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a b s t r a c t 

Introduction: Evaluations of left ventricular systolic function based on ejection fraction (EF) alone are 

unable to recognize impaired myocardial performance in some dysfunctional states, and strain parame- 

ters are often invoked for an improved description of cardiac contraction. A comprehensive framework 

integrating deformation measures with volumetric changes is therefore necessary. 

Methods: This study presents a general mathematical background that confirms and generalizes a pre- 

viously proposed framework relating volumetric changes and strain values. The model is then validated 

with 5450 data samples made of LV volume, global longitudinal strain (GLS) and global circumferential 

strain (GCS) from 109 heterogeneous subjects who underwent cardiac magnetic resonance imaging. The 

GCS was measured by either three short-axis slices or 3D LV geometry reconstructed from 3 long-axis 

slices. 

Results: Results demonstrated the reliability of the relationship EF = 1 − (GLS + 1)(GCS + 1) 2 . Accuracy is 

higher (correlation coefficient r = 0.997) when GCS is obtained by 3D deformation, although it remains 

high ( r = 0.98) when GCS is measured from short-axis slices. However, the latter may underestimate 

(about 10% in relative terms) the circumferential deformation due to through-plane motion. 

Conclusions: The accuracy of this relationship permits a unitary description of LV systolic function in 

terms of both EF and global strain values by its position on the strain plane (GLS, GCS). This also allows to 

monitor pathologic or healing changes, as a consequence of exercise, drugs, surgery or other therapeutic 

options, as trajectories on that plane. 

© 2019 IPEM. Published by Elsevier Ltd. All rights reserved. 
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. Introduction 

Volumetric measurements of the left ventricle (LV) represent

he main clinical reference for describing its contractile function.

n particular, the ejection fraction (EF), defined as difference be-

ween end-diastolic LV volume, V ED , and end-systolic LV volume,

 ES , normalized with the former, was found to be a predictive fac-

or of numerous adverse clinical outcomes including heart failure

HF) [1] . Nevertheless, the description of LV systolic function based

n EF alone is certainly incomplete and several HF states can de-

elop in association with a preserved EF [2–4] . 
∗ Corresponding author. 
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Since a few years, the advent of deformation imaging in

chocardiography and cardiac magnetic resonance (CMR) allowed

o an improved understanding of LV mechanical function, de-

cribed not only in terms of volume change but also of myocardial

eformation. This is typically evaluated in terms of global longi-

udinal strain (GLS), that describes the base-apex shortening, and

lobal circumferential strain (GCS), for the reduction of circumfer-

nce (or mean diameter) in the cross-section. Based on these, car-

iac dysfunctions were also characterized in terms of alterations in

he strain pattern [5] . However, EF and strain were mainly consid-

red as separate information in the clinical context [6 , 7] , although

he need of an integrated assessment was clearly recognized [8] . 

Recently, two studies introduced a new framework to integrate

he relative volumetric change with strain measurements in a uni-

ary picture of LV contraction [9 , 10] . These studies were based on

https://doi.org/10.1016/j.medengphy.2019.07.016
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the existence of a mathematical relationship between EF, GLS and

GCS. Such a relationship was derived in [9] for the special case of

a prolate spheroid geometry and was validated in 100 echocardio-

graphic [9] and 200 CMR [10] recordings of patients with different

pathologies demonstrating a very good accuracy in general. 

These results are expected to have an important impact on fu-

ture descriptions of cardiac function in the clinical settings. It is

therefore important to provide further mathematical background

and define the possibly involved approximations. Although LV vol-

umes and longitudinal strain are defined in a consistent manner in

different imaging modalities, the quantification of circumferential

strain may present significant differences in different contexts. Ide-

ally, GCS is measured on slices that span the LV length from base

to apex during its base-to-apex shortening. This evaluation can be

achieved, in principle, by three-dimensional (3D) imaging. More

commonly, however, GCS is measured in two-dimensional (2D) im-

ages takes on transversal (short-axis, SAX) slices at fixed position

in space and results can present a systematic difference [11] . 

The present study aims to strengthen the approach introduced

by Stokke et al. [9] and Pedrizzetti and co-workers [10] by 

(i) Presenting a general mathematical background of the rela-

tionship between volumetric changes and strain values. 

