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a b s t r a c t 

A knowledge of material properties of soft tissue, such as articular cartilage, is essential to assess its 

mechanical function. It is also increasingly more evident that the inhomogeneity of the tissues plays a 

significant role in its in vivo functioning. Hence, efficient and reliable tools are needed to accurately char- 

acterize the inhomogeneity of the soft tissue mechanical properties. The objective of this research is to 

propose a finite element optimization procedure to determine depth-dependent material properties of 

articular cartilage by processing experimental data. Cartilage is modeled as a biphasic continuum with a 

linear elastic solid phase. The optimization method is based on a sensitivity analysis where the sensitivity 

of the finite element results to a variation in the material properties is analytically evaluated. The elastic 

modulus and permeability of the tissue are assumed to vary either linearly or quadratically through the 

thickness of the cartilage layer. After adopting some initial estimates, these material properties are up- 

dated iteratively based on their sensitivities to the current results, and the difference between the actual 

experimental data and computational experimental data. The optimization method has been tested in 

two common experimental configurations of cartilage and found to be efficient to estimate the material 

properties. 

© 2019 IPEM. Published by Elsevier Ltd. All rights reserved. 
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. Introduction 

Articular cartilage is a soft connective tissue whose mechanical

unctions include load-bearing and lubrication in diarthrodial

oints. It is a biphasic tissue where the load acting on the joint

s mostly carried through the pressurization of the interstitial

uid filling its porous matrix [1] . This structure gives the tissue

 time-dependent deformation behavior. In articular cartilage,

he direction of the collagen fibers is parallel to the surface in

he superficial zone, random in the midzone and perpendicular to

he bone interface in the deep zone. As a result, its material prop-

rties, especially its elastic modulus, display depth-dependence. A

nowledge of cartilage material properties is essential to assess its

echanical function, to better understand the etiology of patholo-

ies like osteoarthritis (OA) and to engineer proper replacement

issue. 

The first attempt for measuring depth-dependent properties

f cartilage involves epifluorescence microscopy, where depth-

ependent elastic modulus, Poisson’s ratio and shear modulus
Abbreviations: CC, confined compression; FE, finite element; OA, osteoarthritis; 

S, response surface; UCC, unconfined compression. 
∗ Corresponding author. 
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2–6] have been deduced from the equilibrium depth-dependent

eformation of the tissue in simple experimental configurations.

nhomogeneity has been also quantified by applying tensile [7] ,

tomic force microscopy [8] and nano-indentation tests [9] to sam-

les harvested from different depth zones of the tissue. These

ethods rely on equilibrium deformation of cartilage and do not

llow the determination of tissue permeability. 

Analytical and numerical methods have been utilized to opti-

ize only homogeneous material constants of cartilage by matching

he relevant experimental data to the available analytical solutions

f confined compression (CC) and indentation experiments [1 , 10] .

n the other hand, FE simulations are not restricted to specific ex-

erimental configurations, yet they can be as accurate as analytical

olutions. Optimization with FE method can be applied in two dif-

erent ways: 

In the first approach, the experiment is simulated with differ-

nt combinations of the material constants using FE method to

orm a large set of simulation results (i.e. candidate solutions),

here the one matching the experimental output is sought for.

esponse Surface (RS) methodology, Genetic algorithms and artificial

eural networks are such strategies, where the “best” solution is

ound among the possible candidates. These methods have been

sed in several studies to predict the homogeneous elastic con-

tants, biphasic poroviscoelastic properties, tissue permeability and

https://doi.org/10.1016/j.medengphy.2019.09.019
http://www.ScienceDirect.com
http://www.elsevier.com/locate/medengphy
http://crossmark.crossref.org/dialog/?doi=10.1016/j.medengphy.2019.09.019&domain=pdf
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L  
orientation distribution of fibers in cartilaginous tissues by simu-

lating either an indentation or unconfined compression (UCC) ex-

periment [11–17] . 

