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In this study, we propose a method for constructing a multishape statistical shape model (SSM) for nested 

structures such that each is a subset or superset of another. The proposed method has potential appli- 

cation to any pair of shapes with an inclusive relationship. These types of shapes are often found in 

anatomy, such as the brain surface and ventricles. The main contribution of this paper is to introduce 

a new shape representation called log-transformed level set function (LT-LSF), which has a vector space 

structure that preserves the correct inclusive relationship of the nested shape. In addition, our method 

is applicable to an arbitrary number of nested shapes. We demonstrate the effectiveness of the pro- 

posed shape representation by modeling the anatomy of human embryos, including the brain, ventricles, 

and choroid plexus volumes. The performance of the SSM was evaluated in terms of generalization and 

specificity ability. Additionally, we measured leakage criteria to assess the ability to preserve inclusive re- 

lationships. A quantitative comparison of our SSM with conventional multishape SSMs demonstrates the 

superiority of the proposed method. 

© 2019 Elsevier B.V. All rights reserved. 
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. Introduction 

Statistical shape models (SSMs) of anatomy are one of the most

mportant tools for medical image analysis, especially for auto-

ated image segmentation. SSMs provide good constraints on au-

omated image segmentation algorithms, and an accurate SSM is

mportant for improving segmentation performance. Key issues for

mproving the performance of SSMs include the choice of shape

epresentation and statistical analysis method. 

Many researchers have attempted to describe shapes using var-

ous methods, which are categorized as explicit and implicit. The

ost common approach in explicit methods is a point distribution

odel (PDM) ( Cootes et al., 1995 ), which represents a shape as a

et of coordinates of the landmarks on the surface. Medial repre-

entation ( m -rep) developed by Yushkevich et al. (2003) is also a

opular explicit model, where the object is represented by the cen-

er lines and the corresponding radii, which leads to a more com-

act description for a specific shape. This representation was later

xtended as s -rep ( Pizer et al., 2013 ), which describes not only the

bject boundary but also its interior. In these methods, there are
∗ Corresponding author. 
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 number of options for placing landmarks and establishing point

orrespondences between different subjects, as shown in a com-

rehensive review by Heimann and Meinzer (2009) . Among the

mplicit methods, the level set distribution model (LSDM) is the

ost popular approach. The LSDM has the advantage that it does

ot require point correspondences between different subjects, and

t is often applied to segmentation using various approaches, such

s the level set method ( Cremers et al., 2007 ) and graph cuts ( Saito

t al., 2017 ). 

The multishape SSM has been a growing research topic in re-

ent years. The main concept of the multishape SSM is to encode

he relationship between neighboring structures, which is helpful

o improve the performance of multishape segmentation. Several

esearchers have proposed multishape SSMs using both PDM ( Duta

nd Sonka, 1998; Okada et al., 2015 ) and LSDM ( Tsai et al., 2004;

ing et al., 2004; Saito et al., 2013 ). Duta and Sonka (1998) pro-

osed a simple extension of PDM for 10 neuroanatomic structures

n brain MR images. Wang et al. (2012) proposed PDM for mul-

iple organs in mouse micro-CT images, in which a conditional

aussian model was used to describe the shape correlations be-

ween different organs. Okada et al. (2015) also developed a mul-

ishape PDM for eight abdominal organs whose relationships with

eighboring organs were modeled via an organ correlation graph.

SDM was also extended to multiple shapes by Tsai et al. (2004) ,

https://doi.org/10.1016/j.media.2019.05.003
http://www.ScienceDirect.com
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Jing et al. (2004) and Saito et al. (2013) . Tsai et al. (2004) pro-

posed a simple extension of LSDM for three brain structures by

applying statistical analysis to the concatenated level set functions

(LSFs). Jing et al. (2004) modeled the differences in the LSFs of

neighboring shapes and applied this to a neighbor-constrained seg-

mentation algorithm. Saito et al. (2013) constructed a hierarchi-

cal SSM for 14 organs from 27 cases utilizing a synthesis-based

learning algorithm to overcome the lack of a training dataset.

The methods mentioned above have a potential risk of creating

anatomically incorrect overlaps between neighboring organs. Re-

cently, other implicit models using probabilistic shape represen-

tations were developed to describe multiple shapes ( Pohl et al.,

2007; Malcolm et al., 2008; Changizi and Hamarneh, 2010 ), in

which the class with the highest probability is assigned to each

voxel. Such one-label-per-voxel descriptions can intrinsically rule

out organ overlaps. Pohl et al. (2007) proposed a logarithm of odds

(LogOdds)-based shape representation that embeds multiple LSFs

into a vector space and relates them to probabilistic atlases (PAs).

Malcolm et al. (2008) presented a label space that is a mapping of

class labels to vertices on a regular simplex, which forms the basis

of a convex linear structure. Changizi and Hamarneh (2010) pro-

posed a bijective mapping of such a simplex to the Euclidean real

space using isometric log ratio (ILR) transformation to improve the

performance of the principal component analysis (PCA). 

Nesting of structures is an interesting subject in the field

of statistical multishape modeling because it is often found in

anatomy, e.g., in the brain surface and ventricle and in the bones

and their medullary cavities. In principle, most existing tech-

niques can be applied or extended to represent nested shapes.

For example, Frangi et al. (2002) developed a PDM of nested

shapes including the outer surface of the left myocardium and the

blood pool inside it. However, shapes generated from this model

are not guaranteed to have a correct inclusive relationship. One

potential approach to overcome this issue is to represent shapes

by diffeomorphic transformation of a shape template ( Durrleman

et al., 2014; Fishbaugh et al., 2017 ). However, diffeomorphic setting

is too strict and not suitable for complicated shapes that might

have topological changes, e.g., topological change might occur in

the choroid plexus of the human embryo due to development (see

Fig. 8 ). As far as we know, our previous model ( Saito et al., 2017 )

is the first SSM that guarantees a correct inclusive relationship and

flexibility for topological changes. Different shapes are represented

using different level surfaces of a single LSF. The basic idea is

similar to the multilayer level set method ( Chung and Vese, 2009;

Liu et al., 2016; Yang et al., 2017 ), which is used for segmentation

purposes only. However, this method ( Saito et al., 2017 ) has been

demonstrated only for two nested objects. Moreover, we found

that this shape representation forms a highly skewed distribution

(see Section 4 ), and the SSM constructed by standard PCA may

have poor performance. 

