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Abstract
Irregularity in shape and behavior is the main feature of every anatomical system, including
human organs, tissues, cells, and sub-cellular entities. It has been shown that this property
cannot be quantified by means of the classical Euclidean geometry, which is only able to
describe regular geometrical objects. In contrast, fractal geometry has been widely applied in
several scientific fields. This rapid growth has also produced substantial insights in the
biomedical imaging. Consequently, particular attention has been given to the identification of
pathognomonic patterns of “shape” in anatomical entities and their changes from natural to
pathological states. Despite the advantages of fractal mathematics and several studies
demonstrating its applicability to oncological research, many researchers and clinicians remain
unaware of its potential. Therefore, this review aims to summarize the complexity and fractal
geometry of nuclear medicine images.

Key words: Fractals, Geometry, Complexity, Anatomy, Nuclear medicine

The Complexity of Human Beings
Organisms are complex systems, being composed of many
interacting parts, including molecules, cells, tissues, organs,
and systems or apparatuses [1, 2]. The more those parts
depend on each other, the more integrated those parts are
thought to be. In this way, “integration” may be considered
an emergent property of complexity. Simon Alexander
Herbert (1916–2001) stated “By a hierarchic system or
hierarchy, I mean a system that is composed of interrelated
sub-systems, each of the latter being, in turn, hierarchic in
structure until we reach some lowest level of elementary
subsystem” [3]. Ludwig von Bertalanffy (1901–1972) well
explained the term “complexity” as one made up of a large
number of parts that interact in a non-simple way [4–6]. The
need for a new way of classifying complex natural as well as
pathological anatomic forms has prompted an increasing

number of researchers to adopt the “fractal geometry” [7–
10], which appears a more suitable tool in this context [11–
16].

Review Criteria
A literature review of PubMed/Medline was performed
using the following sets of keywords: “Fractal” AND
“Nuclear Medicine.” The search included articles published
in English online through February 28, 2018. The two
keyword sets yielded 138 publications. After excluding
publications that primarily unfit the aim of the research,
the remaining 22 publications were reviewed and discussed.

Euclidean Versus Fractal Geometry
Unlike Euclidean geometry, fractal geometry is able to
describe with higher approximation complex natural struc-
tures and biological dynamic processes [17–19]. A fractalCorrespondence to: Egesta Lopci; e-mail: egesta.lopci@gmail.com
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structure can be defined as having a characteristic form that
remains constant over a defined range of scales. Similarly, a
process is fractal if a variable undergoes characteristic
changes that are similar regardless of the time interval over
which the observations are made [20]. The concept of fractal
geometry was developed by Benoit B. Mandelbrot (1924–
2010), based on previous works by Jules Henri Poincaré
(1854–1912), Georg Ferdinand Ludwig Philipp Cantor
(1845–1918), and Lewis Fry Richardson (1881–1953).
Mandelbrot first adopted the term “fractal” in his book
entitled “Les Objets Fractals: Forme, Hasard et Dimension”
and subsequently in “The Fractal Geometry of Nature.” He
came forward with a universal mathematical code for
interpreting the multifarious world of natural forms. As
stated by the mathematician Michael Fielding Barnsley
(1946–), we can find “fractals everywhere.” This statement
is supported by the recognized importance of the “rough”
shape as geometrical property of natural structures and
anatomical systems, capable of influencing behavior and
relationship with the surrounding environment [21]. In this
context, one spatial scale and typical Euclidean geometry
result are not sufficient for describing natural objects, as
stated by Mandelbrot [22]. Based on these assumptions, the
fractal dimension, also called non-integer dimension, has
been introduced as an estimator of the space-filling
properties of irregularly shaped objects and continually

applied into the life sciences in biology and medicine [23–
26].