The second group of FE optimization techniques involve iter-

ative update of material properties through consecutive FE runs

until the FE outcome matches the actual experimental outcome.

They typically involve a FE package used together with an opti-

mization package. Properties of fibril-reinforced linear and non-

linear poroviscoelastic tissue properties, hyperelastic properties as

well as transversely-isotropic properties have been optimized using

this approach with varying success in different studies [18–22] . 

The objective of this study is to propose a finite element (FE)

optimization procedure to determine depth-dependent material

properties of biphasic tissues. It is shown that this approach can

capture inhomogeneous tissue properties in a computationally ef-

ficient manner, using experimental data that is obtained through

relatively simple experimental means. Linear or quadratic varia-

tions are assumed for the elastic modulus and tissue permeability,

and the related parameters are optimized with respect to the out-

come of the experiment. To achieve that, the sensitivity of the FE

results to a variation in the material properties is evaluated as a

part of the FE simulation to update the material properties itera-

tively. 

2. Material and methods 

Cartilage is modeled as a biphasic continuum and its solid

phase is assumed to be linear elastic. (Note that cartilage solid

phase behaves linear up to 15% strain [23] . The material proper-

ties are updated based on the sensitivities of the FE results to a

variation in the material properties is evaluated in a FE-sense as

illustrated below. The optimization method has been tested in CC

and UCC experimental configurations of cartilage. 

2.1. Finite element formulation 

We have implemented the velocity-pressure formulation (or vp-

formulation ) of the biphasic tissue problem. This formulation has

been used for quite some time in cartilage mechanics research.

Since the sensitivity analysis presented here uses certain subma-

trices defined in the FE formulation, we present here the linear

vp-formulation involving a linear elastic solid phase. The nonlin-

ear vp-formulation involving a hyperelastic solid phase has been

presented elsewhere [24 , 25] . 

In the vp -formulation, quantities related with the fluid phase

are eliminated from the governing equations of the biphasic theory

to give the following continuity and momentum equations: 

∇ · ( v − κ∇p) = 0 (1)

∇ ·
(
σE − pI 

)
= 0 (2)

where v is the solid phase velocity, p pressure, σE elastic stress and

κ tissue permeability. Here,“∇ · ” is the divergence operator. The

following boundary conditions for velocity, pressure and total trac-

tion σTot = σE + p I are defined on the corresponding boundaries: 

v s = v̄ s on �v (3)

p = p̄ on �p (4)

σTot · n = t̄ on �t (5)

where t̄ is total applied traction and n indicates the surface normal

of the associated boundary. 
Eqs. (1) , (2) and (5) are multiplied with arbitrary weighting

unctions, w and q , integrated over the appropriate domains and

ummed to give: 
 

�

{
w ·

[∇ ·
(
σE − pI 

)]
+ q [ ∇ · ( v − κ∇p ) ] 

}

+ 

∫ 
�t 

w ·
(
t̄ − σTot · n 

)
d� = 0 (6)

Using tensorial identities: 
 

�
w ·

(∇ · σE 
)

d� = 

∫ 
�

∇ ·
(
σE · w 

)
d� −

∫ 
�

∇w : σE d�

= 

∫ 
�t 

∇ ·
(
σE · n 

)
d � −

∫ 
�

∇w : σE d �, (7)
 

�
q ∇ · ( κ ∇p ) d� = 

∫ 
�Q 

q ( κ ∇p ) · n d� −
∫ 
�

( κ ∇p ) · ∇qd�, (8)

 

�
w · ∇p d� = 

∫ 
�t 

pw · n d � −
∫ 
�

p∇ · w d �, (9)

here “:” is the double contraction operator, and writing the total

raction term as: 
 

�t 

w ·
(
σTot · n 

)
d� = 

∫ 
�t 

w ·
(
σE · n 

)
d� −

∫ 
�t 

pw · n d�, (10)

he final weak form becomes: 
 

