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In this work, a dynamically tunable B0 field is used to perform variable-field NMR. The system consists of
an array of electropermanent AlNiCo-5 magnets whose magnetizations are individually programmed
using pulse-power control. This design allows the field strength to be varied for field-dispersion measure-
ments. An ultra-broadband front-end is utilized that maintains efficient power transmission over a broad
range of frequencies for robust operation without probe tuning. We perform T1 � T2 correlation measure-
ments at various B0 field strengths (0.5–2 MHz) and demonstrate discrimination of different dairy prod-
ucts. We observe variation in the frequency dependence of the proton spin–lattice relaxation for the
different products as a function of the degree of protein hydration. This variable-field technique provides
a low-cost alternative to fast field-cycling NMR and could open possibilities for novel contrast measure-
ments and spatial encoding in magnetic resonance imaging.

� 2019 Elsevier Inc. All rights reserved.
1. Introduction

Many of today’s NMR technologies require operation at dedi-
cated high magnetic fields. Maintaining these fields can introduce
prohibitive costs [1], safety risks [2,3], and portability issues [4].
Versatile NMR platforms whose field can be turned on and off will
be important for expanded use in next generation technologies. In
addition, systems whose magnetic field can be smoothly varied
from one field strength to another could enable new protocols
for material characterization using field-dispersion measurements.

Field-dispersion NMR is currently used to analyze sample spoi-
lage [5], material composition [6], and elemental constituents [7].
Current technologies rely on fast field cycling (FFC) systems that
introduce a transient perturbation to the dedicated B0 field. For
FFC, creating strong dB=dt perturbations is required in order to
manipulate nuclear spins within the T1 time of the sample, which
often limits sample volumes and requires dedicated heat manage-
ment. Moreover, FFC technologies often employ high B0 fields for
detection and thus require strong field perturbations to map
field-dispersive behavior, which often occurs at low field strengths
[8]. The fact that dispersion occurs at low fields opens the possibil-
ity for utilizing recent advances in low-field NMR [9,10] for per-
forming field-dispersion characterization. These advances
improve functionality, portability, and overall system cost [11–
13]. Most of these low-field designs use NdFeB or SmCo permanent
magnets as they offer sufficient remnant fields and coercivity
needed for NMR experiments [13,14]. The use of other permanent
magnets, such as AlNiCo, for low-field NMR applications has lar-
gely been unexplored.

In this paper we demonstrate a variable-field NMR system cap-
able of performing field-dispersion measurements at low magnetic
field strengths. We use the system to study the field-dependent
relaxation of various dairy products using 2-D T1 � T2 correlation
measurements. Our variable-field system consists of an array of
AlNiCo-5 electropermanent magnets, whose magnetizations are
dynamically tuned through pulse-power control. In particular, we
were able to smoothly tune our B0 field from 38 to 14 mT, i.e., by
nearly a factor of 3. This variable-B0 system is combined with a
broadband probe and analog front-end (transmitter and receiver)
for tracking changes in NMR relaxation rates. We demonstrate that
our design is compatible with conventional NMR pulse sequences
and can be used to create a variable-field platform that is portable
and low-cost.

2. System overview and theory

This paper focuses on variable-field NMR measurements that
combine a reconfigurable electropermanent magnet array with a
broadband probe and analog front-end. Recent developments in
broadband NMR have been used for nuclear quadrupole resonance
(NQR) measurements, multi-nuclear experiments, and multi-slice
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Fig. 2. Block diagram of the variable NMR system.
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experiments in strong gradients [15–17]. Although their use in
NMR is limited [14], AlNiCo-5 magnets have a low coercivity
[13], which enables their magnetization to be easily controlled to
create a reconfigurable B0 field. Additionally, AlNiCo-5 magnets
have low temperature coefficients [18], which make them robust
to temperature changes due to thermal drift and heating during
magnetization. A diagram of the operating principle is shown in
Fig. 1.