(ii) Provide further validation, using multiplane CMR, comparing

results based on GCS measured by multiple 2D SAX and by

3D geometry. 

2. Materials and methods 

2.1. Mathematical relationship between relative volumetric changes 

and strain 

Consider a generic LV whose long-axis is H and its mean

transversal diameter is D ; the LV volume can be generally ex-

pressed as V = cHD 

2 , where c is a dimensionless coefficient which
Fig. 1. Sketch of left ventricular (LV) contraction: (A) the reduction of size from end-di

H and diameter D ; (B) the global reduction of the geometry can be separated in a longit

section. 
epends on the specific shape of the LV (for example, in the case

f half a prolate spheroid, c = 

π
6 ). The EF can then expressed in

eneral 

F = 1 − V ES 

V ED 

= 1 − c ES 

c ED 

H ES 

H ED 

D 

2 
ES 

D 

2 
ED 

. (1)

here the subscripts indicate that the values are relative to the

nd-systolic (ES) and end-diastolic (ED) instants as sketched in

ig. 1 (A). 

Following the same dimensional argument, the LV endocardial

ongitudinal length can be expressed in general proportional to the

V length, aH , and the circumference proportional to the diameter,

D . Using these, assuming the undeformed configuration at ED, the

S values of GLS and GCS can be expressed 

LS = 

a ES 

a ED 

H ES 

H ED 

− 1 ; GCS = 

b ES 

b ED 

D ES 

D ED 

− 1 ; (2)

here, as before, the dimensionless coefficients a and b depend on

he specific LV shape. For example, in the case of half a prolate

pheroid, a = 2 E( 1 − 1 
4 

D 2 

H 2 
) (where E is the Legendre complete el-

iptic integral of second kind) that is weakly varying with the axis

atio (for reference when 

H 
D = 2 we have a = 2.145 and the limiting

alue for H � D is a = 2), and b = 

π
2 . In (2) we assumed that GLS

nd GCS represent a measure of the relative change in the average

V length and diameter, respectively. This corresponds to assuming

 certain regularity (not necessarily uniformity) in the deforming

hape and that measurement are representative for the entire LV. 

The ratio between LV long-axis lengths ( 
H ES 
H ED 

) and between LV

iameters ( 
D ES 
D ED 

) can be extracted from (2) and inserted into (1) .

his provides the following mathematical relationship expressing

F as a function of end-systolic GLS and GCS 

F = 1 − κ( GLS + 1 ) ( GCS + 1 ) 
2 ; (3)
astole (ED) to end- systole (ES) can be represented with a reduction of LV height 

udinal shortening and a radial function that gives the reduction of the transversal 
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terns with the same EF and different relative contribution between 

F

p

hich is formally exact although the constant κ = 

c ES 
c ED 

a ED 
a ES 

b 2 
ED 

b 2 
ES 

de-

ends on the change in LV shape from ED to ES. It can be further

oticed that this constant is a ratio between coefficients that are

xpected to change similarly along the cardiac cycle (constant c is

ikely to be nearly proportional to ab 2 ); making it very weakly de-

endent on the LV shape. Therefore, a value substantially different

rom κ = 1 can occur only in presence of extremely large alteration

f the LV geometry during the contraction. To give a quantifica-

ion, if the ratio H 
D changes as much as from 2 to 4, between dias-

ole and systole, the value of κ differs less than 5% to from unity.

herefore, the constant κ can be assumed with good confidence

qual to unity, unless the changes in LV shape during the heart-

eat are dramatically extreme, like in presence of a large apical
ig. 2. Graphical representation of the relationship between ejection fraction (EF), global

ermits to drawing curves at constant EF on the GLS–GCS plane (thick line); the curves o
neurysm or other visually evident pathology that would dominate

he clinical focus. 

This result sets out the mathematical ground for differentiating

he contributions to cardiac contraction that, as shown in Fig. 1 (b),

s imputable to longitudinal shortening quantified by the GLS, and

o the radial function quantified by the GCS, as 

F = 1 − ( GLS + 1 ) ( GCS + 1 ) 
2 
. (4) 

Relationship (4) , which has no unknown or adjustable coeffi-

ients, permits to estimate EF once the values of GLS and GCS

re known. It allows drawing curves with constant EF on the GLS-

CS plane (the strain plane), as shown in Fig. 2 . Different points

elonging to a curve EF = constant represent contraction pat-
 longitudinal strain (GLS) and global circumferential strain (GCS). That relationship 

rthogonal to these (thin dotted line) are identified by the parameter P EF . 
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longitudinal and radial function. The same equation can be ob-

tained from the model previously presented by Stokke and co-

workers [9] for the specific case of a prolate spheroid geometry,

taking the strain measured at the endocardium. 

