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ARTICLE INFO ABSTRACT

A numerical method is presented for the investigation of the propagation characteristic of guided waves in
functionally gradient material (FGM) plates. Based on the State-vector formalism and Legendre polynomial
method, the typical non-stratified computing of dispersion curves of FGMs is realized, by introducing the uni-
variate nonlinear regression to optimize the arbitrary gradient distribution of material component. Comparing
with the conventional Matrix method, the proposed method avoids the exhausting root-locating algorithm of
solving the transcendental equation by a single-variable scanning process. This method turns it into an algebraic
eigenvalue problem, which mainly depends on the orthogonal completeness and strong recursive property of
Legendre polynomial series. It provides a fast and flexible approach to extracting the dispersion curves, dis-
placement distribution and stress profile, simultaneously. Results from chrome-ceramic FGM plate are compared
with those from the previous articles to confirm the feasibility and accuracy of the proposed method. Then, this
approach is further applied to iron based alumina FGM. The dispersion curves with different gradient function
are calculated to illustrate the influence of the gradient variation. Moreover, the influence of the cut-off order of
Legendre orthogonal polynomials on the convergence of dispersion curves is also revealed through numerical
examples. Utilizing the mapping relationship between the gradient distribution and the propagation char-
acteristics, it gives theoretical support for nondestructive evaluation and quantitative estimation of the structural
characteristics of FGM plates.
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1. Introduction size-dependent behavior of the functionally graded material under load,

such as functionally graded anisotropic elastic composites [3], and

With the development of nowadays material science, material
structures are becoming more and more complex and delicate.
Functionally gradient material (FGM), as a key fundamental material,
has recently received considerable attention in aerospace, mechanical
engineering, etc., due to its strong designability [1]. It’s of great im-
portance to develop a nondestructive testing method to realize the
characterization of mechanical properties of FGMs. As well known,
ultrasonic wave propagation carries much information about the ma-
terial, which gives a chance to characterize the material performance
[2]. Aiming at the non-destructive evaluation, investigating the wave
propagation behavior in FGM plate has become a topic of practical
research.

In recent years, several analytical and computational studies have
been extended on the properties of functionally graded materials. Based
on the modified couple-stress theory, Guo analyzed numerically the
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layered model for simply-supported and functionally graded magneto-
electro-elastic plates [4]. Sladek developed meshless local Petrov-Ga-
lerkin (MLPG) method to investigate magneto-electric coefficient of
FGM composite with a pure piezo-magnetic and piezoelectric behavior
on the lower and upper surface, respectively [5]. Then, Sladek applied
MLPG method to bending analysis of FGM plates with integrated
magneto-electro-elastic sensor and actuator layer [6]. Moreover, Wang
researched the response of functionally graded material multiferroic
composites under different type of loads by using three-dimensional
finite element method [7]. At recent, starting with the microscopic
composition, Bishay [8] discussed the effect of the material property
ratio and lattice mismatch strain ratio on electromechanical behavior of
Functionally Graded Quantum Dots with and without wetting later. In
addition, with the purpose of non-destructive evaluation, the wave
characteristics in FGM structures have also attracted considerable
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researchers.

Likewise, numerous approaches have been also used to analyze the
acoustic wave propagation in FGM plates, which usually divided the
gradient structure into sublayers with homogeneous properties along
the thickness direction. Liu [9] developed a finite layer element method
to analyze the propagation characteristics of Lamb waves in FGM plate.
Then, Ohyoshi [10] improved the finite layer element into the linearly
interpolation layer element (LIE) to approximate the continuous gra-
dient variation. Moreover, Liu [11] derived the general solution of LIE
model, and investigated the propagation characteristics of stress waves
in FGM plate by using the continuity conditions. On this basis, Han [12]
proposed a quadratic layer element method to analyze the stress waves
in FGM plates, and obtained the material properties of an actual SiC-C
FGM plate by means of the genetic algorithm. Chen [13] adopted an
accurate laminate to reconstruct the target FGM plate, then the re-
verberation matrix method was employed to investigate the dispersion
characteristics [14]. Afterwards, Salah [15] used the stiffness matrix
method to analyze the propagation of Love waves over a half space of
an elastic substrate covered by a functionally gradient piezoelectric
material (FGPM) plate. In all the above mentioned researches, the FGMs
were divided into many homogeneous or inhomogeneous layers in
order to solve the wave propagation problem. Obviously, the layer
number of FGM plays a vital role in the numerical accuracy of calcu-
lations.