Fig. 1 shows that a fully magnetized magnet is demagnetized to
different field strengths along its B-H curve through a series of
electromagnetic pulses. The resulting decrease in B0 field strength
causes a shift to lower frequencies in the NMR spectrum, which is
measured using the broadband spectrometer. A block diagram of
the experimental system is shown in Fig. 2 which highlights the
broadband front-end and the pulsed electropermanent magnet
systems. The spectrometer interfaces with a computer through a
benchtop NMR spectrometer (Kea2, Magritek), while the pulse-
power system is controlled by the same computer through a
MATLAB script.
Fig. 3. Image of the NMR setup.
2.1. Reconfigurable B0 design

A picture of the working system is shown in Fig. 3. Our B0 field
generation system consists of four electropermanent magnets
mounted in a 3D-printed holder. Each magnet is a one-inch diam-
eter, six-inch long rod of AlNiCo-5. AlNiCo-5 has a relatively high
remnant magnetic field strength of 1.2 T, but is limited by the
aspect ratio of the material [13]. When fully magnetized, the
AlNiCo-5 rods we use have a field strength of about 150 mT on axis
when measured 1 mm away from their surface. Each magnet is
wound 50 times with a 14 AWG wire, creating a solenoid with
an inductance of 25 lH. Magnet windings and cables are covered
with copper tape and an insulating metal sleeve, respectively,
and grounded to reduce noise in the NMR signal.

The magnetization of the AlNiCo magnets are controlled
dynamically using a pulse-power system that discharges an array
of capacitors using a pulse-width-modulated signal. The capacitor
array and channel selector, which diverts the discharge pulse to
different magnets, were purchased from Eagle Harbor Technologies
(Seattle, WA). The channel selector also controls the polarity of the
electromagnetic pulses, which is used to magnetize, demagnetize,
and flip the magnetization of the AlNiCo magnets. The waveforms
of several typical discharge pulses are shown in Fig. 4. Plotted is the
time-dependent current through the solenoid wrapping a single
magnet and measured using a transformer probe. For each wave-
form the capacitors are discharged for 10 ms using an electrical
relay, which is pulse-width modulated with a period of 100 ls
Fig. 1. The working principle for variable-field NMR using sequential demagneti-
zation of an electropermanent magnet. (a) Ideal B-H curve for an electropermanent
magnet, highlighting points along the degmanetization curve. (b) Demagnetization
of B0 will cause a shift in the Larmor frequency. The shifted NMR spectra all reside
within the bandwidth of the broadband receiver.

Fig. 4. Measured current through the coil of a wound magnet. The power relay is
triggered with different duty cycles to control the discharge of a capacitor array
within a 10 ms time window. Longer duty cycles allow the capacitor to discharge
faster, reaching higher peak currents.
and different duty cycles (corresponding to different colors).
Higher duty cycles discharge the capacitor array faster, creating
shorter pulses and a higher current that can be used to more sub-
stantially change the magnetization of the AlNiCo magnet. The
maximum current is reached using a 90% duty cycle pulse (not
shown) that reaches 600 A.



Fig. 6. Measured NMR spectra at different B0 field strengths. The electropermanent
magnet array was pulsed using a sequence of 2, 4, 6, 8, and 10% duty cycle pulses
causing the peak field to shift between 38, 32, 26, 20, and 14 mT respectively.
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Demagnetization of the AlNiCo magnets can be reproducibly
controlled through judicious control of the duty cycle of the dis-
charge pulses. Fig. 5 plots the magnetic field measured 1 mm away
from a single AlNiCo magnet as different duty cycle pulses are
applied in series to first demagnetize and then flip its magnetiza-
tion. Several cycles of this procedure are performed with the stan-
dard error in the magnetic field strength between cycles shown
with error bars. As the duty cycle is increased, the magnet demag-
netizes towards zero along a fairly linear trend. As more current is
applied with longer duty cycle pulses the magnet begins to remag-
netize and saturate in the opposite direction. By operating in the
linear regime, each magnet contributing to the B0 field can be
sequentially demagnetized to reduce the B0 field strength without
compromising homogeneity. Plotted in Fig. 6 is the measured NMR
spectrum of CuSO4-doped water at decreasing magnetic fields. The
field was reduced from 38 to 32, 26, 20, and 14 mT by pulsing each
magnet with 0, 2, 4, 6, and 8% duty cycle pulses respectively. The
width of the NMR spectrum remains approximately constant as
the field homogeneity is maintained through this pulsing
sequence.

