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Abstract
In many models of pharmacodynamic systems with delays, a delay of an input is introduced by means of the convolution

with the gamma distribution. An approximation of the convolution integral of bound functions based on a system of

ordinary differential equations that utilizes properties of the binomial series has been introduced. The approximation

converges uniformly on every compact time interval and an estimate of the approximation error has been found O 1
Nm

� �

where N is the number of differential equations and m is the shape parameter of the gamma distribution. The accuracy of

approximation has been tested on a set of input functions for which the convolution is known explicitly. For tested

functions, N� 20 has resulted in an accurate approximation, if m� 1. However, if m\1 the error of approximation

decreases slowly with increasing N, and N[ 100 might be necessary to achieve acceptable accuracy. Finally, the

approximation was applied to estimate parameters for the distributed delay model of chemotherapy-induced myelosup-

pression from previously published WBC count data in rats treated with 5-fluorouracil.

Keywords Binomial series � Convolution � Pharmacodynamics � Gamma distribution � Transit compartments model �
Chemotherapy-induced myelosuppression

Introduction

Gamma distributed delay equations are differential equa-

tions with at least one state yðtÞ that is delayed by the

continuous distribution of delays described by the gamma

probability density function gmkðsÞ [1]:

y � gmk
� �

tð Þ ¼ r
t

�1
y sð Þgmkðt � sÞds ð1Þ

where

gmkðsÞ ¼
k

CðmÞ ksð Þ�1
exp �ksð Þ ð2Þ

the gamma function CðmÞ is the extension of the factorial

m� 1ð Þ! defined for positive integers on the set of positive

real numbers m[ 0 [2]. The parameter k is referred to as a

rate that defines the scale parameter 1=k. Gamma dis-

tributed delays with the shape parameter m being a positive

integer are commonly used in pharmacodynamics to

describe a signal transduction from drug-receptor complex

to the effect site [3] and lifespan distribution in cell pop-

ulations [4]. Gamma distributed delays with real m[ 0

emerged in modeling absorption delays [5] and maturation

of granulocyte precursors in the bone marrow [6].

Numerical algorithms evaluating the convolution inte-

gral (1) are computationally expensive. If y � gmk
� �

tð Þ is a

part of a differential equation, such evaluation takes place

at each step size that significantly increases the computa-

tional time that for many practical applications might be

prohibitively long. Expressing y � gmk
� �

tð Þ as a solution to a

system of ordinary differential equations (ODEs) that can

be added to the differential equations describing yðtÞ would
not be as computationally expensive. Additionally, it will

be implementable in software equipped only with ODE

solvers. If m is a positive integer, the linear chain trick

allows y � gmk
� �

tð Þ to be a solution to the transit
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compartment model with m representing the number of

transit compartments [1]. Because of this property, transit

compartment model is one of the most popular ways of

introducing delays in pharmacodynamic and systems

pharmacology models [7]. Recently, Koch and Schropp [8]

have introduced the distributed transit compartment model

that can be used to approximate y � gmk
� �

tð Þ for any real

m[ 0. In essence, for an arbitrary probability density

function g tð Þ with the cumulative distribution function S tð Þ,
a given transit rate k, and a positive integer m, a grid of

time points is introduced sj ¼ j=k, j ¼ 0; . . .;m. The jth

transit compartment state xjðtÞ is multiplied by S sj�1

� �
and

the sum
Pm

j¼1

S sj�1

� �
xjðtÞ is used to approximate ðy � gÞðtÞ as

k ! 1 and m ! 1. They proved a convergence of such

approximation and applied it to several common distribu-

tions, including the gamma distribution. An estimate of rate

of convergence has not been provided.

The objective of this work is to introduce an ODE

approximation of the y � gmk
� �

tð Þ utilizing properties of the

binomial series. In the following sections a proof of con-

vergence and an estimate of the error are provided. The

accuracy of approximation is tested on a set function with

explicit formulas for y � gmk
� �

tð Þ. The approximation is

applied to estimate parameters for the distributed delay

model of chemotherapy-induced myelosuppression from

previously published WBC count data in rats treated with

5-fluorouracil.

