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Abstract
Ordinary differential equation models often contain a large number of parameters that must be determined from mea-

surements by estimation procedure. For an estimation to be successful there must be a unique set of parameters that can

have produced the measured data. This is not the case if a model is not structurally identifiable with the given set of inputs

and outputs. The local identifiability of linear and nonlinear models was investigated by an approach based on the rank of

the sensitivity matrix of model output with respect to parameters. Associated with multiple random drawn of parameters

used as nominal values, the approach reinforces conclusions regarding the local identifiability of models. The numerical

implementation for obtaining the sensitivity matrix without any approximation, the extension of the approach to multi-

output context and the detection of unidentifiable parameters were also discussed. Based on elementary examples, we

showed that (1�) addition of nonlinear elements switches an unidentifiable model to identifiable; (2�) in the presence of

nonlinear elements in the model, structural and parametric identifiability are connected issues; and (3�) addition of outputs

or/and new inputs improve identifiability conditions. Since the model is the basic tool to obtain information from a set of

measurements, its identifiability must be systematically checked.
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Introduction

When designing models to mimic the behavior of real

process and described by means of several parameters, the

term identifiability refers to whether the information the-

oretically available from an experiment is sufficient to give

a unique solution values for the parameters. The first

statement of identifiability problem in the compartmental

context comes from Bellman and Astrom [1] who intro-

duced the term of ‘‘structural identifiability’’. The term

‘‘structural’’ was associated to ‘‘identifiability’’ because the

question refers to the structure of the model representing

the real process.1Since, several works devoted to this

question were explored mainly by Jacquez [2], Cobelli [3],

Walter [4] and their collaborators.

It is critical to know whether the parameters are in

theory uniquely defined by the observations before going

into the parameter estimation phase. This is a purely

mathematical question of existence of a unique solution

and it can be separated from the effect of observation error.

According to the definitions related to identifiability [5], a

parameter is unidentifiable, if an infinite number of solu-

tions exist. Conversely, it is locally identifiable if there are

only a finite number of solutions and globally identifiable if

they exists only one solution. Similarly, the model is

unidentifiable if at least one of its parameters is unidenti-

fiable and, locally or globally identifiable if all parameters

are locally or globally identifiable, respectively.

Models in biology are usually described by a set of

linear or nonlinear ordinary differential equations and

accordingly, they are called linear or nonlinear, respec-

tively. For all these models, outputs/predictions are non-

linear functions with respect to their parameters. To check

for global identifiability, the transfer function, the simi-

larity transformation, the Markov parameter matrix, and
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the modal matrix approaches were proposed for linear

models [2, 4]. The Taylor series, the generating series, the

similarity transformation, the differential algebra and the

implicit function theorem approaches were proposed for

nonlinear models [6]. However, checking global identifia-

bility can be very difficult to carry out because of the

complexity of the resulting algebraic parametric relation-

ships. The problem becomes particularly hard in the case of

large and highly nonlinear models. In such cases, global

approaches allow only for local identifiability results, as for

instance the implicit function theorem approach.

Alternatively, in many applications in biological sci-

ences there is prior information that constrains parameter

values to certain regions in parameter space. In such cases

much can be learned about identifiability by numerical

methods using parameter values from the constrained

region. By way, by knowing the domain of definition of the

parameters, local identifiability could be transformed to

global identifiability [6]. Local identifiability analyses are

based on the computation of local sensitivities, the Fisher

Information Matrix, the covariance matrix, or the Hessian

of the minimization criterion [2, 6].

The problem seemed to be solved by all these approa-

ches for several kinds of models and experimental situa-

tions, but there is no identifiability approach clearly

appropriate to every model. Moreover, with the recent

development of modeling softwares allowing fast concep-

tion of large models described by ordinary differential

equations with several dozen of parameters, checking

efficiently and rapidly the identifiability for a large spec-

trum of designed models remains a challenging task.

We propose a simple to implement and convenient to

use tool for checking local identifiability. This approach is

based on this Fisher Information Matrix (FIM) [7]. Our

investigations have focused on the role of the FIM because

its condition number plays a fundamental role in a range of

useful ideas such as model comparison (Akaike Informa-

tion Criteria), experimental design, as well as computation

of standard errors and confidence intervals [8].