2.2. Broadband front-end design

The coil used in the variable-field experiments was made by
winding AWG 20 wire around a hollow PVC cylinder as shown in
Fig. 3. The solenoid consisted of 38 turns with an effective diameter
and length of 32 mm and 60 mm, respectively. It was interfaced to
an ultra-broadband front-end based on a design originally pub-
lished in [15]. This front-end is ideally suited for working with
the reconfigurable magnet system. Traditional NMR probes apply
a passive tuned impedance-matching network to achieve efficient
transmission and low-noise reception around the Larmor fre-
quency x0 ¼ cB0. However, this network is inherently narrow-
band, with an approximate bandwidth of 2xc/Q, where xc � x0

is the resonant frequency and Q is the quality factor of the network.
The value of Q is often dominated by that of the coil; therefore it is
common for Q to be higher than 100, which makes the bandwidth
of the probe much smaller than x0. As a result, traditional probes
have to be manually re-tuned to handle different Larmor frequen-
cies, which is very time-consuming and not automated.

Our ultra-broadband front-end is designed to address this chal-
lenge by not using a tuned network for transmission or reception.
The system still applies conventional RF pulses for spin excitation.
However, unlike in a tuned probe, the transmitter directly controls
the RF voltage across the coil so that the amplitude of B1 is insen-
Fig. 5. Measured magnetic field along the axis of a single wound magnet for pulses
with different duty cycles. For reducing B0 we operate in the linear regime between
0–20% duty cycle. Higher duty cycle causes the magnet to flip sign, remagnetize,
and ultimately saturate at a negative magnetization.
sitive to changes in coil Q. Since the circuit is impedance-
mismatched, all the current flowing in the coil has to be supplied
by the transmitter switches (i.e., there is no current amplification
as in a resonant network). As a result, the transmit voltage VBB

has to be significantly higher than what is used with a conven-
tional matching network in order to generate the same B1 field.
In particular, the B1 amplitude is given by [15]

B1 � B1

I1

� � ð4=pÞ sinðpDÞVBB

x0L
; ð1Þ

where B1=I1ð Þ is the coil sensitivity (defined by its geometry),
0 < D < 1 is the duty cycle of the transmitted waveform, and L is
the coil inductance. Eq. (1) shows that B1 / 1=x0 for a given trans-
mitter voltage waveform. This is because the coil impedance
increases / x0, thus resulting in less current for a given voltage.
As a result, the pulse length required to obtain a given flip angle
increases as Tp / x0.

During the receive phase, the system directly senses the voltage
induced in the coil. This makes the received signal amplitude
insensitive to coil Q, but also makes receiver and duplexer design
more challenging by eliminating the passive signal pre-
amplification provided by a conventional matching network. Nev-
ertheless, with proper system design, we can use a standard, highly
sensitive solenoid coil as the detector while also i) maintaining low
noise figure (NF), and ii) obtaining the advantages of rapid fre-
quency and phase switching over a very broad frequency range.

The gain and output-referred noise of the broadband receiver
was characterized with the input shorted. These quantities are
used to compute its input-referred noise v2

n;in. Over the typical
operating frequency range of 0.3–3 MHz, the receiver has an
input-referred noise of 0.15–0.165 nV/Hz1/2. This corresponds to
a noise resistance v2

n;in=4kbT of 1.4–1.7 X at 300 K (where kb is
Boltzmann’s constant), as shown in Fig. 7(a). The measured series
resistance of the coil Rcoil is also shown for comparison.

By convention, the input-referred noise of an amplifier has both

a voltage component e2n and a current component i2n. The latter is
mainly due to the amplifier’s input bias current, which creates a

shot noise power spectrum density (PSD) of i2n ¼ 2q� IB. This cur-
rent noise is converted to voltage noise by the impedance present
across the amplifier input terminals. Ignoring correlations between

e2n and i2n for simplicity, the total input-referred noise then becomes

v2
n;in ¼ e2n þ i2n � ZinjjZcoilj j2 ¼ e2n þ i2n �

ZinZcoil

Zin þ Zcoil

����
����
2

; ð2Þ



Fig. 7. (a) Measured series resistance of the coil (Rcoil) and effective input-referred
noise resistance of the broadband receiver (Rn;preamp). (b) Estimated receiver noise
figure (NF) based on the data shown in (a).

Fig. 8. SNR trend modeled by Eq. (4) using measured values of Rcoil; v2
n;in , and TE;min.

The theoretical relationships SNR / x7
0=4 and SNR / x5

0=4 expected for a skin
effect-limited coil are also shown. for comparison.
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where ‘‘jj” means ‘‘parallel to”. Our broadband receiver uses a low-
noise JFET device (BF-862, NXP) to realize the first gain stage, result-
ing in an extremely low input bias current IB (approximately 3 pA at

room temperature). As a result i2n may be neglected even for high-
impedance coils, which makes the amplifier highly effective for
use with noise-mismatched loads and results in v2

n;in � e2n. Thus,
the amplifier’s input-referred noise is characterized with the input
terminals shorted in order to only measure e2n.