�

{∇w : σE − q ∇ · v − p∇ · w − κ( ∇p · ∇q ) 
}

d� = 

∫ 
�t 

w · t̄ d�

(11)

For linear elastic solid phase, σ = C : ∇ 

sym u , where C is the

ourth-order stiffness tensor and ∇ 

sym is the symmetric gradient

perator. Consequently, Eq. (11) . can be written as: 
 

�

{
( ∇w ) 

T 
: C : ∇ 

sym u − q ∇ · v − p∇ · w − κ( ∇p · ∇q ) 
}

d�

= 

∫ 
�t 

w · t̄ d� (12)

Next, the problem domain is subdivided into tetrahedral “finite

lements”. With subscript ‘ e ’ indicating the element quantities, the

ain and weighting variables are interpolated in each element as:

 e = N 

v 
e v n e , u e = N 

v 
e u 

n 
e , p e = N 

p 
e p 

n 
e (13)

 e = N 

v 
e w 

n 
e , q e = N 

p 
e q 

n 
e (14)

here N 

v 
e , N 

p 
e are the related shape function matrices, and v n e , u 

n 
e ,

p 

n 
e , w 

n 
e and q n e are the column vectors containing the associated

odal degrees of freedoms. Velocity and pressure are interpolated

ith piecewise-quadratic and piecewise-linear functions, respec-

ively. The fourth order tensor C is converted to a 6 × 6 symmetric

atrix and denoted as C . Accordingly, the strain matrix is written

s a column vector, and the gradient, symmetric gradient and di-

ergence operators are expressed as matrices, denoted by L di v , L 

sca ∇ 

nd L 

sym 

∇ 

, as: 

L di v = 

[
∂ 
∂x 

∂ 
∂y 

∂ 
∂z 

]
, L 

sca 
∇ 

= 

⎡ 

⎢ ⎣ 

∂ 
∂x 

∂ 
∂y 

∂ 
∂z 

⎤ 

⎥ ⎦ 

, 

 

sym 

∇ 

= 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

∂ 
∂x 

0 0 

0 

∂ 
∂y 

0 

0 0 

∂ 
∂z 

∂ 
∂y 

∂ 
∂x 

0 

∂ 
∂z 

0 

∂ 
∂x 

0 

∂ 
∂z 

∂ 
∂y 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

(15)
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The operators defined above convert some tensorial quantities

o their vector forms. With these manipulations, Eq. (13) can be

ritten as, 

nel 
 

e =1 

∫ 
�e 

{ 

w 

n T 

e 

(
L sym 

∇ 

N 

v 
e 

)T 
C 
(
L sym 

∇ 

N 

v 
e 

)
u 

n 
e − q 

n T 

e N 

p T 

e 

(
L di v N 

v 
e 

)
v n e 

−w 

n T 

e 

(
L di v N 

v 
e 

)T 
N 

p 
e p 

n 
e − q 

n T 

e 

(
L sca 
∇ 

N 

p 
e 

)T 
κ
(
L sca 
∇ 

N 

p 
e 

)
p 

n 
e 

} 

d�

 

nel ∑ 

e =1 

∫ 
�e 

t 

w 

n T 

e N 

v T 
e t d� (16) 

here �e is the element domain. �e 
t denote the element faces on

he boundary where traction is prescribed. Eq. (16) can be written

n the following form: 

nel 
 

e =1 

[
w 

n T 

e q 

n T 

e 

]{[
0 −A 

e 
v p 

−A 

e T 

v p −H e 

][
v n e 

p 

n 
e 

]
+ 

[
K 

se 0 

0 0 

][
u 

n 
e 

p 

n 
e 

]}

= 

nel ∑ 

e =1 

[
w 

n T 

e q 

n T 

e 

][F e t 

0 

]
(17) 

here, 

 

e 
v p = 

∫ 
�e 

(
L di v N 

v 
e 

)T 
N 

p 
e d� (18) 

