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The stiffness matrix is a useful way to describe the mechanical behaviour of the functional spinal unit,
which is defined as the superior and inferior vertebrae, capsules and ligaments. This usefulness is ex-
tended by means of the concept of the “balance point”. The balance point is the load application point
where the coupling coefficients of the stiffness matrix are minimized. Theoretical considerations are used
to demonstrate that the stiffness matrix varies with load point location and thus a single stiffness matrix
does not fully characterize the motion segment as well as to derive the stiffness matrix at any one spec-

Spine ified point from the stiffness matrix at some other specified point. Special characteristics of the stiffness

Stiffness matrix
Balance point

matrix obtained by loading through the “balance point” were shown. Some possible advantages derived
from mechanical testing using the “balance point” concept are discussed. This study validates an im-

proved stiffness matrix model that enhances the understanding of pathological changes by setting the
gold standard of the behaviour of a normal functional spinal unit.

© 2019 IPEM. Published by Elsevier Ltd. All rights reserved.

1. Introduction

The mechanical behaviour of the Functional Spinal Unit (FSU)
[1] represents an important aspect of both normal and patholog-
ical spinal function. The functional spinal unit (FSU) is defined as
two adjacent vertebrae, the intervertebral disc and all collagenous
tissues between them and it excludes the muscles.

The load-displacement behaviour of an FSU, as with all collage-
nous tissues, is nonlinear [2]. Within the total range of passive
motion of any FSU, the typical load-displacement curve consists
of two zones that exhibit very different biomechanical behaviours.
Close to the neutral position of the FSU, this load-displacement be-
haviour is very compliant. This is the region known as the neutral
zone [1]. During passive movement of the FSU, motion occurs with
little resistance. Thus, a small load causes a relatively large dis-
placement. The elastic zone follows from the end of the neutral
zone to the point of maximum resistance (provided by the pas-
sive osteoligamentous tissues), thus limiting the range of motion.
In the following work, we have treated the FSU with linear elastic
behaviour, which is tantamount as studying at one strain rate.

Previous work [1,3-9] has shown that the lumbar FSU is
viscoelastic, absorbs energy, moves with six degrees-of-freedom
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(three translations and three rotations), exhibits coupled motion
(motion in one direction affects motion in others), has limited fa-
tigue tolerance and its mechanical behaviour is affected by its bony
and ligamentous components.

In clinical practice, it is relatively easy to describe the shape
of the spine [10] but it is more difficult to describe the three-
dimensional motion of one segment relative to the adjacent seg-
ment [11,12]. Six degrees-of-freedom [11] positions of the in-vivo
segment can be obtained by biplanar stereo radiography [13-17],
CT or MRI From in-vivo measurements, it is possible, but very dif-
ficult, to obtain data upon which to base a mechanical model.
Measurements have been made, however, of intradiscal pressures
in the classical studies of Nachemson [18] and electromyographic
measurements [19] from which muscle forces have been estimated.

In clinical practice, it is possible to describe the motion
[2,20] and, from the known loads, to calculate the stiffness matrix
[4,21]. The stiffness matrix is defined as:

L= [KID

where L = general load vector, [K]= stiffness matrix and D= general
displacement vector.

This formulation assumes the existence of a series of linear re-
lationships between the components of the applied load and the
measured displacements. Previous workers have considered the in-
tervertebral segment as a black box and the authors studied its
global response to a certain kind of load or moment [7,8,22-26].
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Few groups have studied the six degrees-of-freedom (3 trans-
lations and 3 rotations) response to applied loads and torques of
the minimally constrained vertebral body of the FSU [7,8,22,26].
These studies have defined the mechanical response by means of
main and coupled stiffness coefficients. Using the main and cou-
pled flexibility characteristics, it was assumed that a generalized
stiffness matrix could be developed by inversion of the flexibility
matrix, which would describe the behaviour of the segment. De-
termining this matrix would be of great benefit as it would permit
comparison of segment properties as affected by loading, environ-
mental conditions or disease history. Tencer and Ahmed [7] took
into account the role of secondary variables in the measurement
of the mechanical properties of the lumbar intervertebral joint.

