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A B S T R A C T

In this work, we consider a (2 þ 1)-dimensional asymmetric Nizhnik-Novikov-Veselov (ANNV) equation, which
has applications in processes of interaction of exponentially localized structures. Based on the bilinear formalism
and with the aid of symbolic computation, we determine multi-solitons, breather solutions, lump soliton, lump-
kink waves and multi lumps using various ansatze's function. We notice that multi-lumps in the form of breathers
visualize as a straight line. To realize dynamics, we commit diverse graphical analysis on the presented solutions.
Obtained solutions are reliable in the mathematical physics and engineering.
1. Introduction

Nonlinear phenomena have an extensive application in different
branches of mathematical physics and engineering. The explicit solutions
of NLEEs play a prominent role in the study of nonlinear science. Various
effective procedure have been developed to solve NLEEs, like the inverse
scattering transform [1], the Darboux transformation [2], Backlund
transformation [3], the unified method (UM) and its generalized form
(GUM) [4, 5] and Hirota bilinear form method [6, 7, 8, 9, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25]. TheHirota's bilinearmethod
is one of themost direct and convenientmethod to obtain the exact soliton
solution of NLEEs. If a NLEE can attain its bilinear form, Lax pairs, lump
solutions, multiple soliton solutions of this equation can be obtained.

Recently, researchers are highly impressed to rogue wave solutions
[9, 10] for it's engrossing class of lump-type solutions, which can be
found in plasma, shallow-water waves, nonlinear optics and
Bose-Einstein condensates [11]. In 2002, Lou et al. studied the lump
solution with the variable separation method [12]. Very recently, Ma
et al. proposed the positive quadratic function to get the lump solution.
Special examples of lump type solutions have been found, such as the KPI
equation [13], Boussinesq equation [14], BKP equation [15] and so on.
Lump solution [16, 17] is a kind of rational function solution which is
localized in all directions in the space whereas lump-type [18, 19] so-
lutions are localized in almost all directions in the space. Rogue waves
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[19, 20, 21, 22] are localized in both space and time, arise from nowhere
and disappear without a trace [23], have taken the responsibility for
unexpected disaster in the world.

In this paper, we will examine the (2 þ 1)-dimensional asymmetric
Nizhnik-Novikov-Veselov (ANNV) equation [3, 25],

ut þ uxxx þ 3½uv�x ¼ 0; ux ¼ vy (1)

where u and v are the components of the (dimensionless) velocity [26].
Eq. (1) is the only known isotropic Lax extension of the Korteweg-de
Vries equation [27]. The ANNV equation has important applications in
incompressible fluids, such as shallow-water waves, long internal waves
and acoustic waves. There are many researchers have been studied in
ANNV equation in many ways such as: Boiti et al. solved via the inverse
scattering transformation [28]. Guo et al. discussed the N-soliton solution
and Pfaffian expression by using a nonlinearized method of Lax pair [3],
Osman et al. solved this system of equations via the unified and gener-
alized unified method [29, 30, 31, 32]. Also, ANNV equations can also be
obtained from the inner parameter-dependent symmetry constraint of
the KP equation [33].

The main purpose in this work is to present the direct approach to
construct some solutions such as multi-soliton solutions, lump solution
and lump-kink wave solutions for ANNV equation. Also, we have dis-
cussed some new phenomena such as breather wave from two soliton
ptember 2019
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solution, non-elastic solution and multi-lump wave solutions for ANNV
equation.

1.1. Bilinear form

Let us introduce the following potential transformation

u¼ cðtÞqxy and v ¼ cðtÞqxx (2)

in which c ¼ cðtÞ is a function to be known later. Substituting (2) into (1)
and integrating the equation with respect to x once and taking c ¼ 1, we
get

EðqÞ¼ qyt þ qxxxy ¼ 0: (3)

by choosing the integration constant as zero. Based on the results pre-
sented in Refs. [34, 35], we obtain

EðqÞ¼PytðqÞ þ PxxxyðqÞ ¼ 0: (4)

with the help of the following two important transformations, we get
�
a0 ¼ a1a2ðl1 � l2Þðm1 � m2Þ

a3ðl1 þ l2Þðm1 þ m2Þ ; ai ¼ ai; ð1� i� 3Þ; l1 ¼ l2 ¼m1 ¼m2 ¼ const:; n1 ¼ � l31; n2 ¼ � l32: (10)
�
q ¼ 2 ln f ðx; y; tÞ⇔ u ¼ cqxy ¼ 2½ln f ðx; y; tÞ�xy
q ¼ 2 ln f ðx; y; tÞ⇔ v ¼ cqxx ¼ 2½ln f ðx; y; tÞ�xx : (5)