In this study, we propose an SSM for nested shapes using a new

shape representation using logarithmic transformation of LSFs; we

refer to it as the LT-LSF method. The main goal of this study

is to define a mapping of a nested shape onto a vector space

that preserves the nesting relationship. We compared the proposed

method with some of the most related ones ( Tsai et al., 2004; Pohl

et al., 2007; Saito et al., 2017 ), all of which are implicit multishape

representation methods. Comparison with the SSM proposed by

Jing et al. (2004) is outside the scope of this study because it is

not a simultaneous model. The main contributions of the proposed

method compared to conventional methods are summarized as fol-

lows. 

1. The proposed shape representation method preserves inclusive

relationships, which is different to other studies ( Tsai et al.,

2004; Pohl et al., 2007 ), except for ( Saito et al., 2017 ). 
2. The proposed method can naturally be extended to an arbi-

trary number of nested shapes in an arbitrary number of di-

mensions. We demonstrated this concept by constructing three

nesting structures, whereas a previous study ( Saito et al., 2017 )

only used two nested objects. 

3. The proposed method achieved higher performance than con-

ventional ones ( Tsai et al., 2004; Pohl et al., 2007; Saito et al.,

2017 ). 

The proposed method was applied to the statistical shape mod-

ling of 38 cases of human embryos derived from the Kyoto Col-

ection of Human Embryos ( Yamaguchi and Yamada, 2018 ). Embry-

nic brain is a good choice for a proof of concept of our method

ecause it poses the following challenges: (i) the shape is three-

imensional, (ii) it has three nested structures (i.e., brain, ventricle,

nd choroid plexus), and (iii) topological changes occur. A quan-

itative comparison of the performance of the proposed SSM to

onventional SSMs demonstrated the effectiveness of the proposed

ethod. 

. Methods 

.1. Level-set-based shape representation 

First, we introduce the basics of the level-set-based shape rep-

esentation. Let � ⊂ R 

d be a bounded open image domain and S

enote all the possible open subsets of �. Shape is defined as a

ember of S . Let us denote φS : � → R as the signed distance

unction of the shape S ∈ S that maps a point r ∈ � to the dis-

ance from the surface ∂S multiplied by −1 inside the shape and

1 elsewhere: 

S (r ) = 

{
− min s ∈ ∂S ‖ 

r − s ‖ 

if r ∈ S 
+ min s ∈ ∂S ‖ 

r − s ‖ 

if r ∈ � \ S . (1)

lthough Eq. (1) cannot be defined for the special cases S = ∅ and

 = �, neither of these cases occur in practice, so they are not con-

idered in this study. The shape is embedded as the sublevel set of

he function φS ( r ), i.e., 

 = { r ∈ � | φS (r ) < 0 } . (2)

In practice, the signed distance function φS ( r ) is discretized at

he voxel level, and we only need to calculate the value of the

rid points on the image coordinates { r 1 , . . . , r p } ∈ �. The signed

istance function on the grid points can efficiently be calculated

y the Euclidean distance transform algorithm ( Saito and Tori-

aki, 1994 ). 

.2. Nested objects 

This section introduces the class of nested objects. Suppose we

ave two shapes S 1 , S 2 ∈ S . The required properties for the shape

air ( S 1 , S 2 ) to be nested are that (i) one shape is a subset of the

ther ( S 1 ⊂ S 2 ) and (ii) their boundaries do not contact one another

 ∂ S 1 ∩ ∂ S 2 = ∅ ), that is, in short, the closure of S 1 is a subset of

 2 (i.e., S 1 ∪ ∂S 1 ⊂ S 2 ). To borrow the term from Hormander (1973) ,

his is also referred to as “S 1 is relatively compact in S 2 ” and is

enoted as S 1 �S 2 . This concept can be generalized to an arbitrary

umber of objects. The class of a set of n -nested shapes T n ( n ≥ 2)

s expressed as 

 n = { ( S 1 , S 2 , . . . , S n ) ∈ S 
n | S 1 � S 2 � · · · � S n } . (3)

ote that this definition includes some special cases, e.g.,

 (∅ , ∅ ) , ( ∅ , �) , ( �, �) } ⊂ T 2 . 

Fig. 1 illustrates which kind of shapes are the valid nested ob-

ects in this study. It should be noted that shapes in Fig. 1 (b) are

ested because their boundaries ∂S i ( i ∈ {1, 2}) do not include the

mage boundary ∂�. 
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Fig. 1. Typical examples of nested shapes ((a) and (b)) and a non-nested shape ((c) 

and (d)). From the definition, the pair of shapes in (a) is nested. (b) shows another 

type of nested shape adjoining the boundary of the image domain �. Although (d) 

also satisfies S 1 ⊂ S 2 , the shapes are not nested because S 1 ∩ S 2 � = ∅ . 

2

 

t  

f  

 

i

φ  

T  

A  

S  

(  

S  

c  

t  

A

 

t  

v  

e  

φ
c  

m

X

T  

e  

p  

i  

p  

c

 

t  

E

X

w

A

T  

v  

i  

c  

c  

w  

a  

a

w  

F  

S

t

 

i  

s  

v

v  

α

w  

p  

a  

a  

t  

t  

S

2

 

t  

f  

r

x

w  

t  

t

 

h  

(  

(  

n  

t

w  

A  

w  

W  

i  

n  
.3. Proposed shape representation (LT-LSF) 

In this section, we describe the new shape representation func-

ion called LT-LSF. It is an important fact that signed distance

unctions 
(
φS 1 

, . . . , φS n 

)
associated with the nested shapes S =

( S 1 , . . . , S n ) ∈ T n monotonically decrease with respect to the nest-

ng level, i.e., 

S 1 (r ) > . . . > φS n (r ) ∀ r ∈ �. (4)

he proof of this can be derived from Eq. (1) (see Corollary 1 in

ppendix A ). Another important fact is that the reverse is also true.

uppose we have n continuous real-valued functions ϕ i : � → R

which could be signed distance functions) and their sublevel sets

 i = { r ∈ �| ϕ i (r ) < 0 } , where i ∈ { 1 , . . . , n } , respectively. Then, the

ondition ϕ 1 (r ) > . . . > ϕ n (r ) ∀ r ∈ � is the sufficient condition for

he shapes to be nested, i.e., ( S 1 , . . . , S n ) ∈ T n (see Corollary 2 in

ppendix A ). 

For given nested shapes S = ( S 1 , . . . , S n ) ∈ T n , let us consider

he vector-valued function that consists of the level set function

alues φS (r ) = 

[
φS 1 

(r ) , . . . , φS n (r ) 
]T 

at position r ∈ �. Recall that

ntries in φS ( r ) are arranged in decreasing order (cf. Eq. (4) ), so

S ( r ) is a member of a subset of n -dimensional vectors X n ⊂ R 

n 

omposed of all the possible vectors v = [ v 1 , . . . , v n ] T having ele-

ents sorted in descending order, i.e., 

 n = { v ∈ R 

n | v 1 > · · · > v n } . (5) 

he space X n is not closed under the linear operations because, for

xample, v ∈ X n ⇒ −v / ∈ X n . This implies that shapes produced by

rincipal component analysis (PCA) on X n may not preserve nest-

ng structures. To overcome this issue, we introduce a homeomor-

hism between X n and a vector space R 

n on which PCA is appli-

able without issues. 