Theoretical

Typical gamma distributed delay equations consist of dif-

ferential equations describing the states (including yðtÞ) for
positive times t[ 0 whereas the states values for times

t� 0 are subject to initial or past conditions, i.e.

y tð Þ ¼ uðtÞ; t� 0 ð3Þ

where uðtÞ is a known function such that r
0

�1
u sð Þgmkðt �

sÞds is well defined. Then the convolution integral (1) can

be written as

y � gmk
� �

tð Þ ¼ r
0

�1
u sð Þgmkðt � sÞdsþ r

t

0

y sð Þgmkðt � sÞds ð4Þ

One can expand t � sð Þ�1
in the formula for gmkðt � sÞ

into the binomial series

t � sð Þm�1¼ tm�1 1� s
t

� �m�1

¼ tm�1
X1

n¼0

�1ð Þn m� 1

n

� �
s
t

� �n

ð5Þ

and integrate the series term-by-term to arrive at

r
t

0

y sð Þgmkðt � sÞds ¼ k

CðmÞ ktð Þm�1
X1

n¼0

�1ð Þn m� 1

n

� �
InðtÞ

ð6Þ

where

InðtÞ ¼ r
t

0

y sð Þ s
t

� �n
exp �k t � sð Þð Þds: ð7Þ

Note that in case m is a positive integer (5) collapses to

the binomial formula and the infinite series becomes a

finite sum with n ¼ 0; . . .; m� 1. Consequently, the integral

(6) can be expressed by a finite number of functions InðtÞ,
n ¼ 0; . . .; m� 1.

Below we show that the series in (6) converges abso-

lutely and uniformly on every interval 0� t� T\1 and

its sum is equal to the left-hand side of (6). Further, dif-

ferentiation of the integral in (7) with respect to t yields

that InðtÞ is a solution to the following ODE (see Appendix

1 for derivation):

dIn

dt
¼ y tð Þ � k þ n

t

� �
In ð8Þ

We also show that InðtÞ satisfies the following initial

condition

In 0ð Þ ¼ 0 ð9Þ

Consequently, the integral in (6) can be approximated

on the closed interval 0� t� T with any accuracy by the

series truncated after n ¼ N terms. This implies, that

y � gmk
� �

tð Þ can be approximated on the interval 0� t� T

by solutions of N þ 1 ODEs. In case m is a positive integer,
the approximation with N� m� 1 is exact.

Special cases

For some special functions y tð Þ ¼ u tð Þ that are known on

the entire time interval �1\t\1 the convolution inte-

gral (4) can be calculated explicitly or as a solution to an

ODE. Then the binomial series expansion (6) in unneces-

sary. Examples include Dirac delta function:

r
t

�1
d s� t0ð Þgmk t � sð Þds ¼ H t � t0ð Þgmk t � t0ð Þ ð10Þ

where H t � t0ð Þ ¼ 1, if t[ t0, and H t � t0ð Þ ¼ 0, other-

wise. Also
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r
t

�1
H s� t0ð Þgmk t � sð Þds ¼ H t � t0ð Þ r

t�t0

0

gmk sð Þds ð11Þ

The convolution integral (11) is a solution of

dI

dt
¼ H t � t0ð Þgmk t � t0ð Þ and I 0ð Þ ¼ 0 ð12Þ

Examples (10) and (11) correspond to the convolution of

the gamma pdf with a bolus input at time t0 and a constant

infusion that starts at time t0. If the input is an infusion that

starts at time t0 and ends at time t1 [ t0, then it can be

considered as the difference H t � t0ð Þ � H t � t1ð Þ, and

(11) can be applied.

Results

Convergence

The rate of convergence of the series (6) and an estimate of

the truncation error are provided by the following theorem:

Theorem Let t; m; k[ 0 and yðsÞ be bound for 0� s� t.

Then the series in (6) converges absolutely and its sum

satisfies Eq. (6). Moreover, for any integer N[ 0

r
t

0

y sð Þgmkðt � sÞds ¼ k

CðmÞ ktð Þm�1
XN

n¼0

�1ð Þn m� 1

n

� �
In tð Þ

þ RNðtÞ
ð13Þ

where

RNðtÞj j � yk kL1 0;tð Þ
ðktÞm exp m2ð Þ
Cðmþ 1ÞNm

ð14Þ

Here yk kL1 0;tð Þ denotes the maximum value of yðsÞj j
over the time interval ½0; t�, If m is a positive integer and

N� m� 1, then RN tð Þ ¼ 0.