The mechanical model of the segment is validated by its exper-
imental behaviour. Two kinds of information are needed to define
a mechanical model:

1. the mechanical behaviour of the material equivalent to the seg-
ment in-vitro, including the representation of the passive com-
ponents of the segments, such as disc, ligaments, and bony el-
ements; and

2. the mechanical behaviour of the segment in living situations
to facilitate the understanding of the stabilizing action of the
neuromuscular system.

For improved understanding of clinical practice, it is neces-
sary to define an analytical model of the intervertebral segment
(preferably both a static and dynamic model). In classical studies
[2,8-17,26], the application of pure forces (fy, fy, fz) (i.e., pure loads
are those unaccompanied by a moment) is desired. However, these
loads are usually accompanied by coupled moments due to the fact
that the application point of the load does not necessarily corre-
spond to that point where, when a pure load vector is applied,
minimal coupled rotations result. Through these coupled moments,
the values reported of the coefficients of the stiffness matrix are
modified, which may partly explain the different numerical values
reported between authors [7,15,21,25]. A way to solve the problem
of inconsistent response could be for all testing methods to use the
same loading point. However, this would create difficulties since a
consistent geometric location may not have consistent functional
meaning. Both Rolander and Lin et al. [27,28] found points with
consistent functional meaning and called them the “balanced posi-
tion of the load” and an “operational centroidal axis” respectively.
They were both defined as that point where, when a vertical load
was applied, there was only a vertical deflection and no resultant
rotation. The experimental methods used by these workers how-
ever, did not allow the motion segment to move in an uncon-
strained fashion.

One limitation of previous works is that there is no descrip-
tion of a reference based on mechanical function at the point at
which the specimens are loaded. Except for the point of applica-
tion of preload in the study by Panjabi et al. [26], and the descrip-
tion of the balance point in the work by Tencer and Ahmed [7],
loads are applied to the motion segment over geometrically based
reference locations. In particular, loads were applied either in line
with the geometric centre of the upper vertebral body, or along an
axis collinear with the line segment connecting the geometric cen-
tres of the centre of the upper and lower vertebral bodies of the
motion segment. Tencer and Ahmed [7] did find a balance point,
but did not mention its significance.

The significance of loading a specimen at its balance point is
that it allows the determination of a stiffness matrix at a unique,
functionally based reference. The geometric centre of the disc or
vertebral body centrum may be a unique, geometrically based ref-
erence, but it is not a unique, functionally based reference. As long
as the geometric centre is located at some distance away from the
mechanical balance point, there will be some resultant rotation of

the specimen when a vertical load is applied there. A benefit of
the balance point concept is that it will produce a stiffness matrix
in which any coefficients approach zero.

As the balance point would be a unique descriptor of the me-
chanical properties of motion segment, it would change location as
a result of changes in the mechanical properties of the segment.
Therefore, its location might serve as a reliable outcome measure
of the effects of property changes in the disc. It is imperative that
the reliability of the balance point is sensitive to minimization de-
sired in accordance with the coupled rotations or translations; load
magnitude and direction; and load application rate due to the vis-
coelasticity that might change the effect of motion. It is therefore,
necessary to specify all of these testing parameters, along with the
location of the balance point found when describing the general-
ized stiffness matrix of the motion segment.

The concept of the balance point should have impact upon ef-
forts to model the spine in vivo. It is assumed that the vertebral
body centre is vertically in line with the pivot point of the mo-
tion segment. This pivot point is located in line with the geometric
centre of the vertebral endplate. The pivot used should be located
coincident with the experimentally found balance point. The dif-
ferences between using a point in line with the geometric centre
of the disc and the balance point as a pivot can be demonstrated
with a simplified, mid-sagittal plane model of the motion segment.
The model shows that there can be significant differences in loads
in both the disc and the erector spinae muscles when the pivot
point used is in line with the geometric centre as opposed to the
experimentally determined balance point. Wilder et al. [29] per-
formed an in-vitro experimental protocol to measure the flexibility
matrix and demonstrated that a balance point could be identified
for assessing the causal effect between mechanical changes and the
load exposure history in the lumbar motion segment. A material
testing apparatus equipped with motion sensors was developed to
test experimentally the couple and main motion, viscoelastic, and
compliance responses to axial compression loading applied at var-
ious point of a spinal motion segment. By collecting experimen-
tal data, the balance point was identified as the point where the
lateral bending rotations and coupled flexion-extension was mini-
mized. The average balance point location was posterior to the ge-
ometric centre. Its mean location ranged from a minimum of 5%
to a maximum of 13.5% (of the endplate anterior-posterior diam-
eter) posterior to the geometric centre. In one series of tests, one
standard deviation away from the mean placed the balance point
24.5% posterior to the geometric centre [30].