Substituting above transformations (5) into Eq. (1), (2 þ 1)-dimen-
sional asymmetric Nizhnik-Novikov-Veselov equation can be linearized
into

�
DyDt þDyD3

x

�
f � f ¼ 0; (6)

2. Results & discussion

2.1. The 1-soliton solution

To seek one-soliton solutions of Eq. (1), we suppose f is expressed in
the following form

f ¼ a0 þ a1el1xþm1yþn1 t (7)
Fig. 1. The one-stripe soliton solution for Eq. (1) by choosing suitable parameters:a0
0; and (c) y ¼ 0.
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where l1;m1; n1; ai; ði¼ 0;1Þ are arbitrary constants to be determined
later. Inserting Eq. (7) into Eq. (6) and after some simplification, equating
all the coefficient of exponential term to be zero, we can obtain the set of
algebraic equations for l1;m1; n1; ai; ði ¼ 0; 1Þ. Solving the system with
the aid of symbolic computation systemMaple, we obtain the subsequent
solution:

a0 ¼ a0; a1 ¼ a1; l1 ¼ l1;m1 ¼ m1; n1 ¼ �l31: (8)

Therefore, substituting Eqs. (7) and (8) along with Eq. (5) into Eq. (6),
yields the desired one-soliton solution of Eq. (1), which is exposed in
Fig. 1.

2.2. The 2-soliton solution

To seek two-soliton solutions of Eq. (1), we choose f is expressed as

f ¼ a0 þ a1el1xþm1yþn1 t þ a2el2xþm2yþn2 t þ a3el1xþm1yþn1 tþl2xþm2yþn2 t (9)

where ai; ði¼ 0;1Þ; li;mi; niði¼ 1;2Þ are all real parameters to be deter-
mined. Substituting Eq. (9) into Eq. (6) and after some simplification,
equating all the coefficient of exponential term to be zero, we can obtain
which should satisfies the conditions a3 6¼ 0; ðl1 þl2Þ 6¼ 0; and
ðm1 þ m2Þ 6¼ 0:

Therefore, substituting Eqs. (9) and (10) along with Eq. (5) into Eq.
(6), yields the desired two- soliton solution. If we setting a1 ¼ 1; a2 ¼ 1;
a3 ¼ 10; l1 ¼ 2; l2 ¼ 2:5; m1 ¼ 1;m2 ¼ 3:5, we can obtain a two-soliton
solution of Eq. (1). If we setting l1 6¼ �l2 2 < and m1 ¼ m2 2 <, then we
obtain another type of two soliton solution. First type solution is elastic
but second type is non-elastic solution, which are exposed in Figs. 2 and 3
respectively.

Based on the above method Eq. (9) gives the breathers by asset of
selecting suitable parameters. Breather solutions of Eq. (1) can be ob-
tained in the ðx; yÞ plane, where the parameters in Eq. (10) meeting the
following conditions

l1 ¼ Ib1; l2 ¼ �Ib2; a1 ¼ k1; a2 ¼ k2; a3 ¼ k3;m1 ¼ bþ Ik;m2 ¼ b� Ik:

(11)

For instance, setting parameters as follows l1 ¼ I; l2 ¼ �2I; m1 ¼
¼ 2; a1 ¼ 1; l1 ¼ 1:25; m1 ¼ 2:5; 3D shape in different planes at (a) t ¼ 0; (b) x ¼



Fig. 2. The two-stripe soliton solution for Eq. (1) by choosing suitable parameters: a1 ¼ 1; a2 ¼ 1; a3 ¼ 10; l1 ¼ 2; l2 ¼ 2:5; m1 ¼ 1;m2 ¼ 3:5, with 3D plots for
different times (a) t ¼ �1:5; (b)t ¼ 0; and (c) t ¼ 1:5 respectively, (d) Corresponding 2D plot.

Fig. 3. The two-stripe soliton solution (non-elastic) for Eq. (1) by choosing suitable parameters: a1 ¼ 1; a2 ¼ 1; a3 ¼ 10; l1 ¼ 2; l2 ¼ �3; m1 ¼ m2 ¼ 1; at time t ¼ 0
(a) 3D plot (b) Contour plot and (c) Corresponding 2D plot for different time.