A proof of Theorem is provided in Appendix 2. An

immediate consequence of (14) is the following remark. If

T [ 0 and yðtÞ is bound in 0� t� T , then

k

CðmÞ ktð Þm�1
XN

n¼0

�1ð Þn m� 1

n

� �
In tð Þ

! r
t

0

y sð Þgmkðt � sÞds as N ! 1 uniformly in ½0; T �

ð15Þ

The sum in (13) is the approximation of the convolution

integral. An estimate of the error of approximation is

shown in (14). The actual error might be substantially

smaller. Its assessment is performed in the following

section.

Assessment of error of approximation

Because of the uniform convergence in ½0; T�, a natural

norm for assessment of the error of approximation RNðtÞ is
�k kL1 0;Tð Þ. According to (11)

y � gmk ¼ pþ
XN

n¼0

anJn þ RN ð16Þ

p tð Þ ¼ r
0

�1
u sð Þgmk t � sð Þds ¼ r

1

t

u t � sð ÞgmkðsÞds

and

an ¼ �1ð Þn �1

n

� �
k

CðmÞ and Jn tð Þ ¼ ktð Þ�1
In tð Þ ð17Þ

According to Theorem, if m is a positive integer and

N� m� 1, then RN ¼ 0.

It follows from (14) that

RNk kL1 0;Tð Þ � yk kL1 0;Tð Þ
ðkTÞm exp m2ð Þ
Cðmþ 1ÞNm

ð18Þ

Note that for all n� 0

In tð Þ ¼ OðtÞ as t ! 0 ð19Þ

Hence JnðtÞis bound in 0� t� T . Equation (19) also

implies that In tð Þ satisfies the initial condition (9).

To test accuracy of the approximation (16) a family of

y’s for which y � gmk is known explicitly has been selected.

Assuming that gmk tð Þ ¼ 0 for t� 0, one can show that for

any integer n� 1

gnk � gmk ¼ gnþm
k ð20Þ

Therefore a set of y 2 gnk= gnk
�� ��

L1 0;Tð Þjn 2 Zþ; k[ 0
n o

has been used for testing. gnk is known as the Erlang dis-

tribution. To be able to compare the accuracy of approxi-

mation across the test functions they were normalized by

their �k kL1 0;Tð Þ norms. Since the mode of gnk is at ðn� 1Þ=k,

gnk
�� ��

L1 0;Tð Þ¼ gnk min T ;
n� 1

k

	 
� �
ð21Þ

Figure 1 shows plots of y � gmk and its approximations for

selected values of T , k, m, n, and N. Additional plots are

provided in Supplementary Material. The rate of conver-

gence is slow for 0\m\1 and it dramatically increases

when m[ 1, which is consistent with the error estimate

O 1
Nm

� �
. To quantify how many terms of the approximating

series (16) are required to reach a given accuracy, we

introduced a parameter N0:01, the smallest positive integer

for which the relative error of approximation is less or

equal 0.01:
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N0:01 ¼ min N[ 0j RNk kL1 0;Tð Þ= y � gmk
�� ��

L1 0;Tð Þ � 0:01
n o

ð22Þ

Values of N0:01 corresponding to various m and n and

listed in Table 1. Generally speaking, for m[ 1 N ¼ 20

suffices to approximate y � gmk with a relative error less than

1%. Since the error estimate provided in (14) is rather

crude, a better estimate can be obtained by not completing

one step of the derivation of the estimate shown in

Appendix 1.

RN tð Þj j � kTð Þm

Cðmþ 1Þð Þ yk kL1 0;tð Þ
X1

n¼Nþ1

m
nþ 1

� �����

���� ð23Þ

The estimates of error given by (23) are listed in

Table 1. Additional error estimates are presented in Sup-

plementary Material Table S1. Note that if m is a positive

integer, for N� nþ m the error is 0. For tested cases of

m ¼ 0:5; 0:8. The sum
PN0:01þ1000

i¼N0:01þ1

m
iþ 1

� �����

���� did not

approximate
P1

i¼N0:01þ1

m
iþ 1

� �����

���� resulting in estimates of

errors bigger than actual errors. Figure 2 shows the relative

error RNk kL1 0;Tð Þ= y � gmk
�� ��

L1 0;Tð Þ versus N plots for varying

m. All simulations were performed in MATLAB R2015a

(MathWorks Inc.) using function myelo provided in Sup-

plementary Material.