The introduction of the asymptotic analysis method provides a new
idea for the study of wave dispersion behavior of FGM plates, such as
the WKB (Wentzel-Kramers-Brillouin) method, orthogonal polynomial
expansion method, power series technique, and so on. Li [16] computed
the dispersion relations of Love waves in a semi-finite elastic solid
covered with FGPM medium with the electric open and short cases
through the WKB method. Likewise, Qian [17] also used the WKB
method to investigate the dispersion behavior of the Love wave pro-
pagation in a piezoelectric half space covering a FGM layer. Lefebvre
and Elmainouni developed Legendre polynomial series method to cal-
culate the dispersion curves and displacement distribution of guided
waves in FGM plate [18] and radially gradient cylinders [19]. Later on,
Yu extended this method to illustrate the guided wave problem of more
complex structures, such as thermoelastic [20], viscoelastic FGM plates
[21] and functionally gradient piezoelectric-piezomagnetic plates [22].
In addition, Cao analyzed the mapping relations between the gradient
characteristics with the dispersion curves of guided waves in FGM [23]
and FGPM plates [24] by using the power series technique. Similarly,
the high-order Chebyshev polynomials as approximation functions
were also used to solve the wave problem of FGM plate. Hedayatrasa
[25] numerically modeled the propagation behavior of elastic waves in
2D FGMs using the time-domain spectral finite element method based
on the Chebyshev Lagrangian expansion. As mentioned above, the
studies were treating the FGM structures as a continuously gradient
medium, and effectively calculated the propagation characteristics of
acoustic waves in FGM plates without separating it into multilayer
plates. In addition, Spectral Collocation Method [26], Semi-Analytical
Finite Element method [27,28] have been also developed to model
guided waves propagation in waveguides with complex cross sections
significantly, which includes complicated geometries and complex
material properties. Nevertheless, few literatures paid attention to the
non-destructive testing and evaluation of the characteristics of FGM
plates. And above all, the development of accurate and efficient cal-
culation of dispersion curves with the associated displacement and
stress profiles should be most important. So, more reliable and robust
approaches are still needed to enhance the accuracy and efficiency in
establishing the theoretical model and analyzing the complicated pro-
pagation of guided waves for FGMs.

Previously, we have studied the wave propagation in anisotropic
plates [29] and anisotropic hollow cylinders [30] by Legendre poly-
nomial solution based on state-vector formalism. Now, we attempt to
investigate the wave propagation in FGM plates with different gradient
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Fig. 1. Geometry of the FGM plate.

types. The gradient shape of the mechanical properties are fitted opti-
mally through univariate nonlinear regression. The dispersion curves
are calculated and compared with the published data. Then, the case of
iron based alumina FGM is given to validate the flexibility of the pro-
posed method. The effects of different gradient function on the dis-
persion curves and stress distribution are also illustrated. In addition,
the influence of the cut-off order of Legendre orthogonal polynomials
on the convergence of the numerical results is discussed in details.

2. Problem statement

Consider an FGM plate with varying material properties (density p
and elastic constants Cj;, in which I and J ranges from 1 to 6) with
regard to thickness h (0 < x, < h), which is infinite horizontally but
finite in the x5 direction, as shown in Fig. 1, and the guided waves
propagate along the x; direction.