Theoretical

The maximum likelihood principle is largely used to esti-

mate p unknown model parameters x from m noisy dis-

turbed observations y gathered on the real process with

m[ p. If L(x/y) is the likelihood of the model to y, the

Information Matrix I(t, x) introduced by Fisher [7] is

I t; xð Þ,E
o ln Lðx=yÞ

ox

o ln Lðx=yÞ
oxT

� �
¼ �E

o2 ln Lðx=yÞ
oxoxT

" #

ð1Þ

In this definition, E[.] denotes expectation of the random

variable y. The developments reported in Appendix 1 show

that without any approximation in the model and even for

nonlinear models, I(t, x) may have the following consistent

form

I t; xð Þ ¼ UT t; xð ÞD t; xð ÞU t; xð Þ ð2Þ

where U(t, x) is the m 9 p dimensional sensitivity matrix

(referred also as Jacobian) and t is the collection of non-

replicated sampling times ti with i = 1:m and m[ p.

Rothenberg [9] reported first that ‘‘under weak regularity

conditions local identifiability of x is equivalent to non-

singularity of I(t, x)’’. Since D(t, x) in relationship (2) is a

positive definite matrix, non-singularity of I(t, x) is ensured

by a full rank of U(t, x), i.e., when rank[U(t, x)] = p.

A. From a statistical point of view, maximum likelihood

was proven asymptotically normal [7], i.e., bx estimates

follows a multivariate normal distribution

bx�Np x0;Cð Þ where x0 is the true value of parameters

of the real process and C is the covariance/precision

matrix. The Cramér-Rao inequality C(t, x) C I-1(t, x)

establishes the link between I(t, x) and C(t, x). Also,

from an information point of view [10], the informa-

tion amount contained in the multivariate normal

distribution of the maximum likelihood estimates is

IN ¼ � p

2
1þ ln 2pð Þ � 1

2
ln det C t; xð Þ½ �

¼ � p

2
1þ ln 2pð Þ þ 1

2
ln det I t; xð Þ½ � ð3Þ

B. From a numerical point of view, L(x/y) maximization is

converted to a nonlinear criterion J(x) minimization by

setting J(x) , - ln L(x/y). It follows that

oJ xð Þ
ox

,

o lnLðx=yÞ
ox

and
o2J xð Þ
oxoxT

,

o2 ln Lðx=yÞ
oxoxT

These elements are known in the optimization field as

the gradient, g(x), and the Hessian matrix, H(x), of the

criterion J(x), respectively [11]. They are largely used

in numerical analysis optimization algorithms. Thus,

relationship (1) could be also written as

I t; xð Þ ¼ E g xð ÞgT xð Þ
h i

¼ �E H xð Þ½ �:

The above A and B illustrate the connection between

statistic (I(t, x) and normality of maximum likelihood) and

numeric (g(x) and H(x) geometric characteristics of

parameter space) aspects within the estimation problem. In

128 Journal of Pharmacokinetics and Pharmacodynamics (2019) 46:127–135

123



a geometric interpretation, (1�) C(t, x) defines the confi-

dence areas of bx, which are p-dimensional ellipsoids

described by (x - x0)
TC(t, x0)

-1(x - x0) = n2 with n2-

= - 2 ln (1 - a) and a ¼ Pr bx 2 ellipsoid½ �; and (2�) g(x)
and H(x) control the shape of contour plots, they are the 1st

and 2nd order coefficients in the Taylor expansion of J(x).

In the neighborhood of x0, contour plots and ellipsoids

overlap and restrain a region in parameter space with

volume V given by

V ¼ pp=2npC�1ðp=2þ 1Þ det1=2½Cðt; xÞ� ð4Þ

This indicates that the highest det [C(t, x)] (or the lowest

det [I(t, x)]), the less precise bx is. Therefore, the non

identifiability associated with singularity of I(t, x) corre-

sponds to infinite V and to open confidence areas.

The check of U(t, x) rank could be heuristically exten-

ded for multi-output processes, e.g., when parent drug and

metabolite concentrations in the plasma and urines are

measured. Since m[ p is the only constraint for m and

rows of U(t, x) require no ordering according to the ti
values (even rows could be referred to the same sampling

times for different outputs), sensitivity matrices Us(t, x) for

each s-th output from the q available outputs could be

stacked as

U t; xð Þ ¼ ½U1 t; xð Þ � � �Uq t; xð Þ�T

with s = 1:q, to obtain a large U(t, x) on which the check of
full rank is to be applied.

Whenever the model is proved to be unidentifiable, it is

interesting to know which parameters are responsible to

this drawback. The check of rank may be used for a new

model obtained after fixing the value of a parameter in the

original model. The new model will have a m 9 (p - 1)

dimensional sensitivity matrix eU t; xð Þ obtained from

U(t, x) after removing the column corresponding to the

fixed parameter. If rank½eUðt; xÞ� ¼ p� 1, the fixed

parameter is unidentifiable, otherwise the unidentifiable

parameters lie among the others. By fixing one parameter

after another, this procedure allows detection of unidenti-

fiable parameters. However, it is important to note that

fixing a parameter value to zero is somewhat risky because

the functionality of the model is modified and may be not

compatible with the functionality of the real process.