Distributed delay model of chemotherapy-
induced myelosuppression

Friberg et al. introduced a semi-physiological model that

accounts for the suppression of granulopoiesis by

chemotherapeutic agents [9, 10]. This model is widely used

to describe hematological toxicities both in animals and

humans. The key model components are proliferating cells

in the bone marrow and the circulating granulocytes con-

nected by a series of transit compartments describing the

maturation of granulocytes in the bone marrow. The transit

compartments do not reflect stages of granulocyte devel-

opment but rather are meant to quantify the duration of

maturation. De Suza et al. replaced the transit compart-

ments with a convolution integral with the gamma

pdf accounting for the maturation delay [6]. The model

differential equations are as follows:

dy

dt
¼ kpy

w0

w

� �c
�ksCy� ky ð24Þ

dw

dt
¼ ky � gmk � kcw ð25Þ

The proliferating precursor cells for granulocytes y

reproduce at a first-order rate kp and convert to maturating

cells in the bone marrow at a first-order rate k. The mat-

uration process is described by the convolution integral

y � gmk.The mature cells are released to the circulation and

form granulocytes w which enter the extravascular tissue at

a first-order rate kc. The circulating granulocytes negatively

Fig. 1 Time courses of the approximations (14) for y ¼ gnk and p =

0 with increasing N corresponding to three non-integer values of

m ¼ 0:5; 5:5; 10:5. The time interval was 0� t� 10 and k ¼ 1. The

figure shows plots for n ¼ 1. Additional plots for n ¼ 5; 10 are

provided in Supplementary Material Fig. S1
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feedback on the proliferation rate of cells in the bone

marrow as described by the term (w0/w)
c, where w0 is the

baseline count of the circulating granulocytes. The drug

irreversibly removes the proliferating cells at a second-

order rate ks. The drug plasma concentration C is described

by additional pharmacokinetic model. In case of IV bolus

injections of 5-fluorouracil in rats, the pharmacokinetic

model is the one-compartment model with the Michaelis–

Menten elimination [9]:

dA

dt
¼ � VmaxA

Km þ C
ð26Þ

where A is the amount of drug in the plasma, Vmax and Km

are Michaelis–Menten constants, and

C ¼ A

V
ð27Þ

with the volume of distribution V . Both proliferating cells

and circulating granulocytes are assumed to be at steady

sate prior to drug administration:

y tð Þ ¼ y0 for t� 0 ð28Þ

and

w 0ð Þ ¼ w0 ð29Þ

The convolution integral was calculated according to

(16) as follows

y � gmk ¼ pþ
XN

n¼0

anJn ð30Þ

where

dp

dt
¼ �y0g

m
kðtÞ and p 0ð Þ ¼ y0 ð31Þ

is a differential equation defining

p tð Þ ¼ y0 r
0

�1
gmk t � sð Þds ¼ y0 r

1

t

gmkðsÞds ð32Þ

Fig. 2 Relative error for approximation (14) with y ¼ gnk and p ¼ 0

and varying m. Other parameters are T ¼ 10 and k ¼ 1, and n ¼ 5.