Because the condition in Eq. (5) corresponds to the sys-

em of ( n − 1 ) linear inequalities v i − v i +1 > 0 ∀ i ∈ { 1 , . . . , n − 1 } ,
q. (5) can be rewritten as 

 n = { v ∈ R 

n | A v > 0 } (6) 

here A is the ( n − 1 ) × n matrix whose ( i, j ) element is 

 i, j = 

{ 

1 if i = j 
−1 if i = j − 1 

0 else 
. (7) 

his matrix has rank ( n − 1 ) . We introduce an n -dimensional row

ector of all ones b = 1 1 ×n that is perpendicular to all the rows
n A to build a full rank matrix 

[
A 

b 

]
∈ R 

n ×n . Using this matrix, we

an consider an invertible linear transformation 

[
A 

b 

]
v = 

[
A v 
b v 

]
. Re-

all that the subvector A v has only positive elements (cf. Eq. (6) ),

hile the last element bv can be any real number. Using the log-

rithmic operation on the first ( n − 1 ) elements A v , we can define

 one-to-one mapping f : X n → R 

n : 

f ( v ) = 

[
log [ A v ] 

b v 

]
(8) 

here we denote log [ · ] as an elementwise logarithmic function.

inally, the proposed shape representation for the nested shapes

 ∈ T n can be written as f ◦φS . The inverse mapping from u ∈ R 

n 

o f −1 
( u ) ∈ X n is defined as 

f 
−1 

( u ) = 

[
A 

b 

]−1 [
[ exp u 1 , . . . , exp u n −1 ] 

T 

u n 

]
. (9) 

By borrowing the vector space structure R 

n using the invert-

ble mapping f , we can define an addition operation � and a

calar multiplication operation ◦ledast that are closed in X n . For

 , v ′ ∈ X n and α ∈ R , we have 

 � v ′ ≡ f 
−1 ( f ( v ) + f ( v ′ )) = 

[
A 

b 

]−1 [
(A v ) � (A v ′ ) 

b ( v + v ′ ) 

]
(10)

� v ≡ f 
−1 

( α ∗ f ( v ) ) = 

[
A 

b 

]−1 [
(A v ) ◦α
α · b v 

]
(11) 

here we denote � and ( ·) ◦α as elementwise multiplication and

ower operations, respectively. The algebraic structure ( X n , �, � ) is

 vector space because it is equivalent to a vector space (R 

n , + , ∗)
ssociated by a homeormorphic mapping f . Using these opera-

ions, we can calculate an addition and scalar multiplication be-

ween vector-valued functions φS (r ) and φS ′ (r ) for nested shapes

, S ′ ∈ T n as ( φS � φS ′ )(r ) and α � φS ′ (r ) , respectively. 

.4. Statistical analysis of nested shapes 

The SSM is constructed by establishing a parametric model of

he vector-valued function f ( φS ( r )). In practice, the function value

 ( φS ( r )) is defined on the image grid points { r 1 , . . . , r p } ∈ � and is

epresented as a vector in x S ∈ R 

np : 

 S = 

⎡ 

⎣ 

D[ f 1 ( φS (·))] 
. . . 

D[ f n ( φS (·))] 

⎤ 

⎦ (12) 

here D[ χ(·)] = [ χ(r 1 ) , . . . , χ(r p )] T denotes the vectorization of

he function χ ( ·) by sampling on the grid points, and f i ( ·) denotes

he i th component of the function f ( ·). 
For the statistical shape analysis on the level set functions, it

as been reported by Uchida et al. (2010) that PCA with spatial

or variable) weights can improve the generalization and specificity

 Styner et al., 2003 ) of the SSM. Suppose we have a set of training

ested shapes T train ⊂ T n . The weighting function for the shape of

he i th layer is given as 

 

(i ) (r ) = 

1 

| T train | 
∑ 

S∈T train 

1 

1 + exp 

(
γ −1 

∣∣φS i 
(r ) 

∣∣) . (13)

n example of the weight is displayed in Fig. 2 . In this study,

e extend this weight for the nested shape representation. Let

 

(i ) = diag (D[ w 

(i ) (·)]) be the weight matrix for the shape of the

 th nesting level. The basic plan for extending this weight to our

ested shape representation is to add W 

( j ) to the i th diagonal block
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Fig. 2. Example of a training label and the weights. (a) shows a typical example of 

the training nested shape label. (b), (c), and (d) show the spatial weight w 

(1) , w 

(2) , 

and w 

(3) , respectively. 
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if the function f i ( φS ) consists of the i th level set function φS i 
, i.e.,

 = diag 

( 

W 

(1) + W 

(2) , . . . , W 

(n −1) + W 

(n ) , λ
n ∑ 

i =1 

W 

(i ) 

) 

(14)

where γ is the parameter to adjust the variance. 

Applying weighted PCA, we obtain the best approximation of

the weighted training data { W x S } S∈T train 
in the form of 

 x S ≈ μ + U

1 
2 αS (15)

where μ denotes the average vector, U = [ u 1 , . . . , u m 

] is the

matrix whose columns are the first m principal modes, 
 =
diag 

(
σ 2 

1 , . . . , σ
2 
m 

)
is the diagonal matrix of the corresponding vari-

ances, and αS ∈ R 

m is the principal component vector. An arbitrary

shape can be generated by x = W 

−1 
(
μ + U


1 
2 α
)

under the as-

sumption of unit m -dimensional normal distribution α ∼ N m 

(0 , 1) .

2.5. Relationship with the other shape representations 

This section is an overview of the relationship between the pro-

posed shape representation (LT-LSF) and the conventional ones: (i)

multi-LSF ( Tsai et al., 2004 ), (ii) RT-LSF ( Saito et al., 2017 ), and

(iii) LogOdds ( Pohl et al., 2007 ). Note that we introduce a different

weighting matrix W individually optimized for each shape repre-

sentation x S . 

2.5.1. Multi-LSF 

This is the simplest shape representation method employed in

Tsai et al. (2004) that is applicable to any type of multishape SSM.

PCA is directly applied on the vector 

x S = 

⎡ 

⎣ 

D [ φS 1 (·) ] 
. . . 

