off-axis calculated by the

Table 1
Parameters used for the calculations.

Incident angle ψ (°) Velocity (m/s) Transducer diameter D (mm) Frequency f (MHz) Focal length F (mm) αf (Np/m) αLRW (Np/m)

cf cp cs cr

31 1480 6487 3139 2956 12.7 5 76 0.63 100
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methods of the NMGB model and the RSI model agree well with each
other. The good agreement between these results confirms the accuracy
of the NMGB model. More importantly, under the same parameters the
calculation time for the RSI model, the NMGB model and the MGB
model was 217.46 s, 0.31 s and 0.27 s on the same personal computer
respectively, which demonstrated the obvious efficiency advantage of
the NMGB model over the RSI model. This advantage is useful when the
NMGB model is combined with other acoustic models, such as an ul-
trasonic measurement model and a diffuse backscatter model. Then we
could use these acoustic models to evaluate the flaw size and the grain
size near surface later. When we use these models to find the optimal
evaluation value for the flaw size and the grain size, we generally need
to fit the experimental data multiple times. In these cases, it is im-
practical to use the RSI model owing to excessive time cost.

3. Experiment

Experiments were conducted to check the derived results with re-
spect to the propagation distance. Holes can be considered as standard
reflectors. When the hole is small, the reflected velocity field from the
hole can be considered as the velocity field of the LRW at the position of
the hole. The velocity fields from the NMGB model will use for com-
parison with experiments in the section. The integral area should be
infinite for obtaining the accurate velocity fields. However, the ampli-
tude of velocity field outside S1 area is small. Its influence on the LRW
velocity filed calculation can be negligible. So, we choose the whole S1
area for the integration. The main purpose of the experiment is to verify
the validity of the NMGB model.

During each measurement, the longitudinal wave generated by the
focused transducer is obliquely incident on the surface of the sample.
Then the mode-converted LRW propagates along the water/solid sur-
face and reflects from the hole. The reflected LRW converts into a
longitudinal wave that is received by the transducer. Fig. 4 highlights
the waveform transformation process. It is very complicated to simulate
the whole process with a theoretical model. For the sake of simplicity,
the reciprocity theory is introduced to solve the problem. The re-
lationship between the wave radiated by the transducer and the echo
reflected by the hole can be established by the reciprocity theory [11].
According to the reciprocity theory [11,31], the square of the LRW

velocity field at the holes can represent the reflected echo from the
hole.

Holes with a diameter ϕ 2mm and depth 20mm were manufactured
in a steel sample and an aluminum sample. The surface of each sample
was sanded with 400 grit sandpaper, and polished to smoothness. An
ultrasonic pulser/receiver (JSR DPR300) was employed to drive the
immersion focused transducers in the experiment. Two transducers
Transducer A (V309-SU-F3.00IN-PTF, Olympus) and Transducer B
(V320-SU-F-3.00IN-PTF, Olympus) were used. The parameters of these
two transducers are shown in Table 2. A high-speed data acquisition
card AD link PCIE-9852 with sampling frequency of 200MHz was
employed to obtain the wave signals. A manipulator was used to control
the distance between the transducer and the hole. The LRW was gen-
erated effectively when the incident angle was set to be 31° based on
the Snell's law. The attenuation in water αf=0.63 and 1.42 Np/m
under 5MHz and 7.5MHz respectively, is calculated using the formula

= × ×−α f25.3 10f
3 2 in Ref. [11].

Fig. 5 shows the normalized amplitudes of the on-axis experimental
results in steel, and those experimental results are compared with the
NMGB model. Fig. 6 shows the comparisons for the case of aluminum.
Fig. 7 shows the off-axis experimental results for steel and the model
results. Fig. 8 shows the comparisons for the case of aluminum. A least
squares method was used to determine the attenuation coefficients of
the LRW αLRW by fitting the experiment results with the NMGB model.
Each experiment was repeated 10 times. When using Transducer A and
B to do experiments, the fitting attenuation coefficients are αLRW =57
and 82 Np/m, respectively for steel, and αLRW =165 and 252 Np/m,
respectively for aluminum. From these figures, experimental results
agree well with the fitting NMGB model. The deviations between them
may be caused by the noise of ultrasonic system, the roughness of the
sample, the measurement errors induced by operators, and the system
error which is mainly caused by the distortion of the returned Gaussian
beam.

An incident Gaussian beam may not return a Gaussian shape (as the
multi-Gaussian beam model assumes) as it propagates along the

Fig. 2. The amplitude of on-axis velocity fields calculated by the RSI, the NMGB
and the MGB models assuming a water path r10= 76mm.

Fig. 3. The off-axis amplitude of velocity fields on the sample surface using the RSI, the NMGB, and the MGB models with r10= 76mm. (a) at x=25mm, (b) at
x=39mm (c) at x=66mm. The amplitudes of these 3 positions are dramatically changed.