The Bases of Fractal Geometry
The word “fractal”, derived by the Latin fractus meaning
“broken,” was first coined in 1975 by Mandelbrot to
describe complex patterns that were self-similar across
infinite scales [17]. Namely, fractal objects are detailed or
fragmented geometric forms that can be segmented into
smaller parts, each representing a miniature or rough copy of
the entire object. Every element of these reduced copies can
be subsequently divided into smaller parts, and then these
divided into more smaller elements, and so on to the infinite,
providing substructures all characterized by exact, quasi, or
statistical self-similarity to the whole. As shown by
Mandelbrot, the simplest principle of fractals is the so-
called recursive iteration. For example, the Mandelbrot set
arises from the simple Z = Z2 + C recursive algorithm
(Fig. 1a). Other examples include the Julia set originally
proposed by the French mathematician Gaston Julia (1893–
1978) (Fig. 1b).

The classic examples of geometrically self-similar
objects are the “snowflake” and the “curve” (Fig. 1c, d),
described by Niels Fabian Helge von Koch (1870–1924),
or the “Sierpinski triangle” (Fig. 1e), described by the

Fig. 1. Prototypical examples of geometrical fractals. a Mandelbrot set arising from the simple Z = Z2 + c recursive algorithm,
where any new Z complex number is generated by its predecessor. b Julia set originally proposed by the French mathematician
Gaston Julia. The classic examples of geometrically self-similar objects are c the “curve” from Niels Fabian Helge von Koch and
d the “snowflake”. e Another geometrically self-similar figure is the “Sierpinski triangle.”
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Polish mathematician Waclaw Sierpinski (1882–1969). On
the other hand, statistical self-similarity also called “self-
affinity” concerns biological objects. Anatomic systems are
rarely identical copies of the whole system. Self-similar
structures in human anatomy, anyhow, can be depicted in
the circulatory system, in the biliary and bronchial trees, in
the mammary ductal system, in the neuronal system, in cell
membrane, etc. [11, 21, 27–39] (Fig. 2). What all these
anatomical examples of fractal objects have in common are
four properties: (a) they have an irregular shape, (b) their
structures are characterized by self-similarity, (c) their
geometrical analysis can be done with non-integer, fractal
dimension, and lastly (d) the measurement of their
properties depends on the scale they are studied.

Measurement of Fractal Properties
A fundamental concept for the evaluation of geometric
objects is that of dimension. Two main definitions of
dimension have been proposed. The first, named “topo-
logical dimension,” assigns an integer number to every
point in Euclidean space, indicated with the symbol E3,
and attributes a dimension of 0 to the “point,” dimension
1 to the “straight line,” dimension 2 to the “plain
surface,” and dimension 3 to the “three-dimensional
figure” [26]. The second definition of dimension attrib-
utes a real number to every natural object in E3, lying
between the topological dimension and 3. Mandelbrot
indicates the first with the symbol Dγ and the second
with the symbol D. For all Euclidean figures, Dγ and D
are coincident (Dγ = D), but this is not valid for all

fractal objects because D 9 Dγ. As suggested by
Mandelbrot, it is possible to determine irregularly shaped
objects through the covering procedure of the topological
space of the object being measured. Algorithms to
estimate the fractal dimension have been previously
explained by Di Ieva et al. [4] and are illustrated in
Fig. 3a–b.

Fractal Geometry in Oncology
In biology, we are often faced with the complexity of
cellular systems due to the presence of multiple different
structures, such as cell membranes, vascular structures, or
neurons. The same goes for pathological tissues, i.e.,
tumors, characterized by variations on cell death, meta-
bolic activity, and proliferation. As a consequence, all
attempts to describe such natural complexity graphically
by conventional geometry have failed and still remain
challenging [40]. As tumor outlines are fractals, they can
be characterized by a proper non-integer dimension,
which exceeds the integer Euclidean dimension. Kikuchi
et al. [41] showed that the surface of endometrioid
endometrial adenocarcinoma has a fractal structure, and
the mean fractal dimension may differ according to
histologic grades. Additionally, in the study of Lee
et al. [42], fractal dimension was able to differentiate
between squamous cell carcinoma and adenocarcinoma of
the lung, this latter characterized by lower fractal
dimensions. Vasiljevic et al. [43] showed that parameters
of multifractal analysis were significantly different
among three types groups of malignancy that produce