In a computational aspect, when the model output is

given by a closed form, the sensitivity functions can be

obtained by applying elementary derivation rules. When

the model is given by a set of n differential equations

dy t; xð Þ
dt

¼ f t; x; y t; xð Þ; u tð Þ
h i

y 0; xð Þ ¼ y
0
xð Þ;

the sensitivity functions with respect to parameters xj with

j = 1:p can be implemented as additional differential

equations

d

dt

oy t; xð Þ
oxj

� �
¼ o

oxj
f t; x; y t; xð Þ; u tð Þ
� �h i

oy 0; xð Þ
oxj

¼
oy

0
xð Þ

oxj

to the original ones. Thus, outputs and sensitivities of the

model can be obtained by integrating numerically the set of

n(p ? 1) differential equations. The above formulation

shows that even identifiability of parameters involved

within the initial conditions can be investigated. To com-

pute the rank of U(t, x), nominal values, xN, for x are

needed. They can be selected from available similar studies

or be drawn randomly from the domain of definition of the

parameters. The rank is computed with the MATLAB [12]

function ‘‘rank’’ (number of singular values greater than

machine tolerance). Alternatively, computed sensitivities

can be used to obtain the gradient g(x) of the criterion

J(x) and therefore to employ 1st derivative methods, e.g.,

quasi-Newton, for criterion minimization [11].

Results

A series of examples is presented. For the two-compartment

configurations in the first three examples, V1 and V2 are

volumes of distribution and, k1 and k2 are elimination rates

associated with compartments 1 and 2, respectively. The

parameter values were considered ranging between 1 and

500 L for volumes of distributions and, 10-3 and 10 h-1 for

rates. For each example, 200 xN were randomly drawn from

uniform log-scaled distributions of the parameter values.

For the two-compartment model in Fig. 1, the adminis-

tration compartment is the 1st one and the sampled com-

partments can be compartment 1, compartment 2, or both

compartments. Accordingly, the number of parameters in

the model is 1, 1 or 2 volumes of distribution (V1 or V2),

respectively, plus 4 linear rates ðk1 k2 k12 k21Þ.

Fig. 1 Two-compartment configuration; the administration site is the

1st compartment and both compartments can be sampled. V1 and V2

are volumes of distribution of compartments 1 and 2, respectively;

k1 and k2 are elimination rates from compartments 1 and 2, respec-

tively; k12 and k21 are transfer rates between compartments; and u(t) is

known function describing the administration protocol
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A. When compartment 1 is sampled (parameters

V1 k1 k2 k12 k21Þ, the model is unidentifiable

since rank[U(t, xN)] = 4 and p = 5. If one of V1, k12
and k21 is fixed, rank[U(t, xN)] = 3 and p = 4. Conse-

quently, the unidentifiable parameters are those

remaining free in the model, i.e., k1 or k2. If one of

k1 and k2 is fixed, the model becomes identifiable since

rank[U(t, xN)] = 4 and p = 4.

B. When compartment 2 is sampled (parameters

V2 k1 k2 k12 k21Þ, the model is unidentifiable

since rank[U(t, xN)] = 3 and p = 5. This indicates 2

unidentifiable parameters in the model; one of them is

V2 and the other one is either k1 or k2.

C. Volumes V1 and V2 are identifiable only when com-

partments 1 and 2 are sampled (parameters

V1 V2 k1 k2 k12 k21); again one of k1 and k2
needs to be fixed. This illustrates the importance of the

relative position of sampling and administration sites

for identifiability.

If one of k1, k2, k12 and k21 rates is nonlinear, e.g.,

k2 ¼ l
jþy2 tð Þ, the model is structurally globally identifiable

[4]. But when j � y2(t), the globally identifiable model

switches to unidentifiable. In a more elaborated investiga-

tion relative to case A (parameters

V1 k1 l j k12 k21Þ, Fig. 2 illustrates the percent-

age of xN leading to full rank of U(t, x) as a function of the

intensity of input signal u(t). For low input levels,

u(t)\ 10-4mg, y2(t) remains low and the peripheral

elimination kp & l/j becomes an unidentifiable parame-

ter. When the input increases, k2 becomes ‘‘more identifi-

able’’ (percentage increases) and for u(t)[ 104 mg, the full

rank is reached for almost all randomly selected xN.