 

e = 

∫ 
�e 

(
L 

sca 
∇ 

N 

p 
e 

)T 
κ
(
L 

sca 
∇ 

N 

p 
e 

)
d� (19) 

 

se = 

∫ 
�e 

(
L 

sym 

∇ 

N 

v 
e 

)T 
C 
(
L 

sym 

∇ 

N 

v 
e 

)
d� (20) 

 

e 
t = 

∫ 
�e 

t 

N 

t 
e ̄t d� (21) 

The summations in Eq. (17) are assembled to a global sys-

em. Eq. (17) holds for any function taken from weighting function

pace if: 

0 −A v p 
−A 

T 
v p −H 

][
v n 
p 

n 

]
+ 

[
K 

s 0 

0 0 

][
u 

n 

0 

]
= 

[
F t 
0 

]
(22) 

The vector and matrices in Eq. (22) are the assembled forms of

hose in Eq. (17) . 

Eq. (22) represents a first order differential-algebraic system.

e use a Crank-Nicholson scheme to relate the values u and v at

he k th and (k + 1) st time step as: 

 

n 
k +1 = 

(
ω v n k +1 + ( 1 − ω ) v n k 

)
�t + u 

n 
k (23)

here ω and �t are the time-integration parameter and time-step

ize, respectively. Using Eq. (25) , Eq. (24) is written as: 

ω�t K 

s −A v p 
−A 

T 
v p −H 

][
v n 

k +1 

p 

n 
k +1 

]
= 

[
F t − K 

s 
(
u 

n 
k 

+ v n 
k ( 1 − ω ) �t 

)
0 

]
(24) 

In the above equation, the solution at the k th time step is used

o update the right hand side. The system is solved with the up-

ated right hand side to obtain the solution of the next ( k + 1)st

ime step. 

.2. Optimization 

FE simulation of biphasic tissue with known material proper-

ies is mathematically a forward problem . On the other hand, de-

ermination of biphasic properties from a given set of experimen-

al observations constitutes an inverse problem. Forward problems

re usually well-conditioned. However, inverse problems are math-

matically ill-conditioned, in general, where a small change in the
roblem input (i.e. experimental data) may create a disproportion-

lly large change in the output. Usually, some regularization (i.e. a

et of constraints) has to be applied to find a solution to the in-

erse problem. 

Let m and y denote the column vectors containing the experi-

ental data items and the corresponding FE output items, respec-

ively. y is a function of the material properties, i.e.: 

 = y 
(
θ
)

(25) 

here θ is the vector containing the material properties to be op-

imized. The objective function to be minimized can be expressed

s 

f = f (m , y(θ) , θ) (26)

The functional relation between y and θ is generally nonlinear

ndependent of the linearity of the underlying physical problem.

onsequently, an iterative scheme is necessary to estimate the ma-

erial properties by minimizing f . 

Since the material properties are continuous quantities, we

ave employed a gradient optimization method, where the gradient

f the objective function with respect to the properties θ needs to

e calculated. 

The objective function J involves the difference-squares be-

ween the experimental and the related FE outcome: 

 = (m − y(θ)) T Q (m − y(θ)) (27) 

Depending on what is measured in the experiment, the vector

 may contain quantities of different nature/scale (such as pres-

ure and displacement) simultaneously and the matrix Q is used to

ake these quantities non-dimensional such that their errors can

e added. In this work, our virtual experimental data contains only

isplacement quantities since displacement is the typical quantity

o be measured in cartilage experimentation. Q can be taken as the

dentity matrix. Hence, Eq. (29) can be written as: 

 = (m − y(θ)) T (m − y(θ)) (28) 

To find the extremum of the objective function, its variation is

valuated with respect to an infinitesimal change δθ in the mate-

ial properties and set to zero. The variations of Eq. (28) can be

xpressed as: 

J = (δy(θ)) T (m − y) + (m − y) T (δy(θ)) = 0 (29)

The variation of y , δy, can be written as: 

y(θ) = 

∂y(θ) 

∂θ
δθ = Sδθ. (30) 

here S = 

∂y(θ) 
∂θ

is the sensitivity matrix describing the change in

he FEM output y with respect to a change in θ. In biphasic analy-

is, variation in a specific material constant may change the out-

ome measured at different geometry points and analysis times

ifferently. A higher change in the outcome means a higher sen-

itivity of the outcome at the considered point/time to the consid-

red material constant. 