Fig. 4. The breather solution for Eq. (1) by choosing suitable parameters: a1 ¼ 1; a2 ¼ 1; a3 ¼ 10; l1 ¼ 2; l2 ¼ 2:5; m1 ¼ 1;m2 ¼ 3:5, with t ¼ 0 : 3D plots (a), (b) and
(c) Corresponding 2D plot.
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m*
2 ¼ 1þ 2I; a1 ¼ 1:25; a2 ¼ 1:5; a3 ¼ 2; we can obtain breathers and

gives the wave shape at t ¼ 0; which is shown in Fig. 4.
During the wave propagation, we see that the amplitude, velocity and

envelop shape of the one-soliton keep constant (see Fig. 1). One can
confirm that the amplitudes of impatient position are limited and around
same in different spaces.

As depicted from Fig. 2, the collision is elastic between two bell-
3

shaped solitons, because the velocities, amplitudes and envelop shapes
of a moving soliton always keep fixed their shapes after the interaction.
All the phenomena concludes that energy will remain unchanged during
collision. Whereas we see that from Fig. 3, the interaction between two
bell-shaped solitons is completely non-elastic. That is the soliton velocity,
amplitude and wave shape are changed after collision.

Now we will illustrate the wave pattern situations of solitary wave by
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three figures. Fig. 1 highlight the one-soliton (7), Figs. 2 and 3 demon-
strates the two-soliton solution (9) and Fig. 4, special type solution of Eq.
(9) called breather solution, by choosing suitable parameters.

2.3. The 3-soliton solution

To seek three-soliton solutions of Eq. (1), we suppose f is expressed as

f ¼ a0 þ eϕ1 þ eϕ2 þ eϕ3 þ a12eϕ1þϕ2 þ a23eϕ2þϕ3 þ a13eϕ1þϕ3 þ a123eϕ1þϕ2þϕ3

(12)

with

ϕi ¼ lixþ miyþ nit; i ¼ 1; 2; 3 (13)
u ¼ 2ðln f Þxy ¼
4ðl1m1 þ l2m2Þp1 � 8ghðl1m2 þ l2m1Þ þ 4ðl1m1 � l2m2Þ

�� g2 þ h2
�

�
g2 þ h2 þ p1

�2 ; (18)
where a0; a12; a23; a13; a123; li;mi; niði¼ 1; 2;3Þ are all real parameters to
be determined. Based on above method, substituting Eq. (12) with Eq.
(13) into Eq. (6), we can obtain the following relations among parameters
8><
>:

a0 ¼ ðl1 � l2Þð2l3 � l2Þ
a13l2ðl1 � l2 þ 2l3Þ;m1 ¼ a12 ¼ a23 ¼ a123 ¼ 0; a13 ¼ l1 ¼ l2 ¼ l3 ¼ m2 ¼ m3 ¼ const:;

n1 ¼ �3l21l3 � 3l1l23 þ 3l21l2 � 3l1l22 � l31 þ 6l1l2l3; n2 ¼ �l32 þ 3l22l3 � 3l2l23; n3 ¼ �l33:

(14)
which needs to satisfy the condition a13; l2 6¼ 0:
Therefore, substituting Eqs. (12), (13) and (14) along with Eq. (5) into

Eq. (6), the three-soliton solution of Eq. (1) can be obtained, which is
shown in Fig. 5.

2.4. Lump solutions of the (2þ1)-dimensional ANNV equation

To seek lump solutions of Eq. (1), we suppose f is expressed in the
following form:
Fig. 5. The three-stripe soliton solution for Eq. (1) by choosing parameters: a13 ¼ 2; l
(c) t ¼ �1 respectively, (d) 2D plot at t ¼ 0;�0:5 and t ¼ �1 respectively.
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f ¼ g2 þ h2 þ p1; (15)
where,

gðx; y; tÞ¼ l1xþm1yþ n1t; and hðx; y; tÞ¼ l2xþm2yþ n2t; (16)

where p1; li;mi; niði¼ 1;2Þ are all real constants to be determined. A
direct symbolic computation with f gives rises to the following relations:

p1 ¼ p1; l1 ¼ �m2l2
m1

; l2 ¼ l2;m1 ¼ m1;m2 ¼ m2; n1 ¼ 0; n2 ¼ 0: (17)