D [ φS n (·) ] 

⎤ 

⎦ (16)

using the weight 

 = diag 
(
W 

(1) , . . . , W 

( n ) 
)

(17)

Note that this representation does not guarantee the nesting rela-

tionship. 

2.5.2. RT-LSF 

Saito et al. (2017) proposed the embedding of nested shapes

into multiple-level contours of a single continuous real-valued

function generated by rational transformation (RT) on LSFs, which

we refer to as the RT-LSF method. 1 In this paper, we pro-

vide a more general formulation. For arbitrary nested shapes S =
( S 1 , . . . , S n ) ∈ T n , there exists a function ψ S : � → R that satisfies

S i = { r ∈ � | ψ S (r ) < t i } ∀ i ∈ { 1 , . . . , n } ∀ r ∈ � (18)
1 In the original paper ( Saito et al., 2017 ), this method was called single-LSF. 

a

P  
here t 1 < t 2 < ��� < t n are predefined thresholds. One example of

uch a function is derived from the signed distance functions. For

 = 2 , the function is written as ψ S (r ) = ψ 

1 , 2 
S 

(r ) , where 

 

i, j 
S 

(r ) = 

t j φS i (r ) − t i φS j (r ) 

φS i ( r ) − φS j (r ) 
(19)

ote that Eq. (19) can be interpreted as a section formula that di-

ides t i and t j in the ratio φS i 
(r ) : −φS j 

(r ) , i.e., 

 

i, j 
S 

(r ) − t i : t j − ψ 

i, j 
S 

(r ) = φS i (r ) : −φS j (r ) . (20)

his function can be generalized to an arbitrary num-

er of shapes S ∈ T n ( n ≥ 2) by combining (n − 1) -functions

ψ 

1 , 2 
S 

, ψ 

2 , 3 
S 

, . . . , ψ 

n −1 ,n 
S 

}
in a piecewise manner: 

 S (r ) = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎩ 

ψ 

1 , 2 
S 

(r ) if r ∈ S 2 
ψ 

2 , 3 
S 

(r ) else if r ∈ S 3 
. . . 

. . . 

ψ 

n −2 ,n −1 
S 

(r ) else if r ∈ S n −1 

ψ 

n −1 ,n 
S 

(r ) elsewhere 

. (21)

aito et al. (2017) suggested that instead of applying PCA directly

n ψ S ( r ), considering the monotonic transformation 

 (v ) = 

⎧ ⎨ 

⎩ 

( t 1 − t LB ) ς 

( v −t 1 
t 1 −t LB 

)
+ t 1 if v < t 1 

v if t 1 ≤ v < t n 
( t UB − t n ) ς 

(
v −t n 

t UB −t n 

)
+ t n if t n ≤ v 

(22)

nd applying PCA on h ( ψ S ( r )) yields better SSM. Here, ς ( v )

s a sigmoid function with ς 

′ (0) = 1 having two asymptotes

lim 

 →±∞ 

ς(v ) = ±1 ( ς(v ) = tanh (v ) is used in this study). The param-

ters t UB and t LB are the upper and the lower bounds of the sig-

oid curve, respectively. Note that this is a generalized version of

he one employed in Saito et al. (2017) . Finally, PCA is performed

n the vector 

 S = D [ h (ψ S (·)) ] (23)

ith the weight 

 = 

n ∑ 

i =1 

W 

(i ) . (24)

.5.3. LogOdds 

The LogOdds method ( Pohl et al., 2007 ) is a probabilistic shape

epresentation. Suppose we have p i ( r ) i ∈ { 1 , . . . , n + 1 } representing

he probability that voxel r ∈ � belongs to the i th class. The class

abel L (r ) ∈ { 1 , . . . , n + 1 } is assigned by calculating the class num-

er with the maximum probability 

 (r ) = arg max 
i ∈ { 1 , ... ,n +1 } 

p i (r ) . (25)

his method is designed to represent non-overlapping regions. To

xtend this method to represent nested shapes S = ( S 1 , . . . , S n ) ∈
 n , we consider a tuple of regions R = (R 1 , R 2 , . . . , R n +1 ) = (S 1 , S 2 \
 1 , . . . , S n \ S n −1 , � \ S n ) , which compose mutually exclusive and

ollectively exhaustive sets of � (i.e., 
⋃ n +1 

i =1 R i = � and R i ∩ R j = ∅
or all i and j i � = j ). Let L S ( r ) be the class label associated with

 ∈ T n that satisfies 

 i = { r ∈ � | L S (r ) = i } . (26)

ecause there exists a relationship S i = 

⋃ i 
j=1 R j , we have 

 i = { r ∈ � | L S (r ) ≤ i } (27)

or i = { 1 , . . . , n } . 
Let p (r ) = [ p 1 (r ) , . . . , p n +1 (r ) ] 

T ∈ P n +1 be a vector of the prob-

bility, where 

 n +1 := 

{
p ∈ ( 0 , 1 ) 

n +1 | ∑ n +1 
i =1 p i = 1 

}
(28)
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Fig. 3. A 1-D example of the conventional (a–d) and proposed (e) shape represen- 

tations: (a) Discrete label representation ( I S ) of the nested shapes (i.e., open in- 

tervals in the 1-D case) S 1 = (40 , 60) , S 2 = (30 , 78) , and S 3 = (10 , 82) . (b) Signed 

distance functions (φS 1 , φS 2 , and φS 3 ) associated with each nested shape, which are 

employed by the multi-LSF method ( Tsai et al., 2004 ). (c) RT-LSF method employed 

in ( Saito et al., 2017 ), which describes nested shapes by applying different thresh- 

olds to a single continuous real-valued function. The slope of this function is not 

smooth at the boundary of S 2 . (d) Functions of the logarithm of odds ratios (Lo- 

gOdds) employed by Pohl et al. (2007) . (e) Our LT-LSF method, which is based on 

the linear and logarithmic transformation of the signed distance functions. 
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s an open probability simplex in an n -dimensional space be-

ause the (n + 1) th entry is calculated from the first n entries, i.e.,

p n +1 = 1 −
n ∑ 

i =1 

p i . It is known that P n +1 has a surjective mapping

ogit ( ·) : P n +1 → R 

n defined as the logarithm of the ratio between

he i th and the last entry of p ( r ). The i th entry of t (r ) = logit ( p (r ) )
s defined as 

 i (r ) := [ logit ( p (r ) ) ] i = log 

(
p i (r ) 

p n +1 (r ) 

)
(29)

or i ∈ { 1 , . . . , n + 1 } . An important property for the LogOdds space

logit ( p ) | p ∈ P p+1 

}
is that it forms a vector space. The inverse

apping P of t ∈ R 

n back to the probability simplex is the gen-

ralized logistic function 

 