Fig. 2. Prototypical examples of natural fractal structures. a The ramified organization of a vegetable tree, b a cloud with its
irregular edges in continuous movement, and the counterpart anatomical fractal systems including the c retinal vascular tree
and d the irregularly shaped collagen fibers abnormally deposited during a chronic reparative process.
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bone metastases (i.e., renal, breast, and lung carcinoma),
postulating a potential application of this new analysis
for detecting primary tumor in patients with metastatic
cancer of unknown origin. In 2010, Di Ieva et al. [44]
have evaluated the microvascular network complexity of
six cases of human glioblastoma multiforme estimating
the box-counting surface fractal dimension on CD34
immunostained specimens. The different fractal dimen-
sion values observed showed that the same histological
category of brain tumor had different microvascular
network architectures.

In the last years, several papers have been also published
comparing the modifications in chromatin fractal dimension
between cancer and their natural counterpart in routinely
stained histological or cytological preparations. Overall, they
have shown that fractal dimension of chromatin rises in
different tumors during the phase from dysplasia to cancer,
from initial cancer to metastatic stages or in patients with
poor prognosis [45–51].

Fractal Geometry in Oncology Nuclear
Medicine
Positron emission tomography using the radioactive bio-
marker 2-deoxy-2[18F]fluoro-D-glucose ([18F]FDG) has
gained widespread use in oncology due to the relatively
high accuracy in the staging, differential diagnosis, and
therapy monitoring. Functional information, such as meta-
bolic tumor activity expressed by standardized uptake values
(i.e., SUVmax, SUVmean), could be used to detect regional
variation within the tumors [50–53]. However, these
parameters still define tumor heterogeneity in terms more
descriptive, at most semi-quantitative, rather than quantita-
tive. Thus, it is rational using fractal analysis as a
quantitative tool for positron emission tomography (PET)
images in order to detect structural heterogeneity of tumor
and monitor the disease evolution and the response to
different treatment plans [54].

Recently, Michallek and Dewey [55] have provided a
systematic review on fractal analysis applied to radiological

Fig. 3. The most widely used in the biomedical sciences is called the “box-counting method.”. a The “box-counting” dimension
is an estimator of the space-filling properties of natural objects in two-dimensions and three-dimensions. The Koch curve
represents an ideal model to examine the characteristic of the scale-dependent length of fractal structures. By looking at these
pictures, it is easy to see that a line in the Koch curve breaks up into four smaller pieces. Each of these pieces are 1/3 the length
of the original. Therefore, N is equal to four and S is equal to three, which gives us a fractal dimension of 1.231. b Because the
zero limit cannot be applied to natural objects, the dimension is the slope of the graph in a fixed range of side lengths (ε1–ε2)
empirically evaluated. This can lead to the derivation of resolution correction factors, which permit measurements obtained at
any magnification to be converted to estimates at critical magnification. These findings may explain the potential discrepancy in
the estimates of the outline or surface of anatomical shapes.
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and nuclear medicine tissue on perfusion imaging of tumors,
lung, myocardium, kidney, skeletal muscle, and cerebral
diseases. From the review emerged that fractal analysis can
be successfully performed and it is a suitable method for
quantifying perfusion heterogeneity. Nevertheless, the stud-
ies monitoring tumor response to treatment have showed
limited significance, with only one study demonstrating
successfully correlation between treatment response and
fractal analysis.

As mentioned above, Di Ieva et al. [44] showed that the
same histological category of brain tumors had different
microvascular network architectures. Additionally, a signif-
icant positive correlation between the microvascular fractal
dimension and [11C]methionine ([11C]MET) uptake was
found. Their preliminary findings indicated that microvas-
cular fractal dimension can be a useful parameter to
objectively describe and quantify the geometrical complexity
of the microangioarchitecture in glioblastoma multiforme.