Therefore, substituting Eq. (17) with Eq. (16) into Eq. (15), we can get
a class of quadratic function solutions Eq. (5). Then, the resulting exact
rational solution for Eq. (1) are obtained through the transformation
and

v ¼ 2ðln f Þxx ¼
4
�
l21 þ l22

�
p1 � 16l1l2ghþ 4

�
l21 � l22

��� g2 þ h2
�

�
g2 þ h2 þ p1

�2 ; (19)

where gðx; y; tÞ ¼ l1x þm1y þ n1t; hðx; y; tÞ ¼ l2x þm2y þ n2t; for
example, the resulting solutions of Eq. (17) are as follows
1 ¼ 1; l2 ¼ 2; l3 ¼ 2;m2 ¼ 1;m3 ¼ 3; with 3D plots at (a) t ¼ 0; (b) t ¼ � 0:5; and



Fig. 6. Lump solution u in (20) Eq. (1) by choosing suitable parameters: p1 ¼ 1:2; l2 ¼ 0:8; m1 ¼ �0:8; and m2 ¼ 0:4 (a) 3-D plot of u (b) density plot of u (c) 2-D plot
of u.

Fig. 7. Lump solution v in (20) for Eq. (1) by choosing suitable parameters:p1 ¼ 2; l2 ¼ 1; m1 ¼ 2; and m2 ¼ 1. (a) 3-D plot of v (b) density plot of v (c) 2-D plot of v.

u¼ �
8
�
� gm2 l2

m1
þ hl2

�
ðgm1 þ hm2Þ�

g2 þ h2 þ p1
�2 ; v¼

4
�

m2
2 l
2
2

m2
1
þ l22

�
g2 þ h2 þ p1

�
4
�
� gm2 l2

m1
þ hl2

�2

�
g2 þ h2 þ p1

�2 ; (20)
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with the function g and h are given as follows

g¼ � m2l2x
m1

þ m1y; and h ¼ l2xþ m2y: (21)

For the exact solution uðx; y; tÞ and vðx; y; tÞ to Eq. (1) to be lump ones,
it is observed that

lim
x2þy2→∞

uðx; y; tÞ¼ 0; and lim
x2þy2→∞

vðx; y; tÞ¼ 0; 8t 2 <: (22)

It is easy to see that for any given time t; the lump solutions u → 0; v →
0; if and only if the corresponding summation of squares g2þ h2 → ∞;

which is equivalent to x2 þ y2 → ∞:

Substituting the noted values of p1; l2;miði¼ 1;2Þ into Eq. (20), then
we can get abundant exact lump solutions of Eq. (1). We can notice that
the solutions we obtained have a unified form of (19). If we taking the
5

values of t ¼ t0; then the coordinates of the central point of the obtained
lump solution is

�
x¼m1n2t0 � m2n1t0

l1m2 � l2m1
; y¼ n2l1t0 � n1l2t0

l1m2 � l2m1

�
(23)

where l1m2 � l2m1 6¼ 0: Substituting Eq. (23) and t ¼ t0 into Eq. (19), the

amplitude of v is attained MaxðvÞ ¼ 4ðl21þl22Þ
p1

ðp1 6¼ 0Þ; from which we

observe that the amplitude of the lump solution is depend on the values
of l1; l2 and p1: As we seen from Eq. (23) the lump soliton is centered at
the origin when t ¼ 0:

Fig. 6 shows the sketch the lump solution u in Eq. (20) whereas Fig. 7
shows the sketch lump of v in Eq. (20) called rogue waves for some values
p1 ¼ 2; l2 ¼ 1; m1 ¼ 2; and m2 ¼ 1, (a) gives 3D views from which can
expose the standard rogue wave features. It is also clear that the Fig. 7a is
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the well-known eye-shaped rogue wave solution which has two valleys
and one local hump. Moreover, we notice that rogue wave has the highest
peak in its surrounding waves and forms in a tiny time, which is clear
from Fig. 7c. For fixed t, the variables can determine the rogue wave is
symmetric about the x axis (see Fig. 7b).