P ( t (r ) ) ] i = 

{
exp (t i ) 

Z 
, for i ∈ { 1 , . . . , n } 

1 
Z 

, if i = n + 1 

(30) 

here Z = 1 + 

∑ n 
i =1 e 

t i is the normalization factor. Combining

qs. (30) and (25) , we have the direct formula to calculate the class

abel from the LogOdds map: 

 (r ) = arg max 
i ∈ { 1 , ... ,n +1 } 

[ P ( t (r ) ) ] i = arg max 
i ∈ { 1 , ... ,n +1 } 

[
t (r ) 

0 

]
i 

. (31)

In this study, we assume that the probability is defined using

he exponentiation of the signed distance function as 

p i (r ) = 

exp (−β · φR i (r )) ∑ n +1 
j=1 exp (−β · φR j (r )) 

(32) 

ith a positive constant β > 0. From Eqs. (30) and (32) , we get 

 i (r ) := [ logit ( p (r )) ] i = β(φR n +1 
(r ) − φR i (r )) (33)

ince multiplication by a constant β does not affect the

esult of PCA, we set β = 1 . Finally, from the fact that

R 1 
(r ) = φS 1 

(r ) , φR i 
(r ) = − min 

(
φS i 

(r ) , −φS i +1 
(r ) 

)
for 1 ≤ i ≤ n and

R n +1 
(r ) = −φS n (r ) , we get 

 (r ) = 

⎡ 

⎢ ⎢ ⎣ 

−φS 1 (r ) 
min ( φS 1 (r ) , −φS 2 (r ) ) 

. . . 

min 

(
φS n −1 

(r ) , −φS n (r ) 
)
⎤ 

⎥ ⎥ ⎦ 

− φS n (r ) (34)

eighted PCA is then applied on the vector 

 S = 

⎡ 

⎣ 

D [ t 1 (·) ] 
. . . 

D [ t n (·) ] 

⎤ 

⎦ (35) 

ith the weight 

 = diag 
(
W 

(1) , W 

(1) + W 

(2) , . . . , W 

(n −1) + W 

(n ) 
)

(36) 

o build the SSM. 

.6. Comparison of the shape representations 

In this subsection, we compare the shape proposed and

he three conventional shape representation methods mentioned

bove. Fig. 3 shows a one-dimensional illustration of the four

hape representations. As we can see, RT-LSF can describe three

ested shapes using a single function; however, it is not smooth

t the boundary ∂S 2 , as indicated by the blue arrows in Fig. 3 (c),

hich may result in a nonlinear distribution of the training shapes

nd give negative influence on the performance of PCA. 

Fig. 4 demonstrates the linear interpolation and extrapolation

esult between the two different nested circles S = (S , S , S ) ∈ T 
1 2 3 3 
nd S ′ = (S ′ 1 , S ′ 2 , S ′ 3 ) ∈ T 3 using the different methods. The interpo-

ation/extrapolation was carried out using the formula (1 − t) x S +
 x S ′ , where x S and x S ′ are the shape representation vectors of S and

 

′ , respectively. While the intermediate shapes (see the column of

 = 0 . 5 ) are similar between different methods and preserve an in-

lusive relationship, we found that the extrapolated shapes (see

he columns of t = −0 . 5 and t = 1 . 5 ) are quite different depend-

ng on the method used. We also found that inclusive relationships

ere broken by extrapolation of the shape via multi-LSF and Lo-

Odds (see the area indicated by the blue arrow in Fig. 4 ). 

. Experimental setup and results 

The proposed method was demonstrated in the context of sta-

istical shape modeling of the human embryonic brain surface,

entricle, and choroid plexus. These structures have a nesting re-

ationship. The data was obtained from the Kyoto Collection of

uman Embryos ( Yamaguchi and Yamada, 2018 ), which is a large

ollection of human embryo and fetuses stored at the Congenital

nomaly Research Center of Kyoto University. We focused on 38

ases with Carnegie stages (CSs) of 20–23 that were selected based

n our published criteria ( Nakashima et al., 2012 ). For each case,

he brain, ventricle, and choroid plexus labels were delineated on

R microscope volumes, which were acquired using T1-weighted

pin echo sequences with a repetition time of 100 ms and an echo

ime of 10–16 ms in a system equipped with a 2.35-T/40-cm bore

agnet ( Matsuda et al., 2007 ). This study was approved by the
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Fig. 4. Linear interpolation and extrapolation between two nested shapes. The 

top row shows the original nested shapes S, S ′ ∈ T 3 , which consist of three cir- 

cles with radii 23, 29, and 35 centered at the points (50 ± 2, 50), (50 ± 6, 50), and 

(50 ± 2, 50), respectively. The second-to-last row shows the result of interpolation 

( t = 0 . 5 ) and extrapolation ( t = −0 . 5 , t = 1 . 5 ) between S and S ′ using the formula 

(1 − t) x S + t x S ′ , where x S and x S ′ are the shape descriptors associated with S and 

S ′ , respectively. 
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2 This software is available at http://www.deformetrica.org . 
Ethics Committee of the Graduate School and Faculty of Medicine

at Kyoto University (R0316, R0989) and Tokyo University of Agri-

culture and Technology (approval no. 30-28). 

Prior to statistical shape analysis, shape labels were aligned by

generalized Procrustes analysis involving translation, rotation, and

scaling using 21 automatically defined landmarks ( Kasahara et al.,

2017 ). The image size after alignment was 200 × 250 × 200 with a

0.1 mm isotropic voxel size. The SSM was built by applying PCA

on the discretized LSFs. The parameter for the weight was set as

λ = 0 . 09 (cf. Eq. (14) ) and γ = 1 . 0 [mm] (cf. Eq. (13) ), which were

optimized in an empirical manner based on the generalization per-

formance. The number of principal components m was chosen so

that the 90% of the cumulative contribution ratio was covered.

To cover 90% of the variance, LT-LSF, RT-L SF, Multi-L SF, and Lo-

gOdds required m = 6 or m = 7 eigenmodes, while LDDMM re-

quired m = 7 to m = 14 eigenmodes, which means that the SSM

using LDDMM is less compact ( Styner et al., 2003 ) compared to

the other SSMs. 

The SSM by the proposed LT-LSF is compared with that by the

methods we introduced in Section 2.5 , i.e., RT-LSF ( Saito et al.,

2017 ), multi-LSF ( Tsai et al., 2004 ), and LogOdds ( Pohl et al., 2007 ).