The lung, due to its hierarchical branching structure, is
one of the most recognized examples of biological fractal
system (Fig. 4). Miwa et al. [56] determined whether fractal

analysis of morphological complexity and intratumoral
heterogeneity of [18F]FDG uptake can help to differentiate
malignant from benign pulmonary nodules. The authors
included in their study 54 patients with suspected non-small
cell lung cancer who were examined by [18F]FDG PET/x-
ray computed tomography (CT). The density fractal dimen-
sion of intratumoral heterogeneity of FDG uptake was lower
for malignant than benign pulmonary nodules. The authors
stated that the combination of glucose metabolism
(SUVmax) and heterogeneity of [18F]FDG uptake by fractal
analysis is complementary for differential diagnoses and
improves diagnostic accuracy. Dimitrakopoulou-Strauss
et al. [57], using a two-tissue compartment model and a
non-compartment model based on the fractal dimension,
compared the kinetic parameters of [18F]FDG and
[68Ga]DOTATOC in patients with non-small cell lung
cancer (NSCLC). Such comparison revealed a significant
correlation for fractal dimension of the two tracers (r =
0.764, p = 0.017), which could reflect a heterogeneous time-
dependent distribution of both tracers in the lung tumors.
Moreover, Dimitrakopoulou-Strauss et al. [58] compared the
fractal dimensions of the time–activity data for 6-[18F]flu-
oro-L-dopa ([18F]FDOPA), [18F]FDG, and [15O]water in a
series of metastatic melanoma lesions. They did not observe
significant differences for the median values of the fractal
dimension between the tracers within a tumor VOI. In the
same context of metastatic melanoma, Breki et al. [59] have
applied fractal/multifractal analysis to assess tumor response
in 31 patients treated with ipilimumab. They found that
fractal dimension was lower in patients with progressive
disease, suggesting hierarchical expansion of low dimen-
sionality by malignant lesions, whereas in cases of success-
ful therapy, the lesions cease to attract the tracer, which
diffuses in all parts of the body.

The same study group [60] also evaluated fractal analysis
to characterize dynamic [18F]FDG uptake in patients with
sarcoma. Interestingly, they found that SUV and the fractal
dimension were helpful for the differentiation of the lipoma
and scar tissue from advanced sarcoma stages (grades III–
IV). Afterwards, Okazumi et al. [61] reported that the fractal
analysis on dynamic [18F]FDG PET/CT study was useful for
predicting the grade and prognosis of soft tissue sarcomas.

Additionally, another paper from Dimitrakopoulou-Strauss
et al. [62] aimed to compare different dynamic [18F]FDG PET
quantification methods to predict survival in a cohort of
patients with metastatic colorectal cancer under chemotherapy.
The results showed that patients with either high baseline SUV
(6.0) or high baseline fractal dimension (1.35) were associated
with poor prognosis and short survival.

Similarly, the same group [63] compared dynamic
PET parameters of [18F]FDG and [68Ga]DOTATOC in
patients with metastatic neuroendocrine tumors, in whom
[90Y]DOTATOC therapy was planned. However, they
did not find any significant correlation between fractal
dimensions for [18F]FDG and the corresponding
[68Ga]DOTATOC values.

Fig. 4. The practice of nuclear medicine involves looking at
an image (i.e., visual perception) and interpreting what is
seen (i.e., cognition). Experience gives the perceptual and
cognitive skills to know what information to look for and how
to interpret that information based on the accumulation and
integration of information processed from previous encoun-
ters with the same types of images. Although the basic
anatomy, a the CT bronchial tree or b the representative
fused PET/CT image, is the same from image to image, the
degree of natural dissimilarity in both normal and patholog-
ical anatomical structures is high.
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Sachpekidis et al. [64] studied the pharmacokinetics and
distribution of the Ga-68 prostate-specific membrane antigen
(PSMA) PET/CT in patients with recurrent prostate cancer.
Fractal dimension values were higher in tumor-related
lesions than in reference tissue and in the osseous metastatic
lesions than primary tumors and lymph node metastases.
Additionally, they found a significant correlation between
fractal dimension and SUVmean (r = 0.93), fractal

dimension and SUVmax (r = 0.87), and fractal dimension
and influx rate (r = 0.77). Recently, the same group further
confirmed their results [65].