2.1. Formulation of the dispersion equation

In this research, we assumed that the FGM plates are made of two
different materials, and the materials of top and bottom are denoted
M1, M2, respectively. The properties of internal materials are gradually
changed from M1 to M2. With respect to the FGM plates, the para-
meters at any depth can be expressed as p (x») and Cj; (x3). Hence,
based on the assumption of small deformation and the absence of body
forces, the wave equation, generalized constitutive relations and the
displacement-strain relationship can be expressed as:

_ 3%u; . .
UijJ_p(xz)m—z i,je@,z2,3)
g = Cijii (02 ) €n i,j,k,1€(,2,3)
g =75 (W +uy) kl1e(,23) 1)

where the 0; and ¢ represent the stress tensor and strain tensor in the
Cartesian coordinates, respectively, and u; are the displacement com-
ponents.

In FGM plates, the stress and displacement components can be de-
fined in state matrix form:

u=[u w uleila-«l

7=[on on olelel )

where the k and w are the wavenumber and angular frequency, re-
spectively. To keep the consistent of state matrix form, the governing
field equation and constitutive relations in terms of displacement and
stress vector can be rewritten as:

L —p(p)w?u — P
o 2 ox  dx 3)
and
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E

T = [Dn]g“l + [D12]
E E E

B = [DZI]T): + [Dzz]i + [D23]l

T = [D31]§7“1 + [Dsz]s + [Ds] 2t

du du
ot [Disl5;

ox3 (4)

where [Dy] are the elastic constant matrix Cj; (x2), which is directly
influenced by gradient characteristics. Obviously, Eq. (4) can be rear-
ranged along x; and x3 directions by removing the first-order deriva-
tives of u with respect to x:

0 d 0
T = [Dn]—u + [DIS]_u + [D2][D22] M % - [Dzl]—u -
ox 0x3 0x;

[Dzs]%l)

3

()

[D31] + [D33]— + [D3:][Da]” ( [D21]— - [D 23]:7“)
3

(6)
Likewise, the corresponding vector forms can be written in the fol-

lowing forms:

= [[Dlz][Dzz]’1 - [Dlz][Dzzlfl([Dm] + [Das]5 - ) + [Dn] o+ [DB]i:l (TZ)

ox3 u

)

[Ds3] %3](:12)
®

Substituting Egs. (7) and (8) into Eq. (3) can derive the matrix form of
the derivatives of stress in the x, direction:

3= [[Dn][Dzz]_l - [D3z][Dzz]_l([D21]a + [Dza]*) [Dalla% +

2 = LkIDulIDal™ = pw? = K11Dya] Dl 1Da1] = oul)] (F)

)

Referring to the matrix form of displacement and stress in the above
formula, the Eq. (4) can also be rewritten as:

3
Lu=

50 = (D] jk(D21a) (1o ()

(10)
Combining the Egs. (9) and (10) can obtain the following equation with
matrix form:

i(‘tz) _ Jk[D12][Do]™! = pw? — K2[[D12][D22] ™ [Do1] — [D11]] (‘tz)
ox \U ([D22]Ge))™ Jk([D22](6)) ([D21] () u

1D

Next, in order to achieve the simplified solution of Eq. (11), and the
propagation characteristics of guided wave along the x; direction, the
FGM plate should be considered as a whole. Thus, the form of a general
solution can be compactly expressed as:

n = fe/ 1w a2

where the state vector shows §j = [th U Uz 0y 0 0x]'. By far, the
wave equation of FGM plate, Eq. (11), can be represented by the fol-
lowing differential equations:

on _

M
7 (13)

Obviously,

v — (jk [D12][Dy2]™ — pw? — k2[[D12][D22] ™ [Da1] — [D11]]

([D22]Ce))™ Je([D22]0e))([D21]102)) ) (14

The simplified displacement and stress expression are taken into ac-
count by substituting the derivative of the second equation of Eq. (4)
versus X, into Eq. (11), the dispersion equation can be rearranged as
follows:
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[ 21] 9[Dyp] _

K2[Dy1]u + jk——u + k_([Dlz] + [Da]) = — F P (%) w?
o, o
o*u
U—@[Dzz]—o 15)

As we can see, the above equation are second-order partial derivation
equation, which is related to the unknown wavenumber k and the
displacement u.