Introducing Eq. (30) into Eq. (29) gives 

J = (Sδθ) T (m − y(θ)) + (m − y(θ)) T (Sδθ) = 0 (31)

The matrix products in Eq. (31) are scalars of equal value.

ence: 

J = δθT S T (m − y(θ)) = 0 . (32)

Since δθ is arbitrary, the above equation holds only if 

(θ) = S T (m − y(θ)) = 0 . (33)

Denoting this expression as the residual r ( θ), Eq. (33) is a non-

inear equation system with the unknown θ. The system is solved
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Fig. 2. FE mesh for CC creep test. 
using the Newton–Raphson iteration. To achieve that, it is lin-

earized at a reference material property state θ = θl as: 

∂r 

∂θ

∣∣∣∣
θ= θl 

δθ l+1 = −r( θl ) . (34)

θl indicates the material property estimate from the previous

iteration. The solution δθl + 1 is the correction to the current esti-

mate θl . If the process is convergent, the norm of the right hand

side vector − r ( θl ) should eventually vanish. 

Differentiating Eq. (33) with respect to θ gives 

∂r(θ) 

∂θ
= (S l ) T 

(
−∂y 

∂θ

)
+ 

∂( S T ) l 

∂θ
( m − y(θ) l ) (35)

Recalling that S = 

∂y 
∂θ

by definition, Eq. (35) can be written as:

∂r(θ) 

∂θ
= (S l ) T S l + 

∂( S T ) l 

∂θ
( m − y(θ) l ) (36)

∂S l 

∂θ
is a second order term and ignored to simplify computation.

In other words, rather than the exact gradient, an approximate gra-

dient of r is calculated. Since the scheme represented in Eq. (34) is

iterative, ignoring this term is not a problem as long as the right

hand side − r ( θl ) is exact. With this consideration, the linearized

system of Eq. (34) can be written as [ 
(S l ) 

T 
S l 

] 
(δθl+1 ) = −(S l ) T ( m − y(θ) l ) (37)

Once the above square system is solved, the current estimate

for material properties is updated as 

θl+1 = θl + δθl+1 (38)

and the procedure is repeated. 

2.3. Sensitivity analysis based on finite element formulation 

While the gradient optimization scheme described above is

general, the sensitivity matrix S is very much problem-dependent.
Fig. 1. Flowchart of the optimization algorithm. The experiment is simulated with 

FE and its results are compared with experimental data. Material properties are up- 

dated, and simulation is repeated until simulation results matches the experimental 

data. 
n this section, we demonstrate how to derive the sensitiv-

ty matrix S in connection with the vp -formulation given in

q. (24) . 

A variation δθ in the material properties will cause a change in

he vectors v , u and p and matrices K and H in Eq. (22) . Conse-

uently, the variation in Eq. (22) can be written as 

A δp 

n + Kδu 

n + δK u 

n = 0 

A 

T δv n − Hδp 

n − δH p 

n = 0 (39)

The unknown sensitivities of the problem variables v , u and p

o the material properties θ are also interpolated using the same
Fig. 3. FE mesh for UCC test. 
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U

unctions. Their nodal vectors can be defined as: 

v n = V 

n δθ, δu 

n = U 

n δθ, δp 

n = P n δθ (40)

here V 

n , U 

n and P 

n are the element sensitivity matrices of these

ariables. Each column in these matrices represent the sensitivity

f all nodal results with respect to a specific material constant.