Hence, the balance point would be especially important when
trying to optimize task performance while minimizing a function
of force on the spine or motion segment. The goals of the present
study are twofold; (i) to demonstrate that a single stiffness ma-
trix does not exist for the entire motion segment, but rather that
the stiffness matrix coefficients vary from point to point within the
specimen; and (ii) to derive the equations which allow the calcu-
lation from the value of the stiffness matrix at one point to the
corresponding value at another point (which would allow compar-
ison with the results given by other authors).

2. Methods and results
2.1. Theoretical consideration of stiffness matrix

Let L=(Ly, Ly, L3, L4, Ls, Lg) be the general load vector applied
at point C on the moving vertebra (Fig. 1). Ly, Ly, L3 are the compo-
nents of force vector f=(fy, fy, f;) taken along the x, y, and z axes
respectively of the R. reference frame fixed to the moving vertebra.
Ly, Ls, Lg are the components of moment vector M= (Mx, My, M)
taken about axes parallel to the x, y, and z axes of the R. reference
frame and passing through point C. Let D=(Dq, D, D3, D4, Ds,
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Fig. 1. (a) A diagram showing the components of certain spinal region and (b) a schematic diagram in the sagittal plane showing the anterior view of a loading scheme of
a motion segment with a vertical axial load f,, applied at point I, at a distance a, from the geometric centre of the disc, C.

Dg) be the general displacement vector at the same point C on the
moving vertebra were Dq, D,, D3 are the components of the trans-
lation vector T=(ty, ty, t;) along the X, y, and z axes; and where
Dy, Ds, Dg are the components of the rotation vector E=(ry, 1y, 17)
taken about axes parallel to the x, y, and z axes of the R, reference
frame and passing through point C.

We assume that at any time there exists a relation between
each component, L; of the generalized load L and each component
D; of the generalized displacement D:

Jj=6
L= K;D; fori=1t06 (1)
j=1

Eq. (1) implies that each component L; is linearly related to D;, but
there is no assumption about the terms Kj;, which may be either
constant or dependent upon time, load magnitude, material prop-
erties, etc.

Eq. (1) may be written under the following matrix form:

L4 Kn K K3z Ka Kis K D,
Ly K Ky K3 Ky Kys Ko D,
L3y | | K31 K32 K3 K3g Kss K3 || D3 2)
Ly | |Ka Ko Kiz Kig Kgs  Kis || Dg
Ls Ksi1 Ks; Ks3 Ksq4 Kss Ksg Ds
Lg K1 Ks2 Ke3 Kea Kss Kes_| | Ds

The Kj; terms with i from 1 to 6 are the direct stiffness coefficients.
To help clarify the physical meaning of the Kj; we can write out the
first relation of Eq. (2) with both indicial and physical notations:

Ly = K11 D1 + K12D3 + Ki13D3 + K14D4 + Ki5Ds + Ki6Dg

fx = K1ty + Kthy + Ky3t; + Kiary + K15Ty + Kigr.

Ky; represents the coefficient between the component of the load
along the x axis and the displacement in the same direction. It is
the classical stiffness.

In addition to the direct displacement: ty, the application of the
load fy creates coupled displacements (motions in a direction dif-
ferent from that of the applied force): coupled translations t, and
tz, and coupled rotations ry, 1y, 1. The off-diagonal terms are the
coupled stiffness coefficients.