Meanwhile, to reduce the quantity of the computation process, it is
necessary to introduce the reference unit elastic constant Cp, unit
density po and relative wavenumber k, = w,/p,/Co. If both sides of Eq.
(15) are divided by the square of reference wavenumber ko, it can be
written as:

fz[Dn]“ E([Dzl])“ +j§3“ ([D12] + [D2a1])

Co koCo 25 koCo

6%u D] _
ax? k3 Co
(16)
where & = k/k, is the normalized wavenumber, and [Dy]” are the first
order derivatives of Cj; (x,) versus X, in Cartesian coordinate system.

ou ([D2]) _ pl2)
o k§Co Po

2.2. Dispersion equations by Legendre polynomials

According to the principle of Galerkin method, we adopt the
Legendre polynomial series as an orthogonal basis function in order to
realize the superposition fitting of displacement field. Then, the dis-
placement vector should be:

N-1

= Y UiR(

n=0 (17)
where the P,(y) is the n'™-order Legendre polynomial, U} represents the
expansion coefficients of the amplitudes of the three displacement
components U'(xy), U%(x5), U3(x,). And N is the cut-off order of the
selected Legendre polynomial series. Theoretically, the order of the
Legendre series ranges from 0 to infinity, but the effective convergence
can be achieved when the cut-off order approaches an enough big
number M in practice, and the higher order terms can be effectively
neglected. Since y belongs to [—1, 1], and the subdomain along the
thickness direction x5 is [0, h]. We should move x, into the range where
the Legendre polynomial works, as:

_ _h _2
x= g(xz 2)’ ¢ = 18)

Submitting the Egs. (17) and (18) into Eq. (16), and multiplying both
sides of Eq. (16) by m'™-order Legendre polynomials, in which the m
ranges from O to M — 1. Then, integrate ¥ from —1 to 1. The linear
equation system composed of 3M equations can be obtained theoreti-
cally, as:

SIS UL [ B GOR COd + €22 3 UL [ RGOR GO
+J§€([D121+ID21]) Z f 5Pn(X)P G)dy

p(x2) xIN-1
~ % Zao

fl dPn()()P (X)dx_o

l([f;z;[) f 5Pn(X)P (X)d

Ui [ B.GOB. O dx

_ [Da] 2
!0200

19
The Voigt-type model [31] is used to calculate the effective material
parameters of the FGM plates. Hence, the properties of the gradient
material are described by:
Cy (o) = Cf + (Cy — CHVI(w)
p0e) = p* + (o' - PHIVi (%) (20

where V;(x,) denotes the volume fraction of the surface material
(which is pure M1), and V;(x2) + Va(x3) = 1. Moreover, the gradient
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shape of the volume fraction can be expressed as a power series, ex-
ponential function and so on. We take Eq. (21) as an example here:

V1=( _%)p 0<% <h 02<p<15)

@1
where the exponential p determines the gradient shape of the FGM
plate.

Because of the constraint of the orthogonal interval, the structural
gradient model can be written as:

— 2 1 2y\(1 _ x\P
CyC) =Gy + (G — CIJ)(; - g)
pte) =p* + (o' - PV
Ciy ) = =7 (Ch = Ci) = (1 = )P~ ©22)
In our research, in order to make full use of the recursive property of

Legendre polynomial series, the power function in the above equation
can be fitted with the univariate nonlinear regression, as:

(% - E) = S1x8 + $5%7 + S3x6 + Syx5 + Ssxt + Sex® + Sox2 + Sgx! + So,

1 p-1
(=% = Qux* + Qo7 + Qux® + Qux® + Qsx* + Qox® + Qrx? + Qux! + Qs;