Looking at Fig. 2 , it may be useful to construct a parameter that

is strictly orthogonal to EF made by a proper combination of GLS

and GCS that varies along curves of preserved EF and does not vary

when moving perpendicular to those. This parameter can obtained

by computing the gradient of EF with respect to GLS and GCS in

(4) and setting it to zero 

d GLS 

( GLS + 1 ) 
= −2 

d GCS 

( GCS + 1 ) 
. (5)

The differential relation (5) can be easily integrated to get the

parameter perpendicular to EF, which varies along curves at con-

stant EF 

P EF = 

1 

2 

+ 

1 

2 

( GCS + 1 ) 
2 − ( GLS + 1 ) 

2 ; (6)

where the integration constant was arbitrarily selected to give

P EF = 0 when both strains are zero. As shown in Fig. 2 , variation

of P EF correspond to changes in both GLS and GCS such that EF is

preserved. 

It is useful to remark that the relationship (4) was obtained

from a general argument applied to the ES instant. However, the

same arguments can be applied to any instant t during the cardiac

cycle. Therefore, relationship (4) can also be extended to one 

V ED − V ( t ) 

V ED 

= 1 − ( GLS ( t ) + 1 ) ( GCS ( t ) + 1 ) 
2 
. (7)

between the relative volumetric changes and the values of global

strain at any instants during the heartbeat. On the clinical side,

the interest of the extended relationship (7) is certainly lower;

however, this formula permits to extend the validation of formula

(4) and (7) to all the time points during the heartbeat thus increas-

ing of over one order of magnitude the validation sample. 

2.2. Sample population data 

We retrospectively enrolled 109 subjects into the study from

two centers: 68 patients and 41 matched healthy volunteers

from studies in heart failure and deformation imaging. We in-

cluded patients with a clinical diagnosis of HF supported by CMR,

echocardiographic and laboratory tests as recommended by the

most recent ESC guidelines [12] . Of these, 29 had preserved ejec-

tion fraction but were symptomatic and had diastolic dysfunction

on echocardiogram and/or abnormal blood levels of NT-proBNP.
Table 1 

Characteristics of the sample population (Volunteers did not un

pling to measure BNP). 

Volunteers ( n = 41) 

Age 44.9 ± 6.9 

Male subjects 22 (54%) 

E/e’ (echo) 

LV EF [%] (echo) 

NT-proBNP [pg/mL] 

Heart Rate 60.2 ± 9.4 

LA surface [cm 

2 ] 21.4 ± 3.2 

RA surface [cm 

2 ] 22.8 ± 4.5 

LVMi [g/m 

2 ] 44.8 ± 7.1 

LV V ED [cm 

3 ] 145 ± 30 

LV V ES [cm 

3 ] 52 ± 16 

LV EF [%] 64.3 ± 6.6 

GLS [%] −23.4 ± 2.9 

GCS 3D [%] −33.7 ± 6.2 

GCS SAX [%] −30.5 ± 6.0 

Values are reported as mean ± standard deviation. 
he rest of 39 had an EF below the threshold of normality (as-

umed EF = 55%). As the purpose of our study was to establish the

elation between myocardial strain and EF we sought to include

atients with a variety of EF impairment. Importantly, of these 39

atients, 19 have HF but only mid-range reduced EF, a recently

escribed subgroup of patients in which the relationship between

ntrinsic contractility and cardiac output is under debate and

nsufficiently characterized. Comorbidities such as CAD, HTN, dia-

etes and hypercholesterolemia were equally distributed between

hese subgroups of HF patients. All patients gave written informed

onsent. The study protocols were approved by the local Ethics

ommittees and complied with the Declaration of Helsinki. The

ain clinical parameters and mean volumetric and deformation

haracteristics are reported in Table 1 . 