2.5. Interaction of lump waves with solitary waves

To get the interaction phenomena between lumps and solitary waves
solutions of Eq. (1), assuming f ðx; y; tÞ in the following new form.

f ¼ g2 þ h2 þ p1 þ λ expðηÞ; (24)

with
gðx; y; tÞ¼ l1xþm1yþ n1t; hðx; y; tÞ¼ l2xþm2yþ n2t and ηðx; y; tÞ¼ l3xþm3yþ n3t; (25)
where p1; li;mi; nið1� i� 3Þ are all real parameters to be determined.
Substituting Eq. (24) along with Eq. (25) into Eq. (6) with the aid of
symbolic computation system Maple, we can obtain the following re-
lations among parameters:
l2 ¼ � l1m1

m2
; n3 ¼ �l33;m3 ¼ n1 ¼ n2 ¼ 0; p1 ¼ λ ¼ l1 ¼ l3 ¼ m1 ¼ m2 ¼ const: (26)
which should satisfy m2 6¼ 0:
Therefore, substituting Eq. (26) into Eq. (24), we can get a class of

quadratic function solutions to the bilinear Eq. (6). Then, the resulting
exact rational solution for Eq. (1) are obtained through the trans-
formation,
u ¼ 2ðln f Þxy ¼
4ðl1m1 þ l2m2Þp1 � 8ghðl1m2 þ l2m1Þ þ 4ðl1m1 � l2m2Þ

�� g2 þ h2
�þ

2
��

g2 þ h2 þ p1
�
l3m3 þ ðl1m1 þ l2m2Þ � ðl1m3 þ l3m1Þg� ðl2m3 þ l3m2Þh

�
λeη�

g2 þ h2 þ p1
�2 ; (27)

v ¼ 2ðln f Þxx ¼
4
�
l21 þ l22

�
p1 � 16ghl1l2 þ 4

�
l21 � l22

��� g2 þ h2
�þ 2

(�
g2 þ h2 þ p1

�
l23þ

2
�
l21 þ l22

�� 4ðgl1 þ hl2Þl3

)
λeη

�
g2 þ h2 þ p1

�2 ; (28)
Where g; h and η are defined in Eq. (25).
For example, the resulting solutions of Eq. (26) are as follows
u¼ �
8
�
gl1 � hl1m1

m2
þ 1

2 λl3e
η

�
ðgm1 þ hm2Þ�

g2 þ h2 þ p1 þ λeη
�2 ; v¼

4
�
l21 þ l21m

2
1

m2
2
þ 1

2 λl
2
3e

η

�
g2 þ h2 þ p1 þ λeη

�
4
�
gl1 � hl1

m�
g2 þ h2 þ

6

where g¼ l1xþ m1y; h ¼ �l1m1

m2
xþ m2y and η ¼ l3x� l33t: (30)
In what follows, Fig. 8 presents exact solution of Eq. (29) by choosing
the suitable parameters, which can show the interaction phenomena
between solitary wave and lump waves.

2.6. Multi lump solutions of (2 þ 1)-dimensional ANNV equation

In this section, we will find the multi lump solution of Eq. (1). To this
aim, the above function f ðx; y; tÞ can be taken as,

f ¼ e�ψ1 þ h1eψ1 þ h2 sinψ2; (31)
with ψ1 ¼ p1ðxþ n1y�w1tÞ and ψ2 ¼ p2ðxþ n2y�w2tÞ; (32)

where pi; ni;wiði¼ 1; 2Þ are all real parameters to be determined.
Substituting Eq. (31) along with Eq. (32) into Eq. (6) with the aid of
symbolic computation system Maple, we can obtain the following re-
lations among parameters

which should satisfy h1;p1 6¼ 0:
Under the transformation Eq. (5), we can get the periodic lump so-
lutions of the (2 þ 1)-dimensional ANNV equation as,
m1

2
þ 1

2 λl3e
η

�
p1 þ λeη

�2 : (29)



n1 ¼ � 1
4
h22p

2
2n2

h1p21
;w1 ¼ p21 � 3p22;w2 ¼ �p22 þ 3p21; h1 ¼ h2 ¼ n2 ¼ p1 ¼ p2 ¼ const:; (33)
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u¼ 2 � p1ζ1 þ p1ζ2 � h2p22n2 sinδ2
ðe�δ1 þ h1eδ1 þ h2 sinδ2Þ
� �

�
2ðζ1 þ ζ2 þ h2p2n2 cosδ2Þ

��p1e�δ1 þ h1p1eδ1

þh2p2 cosδ2

�
ðe�δ1 þ h1eδ1 þ h2 sinδ2Þ2

; (34)

and

v¼ 2
�
p21e

�δ1 þ h1p21e
δ1 � h2p22 sinδ2

�
ðe�δ1 þ h1eδ1 þ h2 sinδ2Þ � 2ð � p1e�δ1 þ h1p1eδ1 þ h2p2 cosδ2Þ2

ðe�δ1 þ h1eδ1 þ h2 sinδ2Þ2
;

(35)
Fig. 8. Profiles of v in (29) with t ¼ 0 : 3d plots, density plot and contour plot (top fo
m1 ¼ 2:3; m2 ¼ 1; l1 ¼ 1:5; and l3 ¼ 1:

Fig. 9. Profiles of u in (34) with t ¼ �1:5;0;1:5 : 3d plots (a), (b), (c) respectively a
h2 ¼ 2; p1 ¼ 1; p2 ¼ �1 and n2 ¼ 1.