Figure 3 presents the elementary example of multi-

output systems. Two differential equations describe the

parent drug y1(t) and the metabolite y2(t) concentrations

that are observed in compartments 1 and 2, respectively

dy1 tð Þ
dt

¼ � k1 þ kMð Þy1 tð Þ þ u tð Þ
V1

y1 0ð Þ ¼ 0

dy2 tð Þ
dt

¼ kM
V1

V2

y1 tð Þ � k2y2 tð Þ y2 0ð Þ ¼ 0

Five parameters are involved in the model,

V1 V2 k1 k2 and the metabolism rate kM. Since

rank[U(t, xN)] = 4 and p = 5, the model is unidentifiable. If

one of V2, k1 and kM is fixed, the derived model becomes

identifiable since rank[U(t, xN)] = 4 and p = 4. To switch

the original unidentifiable model to identifiable, either

• introduce a nonlinear metabolism rate, e.g.,

kM ¼ l
jþy1 tð Þ, but with experimental conditions prevent-

ing weakness of j � y1(t) type, or

• re-parameterize the model by introducing the fraction

of drug metabolized fM = kM/(k1 ? kM) to obtain

dy1 tð Þ
dt

¼ �k�1y1 tð Þ þ u tð Þ
V1

y1 0ð Þ ¼ 0

dy2 tð Þ
dt

¼ k�1
V1

V�
2

y1 tð Þ � k2y2 tð Þ y2 0ð Þ ¼ 0

with four parameters V1 V�
2 ¼ V2

fM
k2 and k�1 ¼ k1

1�fM
,

the total elimination rate from compartment 1. In the

estimation step V2
* will be overestimated with respect to

the real values.

Figure 4 illustrates the basic compartmental configura-

tion relative to oral administration associated with

bioavailability issues. Compartments 1 and 2 correspond to

depot and blood compartments, respectively. It is also

assumed enabling to administer and sample in both com-

partments. Five parameters are involved in the model: V1,

V2 (considered when compartments 1 and 2 are sampled,

respectively), k2, the bioavailability Fa, and the absorption

Fig. 2 Percentage of nominal values leading to full rank of sensitivity

matrix as a function of the intensity of input signal

Fig. 3 Elementary example of multi-output system; compartments 1

and 2 are associated with parent drug y1(t) and metabolite y2(t) con-

centrations, respectively; V1 and V2 are volumes of distribution and,

k1 and k2 are elimination rates associated with compartments 1 and 2,

respectively; kM is the metabolism rate; and u(t) is known function

describing the administration protocol
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rate ka. The model is described by the following differen-

tial equations

dy1 tð Þ
dt

¼ �kay1 tð Þ þ Fa

V1

uPO tð Þ y1 0ð Þ ¼ 0

dy2 tð Þ
dt

¼ ka
V1

V2

y1 tð Þ � k2y2 tð Þ þ 1

V2

uIV tð Þ y2 0ð Þ ¼ 0

where uPO(t) and uIV(t) are the oral and intravenous inputs,

respectively. Table 1 summarizes the analysis focused on

Fa identifiability. Cases 8 and 9 involve both intravenous

and oral administrations. For cases 1, 2, 3 and 9, absorption

compartment is not sampled and V1 is not involved in the

model. One can note successively:

• models of cases 1 and 4 are unidentifiable because Fa,

V1 and V2 parameters are unidentifiable.

• models of cases 2, 3, 5, 6 and 7 are identifiable.

However, these cases are not interesting because Fa, V1

and V2 should be fixed at values not prior known.

• models of cases 8 and 9 correspond to identifiable

models. Case 9 is more relevant than case 8 because it

requires samples only in the blood compartment.

Therefore, the well known statement ‘‘to obtain

bioavailability, sample in the blood after oral and intra-

venous administrations’’ is confirmed by checking the

U(t, x) rank. Therefore, it is advisable to add observables or
inputs to improve identifiability.

Finally, the model presented in Appendix 2 was reported

in [6] as a benchmark pharmacokinetic model and it was

analyzed by the proposed tool.

Discussion

Calculating the rank of a matrix was already involved in

investigations relative to identifiability. The check of

U(t, x) rank was first reported by Rothenberg [9], it was

clearly formulated by Dotsch et al. [13] for engineering

applications, it was proposed in a probabilistic semi-nu-

merical approach by Karlsson et al. [14] for testing local

identifiability. Alternatively, checking the structural iden-

tifiability by means of the FIM determinant was also

employed [2, 15–17]. However, the approaches are not

equivalent from a numerical analysis point of view. In fact,

calculating the rank is more reliable than checking the

closeness of the determinant to zero [18]. Therefore,

checking structural identifiability by means of U(t, x) rank
should be favoured over the FIM determinant calculation.