(23)

where the coefficients S; and Q; (i = 1,2,,9) can be determined by the
Mathematica function ‘Fit’ [20] or MATLAB program ‘curve Fiting’.
Afterwards, submitting Egs. (22) and (23) into Eq. (19), the dispersion
equation can be finally obtained:

(10,1 + (D31

N-1 pl aPn()()
oo 1 Znm0 S 5 BnCOdx

52“’“] SN UL L BB G +
—pzoﬂzﬁ:(} Ub S RGO B ) dx
_ [Dzz]lzanol/q

kgCo
(I} - DD [ S1x8 + S2x7 + S3x0 + S4x5 + Ssx
Co +S6x3 + S7x2 + Sgx! + Sy

a

08, Gy

+& ) SN Ub S BGO B () dx

54[D21110cE1D21 b p(Q x8
+ Q) Zh0 Uk 1 BuGo) B ()l

. ((IDL] = DD + (D3] - [DFH D) [ S1x8 + Sox7 + S3x0 + Sax® + Ssx*) <N—1 .1 6Pu(x)
+jge 3 2 1 n=0 J 1 Bn
koCo +S6x3 + S7x% + Sgx! + Sy o

+ Q2x7 + Q3x° + Qux® + Qsx* + Qx> + Q7x2 + Qgx!

Codx
(Ip},1-03,1) P
kZCO

— a.
+ Q) I S T B Gy
_ *Pz)

+1 @ x84+ Q2x7 + Q3x® + Qux5 + Qsx* + Qex3 + Q7x% + Qsx!

(518 + $2x7 + S3x0 + S4x° + Ssx* + Sex3 + S7x% + Sgx!

+59)2 Ulf B QO Bn GO dx
_ ([D3,1 - D3,
kgCo

+ s 2 S )y = 0

2(51x8 + Sox7 + S3x0 + Sux5 + Ssx* + Sex3 + S7x2 + Sgx!

(24)

where 2@, w, x4B,(x), xqw, xqa P"(X) (@q=1, 2, ... 8) are the
ox 5)(2 x )(

linear operators associated with the Legendre polynomlal, totally 26
terms, as shown in Appendix A in details. In order to avoid the com-
plicated integral operation in the dispersion equations, the analytical
expression of the above linear operator can be obtained through the
orthogonal completeness and strong recursive property of Legendre
polynomial series. This will improve the computational efficiency sig-
nificantly. As a matter of fact, Eq. (24) can only provide 3(M — 2)
equations, which is difficult to satisfy the theoretical solution of 3 M
unknownsU... So, applying the traction-free on the surface of the FGM
plate, the corresponding boundary conditions are introduced:
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Boundary conditions
D
Z ( —jE[D3] + [ Zz]ew)Un =0

Z ( (=D%E[Dy] + Dzz( 1)"+1€n("+1))U (lower)

=0 (25)

(upper)

Combing the Eq. (24) and Eq. (25), the linear equation system can be
written as:

EDinsasnEsnx + JE%snxanDsnxt + ZanxsnDanxa = 0 (26)

where Lyysn, W’;wa, Zs;nw3y are the corresponding coefficient
matrices, and E; = [U},UL,...U5_,1". In order to solve the above quad-
ratic eigenvalue problem, we introduce the unit matrix I and auxiliary
variable Rynyx1 = jEGnxanEsnx1 to modify the Eq. (26), as:

([‘P3Nx3N —13N><3N] _ l[zwxw 0 ])[Ewn] =0

— Dnsan 0 £10 Lnxan | )| Ranxa @27
Finally, we note that the eigenvalue problem can be solved by using the
MATLAB ‘eig’ function (employ the QZ algorithm) when the wave-
number varies. The phase velocity can be obtained by w = ¢ (eigen-
values), and eigenvectors E can be used to describe the wave profile. So,
it can be seen that dispersion curves, displacement and stress dis-
tribution of FGM plates can be acquired effectively at the same time by
this proposed method. It should be noted that the matrices in the final
governing equations appear in the form of triangular matrix and are
highly symmetrical by introducing the state vector s, which maximizes
the computation efficiency of matrix operations.