2.2. Theoretical consideration of flexibility matrix

The stiffness matrix [K] is not usually directly determined in
biomechanics, because it is easier to apply a load and to measure

the corresponding displacement than it is to do the converse [16].
So, the stiffness matrix [K] is obtained through the inversion of the
flexibility matrix [F], which is experimentally obtainable where [F]
is defined so that:

D, Fin F» Fs Fa Fs Fe|[L

D, B By B3 By Bs BEs||l
Ds B By B3 By Bs Bs||ls

= 3
Dy Fy Ep FE3 FEu Fs Fg ||l (3)
Ds i Fy F3 F4 FBs Fg||lLs
Dg Fs1 Fe Fs Fsa Fs  Fes || Ls

The [F] matrix has been obtained by several groups [16,21,30] in
the way of applying successive application of the 6 pure loads, L;
(3 components of pure load and 3 components of pure moment)
that allows the calculation of the six rows of the flexibility matrix
[F]. [K] is computed through inversion of the flexibility matrix to
obtain: [F]~1.

2.3. Critical analysis of available experimental results

Some authors assume sagittal plane symmetry and consider
the stiffness matrix to be symmetrical about the diagonal, i.e. i=j
[31-33]. Some assume sagittal plane symmetry of the motion seg-
ment, which implies that loads and moments applied in the sagit-
tal plane do not result in displacements or rotations out of the
sagittal plane [7,26,34]. Patwardhan et al. [34] assumed that the
behaviour of the segment is elastic. This implies that the matrix
[K] is symmetric according to the principles of conservation of en-
ergy. However, the components of the vertebral motion segments
have non-linear behaviour even within the elastic region. Others
[7,26] show that the application of a preload modifies the mechan-
ical characteristics of the intervertebral material. Because of this
non-linearity, no single value exists for the stiffness matrix [K], to
describe the state of the motion segment. But it is necessary to
propose a method, which allows the comparison between the nu-
merical results.

In order to apply a pure load to a material, it is necessary to
specify the application point of the load vector. If rotations occur
in response to an applied load, there is a mismatch between the
load vector with its application point and the balance point (the
point which when loaded exhibits minimal coupled rotation) of the
material. When the load is applied away from the balance point,
a moment is created which adds a rotational component to the
material’s response.



D.H.K. Chow and M.H. Pope/Medical Engineering and Physics 74 (2019) 166-171 169

This is illustrated in an anterior view in Fig. 1. A longitudi-
nal compressive force (f,) is applied to the upper vertebra of the
motion segment, along a line parallel to the y-axis and passing
through the geometric centre (point C) of the disc. Using more
general terminology, the load is referenced to point C is L, =(0,
f>, 0, 0,0, 0)T, and the resulting displacement is D, =(Dq2, Do,
D3;, D4y, D5y, Dgy ). Let point I be the intersection of the axis of lat-
eral bend rotation with the coronal plane under consideration for
the resulting non-zero displacement component Dg,. Referenced
to point I, L,’=(0, f5, 0, 0, 0, f,a)T (where “a” is the magnitude
of the normal distance IC) (Fig. 1). Thus, the measured displace-
ment D, is actually the sum of the displacements produced by
both the force component Ly, =f,, and also the moment compo-
nent Lg; =f>a. This introduces an error into the calculation of the
flexibility matrix [F] in Eq. (3).

D12 D12 D2
D22 D22 D22
Ds; Ds; Ds;
= + 4
D42 D42 D42 ( )
Ds; Ds; Ds;
—D62 Resulting D62 Due to f, D62 Due to fha
Diy = Fiafo + Fis f2a Dy =F12f>
D2y = Enfr +Egfaa Dy =Fpfy
D3y =Fafa+ Befa | D2 =Fnf
inplace of : , (5)
Day = Fgp f> + Fsafoa Dy =Fafo
Dsy = Fsy f2 + Fsg faa Dsy =F'sy f»
Desy = Fs2 f2 + Fs faa Dsy =F's2f>

In classical studies, the load is applied at the geometric centre
point C of the upper mobile vertebral body centrum, or the point
of intersection of the line connecting the centre of the motion seg-
ment vertebrae with the mid-transverse plane of the disc [8]. In
several studies, there seems to be an assumption that the load
point of minimal coupled rotation or balance point coincides with
the centre C of the segment. However in general, this is not true
[7,31-34].