The relative error was calculated as RNk kL1 0;Tð Þ= y � gmk
�� ��

L1 0;Tð Þ

Table 1 Error, relative error

(Rel. Err.), estimate of error

(Estimate), estimate of relative

error (Rel. Est.) evaluated at

N ¼ N0:01 for approximation

(16) with y ¼ gnk and p ¼ 0 and

varying n and m. Other
parameters are T ¼ 10 and

k ¼ 1. If N0:01 [ 1000, the

values of Error, Rel. Err.,

Estimate, and Rel. Est. were

calculated for N0:01 ¼ 1000

n m N0:01 Errora Rel. Err.b Estimatec Rel. Est.d

1 0.5 [ 1000 8.62E-03 1.78E-02 1.86E-02 3.84E-02

5 0.5 [ 1000 4.14E-02 4.38E-02 1.86E-02e 1.97E-02f

10 0.5 [ 1000 6.10E-02 6.26E-02 1.86E-02e 1.91E-02f

1 0.8 46 4.03E-03 9.99E-03 6.20E-02 1.53E-01

5 0.8 249 9.15E-03 9.99E-03 1.28E-02 1.40E-02

10 0.8 504 9.57E-03 9.98E-03 5.91E-03e 6.16E-03f

1 5.5 6 7.36E-04 4.39E-03 4.82E?00 2.88E?01

5 5.5 11 5.48E-03 8.35E-03 7.15E-02 1.08E-01

10 5.5 18 2.36E-03 7.26E-03 3.47E-03 1.06E-02

1 10.5 10 9.66E-04 8.00E-03 2.12E?01 1.76E?02

5 10.5 15 1.04E-03 4.74E-03 1.31E-02 6.01E-02

10 10.5 20 1.52E-04 7.57E-03 2.23E-04 1.10E-02

aError = RN0:01
k kL1 0;Tð Þ

bRel. Err. = RN0:01
k kL1 0;Tð Þ= y � gmk

�� ��
L1 0;Tð Þ

cEstimate =
kTð Þm

Cðmþ1Þð Þ
PN0:01þ1000

i¼N0:01þ1

m
iþ 1

� �����

����

dRel. Est. = Estimate= y � gmk
�� ��

L1 0;Tð Þ
eError[Estimate
fRel. Err.[Rel. Est.
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To ensure stability an additional assumption is made:

kp ¼ k ð33Þ

Then

y0 ¼
kc

k
w0 ð34Þ

Since the parameter kc is difficult to identify from

myelosuppression WBC data, an additional assumption has

been made [10]

kc ¼ k ð35Þ

Lastly, the mean of the gamma distribution (MTT) rather

than k is used for parameter estimation

k ¼ m
MTT

ð36Þ

The primary model parameters are MTT , m, w0, c, ks,
Vmax, Km, and V .

Parameter estimation

The distributed delay model was applied to refit the orig-

inal 5-FU plasma concentrations and WBC counts reported

in [9] by Krzyzanski et al. [11]. We used the same data to

test the implementation of the model by means of

approximation (30). The data consist of four groups of rats

that received placebo, a single injection of 5-FU 127 mg/kg

on day 0, two injections of 5-FU 63 mg/kg on days 0 and 2,

and three injections of 5-FU 49 mg/kg on days 0, 2, and 4.

Plasma concentrations of 5-FU were measured over 2 h

period after the first injection and WBC count was mea-

sured over 23 days. Data were obtained by digitizing

Figs. 2 and 3 in [9]. Naı̈ve pooled log-transformed data

were used for analysis. The pharmacokinetic data were

fitted by the Michealis–Menten Eqs. (26) and (27) with the

constant residual error model. Subsequently, PK parame-

ters were fixed at estimated values and WBC count data

were fitted by Eqs. (24) and (25), where the convolution

integral was approximated by Eq. (30) with N = 30. The

constant residual error was applied. The model was

implemented in NONMEM 7.4 (ICON Development

Solutions) using First Order Conditional Estimation

method for parameter estimation. Figure 3 shows the WBC

data overlaid with model predicted WBC time courses.

Parameter estimates are presented in Table 2.

A NONMEM control stream for the distributed delay

model is listed in Appendix 3. Additionally, the model

predictions were compared with the predictions of the

distributed delay model implemented in Phoenix 8.0

(Certara L.P) that were reported in [11]. As shown in

Fig. 3, the WBC predictions by two implementations of the

delay distributed model of chemotherapy induced myelo-

suppression are very close. There are differences in

parameter estimates. The biggest ones concern ks (54%)

and m (34%). Given that similar differences were observed

for estimates of PK parameters (V , 31%, Vmax, 23%), these

discrepancies can be attributed to different estimation

methods used for by two programs, rather than inaccuracy

of the approximation (30) with N = 30.