All participants underwent standard CMR on a 1.5 Tesla clini-

al MRI scanner (Achieva, Philips Heathcare, Best, the Netherlands).

ine images were acquired using ECG-gated balanced steady

tate free precession (bSSFP) sequence with multiple breath-

olds at end-expiration in three LV long-axis (two-, three- and

our-chamber) planes and a stack of short-axis slices covering the

ntire LV with a resolution (voxel size) 1.8 × 1.7 × 8.0 mm 

3 . All cine

mages were analyzed offline by CMR Level 3 certified investigators

sing Medis Suite, version 3.0 (Medis BV, Leiden, The Netherlands)

n compliance with a recent consensus document for quantification

f LV function [13] . 

The cine images were also used to calculate myocardial strain

sing dedicated software (QStrain 1.3.0.79, Medis BV, Leiden, The

etherlands). LV endocardial borders were contoured in three SAX

lices (basal, mid-ventricular, and apical) for computing the GCS

that we call GCS SAX ) and in three long-axis planes (two-, three-

nd four-chamber) for GLS as the average of the values obtained

rom each slice. The three long-axis slices are also used to re-

onstruct the 3D LV shape that is used for a second computation

f GCS (GCS 3D ) as the average of circumferential contraction from

ase to apex. The main difference between the GCS SAX and GCS 3D 

s that the former is evaluated on 3 slices that are fixed in space

nd may be affected by cross-plane motion during LV shortening,

hereas the latter uses a fixed number of slices from base to apex

long the varying LV length. 

The CMR cines were composed of a variable number of phases

anging from 25 to 50 in SAX recordings (25 phase in 11%, 40

hases in 21%, 50 phases in 68%) and from 40 to 50 in long-axis

40 phases in 31%, 50 phases in 69%). All the time courses of LV

olume and strain curves were resampled to 50 time instants dur-

ng the cardiac cycle. This resulted in 5450 (50 × 109) samples used

n the validation of formula (7) . 
dergo to echocardiographic examination and blood sam- 

Patients ( n = 68) Total ( n = 109) 

67.2 ± 8.2 58.8 ± 13.3 

37 (54%) 59 (54%) 

11.8 ± 4.4 

52.1 ± 11.4 

996 ± 1421 

65.8 ± 8.5 63.7 ± 9.3 

26.1 ± 4.1 24.3 ± 4.4 

22.1 ± 4.7 22.4 ± 4.6 

119.0 ± 58.2 91.1 ± 58.6 

186 ± 66 171 ± 59 

97 ± 58 80 ± 52 

51.6 ± 13.9 56.4 ± 13.2 

−17.0 ± 5.7 −19.4 ± 5.7 

−25.6 ± 10.3 −28.6 ± 9.8 

−23.1 ± 11.0 −25.9 ± 10.1 
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Fig. 3. Correlation between the measured values of V ED −V (t) 
V ED 

and those computed by the model (7) using the global longitudinal strain and the global circumferential strain 

values at the same instants. The latter is measured from short-axis slices. (A) Correlation graph; (B) Bland–Altman analysis. 
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. Results 

.1. Model validation using GCS sax 

The volumetric change obtained from measurements is first

ompared with the same obtained from the model (7) using the

CS measured in SAX slices. Fig. 3 (A) shows that the model re-

ults present a very good correlation, with a correlation coeffi-

ient r = 0.98 for the complete linear fit. As the model is theo-

etically aimed to be equal to the measurement, we also evaluate

he correlation of an identity relationship which results in a sim-

lar correlation coefficient r = 0.98. The Bland–Altman analysis of

he difference between estimated and measured values, reported

n Fig. 3 (B), shows a small bias = −1.1% with a standard deviation

f 3.95% and no evident systematic trend. 

These figures are in line with previous results [9 , 10] , which re-

orted a correlation r = 0.95 for comparisons performed with the
 i  

ig. 4. Correlation between the global circumferential strain measured from short-axis sl

orrelation graph; (B) Bland–Altman analysis; (C) Bland–Altman analysis corrected for the
nd-systolic values only. The present results therefore confirm the

verall reliability of the model (4) or (7) . Discrepancies can be im-

utable to measurement errors although the variability is some

igher than commonly expected in clinical measurements of EF

hat is around or below 5% [14] . This apparently suggests that

he variability of the EF evaluated from the model can be slightly

arger than the EF directly measured. 