7

where

8><
>:

ζ1 ¼
h22p

2
2n2e

�δ1

4h1p1
; ζ2 ¼ �h22p

2
2n2e

δ1

4p1
; δ1 ¼ p1

�
x� 1

4
h22p

2
2n2y

h1p21
� �

p21 � 3p22
�
t
�

δ2 ¼ p2
�
xþ n2y�

�� p22 þ 3p21
�
t
�
:

(36)

In what follows, Figs. 9 and 10 present exact solution of Eq. (34) and
Eq. (35) respectively by choosing the suitable parameters, which can
demonstrate the interaction phenomena among multi lump solution.
r a2 ¼ 5) and bottom for a2 ¼ 0:05 by choosing suitable parameters: a1 ¼ 2:5;

nd (d) correspon-ding density plot (b) by choosing suitable parameters: h1 ¼ 1;



Fig. 10. Profiles of v in (35) with t ¼ �2;0; 2 : 3d plots (a), (b), (c) respectively and (d) corresponding density plot (b) by choosing suitable parameters:h1 ¼ 1; h2 ¼ 2;
p1 ¼ 1; p2 ¼ �1 and n2 ¼ � 1.

M.B. Hossen et al. Heliyon 5 (2019) e02548
3. Conclusion

In conclusion, the (2 þ 1)-dimensional asymmetrical NNV equations
has been investigated. We have derived soliton solution, breathers, lump
solutions, mixed lump stripe solutions based on bilinear method and
symbolic computation. Some obtained results are shown graphically in
order to demonstrate that the technique is quite efficient for handling
nonlinear equations. Meanwhile, the performances of the mentioned
techniques are substantially powerful and absolutely reliable to search
new explicit solutions of other NPDEs.

Declarations

Author contribution statement

M. Belal Hossen: Conceived and designed the analysis; Wrote the
paper.

Harun-Or-Roshid: Analyzed and interpreted the data.
M. Zulfikar Ali: Contributed analysis tools or data.
Funding statement

This research did not receive any specific grant from funding agencies
in the public, commercial, or not-for-profit sectors.
Competing interest statement

The authors declare no conflict of interest.
Additional information

No additional information is available for this paper.

References

[1] M.J. Ablowitz, P.A. Clarkson, Solitons, Nonlinear Evolution Equations and Inverse
Scattering, Cambridge University Press, New York, 1991.

[2] V.B. Matveev, M.A. Salle, Darboux transformations and Solitons, Springer, Berlin,
1991.

[3] G.F. Yu, H.W. Tam, A vector asymmetrical NNV equation: Soliton solutions, bilinear
B€acklund transformation and Lax pair, J. Math. Anal. Appl. 344 (2) (2008)
593–600.

[4] H.I. Gawad, Towards a unified method for exact solutions of evolution equations.
An application to reaction diffusion equations with finite memory transport, J. Stat.
Phys. 147 (2012) 506.

[5] M.S. Osman, Nonlinear interaction of solitary waves described by multi-rational
wave solutions of the (2þ1)-dimensional Kadomtsev–Petviashvili equation with
variable coefficients, Nonlinear Dyn. 87 (2) (2017) 1209–1216.

[6] R. Hirota, The direct method in soliton theory, Cambridge University Press, 2004.
8

[7] H.O. Roshid, W.X. Ma, Dynamics of mixed lump-solitary waves of an extended (2
þ 1)-dimensional shallow water wave model, Phys. Lett. A 382 (45) (2018)
3262–3268.

[8] X.W. Yan, S.F. Tian, M.J. Dong, T.T. Zhang, Characteristics of solitary wave,
homoclinic breather wave and rogue wave solutions in a (2þ1)-dimensional
generalized breaking soliton equation, Comput. Math. Appl. 76 (1) (2018)
179–186.