Discussion

The approximation (16) of the convolution integral y � gmk
requires evaluation of the integral pðtÞ. In the case the past

function u tð Þ is constant, a differential Eq. (25) defining

pðtÞ can be added to a system of ODEs containing yðtÞ. One
can extend this idea to the past function that is a solution to

a system of linear ODEs with constant coefficients:

d

dt

u
/

� �
¼ A

u
/

� �
þ a

a

� �
; t\0 ð37Þ

where A is a ð1þMÞ � 1þMð Þ matrix,a is a number, and

a is a M � 1 column vector. Then

d

dt

p

q

� �
¼ A

p

q

� �
þ r

1

t

gmk sð Þds a
a

� �
� gmk tð Þ uð0Þ

/ð0Þ

� �
;

t[ 0

ð38Þ

This system of ODEs with adequate initial conditions

can be added to the original ODE system containing yðtÞ. If
u tð Þ is a real polynomial, since

tngmk tð Þ ¼ Cðmþ nÞ
knCðmÞ gmþn

k tð Þ ð39Þ

then pðtÞ is a linear combination of the products

tn r
1

t

gmþm
k sð Þds with integers n and m less or equal to the

degree of u tð Þ. Note, that a real polynomial can be repre-

sented as a solution of an ODE system (25). Finally, for

any u tð Þ one can consider evaluation of pðtÞ by the

quadrature, which is computationally expensive, but still

faster than evaluation by the quadrature of ðy � gmkÞðtÞ.
The estimate of the rate of convergence of the approx-

imation (16) is O 1
Nm

� �
. This has been confirmed on a set of

test functions for which y � gmk is known exactly. Generally

speaking, if m� 1, the convergence is slow and it may
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require N[ 100 to achieve the relative error of approxi-

mation to be of order of 1%. For m[ 1, the convergence

increases rapidly. For most of the tested functions, N[ 20

was sufficient to achieve 1% relative error.

The distributed delay model of chemotherapy-induced

myelosuppression contains three states y, w, and C, with

a differential equation for C being independent of y and

w The convolution of ðy � gmkÞðtÞ accounted for the delay

due to the maturation of the granulopoietic cells in the

bone marrow. For a given set of model parameters,

N� 30 resulted in minimal changes in the solution y

obtained by the delay() function implemented in Phoenix

8.0 [11], implying N ¼ 30 provides a good

approximation. An additional differential equation was

introduced to calculate p. Altogether, the ODE system

approximating the model implemented in NONMEM 7.4

consisted of 35 equations. Such dimensions can be han-

dled by most of pharmacometric software this model

might be implemented in. The advantage of the ODE

approximation of the convolution integral over the

algorithm applied in the delay() function is much less

numerical calculations to achieve a similar accuracy. The

run time in the NONMEM implementation of the model

was 24 s whereas the run time in the Phoenix imple-

mentation was 3972 s (66.2 min). This illustrates practi-

cal utility of the presented approximation.
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Fig. 3 Log-transformed WBC counts (symbols), model predicted log-

transformed WBC versus time plots (continuous lines), and simulated

log-transformed WBC versus time plots (dashed lines) for the four

treatment groups. Dashed lines correspond to the distributed delay

model from [11]. Parameter values used for simulations are presented

in Table 2
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Using ODEs to approximate a convolution integral

stems from the linear chain trick applied to the Erlang

distributed delays. The presented approach extends this

trick to the gamma distributed delays for which the prop-

erties of the binomial series are essential. It seems plausible

that a similar trick would work for the Weibull distributed

delays:

g tð Þ ¼ mk ktð Þv�1
exp � ktð Þv�1
� �

exp �ktð Þ ð40Þ

One can consider using the formula of Faa di Bruno [12]

to expand kðt � zÞð Þv�1
exp � kðt � zÞð Þv�1
� �

into a series

of binomials tnzm, as it was done here for t � zð Þv�1
, and

determine convergence of approximation.

In summary, an ODE approximation of the convolution

integral with the gamma distribution utilizing properties of

the binomial series has been introduced. It has been shown

to converge uniformly on every compact time interval and

an estimate of the approximation error has been found

O 1
Nm

� �
. The accuracy of approximation has been tested on a

set of input functions defined by Erlang distributions for

which the convolution is known explicitly. Finally, the

binomial approximation has been applied to estimate

parameters for the distributed delay model of chemother-

apy-induced myelosuppression from previously published

WBC count data in rats treated with 5-FU. A possible

extension of this approach to Weibull distributed delays

has been implied.