Noise in the broadband receiver is simply the sum of input-
referred noise from the amplifier and thermal noise 4kbTRcoil in
the coil. The resulting receiver NF is given by

NF ¼ v2
n;in þ 4kbTRcoil

4kbTRcoil
¼ 1þ v2

n;in

4kbTRcoil
: ð3Þ

Fig. 7(b) plots the estimated receiver NF for the chosen sample
coil, and confirms that it is acceptable (< 4 dB) for frequencies
> 400 kHz.

The detected NMR signal amplitude (assuming inductive detec-
tion) increases with Larmor frequency as x2

0 [19]. Also, more sig-
nals can be acquired per unit time using Carr-Purcell-Meiboom-
Gill (CPMG)-like pulse sequences as the echo period TE decreases,
so the precision with which the initial amplitude and decay rate
can be estimated also improves. Given these factors, the signal to
noise ratio (SNR) of the received signal in root-mean-squared
(rms) units can be written as

SNR / x2
0 B1=I1ð ÞVSffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4kbTRcoil � NF � Df
p � 1ffiffiffiffiffiffiffiffiffiffiffiffi

TE;min

p ; ð4Þ

where VS is the sample volume, Df is the final bandwidth for detect-
ing the signal, and TE;min is the minimum available echo spacing in a
CPMG-like pulse sequence. A detailed justification for the 1=

ffiffiffiffiffiffiffiffiffiffiffiffi
TE;min

p
term in this equation can be found in Appendix A. Assuming that i)
the coil is skin effect-limited (Rcoil /

ffiffiffiffiffi
x

p
), and ii) TE;min and the recei-

ver NF are constant (frequency-independent), we get the well-

known scaling relationship SNR / x7=4
0 .

However, in the broadband system, the pulse length Tp required
for a given flip angle increases with x0 as predicted by Eq. (1).
Moreover, it is reasonable to assume that TE;min / T180 where T180

is the length of the refocusing pulse; this is generally limited by
a combination of allowable transmitter duty cycle Tp=TE and recei-
ver settling time. Thus, TE;min for the broadband front-end decreases
at low frequencies, allowing experiments to be performed at lower
echo periods TE and improving SNR as predicted by Eq. (4). In par-
ticular, to a good approximation TE;min / x0, which results in

SNR / x5=4
0 for a skin effect-limited coil.
Fig. 8 compares the relative SNR of the broadband system as a
function of frequency with and without taking the effects of vary-
ing TE;min into account. These plots were generated by using the
measured frequency-dependent values of receiver input-referred
noise v2

n;in and coil resistance Rcoil in order to obtain accurate

results. The theoretical relationships SNR / x7=4
0 (with TE;min con-

stant) and SNR / x5=4
0 (with TE;min / x0) are also shown for

comparison.
Fig. 8 shows that the broadband front-end can obtain sufficient

SNR over a broad frequency range without manual re-tuning, thus
allowing us to fully exploit the advantages of a reconfigurable mag-
net system. Its nominal operating frequency range is 0.3–3 MHz,
which covers the entire Larmor frequency range of interest. Fur-
thermore, it allows very rapid switching of the RF frequency to
meet the needs of field-dispersion measurements. In addition,
the front-end provides features such as programmability, flexibil-
ity, and robustness, making its integration with the magnet array
simple and straightforward.

3. Results

3.1. Experimental setup and basic measurements

We use an improved version of the ultra-broadband design
which physically separates the transmitter and receiver so that
the system is smaller in size and easy to operate [16]. During the
experiments, both broadband front-end and reconfigurable mag-
net system were placed inside a Faraday cage to reduce external
RF interference.

All selected samples were measured at four different Larmor
frequencies (2180 kHz, 1770 kHz, 1070 kHz, and 512 kHz). Abso-
lute phase effects were observed to cause significant long-lived
transients in the echo decay curves at the lowest measurement fre-
quency (512 kHz). These effects were eliminated by ensuring that
all pulse lengths and time delays in the pulse sequence were inte-
ger multiples of the RF period 2p=x0 [20]. For example, the echo
period, p=2 pulses, and p pulses for the 512 kHz experiments were
set to 70, 4, and 7 RF periods (136.5, 7.8, and 13.65 ls),
respectively.