ence, these matrices possess as many columns as there are ma-

erial properties to be optimized in θ. Variations in K and H are

xpressed as: 

K = 

∂K 

∂θ
δθ, δH = 

∂H 

∂θ
δθ (41)
Fig. 5. The evolution of the constants A and B (related to E ), and a
Substituting Eqs. (40) and (41) into Eq. (39) , and rearranging

ives 

A P n + K U 

n + 

∂K 

∂θ
u 

n 

]
δθ = 0 

−A 

T V 

n − H P n − ∂H 

∂θ
p 

n 

]
δθ = 0 (42) 

Since δθ is arbitrary, the expressions in the brackets must van-

sh, resulting to the following system: 

0 −A 

−A 

T −H 

][
V 

n 

P n 

]
+ 

[
K 0 

0 0 

][
U 

n 

0 

]
= 

[
− ∂K 

∂θ
u 

n 

∂H 
∂θ

p 

n 

]
(43) 

If the Crank-Nicholson scheme ( Eq. (23) ) is applied to

q. (43) we obtain: 

ω�tK 

(
θ
)

−A 

−A 

T −H 

(
θ
)
][

V 

n 
k +1 

P n 
k +1 

]

= 

[
− ∂K 

∂θ
u 

n 
k +1 

− K 

(
θ
)(

V 

n 
k 

+ V 

n 
k ( 1 − ω ) �t 

)
∂H 
∂θ

p 

n 
k +1 

]
(44) 

The above system has the same coefficient matrix as in

q. (24) but a different right hand side. Hence, the sensitivities can

e calculated during the FE simulation without forming a separate

lobal system by solving the same system with a different right

and side. Consequently, the computational load of the sensitivity

roblem amounts merely to a few extra back-substitutions in the

E analysis. 

The right hand side of Eq. (44) is calculated using the FE so-

ution of ( k + 1)st time step and the sensitivities of the k th time

tep. The solution of Eq. (44) with each column of the right hand

ide will produce one column of V 

n 
k +1 

and P n 
k +1 

(and then U 

n 
k +1 

). The

ensitivity matrix S is then formed with the entries of V 

n , P 

n and

 

n corresponding to the experimental output points and times. 
 and b (related to κ) during optimization iteration in CC test. 
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Fig. 6. The result of the simulated UCC experiment with linearly varying properties 

and the experimental data selected to be used in optimization. 
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Fig. 8. The result of the simulated CC experiment with quadratically varying prop- 

erties and the experimental data selected to be used in optimization. 
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2.4. Programming 

The optimization scheme involving the sensitivity analysis and

the FE program has been coded in MATLAB environment. A variety

of tests have been applied to validate the developed FE code. In

particular, the results have been compared with the available ana-

lytical solutions for CC and UCC [26] configurations. Furthermore,

the same problems with homogeneous properties have been setup

in ANSYS (Ansys Inc., USA) and FeBio (Musculoskeletal Research

Laboratories, University of Utah, USA) packages and their outcome

has been compared with ours. 

The optimization algorithm is schematically depicted on Fig. 1 . 
Fig. 7. The evolution of the constants A and B (related to E ), and a 
. Example problems and results 

.1. Experimental configurations and creation of virtual experimental 

ata 

We have tested the optimization scheme with virtual CC ( Fig 2 .)

nd UCC ( Fig. 3 ) creep experiments [23] . Either linearly or quadrat-

cally varying material properties across the tissue depth have been

ssumed. The contact between the tissue and experimental platens

s assumed to be frictionless. The CC and UCC meshes have 273

nd 1953 nodes, respectively, and it has been observed that con-

ergent solutions could be obtained on both meshes. Both meshes
and b (related to κ) during optimization iteration in UCC test. 
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Fig. 9. The evolution of the constants A , B and C (related to E ), and a , b and c (related to κ) during optimization iteration in CC test. 
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a

epresent a tissue of thickness h = 1 mm. For simplicity, E and κ
ave been assumed to be depth-dependent while ν is taken to be

omogeneous and equal to ν = 0.05. 