In addition, we compared our SSM with that based on diffeo-

morphic deformation of the shape template ( Durrleman et al.,

2014 ), which we will refer to as the large deformation diffeomor-

phic metric mapping (LDDMM)-based model. The deformation of

the shape template in the LDDMM framework is represented as

I ◦ �−1 
q , μ. Here, I : �→ {0, 1, 2, 3} is the multi-valued label vol-
me (cf. Fig. 3 (a)), where each value indicates the background,

rain tissue, ventricle, and choroid plexus, respectively, and �q , μ:

→ � represents the diffeomorphic transformation parameterized

y n cp control points q = ( q 1 , q 2 , . . . , q n cp 
) and moment vectors

= ( μ1 , μ2 , . . . , μn cp 
) . The transformation �q , μ: �→ � is ob-

ained by integrating the velocity field v q , μ( r ) from t = 0 to t = 1 :

 q , μ(r ) = 

n cp ∑ 

i =1 

K(r , q i ) · μi (37)

here K ( x, y ) is a Gaussian kernel with a bandwidth of σ =
 . 0 [mm] . We set n cp = 10 × 10 × 13 = 1300 control points on the

attice in the image domain with an interval of σ , which was sim-

lar to the condition employed by Gori et al. (2017) ( n cp = 1080

ith σ = 7 . 0 [mm] ). To build the statistical shape model, group-

ise registration based on � 2 -distance is performed among the

raining label volumes { I S } S∈T train 
to obtain the geodesic mean (tem-

late) I and moment vectors { μ(1) , μ(2) , . . . , μ(m ) } using the soft-

are deformetrica 2 ( Bône et al., 2018 ). PCA is then applied to

he moment vectors to establish a parametric model. 

The performance of SSM was evaluated by a two-fold cross-

alidation (CV) procedure, where 38 sets of nested shapes were

andomly partitioned into two equal-sized subsets. The random

artitioning was made such that each subset consists of the same

umber of cases for the same Carnegie stage. In order to ob-

ain robust performance scores, random partitioning was repeated

00 times and 100 scores for different splittings were averaged.

he performance of SSM was measured in terms of the general-

zation and specificity introduced by Styner et al. (2003) . In ad-

ition, we introduce a leakage measure to assess the ability of

he SSM to preserve the nesting relationships, i.e., S 1 �S 2 �����S n .

irst, let us define a similarity measure between two nested ob-

ects S = ( S 1 , . . . , S n ) , S 
′ = 

(
S ′ 1 , . . . , S ′ n 

)
, which is defined as the sum

f the Jaccard index 

 

(
S, S ′ 

)
= 

n ∑ 

i =1 

JI 
(
S i , S 

′ 
i 

)
(38)

here 

I 
(
S i , S 

′ 
i 

)
= 

∣∣S i ∩ S ′ 
i 

∣∣∣∣S i ∪ S ′ 
i 

∣∣ . (39)

et T test ⊂ S be a set of unknown nested shapes and 

ˆ S denote the

econstruction of S ∈ T test by the SSM. Generalization is then calcu-

ated as 

eneralization = 

1 

| T test | 
∑ 

S∈T test 

s (S, ̂  S ) (40)

hich assesses the ability to reconstruct unknown shapes. To cal-

ulate specificity, we randomly generate a set of nested shape in-

tances R from SSM using normal random numbers. We set the

ampling number as |R| = 1 , 0 0 0 at which calculated specificity

ad at most 0.007 of standard deviation, which is small enough

o detect a statistically significant difference between the proposed

nd three conventional methods in this study. By averaging the

ighest similarity value between S ∈ R and the test shapes T test ,

e get 

pecificity = 

1 

| R | 
∑ 

S ′ ∈R 

max 
S∈T test 

s (S, S ′ ) . (41)

ntuitively, this assesses whether the new instance generated by

he SSM is acceptable. To evaluate whether the reconstructed

http://www.deformetrica.org
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Fig. 5. An example of the automatically detected 21 landmarks on the brain surface 

with three different views: (a) top, (b) front, and (c) left. 
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Fig. 6. Generalization (a), specificity (b), and leakage (c) measured for the five dif- 

ferent SSMs. In (a) and (b), box plots show the distribution of the generalization 

( Eq. (40) ) and specificity (Eq. (41) ) for 100 different two-fold splits, and the numer- 

als above the plots indicate the average values. A statistically significant difference 

between the proposed and all the other methods is also shown in these figures ( ∗∗: 

p < 0.01). 

Fig. 7. Example of the reconstruction of the brain (yellow), ventricle (green), 

and choroid plexus (red) displayed using surface rendering (first row) and cross- 
hape ˆ S of S ∈ T test and the randomly generated shape S ′ ∈ R pre-

erve the nesting structure, we then provide the leakage mea-

ure. The leakage for a tuple of (possibly non-nested) shapes S =
(S 1 , . . . , S n ) ∈ S 

n is measured as the percentage of the area of the

uter surface 3 ∂S i belongs to the interior shape S i −1 or its surface

S i −1 . 

eak (S) = 

1 

n − 1 

n ∑ 

i =2 

Area ( { r ∈ ∂S i | φS i −1 
( r ) ≤ 0 } ) 

Area ( ∂S i ) 
(42) 

here Area ( ·) denotes the operation to calculate the surface area.

he overall amount of leakage is measured in the process of calcu-

ation of generalization and specificity, which we refer to as leak-

ge(G) and leakage(S), respectively, as follows: 

eakage(G) = 

1 

|T test | 
∑ 

S∈ T test 

Leak ( ̂  S ) , (43) 

eakage(S) = 

1 

|R| 
∑ 

S ′ ∈R 

Leak (S ′ ) . (44) 

learly, we want these values to be zero. 

Fig. 6 (a) and (b) display the comparative results of the proposed

ethod with the three conventional methods in terms of gener-

lization and specificity abilities, respectively. The proposed SSM

howed the highest performance on average. Statistical significance

as tested for all the pairs between the proposed and the conven-

ional methods using the Wilcoxon-signed rank test, under the null

ypothesis that there is, on average, no difference between the two

easurements. A statistically significant difference was observed

or all the pairs at a significance level of p = 0 . 01 . Fig. 6 (c) displays

he leakage values. We confirmed that multi-LSF and LogOdds had

ome leakage for both reconstructed shapes (cf. leakage(G)) and

andomly generated shapes (cf. leakage(S)). The proposed method

nd RT-LSF did not have leakage, which was the theoretically ex-

ected result. 

. Discussions 

The proposed SSM was superior to the previous ones in terms

f both generalization and specificity with a statistically significant

ifference ( p < 0.01). In addition, the proposed shape representa-

ion guarantees the inclusive relationship of the shape, which is a

heoretical advantage over the multi-LSF ( Tsai et al., 2004 ) and Lo-

Odds ( Pohl et al., 2007 ) methods, and this was confirmed by the

act that our SSM had no leakage. Thus, the proposed LT-LSF was

he best shape representation among the five methods for repre-

enting nested surfaces of the embryonic brain. 