The same group investigated static and dynamic
[18F]FDG and [18F]sodium fluoride ([18F]NaF) PET/CT in
treatment response assessment in multiple myeloma patients.
Quantitative analysis of dynamic PET/CT for both tracers
revealed that the patients who responded to therapy had a

Table 1.. Overview of reports of fractal geometry in nuclear medicine

Study Radiotracer Tissue/organ No. of
patients

Comments

Oncology
Di Ieva et al. [44] [11C]MET Glioblastoma multiforme 6 Significant correlation between the

microvascular FD and the uptake of
[11C]MET

Miwa et al. [56] [18F]FDG Pulmonary nodules 54 m-FD and d-FD differ between malig-
nant and benign pulmonary nodules.

Dimitrakopoulou-Strauss et al. [57] [18F]FDG, [68Ga]DOTATOC NSCLC 9 Significant correlation of the FD of
[18F]FDG and [68Ga]DOTATOC

Dimitrakopoulou-Strauss et al. [58] [18F]FDG, [18F]DOPA,
[15O]water

Metastatic melanoma 11 No significant heterogeneous distribution
among the tracers

Breki et al. [59] [18F]FDG Metastatic melanoma 31 FD decreases with the deterioration of
the patient’s therapeutic outcome
condition.

Dimitrakopoulou-Strauss et al. [60] [18F]FDG Sarcoma 56 FD distinguishes advanced sarcoma
stages from benign lesions.

Okazumi et al. [61] [18F]FDG Sarcoma 117 FD is a useful parameter for malignant
lesions at the diagnosis, for
histological grading, and for
prognosis.

Dimitrakopoulou-Strauss et al. [62] [18F]FDG Metastatic colorectal
cancer

25 FD 9 1.35 associated with shorter
survival.

Koukouraki et al. [63] [18F]FDG, [68Ga]DOTATOC Metastatic NETs 15 No significant correlation between the
tracers

Sachpekidis et al. [64] [68Ga]PSMA Prostate cancer 24 FD values from cancer lesions
significantly higher than normal
prostate tissue

Sachpekidis et al. 65] [68Ga]PSMA Prostate cancer 140 FD correlates with the level of tracer
uptake and influx rate.

Sachpekidis et al. [66] [18F]FDG, [18F]NaF Myeloma 34 Decrease of FD values for patients who
respond to the therapy

Dimitrakopoulou-Strauss et al. [67] [18F]FDG Myeloma 19 Significant reduction of FD after
chemotherapy

Ben Bouallègue et al. [68] [18F]FDG Lymphoma 57 Low 2D and 3D fractal dimensions
associated with complete metabolic
response

Tochigi et al. [69] [18F]FDG Esophageal 79 FD is an independent predictor of
survival.

Lopci et al. [70] [64Cu]ATSM NSCLC, head
and neck

5 No significant difference of FD values at
early and late assessment

Non-oncology
Kuikka et al. [71] [123I]1β-CIT (SPECT) Brain 39 Higher heterogeneity in females and

striatal asymmetry (left to right)
Kuikka et al. [72] [99mTc] (SPECT) Brain 20 Lower fractal dimension in patients with

dementia of frontal lobe type
Lee et al. [73] [18F]FDG Brain 66 Higher fractal dimensions in older

healthy volunteers
Venegas and Galletti [74] [13N]nitrogen Lung 6 FD as alternative method to analyze

pulmonary perfusion
Kalliokoski et al. [75] [15O]water Muscle 15 Perfusion distribution in resting and

exercising muscle
Kalliokoski et al. [76] [15O]water Muscle 21 Perfusion distribution in resting and

exercising muscle in trained and
untrained muscles

Abbreviations: m-FD, morphologic fractal dimension; d-FD, density fractal dimension; NSCLC, non-small cell lung carcinoma; NETs, neuroendocrine tumors;
SPECT, single-photon emission computed tomography
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significant decrease of fractal dimension, as well as SUV
values [66]. These findings were also in agreement with
previous results from Dimitrakopoulou-Strauss et al. [67] in
multiple myeloma during chemotherapy. Ben Bouallègue
et al. [68] found that lower values of both the 2D and 3D
fractal dimensions were significantly associated with higher
rates of complete metabolic response in malignant lympho-
mas, inferring that fractal dimensions reflect, at the macro-
scopic level, histological feature and tumor perfusion
distribution, with cellular and perfusion homogeneity being
favorable factors for therapeutic response.