Fig. 4 Two-compartment configuration associated with the analysis

of bioavailability. Compartments 1 and 2 are depot and blood

compartment, respectively, with associated drug concentrations

y1(t) and y2(t), and volumes of distribution V1 and V2. Both oral

uPO(t) and intravenous uIV(t) administration routes are possible and

both compartments can be sampled. Fa is the bioavailability and, ka
and k2 are the absorption and elimination rates, respectively

Table 1 Identifiability analysis

of bioavailability
No. Admin IV Sample 1 p rank[Uðt; xÞ� Rank after removing one of

Fa V1 V2 ka k2

1 9 9 4 3 3 9 3 2 2

2 9 9 3 3 2 9 • 2 2

3 9 9 3 3 • 9 2 2 2

4 9 4 5 4 4 4 4 3 3

5 9 4 4 4 • 3 3 3 3

6 9 4 4 4 3 • 3 3 3

7 9 4 4 4 3 3 • 3 3

8 4 4 5 5 4 4 4 4 4

9 4 9 4 4 3 9 3 3 3

Successive columns indicate the experimental conditions, the number of parameters in the model, the rank

of sensitivity matrix of the model, and the rank of sensitivity matrix of models obtained after fixing one

parameter in the initial model

9: absence of the feature in experimental conditions and absence of parameter in the model;4: presence of
the feature in experimental conditions; •: fixed parameter in the model
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In an integrated approach, the subset selection algorithm

proposed by Cintron-Arias et al. [8] first selects parameters

according to the U(t, x) rank to ensure non-singularity of

FIM, and second computes its inverse for the calculation of

the standard errors and confidence intervals. Finally, by

analyzing the U(t, x) rank deficiency in nonlinear models,

Chappell et al. [19] proposed adequate re-parameteriza-

tions to obtain locally identifiable models.

Our motivation was to remind the appropriate, reliable

and simple use of U(t, x), as a tool for checking local

identifiability for a large spectrum of designed pharma-

cokinetic models with the extension to multi-output context

and the detection of unidentifiable parameters.

While structural identifiability is a theoretical property of

the postulated model structure given a set of inputs and

outputs, parametric identifiability is intrinsically related to

experimental data, experimental design and errors. Struc-

tural identifiability is checked by means of the U(t, x) rank
and parametric identifiability depends on I(t, x) involving

U(t, x) and D(t, x) elements in the relationship (2).

U(t, x) expresses the sensitivity of model outputs and

D(t, x) expresses the observation error variance model and

its sensitivity. This sharing was expected because structural

identifiability is relative to model structural characteristics

bymeans ofU(t, x) and does not depend on the experimental

process involved inD(t, x). Relationship (10) in Appendix 1

is the definition ofD(t, x) for a variance model of power-law

type given by the relationship (9). From these relationships,

heteroscedastic, homoscedastic and other type of errors can

be derived according to the values given in the exponent a.
While D(t, x) does not impact structural identifiability, it

plays an important role in designing optimal experiments by

enhancing performances related to parametric identifiability

[20–23]. According to a geometric interpretation, opti-

mization of experiments should lead to closed ellipsoid

contours (FIM non-singular), ellipsoids with the smaller

possible volume (the most precise estimates) and condition

number close to unit (equally distributed reliability in all

parameters). These conditions could be met by selecting

adequate observation time interval, adequate position of

administration and sampling sites, adequate position of

sampling times, the quality of observation error, etc. For

instance, to minimize the volume of ellipsoids given by the

relationship (4), det [I(t, x)] should be maximized; accord-

ing to the relationship (3), this leads to maximum available

amount of information for estimation purposes of x.

From the presented examples, it is clear that identifia-

bility strongly depends on the relative position of admin-

istration and sampling sites for compartmental

configurations or generally, on the relative position of

inputs and outputs in differential equations describing the

model. Thus to check identifiability, much attention was

initially focused on linear system and control theory with

investigation of observability and controllability conditions

[2, 15, 24].

One might conjecture that the presence of nonlinear ele-

ments forces an unidentifiable structure to become identifi-

able. Nevertheless, nonlinear elements may cause ill-

conditioned issues affecting the calculation of the matrix

rank by singular value decomposition. Accordingly, con-

clusions relative to identifiability may depend on the input

signal as illustrated in Fig. 2. When inputs are not exciting

enough (u(t)\ 10-4 mg), nonlinearities are smoothed, the

model becomes quasi-linear, and it has more chances to

switch to unidentifiable. When inputs are exciting enough

(u(t)[ 104mg), the local identifiability check confirms the

global identifiability of the model. Between the above limits,

ill-conditioned issues occur, strong and weak at the low and

high exciting inputs, respectively. For the parameter esti-

mation step, the question turns in a parametric identifiability

problem: determining the more informative inputs.