In engineering analysis involving a forward and inverse problem

air, it is common practice to test the inverse analysis using “ex-

erimental data” created with the forward analysis [17 , 22 , 27 , 28] ,

nd a similar approach has been used here, too. First, the FE code

i.e. the forward problem) is run with a specific set of depth-

ependent material properties, whose outcome at selected nodes

nd times is taken as virtual experimental data. The optimiza-

ion code is then run and checked if it can predict these depth-

ependent material properties that have been used in the creation

f the virtual experimental data. 

.2. Results with linearly varying material properties 

The elastic modulus has been observed to have a linear varia-

ion across the tissue depth in some studies [9] . Hence, as the first
est problem, we have assumed properties that vary linearly with

epth z: 

 = Az + B (45)

= az + b (46) 

here A, B, a and b are the material constants to be optimized. To

reate the virtual experimental data for CC and UCC, the FE code

s run with the following physiologically realistic numerical forms:

 = 0 . 6 z + 0 . 2 MPa (47)

= 0 . 0 07 z + 0 . 0 08 m m 

4 / Ns (48)

In other words, the optimization scheme, if success-

ul, should predict the values A = 0.6 MPa/mm, B = 0.2 MPa,

 = 0.007 mm 

4 /Ns/mm and b = 0.008 mm 

4 /Ns. 
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We have taken axial displacements measured at Point P ( Fig. 2 .)

at six different times (at 10, 30, 80, 150, 250 and 400 s) as our

experimental data for the virtual CC experiment ( Fig. 4 ). 

The optimization scheme is started with initial estimates of ma-

terial constants that differ significantly from their actual values.

The scheme has been observed to capture the correct values of A,

B, a and b in eight iterations, i.e. after eight material property up-

dates and FE reruns ( Fig. 5 .). 

As the data of UCC experiment, we have picked the radial dis-

placement values at Point P ( Fig. 3 ) at, again, 10, 30, 80, 150, 250

and 400 s ( Fig. 6 ). In this problem, A, B, a and b have converged to

their actual values in about eight iterations ( Fig. 7 ). 

3.3. Results with quadratically varying material properties 

In some studies, material properties of articular cartilage have

been observed to vary quadratically with tissue depth [2 , 29] , which

can be expressed as: 

E = A z 2 + Bz + C MPa (49)

κ = a z 2 + bz + c m m 

4 / Ns (50)

In this case, the material properties to be optimized are A, B,

C, a, b and c . To create the virtual experimental data, we have

adopted the data given by Kahn et al. [29] for E to a quadratic

distribution and assumed a physiologically meaningful distribution

for κ as: 

E = 20 . 21 z 2 − 5 . 41 z + 2 . 47 MPa (51)

κ = 0 . 0 0 02 z 2 + 0 . 0 0 04 z + 0 . 0 0 08 m m 

4 / Ns (52)

Hence, the material properties that are to be predicted by the

optimization scheme are A = 20.21 MPa/mm 

2 , B = −5.410 MPa/mm,

C = 2.466 MPa, a = 0.0 0 02 mm 

4 /Ns/mm 

2 , b = 0.0 0 04 mm 

4 /Ns/mm

and c = 2.466 mm 

4 /Ns. From the simulated CC experiment, we have

picked axial displacements at Points P and S ( Fig. 2 ) at 13 differ-

ent times (at 10, 30, 60, 100, 180, 270 and 400 s for P, and 30, 60,

110, 180, 270 and 400 s for S) as our experimental data ( Fig. 8 ). The

material properties have converged to their actual values in about

six iterations in this problem ( Fig. 9 ). 

A similar analysis performed with the UCC experiment by tak-

ing the radial displacement values at two measurement points P

and S ( Fig. 3 ) at 13 different times yields results similar to CC ex-

periment and not reported here for brevity. 