In order to examine the long-term stability of the AlNiCo-5
magnet array, we performed the same CPMG experiments five
months apart on a doped-water sample. The magnets were initially
programmed to a Larmor frequency near 512 kHz and not repro-
grammed during this period. Fig. 9 compares data from the two
sets of experiments. The curves show that the field strength and



Fig. 9. Comparison between the same CPMG experiments performed on a doped-water sample five months apart. There is no obvious magnetic field decay.

Fig. 10. The pulse sequence used for 2-D T1 � T2 correlation experiments. The delay
s is stepped over multiple experiments to extract the T1 data.
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inhomogeneity show no significant change. This result proves that
our AlNiCo-5 magnet array has strong field retention power, thus
allowing it to offer both the advantages of a permanent magnet
(stable static field) and an electromagnet (programmable field).

3.2. Characterization of dairy products

We study the advantages of our setup by performing T1 � T2

correlation measurements at different B0 field strengths and
demonstrating the difference in this correlation for various dairy
products. The physical state of water in a food system has an
important influence on both its structural and functional proper-
ties. As a popular technique for 1H analysis, NMR has proven to
be powerful for assessing difference in the structure and compo-
nent mobility of foods. In particular, NMR is able to provide a great
deal of information on the properties of casein solutions such as
milk [21] and cheese with different degree of hydration [5]. More-
over, earlier work has demonstrated that different dairy products
can be distinguished by their T1 dispersion curves [5]. The shapes
of these curves depend on differences between molecular motion
in bulk solution and in the vicinity of a source of relaxation, such
as proteins. Thus, field-dispersion NMR provides information on
the motion of water molecules and their interaction with proteins,
which are known to be correlated with cheese ripening mecha-
nisms. The ultra-broadband feature of our setup provides feasibil-
ity to deliver the results of field-dispersion NMR without any
hardware modification, which makes it ideal to analyze this type
of experiments.

All food products tested were purchased at a local grocery store.
The samples with different protein concentration were carefully
selected in order to show different dispersion curves versus the
B0 field. Table 1 shows the samples tested and the quantity of pro-
tein contained in the standard quantity (1 oz) or volume (1 cup)
listed on each sample product. Water doped with CuSO4 (4% con-
centration) was also measured as a reference. Samples were pre-
pared in standard NMR tubes which can be fit tightly into the
coil holder as seen in Fig. 3. They were stored in a refrigerator
and only taken out during experiments in order to maintain fresh-
ness. Moreover, all experiments were finished within four days to
ensure that all samples were still within their expiration dates.

We utilize a standard inversion recovery (IR) pulse sequence
with CPMG-based signal acquisition for T1 � T2 measurements.
Table 1
Estimated protein content for the measured samples based on information in the product

Sample Milk Soy protein drink

Sample quantity 240 ml 240 ml
Protein quantity 8 g 11.6 g
The IR-CPMG sequence is shown in Fig. 10. The CPMG condition
requires the phases of the excitation and refocusing pulses in the
rotating frame to be separated by p/2; we denote these by ðp=2Þx
and py respectively. Moreover, an extra py pulse before CPMG
pulse sequence is required for IR. A 4-part phase cycle is used for
the IR-CPMG sequence. T1 information can be extracted from the
IR period by using different s values, while T2 information is col-
lected during the CPMG period. Experiments were repeated three
times to increase the SNR. Given the averaged time-domain data,
we used a regularized 2-D fast Laplace inversion (FLI) algorithm
[22] to generate T1 � T2 distribution functions f T1; T2ð Þ. The opti-
mum value of the FLI regularization parameter depends on mea-
surement SNR and was selected using a version of the well-
known Butler-Reeds-Dawson algorithm [23].

The resulting T1 � T2 distributions were plotted and analyzed.
The full set of results are presented in Appendix B; here we sum-
marize our main findings. For the bulk liquids, i.e., doped water,
milk, and Soylent (a liquid marketed as a meal replacement,
referred to as ‘‘soy protein drink” in the following sections), both
T1 and T2 distributions were found to remain almost constant ver-
sus Larmor frequency. On the contrary, the T1 distributions of
cheese were found to change significantly. In order to quantify
these observations, we directly estimated the logarithmic means
of T1 and T2 from 1-D projections of the measured 2-D T1 � T2 dis-
tribution functions. Fig. 11 summarizes the resulting relaxation
dispersion curves (log means of 1=T1 and 1=T2 distributions versus
frequency) on a log scale. These plots confirm significant T1 disper-
sion for the cheese samples, while there is negligible T2 dispersion
for all liquid samples as expected [24].