The benchmark pharmacokinetic model is identifiable as

also reported by Chis et al. [6]. Nevertheless, parameters ka
and kc involved in the nonlinear sigmoid terms induce ill-

conditioned issues. As discussed above, the initial condi-

tions (here playing the role of inputs) should be exciting

enough to prevent situations of kcka � kcy3(t) ? kay1(-

t) type. However, the problem is hard to solve because of

the simultaneous presence of y1(t) and y3(t) in the

denominator of the nonlinear term.

From an identifiability analysis, more general conclu-

sions can be drawn since in such as analyses, unidentifiable

parameters could be revealed allowing for suggestions of

re-parameterization or/and of the addition of observables

or/and new inputs to improve identifiability.

Along the estimation process, sensitivity functions are

the only tool allowing the link between the state space

(where the system outputs evolve) and the parameter space

(where the estimation–minimization process seeks for a

representative point of the real system). A comprehensive

review was presented by Hamby of more than a dozen

sensitivity analysis methods [25]. Already, the linear

independence of sensitivity matrix columns was reported in

the optimization context as the key element impacting the

algorithm convergence [26].

In pharmacokinetics, elementary considerations for

identifiability were presented by Bonate [27]. Yates et al.

[28] analyzed the identifiability of linear physiologically

based pharmacokinetic models by using the transfer matrix

approach. The same author presented the general context of

model identifiability and distinguishability for compart-

mental configurations [29]. In target mediated drug dispo-

sition models, the receptor binding model is usually

approximated by a quasi- or pseudo-steady state approxi-

mation [30]. However, when using such an approximation, it

has been shown that the on and off rates of drug binding to the
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receptor are unidentifiable [31]. Janzen et al. [32] com-

mented identifiability of pharmacodynamic models by using

the input–output approach [33], a variant of implicit function

theorem, and expanded identifiability analysis even in pop-

ulation pharmacokinetic–pharmacodynamic pharmaco-sta-

tisticalmodels. Shivva et al. [16, 17] investigated graphically

the determinant of FIM to analyze structural identifiability

issues for nonlinear fixed and mixed effects models. The

basic idea is to smooth within FIM the contribution of the

residual error variance, so that the shape of the obtained

graphics informs about properties of the remaining Jaco-

bian–sensitivity matrix. Therefore, the graphics criterion of

Shivva et al. (Eq. 5) is conceptually equivalent but numeri-

cally different to the check of U(t, x) rank here presented.

Conclusion

Since the model is the kernel tool to obtain information from

a set of measurements, its identifiability must be systemat-

ically checked for individual and population pharmacoki-

netic–pharmacodynamic analyses. The tool presented here

applies indistinguishably for linear or nonlinear models with

time-invariant or -varying parameters and even parameters

involved in initial conditions of differential equations. It

explores the rank of sensitivity matrix obtained without any

approximation (i.e., series expansion, finite difference

approximation, computing high order derivatives of the

output, rewriting the model in polynomial form, etc.).

Associated with multiple random drawn of parameters used

as nominal values, the approach reinforces conclusions

regarding the local identifiability of models. Conversely, the

only weakness of the tool is its disability to discern between

global identifiability (i.e., one solution) and local identifia-

bility (i.e., finite number of solutions). Since identifiability is

disconnected from experimental process, much of the

material presented here is extensible to other error variance

models and other estimation criteria than the maximum

likelihood. The approach can be applied not only in phar-

macokinetics and pharmacodynamics but also for all models

aiming at describing the behavior of a real process.

Local and global identifiability of model structures are

strongly connected properties. Actually, global identifiabil-

ity implies local identifiability and local identifiability is a

necessary condition for global identifiability. Structural local

identifiability bridges theoretical structural global identifia-

bility and practical parametric identifiability in the sense that

it alerts for possible ill-conditioning before the estimation

step. Structural identifiability, parameter identifiability and

optimal sampling design should go together as linked steps

in the parameter estimation inverse problem.
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Appendix 1

Hypotheses

Observations on the system consist in measurements yi
from m samples drawn at ti times, i = 1:m. Vectors y and

t compile the above yi, and ti, respectively. The ultimate

goal is to fit these data by a model involving p parameters

xj, j = 1:p, by maximizing the likelihood function L(x/y),

where x is the vector collection of xj. The fundamental

assumption is m[ p.

Three working hypotheses are commonly introduced:

1. Measurements yi are considered random, obtained by

adding the observation error ei to the model output

y(ti, x), i.e., yi = y(ti, x) ? ei.

2. The error ei follows the normal distribution ei-
* N(0, ri

2) with zero mean and variance ri
2. Then,

the random yi is distributed according to yi * N[y(ti, -

x), ri
2]. Also, the reduced observation error

ei ti; xð Þ ¼ yi � y ti; xð Þ
ri

follows the standard normal distribution, i.e.,

ei(ti, x) * N(0, 1).