Fig. 7 shows a typical example of the shape reconstruction re-

ults using different SSMs. The numerals show similarity indices
3 The surfaces used to evaluate leakage were defined as triangular meshes gener- 

ted by isosurfacing of the real-valued functions associated with each shape repre- 

entation method. We employed the isosurface function in MATLAB R2017b for 

his procedure. 

sectioning (second row). From left to right, the input label volume is shown, fol- 

lowed by the reconstruction results of SSMs based on the proposed LT-LSF, RT-LSF, 

multi-LSF, LogOdds, and LDDMM. The numerals indicate similarity between the re- 

constructed shape and the original one. (For interpretation of the references to color 

in this figure caption, the reader is referred to the web version of this article.) 
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Fig. 8. Examples of the choroid plexus from Carnegie stages 21 and 23 (left col- 

umn), and those reconstructed by the SSMs based on LT-LSF (middle column) and 

LDDMM (right column). The numerals below the figures indicate Jaccard indices 

between the test shapes and the reconstructed ones. Although cases A and B had 

different topology (connectivity), the proposed LT-LSF dealt with such topological 

changes, while LDDMM did not (see the areas inside the dotted circles). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9. The first mode of ± 2 SD variations of the five SSMs displayed with ex- 

ternal view (upper group) and sectional view (lower group). In each group, mean 

shapes are on the middle row. Numerals beside the shapes indicate the maximum 

similarity index max S∈T test 
s (S, S ′ ) (cf. Eq. (41) ) and the leakage Leak (S ′ ) (cf. Eq. (44) ) 

for each shape S ′ . 

Fig. 10. Distribution of the 38 training data on the three dimensional latent space 

obtained from (a) LT-LSF, (b) RT-LSF, (c) multi-LSF, (d) LogOdds, and (e) LDDMM 

shape representations. We provided p -values of the Henze-Zirkler’s test ( Henze and 

Wagner, 1997 ) above the plots to indicate the normality of the distributions. 

t  

f

C

 

a  
(cf. Eq. (38) ) and a higher value denotes better generalization. The

proposed SSM showed the highest similarity value, which was con-

sistent with the results from Fig. 6 (a). One of the reasons that the

proposed SSM had better reconstruction ability can be seen from

the bottom row in Fig. 7 . When using multi-LSF and LogOdds, the

ventricle was protruded out of the brain surfaces where the two

adjacent surfaces are close to each other. Fig. 8 briefly explains the

advantage of the proposed LT-LSF over LDDMM in terms of the

flexibility to topological change. The left and right of the choroid

plexus of the human embryo tend to be spatially connected in the

early developmental stage. The proposed method can handle such

topological change, while LDDMM cannot due to the principle of

the diffeomorphic deformation (cf. the green circle in Fig. 8 ). 

Fig. 9 shows shapes from eigenshape spaces, which were gen-

erated from a uniform sampling of the first principal component

score α1 from −2 σ to +2 σ . We observed that when α1 = −2 σ,

SSM with RT-LSF had an irregularly shaped hollow on the forebrain

(see the green arrow in Fig. 9 ), and such a shape was not observed

in the training shape label (cf. Fig. 5 ). SSMs with multi-LSF and Lo-

gOdds generated shapes with leakage, i.e., the area of the surface

of the ventricle came into contact with or protruded out of the

brain surface (see the blue arrow in Fig. 9 ). Compared with the

three conventional SSMs, the proposed one yielded more natural

shapes, which might contribute to the improvement of specificity,

as shown in Fig. 6 (b). 

Finally, we conclude the discussion by comparing the distribu-

tion of the shape representation on the eigenshape space. Fig. 10

compares the distribution of 38 training shapes between different

shape representation methods using the scatter plot of the first

three principal component scores. We found that an age-related

feature was captured by the first principal mode. In principle, the

distribution is desired to be Gaussian for higher performance in

PCA. To evaluate the normality of the distribution quantitatively,

we applied Henze–Zirkler’s test 4 ( Henze and Wagner, 1997 ) under

the null hypothesis that “the population is normally distributed”.

We found that the proposed LT-LSF showed a higher p -value ( p =
0 . 008 ) than the other methods, i.e., the normality was improved

by using LT-LSF, which might be one reason for the higher gener-

alization and specificity ability. However, the null hypothesis was

rejected for all the methods with a significance level of p = 0 . 01 ,

which suggests the existence of nonlinearity of the distribution of
4 This is the normality test for an arbitrary number of dimensions and has the 

desirable property of affine invariance. This test was applied on the space whose 

number of dimensions is chosen so that the cumulative contribution ratio is 90%. 

m  

t  

c  

m  

t

raining features and nonlinear statistical analysis would achieve

urther improvement in the performance of SSM. 

onclusions 

We proposed a multishape SSM for nested structures using

 new shape representation method (LT-LSF) based on logarith-

ic transformation of level set functions, which was evaluated in

he context of statistical shape modeling of brain, ventricle, and

horoid plexus segmentation from noncontrast CT volumes of hu-

an embryos. The proposed method has the following notable fea-

ures: 
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Fig. A1. Illustration used in the proof of Corollary 1 . 
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∂ S 1 ∩ ∂ S 2 = { r ∈ � | ϕ 1 (r ) = ϕ 2 (r ) = 0 } = ∅ . �
1. Our shape representation has a vector space structure equipped

with closed operations with respect to the set of all the possi-

ble nested shapes, which ensures that the SSM preserves the

correct nesting structure (leakage free), unlike the conventional

methods ( Tsai et al., 2004; Pohl et al., 2007 ). This fact was ver-

ified by our results. 

2. Our method can be applied to an object with an arbitrary num-

ber of nested shapes. 

3. The SSM with the proposed method achieved generalization

and specificity values of 2.176 and 2.038, respectively, which

outperformed the SSMs with conventional methods ( Tsai et al.,

2004; Pohl et al., 2007; Saito et al., 2017; Durrleman et al.,

2014 ). 

4. One possible reason behind the higher performance of our SSM

is the higher normality of the distribution. 