3. Numerical results and discussion
3.1. Validation

Based on the pervious formulations, a computational program in
terms of the State-vector formalism and Legendre polynomial (SVFLP)
method is developed by MATLAB, which is conducted to calculate the
dispersion curves of guided waves propagation in the FGM plates with
different gradient shape. Firstly, in order to verify the validity of the
programming and theoretical formulas, we calculate the Cr-ceramics
FGM plate with two different gradient index p to make a comparison
between our results with the available data [23], as shown in Fig. 2.
The mechanical parameters used can also be found in Ref. [23]. It
should be noted that, Fig. 2(a) is the dispersion curves from the power
series technique, and Fig. 2(b) is the numerical results by the proposed
SVFLP method. The cut-off order of the Legendre orthogonal poly-
nomial series is M = 15. The red dot line and bule dot line in Fig. 2(b)
represent results with the p = 1, 10, respectively. In the range of
kh < 10, it clearly shows that the numerical solutions by SVFLP method
are consistent with the results obtained by power series technique,
which validates that our proposed method is effective in solving wave
propagation problems of FGM plates.

3.2. Guided wave propagation characteristics in FGM plate

Iron based alumina FGM plate with thickness of 1 mm is studied
here. The surface, at x, = 0, is homogeneous Fe-rich, while at x, = h,
it’s aluminum oxide-rich. The material parameters are given in Table 1.
Meanwhile, mechanical properties at arbitrary position along thickness
direction in FGM plate can be obtained via Eq. (20). Here, we assumed
that the gradient index p were equal to 0.2, 0.5, 1, 2, 10, 15. It can be
clearly seen that, in Fig. 3, gradient exponents significantly changed the
variation trend of volume fraction distribution along thickness direc-
tion. As the increase of gradient index p, the proportion of alumina in
the FGM plate also increases; when the gradient exponent approaches
infinity, the content of Fe approximately goes to zero. So, different
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(a) The results from Ref. [23]

Ultrasonics 99 (2019) 105953

10000

7500

5000

Phase Velocity,c(m/s)

2500

0 2 4 6 8 10
Dimensionless wave number,kh

(b) The results by SVFLP method

Fig. 2. Dispersion curves of Lamb waves for Cr-ceramics FGM plate.

gradient fields result in different volume fractions by varying different
gradient exponents.

To illustrate the effect of gradient field on the wave propagation
characteristics, we calculated the corresponding dispersion curves in
the Iron based alumina FGM plate when p = 0.2, 0.5, 1, 2, 10, 15, re-
spectively, as shown in Fig. 4(a—f). The results show that the gradient
field can influence the elastic modes significantly in the range of
0-8 MHz. We can find out from these figures that the overall trend
gradually tends to the Al,O3; material, while p increases. And the dis-
persive phenomenon of SH, mode seems to be more and more apparent
in this frequency range. Also, the phase velocities of foundation modes,
Ay, So, increase with p at zero frequency. Interestingly, as a typical two-
phase functionally gradient material, the convergence value of A, and
So modes are not close enough to a steady value as the frequency in-
creases, even when the frequency thickness product goes to 8 MHz mm.
In contrast, it is worth noting that the phase velocities of Sg and Ag in
homogeneous isotropic plate gradually approach the Rayleigh wave
velocity.