[9] C.Y. Qin, X.B. Wang, S.F. Tian, T.T. Zhang, Rogue waves, bright–dark solitons and
traveling wave solutions of the -dimensional generalized Kadomtsev–Petviashvili
equation, Comput. Math. Appl. 75 (2018) 4221–4231.

[10] M.B. Hossen, H.O. Roshid, M.Z. Ali, Characteristics of the solitary waves and rogue
waves with interaction phenomena in a (2þ 1)-dimensional Breaking Soliton
equation, Phys. Lett. A 382 (19) (2018) 1268–1274.

[11] Z.L. Zhao, Y. Chen, B. Han, Lump soliton, mixed lump stripe and periodic lump
solutions of a (2 þ 1)-dimensional asymmetrical Nizhnik–Novikov–Veselov
equation, Mod. Phys. Lett. B 31 (2017) 1750157.

[12] S.Y. Lou, X.Y. Tang, Nonlinear mathematical physics method, Academic Press,
Beijing, 2006.

[13] W.X. Ma, Lump solutions to the Kadomtsev–Petviashvili equation, Phys. Lett. A 379
(2015) 1975–1978.

[14] H.C. Ma, A.P. Deng, Lump Solution of (2þ1)-Dimensional Boussinesq Equation,
Commun. Theor. Phys. 65 (2016) 546–552.

[15] J.Y. Yang, W.X. Ma, Lump solutions to the BKP equation by symbolic computation,
Int. J. Mod. Phys. B 30 (1-7) (2016) 1640028.

[16] W.Q. Peng, S.F. Tian, T.T. Zhang, Analysis on lump, lumpoff and rogue waves with
predictability to the (2þ 1)-dimensional B-type Kadomtsev–Petviashvili equation,
Phys. Lett. A 382 (38) (2018) 2701–2708.

[17] H. Wang, Lump and interaction solutions to the (2þ1)-dimensional Burgers
equation, Appl. Math. Lett. 85 (2018) 27–34.

[18] W.X. Ma, Lump-Type Solutions to the (3þ1)-Dimensional Jimbo-Miwa Equation,
Int. J. Nonlinear Sci. Numer. Stimul. 17 (2016) 355–359.

[19] Y. Yue, L. Huang, Y. Chen, N-solitons, breathers, lumps and rogue wave solutions to
a (3þ1)-dimensional nonlinear evolution equation, Comput. Math. Appl. 75 (7)
(2018) 2538–2548.

[20] X. Li, Y. Wang, M. Chen, B. Li, Lump solutions and resonance stripe solitons to the
(2þ1)-dimensional Sawada-Kotera equation, Adv. Math. Phys. 2017 (2017) 6,
1743789.

[21] M.D. Chen, X. Li, Y. Wang, B. Li, A pair of resonance stripe solitons and lump
solutions to a reduced (3þ1)-dimensional nonlinear evolution equation, Commun,
Theor. Phys. 67 (6) (2017) 595.

[22] L.L. Wen, H.Q. Zhang, Rogue wave solutions of the (2þ1)-dimensional derivative
nonlinear Schr€odinger equation, Nonlinear Dyn. 86 (2) (2016) 877–889.

[23] N. Akhmediev, A. Ankiewicz, M. Taki, Waves that appear from nowhere and
disappear without a trace, Phys. Lett. A 373 (2009) 675–678.

[24] M.B. Hossen, H.O. Roshid, M.Z. Ali, Modified double sub-equation method for
finding complexiton solutions to the (1þ1) Dimensional nonlinear evolution
equations, Int. J. Appl. Comput. Math. 3 (3) (2017) 1–19.

[25] Z.L. Hua, L.X. Qiang, B.C. Lin, Symmetry, reductions and new exact solutions of
ANNV equation through Lax pair, Commun. Theor. Phys. 50 (1) (2008) 1–6.

[26] P.G. Est�evez, S. Leble, A wave equation in 2þ1: Painleve analysis and solutions,,
Inverse Prob. 11 (4) (1995) 925–937.

[27] Y. Ren, H. Zhang, New generalized hyperbolic functions and auto-B€acklund
transformation to find new exact solutions of the -dimensional NNV equation, Phys.
Lett. A 357 (2006) 438–448.

[28] M. Boiti, J. Leon, P. Pempinelli, Spectral transform for a two spatial dimension
extension of the dispersive long wave equation, Inverse Prob. 3 (1987) 371.