2.4. The position of this study

Several methods were developed to define a method allowing
the comparison between the values of stiffness matrices corre-
sponding to the same loading and experimentally calculated in dif-
ferent points as well as to propose an experimental protocol such
that the loading point corresponds to the balance point (when a
pure load vector is applied at the balance point with minimal cou-
pled rotations result) allowing the possibility to obtain pure load-
ing conditions, and then to study the parameters intervening on
the magnitude of the terms of stiffness.

2.4.1. Calculation of flexibility matrix when a load is applied at
location other than at the balance point

Of interest is the relationship between the flexibility matrix [F]
referenced to point I and the flexibility matrix [F'] referenced to
some other point I, for a given load state. The generalized load
vector at [ is L and at I’ is L’. Since the forces are constant (f =f),
we have a reduced form:

Li=hL=0hly=1

The moments at I’ and I are related by the equation:

M =M+ (I'l x L)

where I'l x L is the deviation of the moment from the measure-

ment at some other point I’ from the measurement at the refer-
enced point I.

Thus, we can write:
Lil =Il4s—cly+bls

L/5=L5+CL1 —als

L% =LG—bL1 +al,

where [I' [=(ai +bj+ck) where a, b, ¢ are the components of the
vector I’ I

Using the matrix form, we can write:

L'=[ALL (6)
! 1 0 0 0 0 07[L
2 0 1 0 0 0 O0f|L
L] o o 1 0 0 O0ffL
L, [0 — b 1 0 0]||L
I c 0 —-a 0 1 O0]|Ls
Lf b a 0 0 0 1][L

The generalized displacement vector at I is D and at I’ is D’. These
are related by the equation:

T'=T+ (I'l xR)
where R is the rotation vector (D4, Ds, Dg)T , T is the translation

vector (Dq, Dy, D3)T.
Thus, we can write:

D; =D, —CD5+bD6
D/Z =Dy +cD4—aDg
D/3 =D3—bD4+ClD5

and because R'= R, we have: Dy’ =D,4, Ds' =Ds, Dg’ =Dg.
Using the matrix form, we can write:

D' = [AD]D (7)
or:
_D/l_
o 1 0 0 0 — b D1
2 01 0 ¢ 0 -al|D
Ds| o o0 1 -b a 0 ||Ds
Dy |0 O 0 1 0 0 D4
D 0 0 0 O 1 0 Ds
> 0 00 0 0 1]|Ds
LD's_|
For the stiffness matrices we have:
L=[K]D (8)
L'=[K]p 9)

Substituting using Eqs. (6), (7) and (8), we can write:
[AL]L = [K'][AD]D

[AL][KID = [K'][AD]D (10)

[AL|[K][AD] " = [K'] (11)

Thus, we can calculate the stiffness matrix [K’] at any point I'.
It can be seen that, in general, the matrix will vary from point
to point, since [K']=[K] only if [AD]=[AL]=[1] (the unity ma-
trix), which is true only when a=b=c=0, in other words, that I’
I=(0i+0 j+0 k) and vanishes. This ability to calculate [K’] from
[K] allows a comparison between the different results published in
the literature, which have been obtained using comparable loading
states.
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2.4.2. Calculation of the balance point location from the flexibility
matrix found at any point

In this section, we will establish that the balance point location
may be calculated and need not be determined experimentally.

Let I’ and D’ be the load and displacement vectors respectively
in I' (which coincides with the balance point).

Let L and D be the corresponding vectors in the known point I.
The balance point could be located theoretically by assuming that
L’ and D’ be the load and displacement vectors respectively in I’
where such point coincides with the balance point.

Wehadl' =[AL]L (12)
andD’ = [AD]D (13)
Using the flexibility matrices:

D=[F]L (14)
D' =[F]U (15)
D' = [AD]D

D’ = [AD][FIL (16)
[AD|[FIL = [F']L' = [F']|ALIL (17)
[AD][F][AL]™" = [F'] (18)

So it is possible to calculate the flexibility matrix [F'] of balance
point I through [AD], [F] and [AL]~1.