.2. Comparison between GCS sax and GCS 3d 

The GCS computed on fixed SAX slices is expected to differ from

he GCS computed on moving slices covering the LV from based

o apex. The correlation analysis between the two measurements

f GCS, reported in Fig. 4 (A), evidences a good correlation of the

CS 3D = GCS SAX assumption ( r = 0.96); however, it also evidences

he systematic underestimation of circumferential strain measured

n SAX slices, with a best fit GCS 3D = 1.09 × GCS SAX ( r = 0.97). This
ices (GCS SAX ) and the same measured from 3D deformation measured (GCS 3D ). (A) 

 best correlation. 
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Fig. 5. Correlation between the measured values of V ED −V (t) 
V ED 

and those computed by the model (7) using the global longitudinal strain and the global circumferential strain 

values at the same instants. The latter is measured from 3D deformation reconstructed from long-axis slices. (A) Correlation graph; (B) Bland–Altman analysis. 
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becomes evident in the Bland–Altman analysis where the differ-

ence between the two, in Fig. 4 (B), shows a systematic trend that

disappears, in Fig. 4 (C), when the difference is corrected by the un-

derestimation factor. 

The possible underestimation of GCS measured from SAX slices

was previously reported in comparative studies of 2D echocardio-

graphy and CMR with 3D echocardiographic; in contrast, the same

studies showed that GLS is comparable or slightly lower in 3D

echocardiography due to the lower time resolution [11 , 15] . Indeed,

the underestimation of GCS SAX is imputable to the through-plane

motion: during the systole, while the LV contracts radially, the base

moves toward the apex; therefore, a transversal slice taken at a

fixed spatial position displays a portion of the LV that becomes

more basal as the contraction proceeds, and a more basal slice is

a bit wider thus shows an apparently less contracting tissue. In

addition to the through plane effect, the SAX slices do not cover

very well the apex where circumferential strain tends to be higher,

whereas the apical part is well covered in a 3D LV model. 

3.3. Model validation using GCS 3d 

The measured volumetric changes are now compared with the

same obtained from the model (7) using the GCS obtained from

3D LV deformation. Fig. 5 (A) shows that the model result presents

an excellent correlation both for a linear fit ( r = 0.997) and for

the identity relationship ( r = 0.995). The Bland-Altman analysis,

in Fig. 5 (B), shows a very small bias = 1.2%, small standard devi-

ation 1.84%, and no systematic trend. The comparison between

Figs. 5 and 3 evidences the significant improvement in the usage

of the 3D GCS where discrepancies are smaller than the variability

expected in clinical measurements. 

This improvement is not surprising because both volume and

strain measurements are obtained from the same 3D LV model and

differences due to different image stacks are not present. On the

other hand, this result confirms the theoretical reliability of the

model (4) and (7) . 

3.4. Application to clinical data 

The mathematical relationship (4) allows portraying in a graph-

ical representation the curves with constant EF in the plane
escribed by GLS ( x -coordinate) and GCS ( y -coordinate). Each sub-

ect is represented by a point in this plane identified by its coordi-

ates, the GLS and GCS values, which correspond to a value of EF

iven by Eq. (4) . This representation is provided in Fig. 6 for all the

ubjects included in this study. The same graph includes the curve

F = −3GLS as a reference, which is considered a typical relation-

hip holding in normal LV geometries. 

The volunteers are all distributed above the level EF = 55%

with one exception), whereas the patients – presenting hetero-

eneous pathologies – spread across different levels of EF. They

lso extend toward reduced levels of the parameter P EF , that rep-

esents changes in the contraction pattern not associated with

hanges in EF. These examples were shown with the aim of intro-

ucing the graphical representation with real data. However, pur-

uing clinical results is out of the scope of this study and sub-

ects were randomly chosen with the purpose of model validation

nly. 

This graphical representation permits the integration of infor-

ation about EF with measures of deformation. It contains curves

t constant EF, thus demonstrating that a same EF can be obtained

ith different pairs of GLS and GCS corresponding to different pat-

erns of contraction. Thus, when EF is preserved, a reduction of GLS

ust be accompanied by a corresponding increase of GCS and vice

ersa; values that can be calculated numerically by Eq. (4) . 