3.3. Convergence of the problem

Different from traditional matrix method and power series method,
the propagation characteristics can be determined by turning the
transcendental equation into an non-iterative eigenvalue problem
through the proposed method. The common starting point of solving
the wave problem is viewing the displacement as a general solution
form. In this method, the displacement solution is fitted approximately
by the Legendre polynomial within a finite number of terms, which is
the so called cut-off order M. It will directly affects the accuracy and
stability of the calculation results. To validate the convergence of the
proposed method, the guided wave dispersion curves of Iron based
alumina FGM plate are calculated at p = 1 versus different cut-off or-
ders M = 8, 9, 10, 11, respectively. As shown in Fig. 5, Fig. 5(a) shows
that it seems all the modes converge in the range of 0-6 MHz, when
M = 8. However, the calculation results are not much consistent with
each other in 6-8 MHz. If we take a look at the local part, as shown in

Table 1

Mechanical properties of Fe-Al,O3 material [32].
Materials p (kg/m®) C11 (GPa) C1» (GPa) C44 (GPa)
Fe 7870 218.5 63.6 77.5
Al,03 3900 388.8 85.5 140.0

1 0
>
0.8 p=02  {0.2 2
p=0.5 =]
_0.6f 04 E
[-5) =]
& p=1 ‘s
< 0.4 0.6 E
p= Fi
02}t 08 <
p=10 N

!

02 04 06 08
Thickness Position (mm)

Fig. 3. Variation curves of the volume fraction in Iron based alumina FGM
plate.

Fig. 5(b), it can be concluded that different dispersion curves corre-
sponding to each cut-off order are gradually approaching to each other,
when M increases. Obviously, the agreement is quite good between the
results from M = 10 and M = 11. Thus, good convergence in the range
of 0-8 MHz can be observed when the cut-off order M = 10. Generally,
the larger cut off order N is, the more the convergent and stable of the
numerical results will be. Hence, we take M = 12 in the above example,
as shown in Fig. 4.

3.4. Stress distributions

In order to investigate the wave propagation characteristics in de-
tails, we discuss the stress distributions of the Iron based alumina FGM
plate with different p at a given frequency. As shown in Fig. 6, con-
sidering a given point in Sy mode at f = 1 MHz with different gradient
shapes, its corresponding stress profile can be obtained according to the
eigenvector E combining Eq. (4). These figures are displayed in nor-
malized axis. It can be observed that on the top and bottom surfaces of
the FGM plate, the direct stress 025 and the shear stress 0,1, 0»3 are zero
in the arbitrary gradient field, which is consistent with the boundary
conditions. In addition, the effect of gradient field on the stress dis-
tributions shows that the amplitude of relative 05, declines significantly
with the increase of the gradient index p. Similarly, it can be seen that
the peak amplitude of stress component 05, shifts gradually downward
in the thickness direction. Moreover, the continuous distributions of
stress field along the thickness direction can be also used to verify the
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feasibility and correctness of the SVFLP method for the computation of
the dispersion curves in the FGM plates.

4. Conclusions

The aim of this research was to propose an analytical method to
calculate the wave propagation problem in continuous FGM plate
without discretizing the gradient structure into homogeneous multi-
layered model. Based on the State-vector formalism and Legendre
polynomial (SVFLP) method, the propagation characteristics of guided

waves in FGM plates with continuous changes in mechanical properties
(density, elastic constants) along the thickness direction can be ob-
tained effectively. Meanwhile, this method is verified by comparing
with the earlier results. Then, the propagation of guided waves in Fe-
Al,03 FGM plates has been investigated, and the numerical results show
that the gradient field possesses obvious influence both on dispersion
curves and stress distributions. We also analyze the effect of different
Legendre polynomial cut-off order M on the convergence of the elastic
modes in the range of 0-8 MHz. Moreover, the relationship between the
gradient distribution and propagation characteristics can be established
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by SVFLP, which provides theoretical guideline for quantitative inver-
sion of the elastic properties of FGM plates. This may encourage one to
go further to access multiple physical field coupling on acoustic pro-
pagation characteristics in FGM.
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Finally, the expressions of x‘? are derived in Eq. (A-4):
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