Tochigi et al. [69] assessed the heterogeneity of the
intratumoral glucose metabolism by fractal analysis and
evaluated its prognostic impact in patients with esophageal
cancer. Kaplan–Meier curve showed tumors with low fractal
dimension (≤ 1.95) had better survival than those with high
fractal dimension values. Moreover, fractal dimension was
confirmed as an independent factor for patient survival.

Finally, Lopci et al. [70] analyzed early and delayed acquisition
on copper-64 diacetyl-bisN4-methylthiosemicarbazone
([64Cu]ATSM) PET/CT in a small cohort of cancer
patients. For fractal geometry values, the preliminary
findings showed not significant difference at early and
late acquisition, supporting the role of [64Cu]ATSM PET/
CT images for the assessment of tumor hypoxia.

Fractal Geometry in Non-oncological
Nuclear Medicine
In 1997, Kuikka et al. [71] applied fractal analysis to
distinguish the spatial heterogeneity of striatal dopamine re-
uptake sites in the living human brain, using iodine-123-
labeled 2β-carbomethoxy-3β-(4-iodophenyl)tropane
([123I]1β-CIT). In particular, females had a higher heteroge-
neity in both the left and the right striatum. Moreover, they
found significant striatal asymmetry, suggesting functional
hemispheric lateralization. Afterwards, the same group
reported that the heterogeneity of blood flow with a fractal
approach was able to differentiate dementia of the frontolo-
bar type from control subjects [72]. Additionally, Lee et al.
[73] showed heterogeneity in the cerebral glucose metabo-
lism of healthy volunteers, expressed by fractal dimensions,
was higher in older volunteers in most brain region, whereas
no significant differences between male and female volun-
teers of the same age were found.

Venegas and Galletti [74] applied an alternative method
of using fractal dimension to analyze pulmonary perfusion
with PET after injection of a bolus of [13N]nitrogen saline.
They accounted for the irregular shape of the organ and
corrected for the vertical perfusion gradient in the lung.

Other papers investigated fractal values of perfusion
images with [15O]water PET comparing resting versus
exercising muscle and trained versus untrained subjects.
However, no significant differences in perfusion distribution
were observed by fractal analysis highlighting that vascular

branching patterns do not majorly contribute to perfusion
heterogeneity [75, 76].

In Table 1, we have summarized all nuclear medicine
studies where fractal analysis was performed.

Conclusions
It remains indubitable that many factors may affect the
interpretations of the computed tomography or PET images.
What makes the tasks difficult is the fact that although the
basic anatomy is fundamentally the same from image to
image, the degree of natural dissimilarity in both normal and
pathological anatomical structures is high, and clinicians will
never see all possible variations no matter how long they
practice and how many images they see. The need to find a
new way of objectively observing, classifying, and measur-
ing the normal and abnormal anatomical forms, and their
complex dynamical changes prompted many investigators to
develop computer-aided diagnosis algorithms based on
fractal geometry. The fascination for the small and infinitely
small has led to the illustration of details invisible to even
the most acute observation of the human eye. The
conception of anatomical systems as an infinite hierarchy
of infinitely graduated forms implies the existence of
realities invisible to the naked eye, thus highlighting new
properties of organized biological matter and raising a series
of new and intriguing questions. Although widely used in
the physics since the beginning of the twentieth century, it is
also indubitable that the concepts of complexity, irregularity,
and self-similarity need to enter in the lexical armamentar-
ium or be applied to the nuclear medicine.
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