1 0 0 0 0 O
0 1 0 0 0 O

where[AL]™! = 8 8 —1b (]) g g (19)
-c 0 a 0 1 O
b —-a 0 0 0 1

The resulting flexibility matrix [F'] has the following form:
[AD][F][AL]™! = [F']

FFu Fp Fi Fu Fis Fi
F'jqp F'ja Fla3 Fay Fys  Fa

_|Fsn F's2 Fs3 Fsy Fss Fsg (20)

Each coefficient of the flexibility matrix [F'] in I’ is a function
of the flexibility [F] in I and of the components of the vector I
I=(ai+ bj+ck). Writing that the non-diagonal terms F';; must be
minimum in I, we can compute the values of a, b, c, satisfying
these conditions. The function F, is minimum in I; so we can
write

(8F'y/da) = 0; (dF'y/db) =0; (9F'y/dc) =0

The literal derivation gives linear equations in terms of a, b, ¢
and any series of 3 non-diagonal values. F' 5, F'13, F'53 for example
are strictly sufficient for this calculation. The other values Fy4, Fag4,
F34 may be introduced for calculation of a, b and c, considered to
be a mean. For this we may use the least square method for any
term F';. The resolution of the numerical system may give the po-
sition of the balance point. On the contrary, if both the flexibility
and stiffness matrices are known at the balance point, it is possible

to find the corresponding matrices in any point of 3-dimensional
space.

To summarize, we introduce the use of the concept of balance
point for practical reasons. Therefore, experiments and calculations
are simpler and passage from knowledge of the stiffness matrix of
the global segment to the physical modelling of each of its compo-
nents is facilitated.

3. Discussion

In contrast to classical mechanical engineering, biological struc-
tures are more complex and do not easily reveal their function.
Because they merely require conception and not the conscious
thought of a human designer for their inception and fabrication, a
kind of reverse engineering is needed to study them. In this case,
the spine performs a function, but the details are not well known.
Although the geometry of motion segment can be determined, it
is impossible to use this to decipher completely the global stiff-
ness characteristics, rotational characteristics, or mechanical model
of its structure. Biomechanics researchers try to uncover global
knowledge of the structure and function by means of the global
stiffness matrix.

There are several limitations in this study. First, the improved
stiffness matrix model did not include pathological specimens. Sec-
ond, this study did not consider muscle activity.

The stiffness matrix is of obvious significance and allows the
analytical description of the segment taking into account impor-
tant mechanical data. However, it is not self-evident why we
should study the balance point. There are several advantages to
this concept; (i) the work has shown that the balance point serves
as an example of load site dependency of the stiffness matrix;
(ii) it provides an additional point at which the stiffness matrix
is known. Thus, it is possible to provide additional knowledge of
the motion segment behaviour, which in turn may be used for de-
termination of properties of individual structural components; (iii)
determination of the stiffness matrix; [K] is experimentally simpler
using the balance point (BP) as the loading point, than using other
loading points. The method of determining the stiffness matrix at
the balance point has the advantage that it is possible to deter-
mine the flexibility matrix [F]gp and the stiffness matrix [K]gp at
the balance point using only the application of a series of three
forces: fy, fy, and f; applied in line with and at some known dis-
tance away from their respective balance points. The calculation of
[K] is obvious from [F]. [K]=[F]~'. Points BPy, BP,, and BP, may
be chosen anywhere along the direction of the pure force which
does not provide any rotation. If the three directions intersect, only
one balance point will be defined. If the 3 directions do not inter-
sect, a zone may be defined which contains the balance point; (iv)
loading through BP as well as change of BP with the same applied
load may be more sensitive for detecting changes produced by var-
ious interventions (e.g., discectomy, degeneration), than is loading
through a geometric centre; (v) it is possible that the neuromuscu-
lar control system seems to minimize rotations during many load-
ing circumstances, thus knowledge of the balance point may pro-
vide a useful tool to study such things as optimization of muscle
forces and muscle activation strategies [31-34]; (vi) it is probable
that the balance point changes under certain conditions and may
affect the propensity to injury (e.g. disc degeneration, muscle fa-
tigue, ligamentous tear) [31-34]; (vii) this study validates an im-
proved stiffness matrix model that enhances the understanding of
pathological changes by setting the gold standard of the behaviour
of a normal functional spinal unit.
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