. Discussion 

The validation results demonstrate the accuracy of the model

n predicting EF based on global longitudinal and circumferen-

ial strain values. The latter is best estimated by 3D deformation

hereas measurement based on short-axis slices may be underes-

imated of about 9% in relative terms. The mathematical model is

ased on geometrical principles and it is purely predictive, in the

ense that it contains no adjustable coefficient. Its accuracy should

ot be confused with the good linear correlations between EF and

ndividual global strain values reported elsewhere in the literature

9 , 16 , 17] . Linear regressions have no theoretical background in sup-

ort, they are a statistical data-fit with adjustable coefficients that

re optimized on the specific dataset and have no general validity. 

CMR is the current reference standard for assessing EF. Due to

ts superior temporal resolution and more solid validation in vivo,

chocardiography was shown to be an appropriate technique to
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Fig. 6. End-systolic deformation parameters reported in the GLS–GCS plane for all the population included in this study. The continuous thick lines are the curves at constant 

EF as given by the theoretical formula, point lines are perpendicular to these, at constant P EF ; gray dashed line represents the empirical relationship EF = −3GLS. 
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ssess GCS and GLS. Feature tracking in CMR permits to assess

train with good reproducibility and very good agreement with

chocardiographic values. We therefore believe that echo-derived

train parameters would be in line with our findings. Indeed our

ndings are in good agreement with a similar analysis performed

ith strain and volumetric parameters evaluated by echocardiog-

aphy [9] . 

Studies about cardiac deformation can differ in the choice of

he layer within the myocardium where strain is computed. The

tudy that introduced the first version of the mathematical model
sed the strain evaluated at 33% of the thickness from the endo-

ardium [9] ; that approach required the introduction of two addi-

ional dimensional parameters in the model (myocardial thickness

nd LV diameter) and two numerical coefficients. In this study we

hose to use strain at the endocardial level; this choice removes

hese additional dependencies and allows a substantial simplifi-

ation of the model with a direct relationship between EF and

train. Clinical recommendations suggest that strain measurement

hould be endocardial, midline, or full wall [18] ; while technical

onsiderations suggest that evaluations are most effective around
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endocardial borders which offer a more distinct interface with the

cavity [19] . In any case it should be underlined that endocardial

strain represents the ultimate results of myocardial contraction,

whose function is that of reducing the cavity size. 

The confidence on the relationship (4) also allows a simplifica-

tion of clinical procedures. Commonly, measurements in deforma-

tion imaging focus on one strain value, typically GLS (sometime

GCS in CMR). Application of this relationship permits to recover

the value of GCS from EF and GLS (or GLS from EF and GCS) with-

out the need of its direct measurement (the supplementary work-

sheet shows the placement of a measurement pair on the strain

plane). Alternatively, when the three parameters are independently

measured, the same relationship can be used as a check for the

consistency of the results. 

The systolic function is since ever fundamentally described by

EF. However, in presence of numerous dysfunctions, e.g. pressure

overload hypertrophy, EF might overestimate myocardial function

inducing erroneous deductions about of the real mechanical per-

formance of the LV. The position on the strain plane, provides a

more comprehensive identification of cardiac performance based

on the integration of myocardial deformation parameters (GLS,

GCS) with EF. This can be useful not only during diagnosis, but

especially for tracking progresses in cardiac performance during

time, following progressive or acute therapeutic intervention, e.g.

exercise, cardiotoxic drugs, surgery, that can be represented as

healing or pathologic trajectories on the strain plane; the supple-

mentary worksheet is a simple tool for representing a series of

such measurements (EF and GLS or GCS) on that plane. 

5. Conclusion 

The mathematical ground of a relationship between EF and en-

docardial global strain (GLS and GCS) was presented. The rela-

tionship was validated demonstrating a high reliability, especially

when GCS is measured from LV 3D deformation, because measure-

ment based on short-axis slices may present a small underestima-

tion due to through-plane motion. The rigorous geometric grounds

and the general validity make this model a useful tool for a more

complete cardiac assessments, demonstrating the relationship be-

tween EF and GLS, GCS and that these parameters represent dif-

ferent aspects of the same phenomenon and should not be consid-

ered separately. 
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