[29] M.S. Osman, A.M. Wazwaz, Analyzing the combined multi-waves polynomial
solutions in a two-layer-liquid medium, Comput. Math. Appl. 76 (2) (2018)
276–283.

[30] M.S. Osman, Multiwave solutions of time-fractional (2 þ 1)-dimensional
Nizhnik–Novikov–Veselov equations, Pramana - J. Phys. 88 (4) (2017) 67.

http://refhub.elsevier.com/S2405-8440(19)36208-5/sref1
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref1
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref2
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref2
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref3
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref3
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref3
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref3
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref3
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref4
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref4
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref4
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref5
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref5
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref5
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref5
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref5
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref5
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref6
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref7
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref7
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref7
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref7
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref8
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref8
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref8
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref8
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref8
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref8
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref9
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref9
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref9
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref9
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref9
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref9
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref10
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref10
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref10
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref10
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref10
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref11
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref11
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref11
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref11
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref11
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref11
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref12
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref12
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref13
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref13
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref13
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref13
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref14
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref14
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref14
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref14
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref15
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref15
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref16
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref16
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref16
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref16
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref16
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref16
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref17
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref17
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref17
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref17
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref18
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref18
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref18
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref18
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref19
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref19
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref19
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref19
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref19
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref20
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref20
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref20
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref20
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref21
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref21
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref21
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref21
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref22
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref22
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref22
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref22
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref22
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref23
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref23
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref23
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref24
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref24
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref24
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref24
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref24
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref25
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref25
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref25
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref26
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref26
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref26
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref26
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref26
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref27
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref27
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref27
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref27
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref27
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref28
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref28
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref29
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref29
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref29
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref29
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref30
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref30
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref30
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref30
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref30


M.B. Hossen et al. Heliyon 5 (2019) e02548
[31] M.S. Osman, H.I. Gawad, Multi-wave solutions of the (2þ1)-dimensional Nizhnik-
Novikov-Veselov equations with variable coefficients, Eur. Phys. J. Plus 130 (2015)
215.

[32] M.S. Osman, H.I. Gawad, M.A. Mahdy, Two-layer-atmospheric blocking in a
medium with high nonlinearity and lateral dispersion, Results Phys. 8 (2018)
1054–1060.

[33] S.Y. Lou, X.B. Hu, Infinitely many Lax pairs and symmetry constraints of the KP
equation, J. Math. Phys. 38 (12) (1997) 6401.
9

[34] X.B. Wang, S.F. Tian, M.J. Xu, T.T. Zhang, On integrability and quasi-periodic wave
solutions to a (3þ1)-dimensional generalized KdV-like model equation, Appl. Math.
Comput. 283 (2016) 216–233.

[35] X.B. Wang, S.F. Tian, L.L. Feng, H. Yan, T.T. Zhang, Quasiperiodic waves, solitary
waves and asymptotic properties for a generalized (3 þ 1)-dimensional variable-
coefficient B-type Kadomtsev–Petviashvili equation, Nonlinear Dyn. 88 (2017)
2265–2279.

http://refhub.elsevier.com/S2405-8440(19)36208-5/sref31
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref31
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref31
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref31
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref32
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref32
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref32
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref32
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref33
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref33
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref34
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref34
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref34
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref34
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref34
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref35
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref35
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref35
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref35
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref35
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref35
http://refhub.elsevier.com/S2405-8440(19)36208-5/sref35

	Multi-soliton, breathers, lumps and interaction solution to the (2+1)-dimensional asymmetric Nizhnik-Novikov-Veselov equation
	1. Introduction
	1.1. Bilinear form

	2. Results & discussion
	2.1. The 1-soliton solution
	2.2. The 2-soliton solution
	2.3. The 3-soliton solution
	2.4. Lump solutions of the (2+1)-dimensional ANNV equation
	2.5. Interaction of lump waves with solitary waves
	2.6. Multi lump solutions of (2 + 1)-dimensional ANNV equation

	3. Conclusion
	Declarations
	Author contribution statement
	Funding statement
	Competing interest statement
	Additional information

	References