3. Observation errors are independent for different sam-

ples, i.e., E[eiej] = 0 for i = j (whereas E[ei
2] = 1).

Likelihood and sensitivity

Under the above conditions, the negative log likelihood to

be minimized is

� ln L x
.
y

� �
¼ 1

2

Xm
i¼1

ln 2pr2i
� �

þ 1

2

Xm
i¼1

e2i

with derivative with respect to a given model parameter xj

�
o ln L x

.
y

� �
oxj

¼
Xm
i¼1

1

ri

ori
oxj

þ
Xm
i¼1

1

ei

oei
oxj

¼
Xm
i¼1

1� e2i
� � 1

ri

ori
oxj

�
Xm
i¼1

ei
1

ri

oy ti; xð Þ
oxj

:

ð5Þ

The sensitivity of the variance model ri is
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qij ¼
ori
oxj

ð6Þ

and the sensitivity of the model output y(ti, x) at time ti and

with respect to the parameter xj is

uij ¼
oy ti; xð Þ
oxj

: ð7Þ

They are compiled in vector forms

q
j
¼ ½ q1j � � � qmj �T and u

j
¼ ½u1j � � � umj �T:

The error e components in relationship (5) are also pre-

sented in vector form

w ¼ 1� e21 � � � 1� e2m
� 	T

and z

¼ 1� e1 � � � 1� em½ �T

to obtain the final form of the above derivative (5)

�
o ln Lðx=yÞ

oxj
¼ wTR�1=2q

j
� zTR�1=2u

j
;

where R is a m-order diagonal matrix with elements ri
2.

A similar derivative of ln L(x/y) with respect to another

parameter xk is considered and the expectation of the above

derivatives product is

E
o ln Lðx=yÞ

oxj

o ln Lðx=yÞ
oxk

� �

¼ qT
j
R�1=2 E wwT

� 	
R�1=2q

k
� uT

j R
�1=2 E zwT

� 	
R�1=2q

k

� qT
j
R�1=2 E wzT

� 	
R�1=2u

k
þ uT

j R
�1=2 E zzT

� 	
R�1=2u

k
:

According to the rules of moments for a multivariate

normal distribution [34]

E wwT
� 	

¼ 2I E zwT
� 	

¼ E wzT
� 	

¼ 0 E zzT
� 	

¼ I;

the previous expression becomes

E
o ln Lðx=yÞ

oxj

o ln Lðx=yÞ
oxk

� �
¼ 2qT

j
R�1q

k
þ uT

j
R�1u

k
: ð8Þ

Error variance model

To weight observations, the error variance model

r ¼ Kya t; xð Þ ð9Þ

is commonly used. Because it involves model outputs

y(ti, x), r depend on model parameters x and the presence

of the sensitivities of the variance model qij is justified in

relationship (8). Given the model (9) and definition (7), the

sensitivity of the variance model (6) becomes

qij ¼ Kaya�1 ti; xð Þ oy ti; xð Þ
oxj

¼ a
ri

y ti; xð Þuij

or qj = aR1/2Y-1uj and alternatively qk = aR1/2Y-1uk with

Y the diagonal m-order matrix with elements y(ti, x).

Accordingly, the final form of relationship (8) is

E
o ln L x

.
y

� �
oxj

o ln L x
.
y

� �
oxk

2
4

3
5 ¼ uT

j 2a2Y�2 þ R�1
� 	

u
k

¼ uT
j Duk

with

D,2a2Y�2 þ R�1: ð10Þ

By expanding the above relationship for j, k = 1:p,

E
o ln L x

.
y

� �
ox

o ln L x
.
y

� �
oxT

2
4

3
5 ¼ UT t; xð ÞD t; xð ÞU t; xð Þ

where elements uij are compiled in the U(t, x) m 9 p sen-

sitivity matrix of model outputs at t with respect to the

model parameters x. Again, D(t, x) is a m-order positive

definite matrix depending on model output matrix Y and on

variance model of observation error matrix R.