The main limitation of the proposed method is that it can only

andle nested shapes. Development of an SSM for multiple ob-

ects including both nested shape pairs and non-overlapping shape

airs remains an ongoing research topic. In the future, we plan to

evelop a spatiotemporal SSM of the anatomy of the human em-

ryo as well as SSM-based computer-aided diagnosis algorithms

hat include segmentation and assessment of the degree of abnor-

ality. Other than human embryos, our method can be applied

o any datasets including nested objects. Statistical shape mod-

ling of endocardial and epicardial surfaces of the left ventricle

 Carminati et al., 2018 ) and of outer and inner side of the cellular

embrane ( Vazquez-Reina et al., 2009 ) would be useful applica-

ions worth addressing in future work. 
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ppendix A 

Here, we give a proof for the fact that for any nested shapes

( S 1 , . . . , S n ) ∈ T n , their signed distance function satisfies the in-

quality φS 1 
(r ) > . . . > φS n (r ) ∀ r ∈ �. Because this proposition is

quivalent to ( S i , S i +1 ) ∈ T 2 ⇒ φS i 
(r ) > φS i +1 

(r ) ∀ i ∈ { 1 , . . . , n − 1 } ,
e must prove the following corollary. 

orollary 1. For ( S 1 , S 2 ) ∈ T 2 , the inequality φS 1 ( r ) > φS 2 ( r ) holds

or any r ∈ �. 

roof. It follows from Eq. (1) that 

( φS 1 (r ) , φS 2 (r ) ) 

= 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

(
− min 

s ∈ ∂S 1 
‖ 

r − s ‖ 

, − min 

s ∈ ∂S 2 
‖ 

r − s ‖ 

)
if r ∈ S 1 (

min 

s ∈ ∂S 1 
‖ 

r − s ‖ 

, − min 

s ∈ ∂S 2 
‖ 

r − s ‖ 

)
if r ∈ S 2 \ S 1 (

min 

s ∈ ∂S 1 
‖ 

r − s ‖ 

, min 

s ∈ ∂S 2 
‖ 

r − s ‖ 

)
if r ∈ � \ S 2 

. (A.1) 

et n S i 
= arg min 

s ∈ ∂S i 

‖ r − s ‖ be the point on ∂S i that is closest to

 ∈ �, and let � S i (r ) be a half-open line segment between r

nd n S i 
(r ) , i.e., � S i (r ) = 

{
(s − 1) r + s n S i 

(r ) | s ∈ [ 0 , 1 ) 
}

. If r ∈ S 1 , be-

ause n S 2 
(r ) / ∈ S 1 ( ∵ S 1 ∩ ∂S 2 = ∅ ), the line � S 2 (r ) and the con-

our ∂S 1 always have at least one intersection point z ∈ � S 2 (r ) ∩
S 1 (see Fig. A.1 (a)). Since z is closer to r than n S 2 

(r ) , we have
r − n S 2 
(r ) 

∥∥ > ‖ r − z ‖ . Using this, we have the following inequal-

ty: 

 

r − n S 2 (r ) ‖ 

> ‖ 

r − z ‖ 

≥ ‖ 

r − n S 1 (r ) ‖ 

∀ r ∈ S 1 . (A.2)

herefore, we have 

S 1 (r ) ≡ − min 

s ∈ ∂S 1 
‖ 

r − s ‖ 

> − min 

s ∈ ∂S 2 
‖ 

r − s ‖ 

≡ φS 2 (r ) ∀ r ∈ S 1 (A.3) 

As before, if r ∈ � \ S 2 , because n S 1 
(r ) / ∈ � \ S 2 ( ∵ (� \ S 2 ) ∩

S 1 = ∅ ), the line � S 1 and the contour ∂S 2 always have at least one

ntersection point z ∈ � S 1 (r ) ∩ ∂S 2 (see Fig. A.1 (b)). Consequently, 

 

r − n S 1 (r ) ‖ 

> ‖ 

r − z ‖ 

≥ ‖ 

r − n S 2 (r ) ‖ 

∀ r ∈ � \ S 2 . (A.4)

herefore, we have 

S 1 (r ) ≡ min 

s ∈ ∂S 1 
‖ 

r − s ‖ 

> min 

s ∈ ∂S 2 
‖ 

r − s ‖ 

≡ φS 2 (r ) ∀ r ∈ � \ S 2 . (A.5) 

f r ∈ S 2 \ S 1 , then from the definition in Eq. (A.1) , we have 

S 1 (r ) ≡ min 

s ∈ ∂S 1 
‖ 

r − s ‖ 

≥ 0 , (A.6) 

S 2 (r ) ≡ − min 

s ∈ ∂S 2 
‖ 

r − s ‖ 

< 0 . (A.7)

quality in Eq. (A.6) is because S 1 is an open set and S 2 �S 1 includes

he boundary ∂S 1 . From Eqs. (A.6) and (A.6) , we get 

S 1 (r ) > φS 2 (r ) ∀ r ∈ S 2 \ S 1 . (A.8)

inally, from Eqs. (A.3) , (A.5) , and (A.8) , we get 

S 1 ( r ) > φS 2 ( r ) ∀ ( S 1 , S 2 ) ∈ T 2 , ∀ r ∈ �. 

�

Then, we prove that the inequality ϕ 1 (r ) > . . . > ϕ n (r ) ∀ r ∈ � is

he sufficient condition for their sublevel sets being nested, i.e.,

(S 1 , . . . , S n ) ∈ T n , where we denote ϕ i : � → R as the i th contin-

ous real-valued function and S i = { r ∈ �| ϕ i (r ) < 0 } as the corre-

ponding sublevel set. As before, because this proposition can be

ecomposed as ϕ i (r ) > ϕ i +1 (r ) ⇒ ( S i , S i +1 ) ∈ T 2 ∀ i ∈ { 1 , . . . , n − 1 } ,
e consider the following corollary: 

orollary 2. If the two real-valued functions ϕ 1 , ϕ 2 : � → R are

he continuous functions and satisfy ϕ1 ( r ) > ϕ2 ( r ) ∀ r ∈ �, then

 1 = { r ∈ � | ϕ 1 (r ) < 0 } and S 2 = { r ∈ � | ϕ 2 (r ) < 0 } are the nested

hapes, i.e., S 1 �S 2 . 

roof. Since ϕ1 ( r ) > ϕ2 ( r ) ∀ r ∈ �, any point r ∈ � satisfy-

ng ϕ1 ( r ) < 0 always satisfies ϕ2 ( r ) < 0, which means r ∈ S 2 
olds for all r ∈ S 1 . Therefore, we have S 1 ⊂ S 2 . Then, to

tate that S 1 �S 2 is true, we must prove ∂ S 1 ∩ ∂ S 2 = ∅ .
ince ϕ1 and ϕ2 are continuous functions, we have

S 1 = { r ∈ � | ϕ 1 (r ) = 0 } and ∂S 2 = { r ∈ � | ϕ 2 (r ) = 0 } . Fi-

ally, from the assumption that ϕ1 ( r ) > ϕ2 ( r ) ∀ r ∈ �, we get
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