Appendix 1

Derivation of (8)

The time derivative of In tð Þ defined by (7) is equal to the

following:

dIn

dt
tð Þ ¼ y tð Þ

� r
t

0

y sð Þ n
s
t

� �n�1 s
t2
þ k

s
t

� �n� �
exp �k t � sð Þð Þds

ðA1Þ

Since

n
s
t

� �n�1 s
t2
þ k

s
t

� �n
¼ n

t
þ k

� � s
t

� �n
ðA2Þ

The integral in (A1) equals to

r
t

0

y sð Þ n
s
t

� �n�1 s
t2
þ k

s
t

� �n� �
exp �k t � sð Þð Þds

¼ n

t
þ k

� �
InðtÞ ðA3Þ

(A1) and (A3) imply that

dIn

dt
tð Þ ¼ y tð Þ � n

t
þ k

� �
InðtÞ ðA4Þ

and (8) follows.

Appendix 2

Proof of Theorem

We will use the following estimate. For any real m[ 0 and

positive integer n

m� 1

n

� �����

�����
exp m2ð Þ

nm
ðB1Þ

Proof By definition

Table 2 Parameter estimates for the distributed delay model of

chemotherapy-induced myelosuppression

Parameter Unit Estimate (CV%) Estimate (CV%) [11]

MTT h 47.5 (6.8) 55.6 (6.7)

m 0.964 (14.7) 1.46 (16.1)

w0 109 cells/L 14.4 (5.3) 14.4 (4.8)

c 0.664 (15.8) 0.507 (15.9)

ks L/mg/h 0.0328 (27.6) 0.0213 (28.1)

Vmax mg/L/h 77.2 (9.6) 100.0 (13.2)

Km mg/L 16.9 (16.4) 22.0 (17.2)

V L/kg 1.35 (1.3) 1.03 (6.0)

The right column contains estimates of analogous parameters esti-

mated for the model implemented in Phoenix 8.0 [11]
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m� 1

n

� �2

¼
Yn

j¼1

1� m
j

� �2

� 1

n

Xn

j¼1

1� 2m
j
þ m2

j2

� � !n

Since

logðnÞ�
Xn

j¼1

1

j
and

Xn

j¼1

1

j2
� 2

1

n

Xn

j¼1

1� 2m
j
þ m2

j2

� �
� 1� 2m

n
log nð Þ þ 2m2

n

¼ 1þ 1

n
2m2 � 2mlogðnÞ
� �

For any real x such that 1þ x
n
� 0

1þ x

n

� �n
� exp xð Þ

Hence, since nþ 2m2 � 2m log nð Þ[ 0:

1

n

Xn

j¼1

1� 2m
j
þ m2

j2

� � !n

� 1þ m
n
ð1þ logðnÞÞ

� �n

� exp 2m2 � 2mlogðnÞ
� �

which completes the proof of (B1).

Proof of Theorem

Eq. (B1) implies that for n� 1 and all 0\s\t

�1ð Þn
m� 1

n

� �
y sð Þ s

t

� �n
exp �kðt � sÞð Þ

����

����

� exp m2ð Þ
nm

yk kL1 0;tð Þ
s
t

� �n

Since

X1

n¼1

exp mð Þ
nm

r
t

0

s
t

� �n
ds ¼ t expðmÞ

X1

n¼1

1

nmðnþ 1Þ\1

The Lebesgue’s dominated convergence theorem

implies that the series in (6) converges absolutely and its

sum satisfies (6). To show (14) consider an integer N� 0

and

RN tð Þj j � k

CðmÞ ktð Þm�1
yk kL1 0;tð Þ

�
X1

n¼Nþ1

�1ð Þn
m� 1

n

� �����

���� r
t

0

s
t

� �n
ds

Eq. (B1) further implies that

RN tð Þj j � yk kL1 0;tð Þ
ktð Þm

CðmÞ exp m2
� � X1

n¼Nþ1

1

nmðnþ 1Þ

The sum of (mþ 1)-series can be estimated as follows

X1

n¼Nþ1

1

nmþ1
�
X1

n¼Nþ1

r
nþ1

n

dx

ðx� 1Þmþ1
¼ 1

mNm

yielding (14).

Appendix 3

NONMEM control stream for the distributed
delay model
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