Appendix 2

The benchmark pharmacokinetic model [35] is described

by the set of ordinary differential equations

dy1ðtÞ
dt

¼ a1 y2ðtÞ � y1ðtÞ½ � � kaVmy1ðtÞ
kcka þ kcy3ðtÞ þ kay1ðtÞ

y1ð0Þ ¼ C0

dy2ðtÞ
dt

¼ a2 y1ðtÞ � y2ðtÞ½ � y2ð0Þ ¼ 0

dy3ðtÞ
dt

¼ b1 y4ðtÞ � y3ðtÞ½ � � kcVmy3ðtÞ
kcka þ kcy3ðtÞ þ kay1ðtÞ

y3ð0Þ ¼ cC0

dy4ðtÞ
dt

¼ b2 y3ðtÞ � y4ðtÞ½ � y2ð0Þ ¼ 0

involving nine parameters presented below with their

associated domains of definition

10�2 � a1 � 10

10�2 � a2 � 10

10�2 � b1 � 10

10�2 � b2 � 10

10�2 � ka � 10

10�2 � kc � 10

10�Vm � 103

100�C0 � 104

0:1� c� 10

134 Journal of Pharmacokinetics and Pharmacodynamics (2019) 46:127–135

123



References

1. Bellman R, Astrom KJ (1970) On structural identifiability. Math

Biosci 7:329–339

2. Jacquez JA (1996) Compartmental analysis in biology and

medicine, 3rd edn. BioMedware, Ann Arbor, pp 309–345

3. Cobelli C, Romanin-Jacur G (1976) On the structural identifia-

bility of biological compartmental systems in a general input-

output configuration. Math Biosci 30:139–151

4. Walter E, Pronzato L (1995) Identifiabilities and nonlinearities.

In: Fossard AJ, Normand-Cyrot D (eds) Nonlinear systems:

modeling and estimation 1, vol 1. Chapman and Hall, London,

pp 111–143

5. Jacquez JA (1982) The inverse problem for compartmental sys-

tems. Math Comput Simul 24:452–459

6. Chis OT, Banga JR, Balsa-Canto E (2011) Structural identifia-

bility of systems biology models: a critical comparison of

methods. PLoS ONE 6:e27755

7. Seber GAF, Wild CJ (1989) Nonlinear regression analysis. Wiley

series in probability and mathematical statistics. Wiley, New

York, pp 32–68

8. Cintron-Arias A, Banks HT, Capaldi A, Lloyd AL (2009) A

sensitivity matrix based methodology for inverse problem for-

mulation. J Inverse Ill-Posed Probl 17:545–564

9. Rothenberg TJ (1971) Identification in parametric models.

Econometrica 39:577–591

10. Kapur S (1989) Maximum entropy models in science and engi-

neering. Wiley, New York, pp 119–123

11. Gill PE, Murray W, Wright MH (1981) Practical optimization.

Academic Press, London, pp 45–125

12. MATLAB (2004) High-performance numeric computation and

visualization software, 7.0. The Math Works, Natick

13. Dotsch HGM, VanDenHof PMJ (1996) Test for local structural

identifiability of high-order non-linearly parametrized state space

models. Automatica 32:875–883

14. Karlsson J, Anguelova M, Jirstand M (2012) An efficient method

for structural identifiability analysis of large dynamic systems.

IFAC Proc 45:941–946

15. Cobelli C, Romanin-Jacur G (1976) Controllability, observability

and structural identifiability of multi-input and multi-output

biological compartmental systems. IEEE Trans Bio-Med Eng

23:93–100

16. Shivva V, Korell J, Tucker IG, Duffull SB (2013) A approach for

identifiability of population pharmacokinetic–pharmacodynamic

models. CPT Pharmacomet Syst Pharmacol 2:e49

17. Shivva V, Korell J, Tucker IG, Duffull SB (2014) Parameteri-

sation affects identifiability of population models. J Pharmacokin

Pharmacodyn 41:81–86

18. Dahlquist G, Bjorck A (1974) Numerical methods (trans:

Anderson N). Series in automatic computation. Prentice Hall,

Upper Saddle River, pp 143–156

19. Chappell MJ, Gunn RN (1998) A procedure for generating locally

identifiable reparameterisations of unidentifiable non-linear sys-

tems by the similarity transformation approach. Math Biosci

148:21–41

20. Atkinson AC, Donev AN (1992) Optimum experimental designs.

Oxford statistical sciences series. Clarendon Press, Oxford,

pp 93–132

21. Kulcsar C, Pronzato L, Walter E (1994) Optimal experimental

design and therapeutic drug monitoring. Int J Biomed Comput

36:95–101

22. Ogungbenro K, Dokoumetzidis A, Aarons L (2008) Application

of optimal design methodologies in clinical pharmacology

experiments. Pharm Stat 8:239–252

23. Walter E, Pronzato L (1990) Qualitative and quantitative exper-

iment design for phenomenological models—a survey. Auto-

matica 26:195–213

24. Cobelli C, DiStefano JJ (1980) Parameter and structural identi-

fiability concepts and ambiguities: a critical review and analysis.

Am J Physiol 239:7–24

25. Hamby DM (1994) A review of techniques for parameter sensi-

tivity analysis of environmental models. Environ Model Assess

32:135–154

26. Richalet J, Rault A, Pouliquen R (1971) Identification des Pro-
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