Fig. 4. Schematic showing the waveform transformation process of the LRW
reflection from the hole.
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interface. Bertoni et al. [33] demonstrated that this distortion is con-
trolled by a non-dimensional parameter, =h α ξLRW 0, where ξ is the
width of the incident beam, =ξ ξ ψ/cos0 , ψ is incidence angle and αLRW
is the attenuation coefficient of the LRW. They showed that for h > 1
this distortion is negligible and the reflected waves have a Gaussian
profile like the incident waves; for h < 1 this distortion is not negli-
gible and they observed a negative correlation between the non-di-
mensional parameter and distortion. When Transducer B is used, h for
aluminum and steel are calculated as 1.84 and 1.19, respectively. For

Transducer A, h for the aluminum and steel are 0.60 and 0.42, respec-
tively. The distortion for aluminum is smaller than that for steel, which
agrees with the experimental results, for which the residual error of
Fig. 4 is smaller than that of Fig. 3.

On the other hand, it should be noted in this work that the LRW
attenuation coefficient for aluminum is larger than that for steel at the
same frequency, which is different from common phenomena that the
scattering level of aluminum should be lower at the same frequency
because the degree of single-crystal anisotropy of aluminum is weaker
[34]. The mean grain sizes of aluminum and steel samples measured by
optical microscopy show there is only a small difference between them
(measured as 49.4 ± 3.5 μm and 54.6 ± 2.8 μm). Therefore, the
higher attenuation coefficient for aluminum is not thought to be caused
by the grain size of the sample. One possible reason to explain the
above-mentioned phenomenon is that there is leakage attenuation of
the LRW. It is well known that the LRW attenuates quickly [4], so the
component of leakage attenuation cannot be neglected, and it might
even be the most dominant component. The acoustic impedance dif-
ference of water/aluminum interface is lower than that of water/steel,
thus the LRW will leak more energy at the water/aluminum interface
than at the water/steel interface.

The theoretical models for the attenuation induced by leakage have
also been investigated preliminarily. For example, Schmerr et al. [13]
proposed a model-based value to account for the leaky attenuations of
the LRW when it propagates in the wedge and specimen interface.
Based on this model, the values of the aluminum and steel at the fre-
quency of 5MHz can be calculated as 251.91 Np/m and 98.75 Np/m,
respectively; the values of the aluminum and steel at the frequency of
7.5 MHz can be calculated as 377.87 Np/m and 148.13 Np/m, respec-
tively. Thus, the values for the water/aluminum interface are larger
than that for the water/steel interface. Note that the general trend of
the model agrees with our experimental results; however, there are
some overestimations in Schmerr’s model. The reason still is not clear,
and needs to be investigated in the future.

4. Conclusions

In this article, the LRW beams generated by immersion focused
transducers are investigated theoretically and experimentally. The fol-
lowing conclusions can be drawn based on the analysis:

Table 2
Calibrated effective geometrical parameters for focused transducers.

Transducer Central
frequency
(MHz)

Nominal parameter Effective parameters

Diameter
(mm)

Focal
length
(mm)

Diameter
(mm)

Focal
length
(mm)

A 5 12.7 76 13.3 109
B 7.5 12.7 76 12.2 79.1

Note that the method to calibrate the parameters of focused transducers is
shown in Ref. [32].

)a( )b(

(c) (d) 

Fig. 5. Comparisons of the on-axis results from the steel sample at 5 MHz with
αLRW =57Np/m (a) water path r10= 76mm, (b) r10= 66mm, and 7.5MHz
with αLRW =82Np/m (c) water path r10= 76mm, (d) r10= 66mm.

)a( )b(

(c) )d(

Fig. 6. Comparisons of the on-axis results from the aluminum sample at 5MHz
with αLRW =165 Np/m (a) water path r10= 76mm, (b) r10= 66mm, and
7.5MHz with αLRW =252 Np/m (c) water path r10= 76mm, (d) r10= 66mm.

)a( )b(

Fig. 7. Comparisons of the off-axis results from the steel sample at (a) 5MHz
with αLRW =57Np/m and water path r10= 76mm and (b) 7.5MHz with
αLRW =82Np/m and r10= 76mm.

)a( )b(

Fig. 8. Comparisons of the off-axis results from the aluminum sample at (a)
5MHz with αLRW =165Np/m and water path r10= 76mm and (b) 7.5MHz
with αLRW =252 Np/m and r10= 76mm.
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1. The new NMGB model method is an efficient approach to calculate
the velocity fields of the LRW generated by the focused immersion
transducer. Good agreement in the velocity fields using the RSI
model and the NMGB model demonstrates the accuracy of the
proposed model. Experiments also verified the accuracy of the
NMGB model.

2. Experiments show that the velocity field can be significantly influ-
enced by the water path and the frequency. In addition, it was
shown that the attenuation of the LRW has a great influence on the
velocity field.

3. The attenuation coefficient of the LRW can be estimated from ex-
periments, because the component of diffraction attenuation can be
eliminated by the NMGB model. The theoretical model for the
leakage attenuation of the LRW will be studied in the future.
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