4. Discussion and conclusion 

To the best of our knowledge, the work presented here is the

first study where a sensitivity-based FE scheme is utilized to de-

termine inhomogeneous (or even homogeneous) properties of lin-

ear elastic cartilage. Although algorithmic details are omitted, only

one previous work involves a quasi-Newton sensitivity calculation

to optimize homogeneous properties [18] . 

In the literature, inhomogeneous elastic properties have been

usually measured from the equilibrium tissue deformation by em-

ploying advanced visualization techniques (e.g. epifluoroscopy) or

sophisticated mechanical experiments (e.g. nanoindentation). On

the other hand, our algorithm can predict simultaneously the elas-

tic modulus and the permeability of the tissue. Moreover, in the

case of linear variation across the depth, the inhomogeneity of

both properties are estimated using displacement measurements

taken only at the tissue surface in both CC and UCC configurations.

Considering that the surface displacement of the biphasic tissue

is relatively easy to measure in an experiment, sensitivity-based
ptimization has the potential to capture inhomogeneous proper-

ies through more basic experimentation performed on biphasic

issues. We believe this point to be the major strength of the pre-

ented approach. 

The presented scheme is computationally efficient since sensi-

ivities are calculated from the available matrices of the FE for-

ulation during the FE simulation. Existing FE methods that do

ot involve any sensitivity analysis (RS, genetic algorithms etc.) re-

uire a large set of candidate solutions that is created by running

E analyses sometimes hundreds of times with different material

roperty combinations [11–13 , 15 , 16 , 30] , whereas our scheme con-

erges to correct properties in 6–8 FE runs. Furthermore, these

tudies usually employ ready FE packages, which makes it impos-

ible/difficult to manipulate the FE formulation or impose inhomo-

eneity in a functional form the way it is done in the current work.

The presented method has the potential to capture the biphasic

aterial properties, if they can be expressed in simple functional

orms. In practice, the material property distribution in a biological

issue will not have an exact functional form. If the method is ap-

lied to actual experimental data with an assumption of, say, lin-

ar distribution, then the algorithm will retrieve the “best” linear

istribution that represents the tissue behavior. In this case, there

ill be no “perfect match” to the material properties and the er-

or norm between the actual and virtual experiment outcomes will

ot decrease beyond a minimum value. 

Theoretically, two different set of material property distribu-

ions can produce the same experimental data at the selected ex-

erimental data points/times. Multiple solutions is a characteristics

f many inverse problems. By assuming a certain functional form

or a material constant, the solution is constraint and the possi-

ility of multiple solutions is eliminated; i.e. the ill-posed inverse

roblem is regularized. 

The optimization scheme has been tested successfully both in

C and UCC geometries in the case of linearly varying depth-

ependent properties. The case of quadratically-varying properties

nvolve a larger number properties to be optimized. Consequently,

or convergence, more experimental data items, and better ini-

ial estimates are required in this case. Nevertheless, we have ob-

erved that the convergence performance of the scheme can be im-

roved by including experimental data items measured at diverse

oints/times in the analysis. 

The main motivation of material property estimation studies for

oft tissues have been sofar to better understand their mechani-

al functions and the etiology of related pathologies such as OA.

n the future, such studies may form the basis of new diagnosis

ools. For instance, efforts already exist to correlate the likelihood

f skin cancer to the mechanical properties of the skin [31] . Simi-

arly, cancers of brain, breast and prostate are known to change the

echanical properties of the tissue [32–34] . Skin and brain (among

thers) are soft tissues known to behave biphasic and biphasic

odels, applied to these tissues, may produce a distinction be-

ween the properties of healthy and pathologic tissues. 

Articular cartilage is known to behave nonlinearly both under

n vivo and in vitro conditions. Accordingly, a work in progress

s the extension of the sensitivity analysis to predict hyperelastic

roperties, strain-dependent permeability and any possible related

nhomogeneities of the tissue. 
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