The measured dispersion curves are in agreement with [5].
Cheese products generally consist of fat globules and water aggre-
labels.

Parmesan Cheddar Mozzarella

28 g 28 g 28 g
10 g 7 g 5 g



Fig. 11. Measured proton NMR dispersion curves for soy protein drink (red), cheddar cheese (green), parmesan cheese (blue), mozzarella cheese (black), milk (brown), and
water (purple). The spin-lattice relaxation rates (1/T1) of liquids don’t have an obvious change while those of cheese products decrease with frequency. The dacay rate is lower
with the degree of protein hydration increases. In addition, the spin–spin relaxation rates (1/T2) of the samples don’t have an obvious change. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
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gations. Nuclear spin-lattice relaxation in the water/protein sys-
tems can be considered as arising from two spin populations cou-
pled by chemical exchange. A single relaxation rate is assigned to
each population as mixing occurs, by fast spin diffusion in the case
of the solid (protein protons) and by fast chemical exchange and
molecular translation for the liquid (water) [25]. The change in
relaxation rate across frequency will be smaller for hydrated
cheese compared to dry cheese. This is due to coupling between
the water proton and the rotationally immobilized protons in the
protein embedded in the cheese. The observed relaxation features
suggest that the theory is applicable to water hydration of proteins.

4. Summary and conclusions

A programmable B0 system has been proposed for performing
variable-field NMR. The system relies on electrically-
reconfigurable magnet arrays that are (i) easy to program, (ii)
robust and capable of being dynamically reprogrammed, and (iii)
consume no static power after tuning (unlike electromagnets).
These properties enable a flexible, portable, and low-cost system
for variable-field NMR experiments. Furthermore, the use of an
ultra-broadband analog front-end enables the system to use con-
ventional pulse sequences and transmit/receive coils over the
entire operating frequency range without manual re-tuning. The
ability to adjust or even sweep the B0 field makes this system
attractive for magnetic resonance applications such as imaging of
living organisms, food and materials examination, and potentially
dynamic nuclear polarization (DNP). System functionality is
demonstrated by performing T1 � T2 correlation measurements
on dairy products and using the results to distinguish between dif-
ferent products and their rates of spoilage.
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Appendix A. Estimation of Effective SNR for CPMG-like
Measurements

We would like to analyze the precision of a CPMG-like
multi-echo pulse sequence (e.g., the IR-CPMG pulse sequence used
in this paper) when we sum up NE of the received echoes to
maximize the SNR for T1 measurements. The echo period is defined
as TE. Also, the observed noisy echo decay curve is assumed
to be mono-exponential for simplicity, i.e., is modeled by
rðkÞ ¼ sð0Þe�kTE=T2 þ n where the first term is the signal, and the
second is additive white Gaussian noise.

Without additional matched filtering, the noisy received signal
obtained by adding up NE echoes is given by

rtot ¼
XNE

k¼1

sð0Þe�kTE=T2 þ n
� �

: ðA:1Þ

Considering the signal term separately, we get

stot ¼ sð0Þ
XNE

k¼1

e�kTE=T2 ¼ sð0Þ1� e�NETE=T2

1� e�TE=T2
: ðA:2Þ

In most cases it is safe to assume that TE � T2. In this case
1� e�TE=T2 � 1� 1þ TE=T2 ¼ TE=T2, so we get

stot ¼ sð0Þ T2

TE

� �
1� e�NETE=T2
� 	

: ðA:3Þ

Since the noise terms in each echo are uncorrelated, the total
noise term is simply ntot ¼ n� ffiffiffiffiffiffi

NE
p

. Thus, the SNR of the echo
sum (in power units) is given by

SNRtot ¼ s2tot
n2tot

¼ s2ð0Þ
n2

T2
TE


 �2 1�e�NETE=T2ð Þ2
NE

¼ s2ð0Þ
n2

T2
TE


 �
1�e�NETE=T2ð Þ2

NETE=T2ð Þ :

ðA:4Þ

It can be shown that matched filtering provides the optimum
SNR in the presence of additive white noise. The principle of
matched filtering in this case is to weigh each received echo by
its expected SNR before summation. For the k-th echo, the weight-
ing factor is e�kTE=T2 since the signal decays exponentially while the
noise remains constant. The value of T2 may be found iteratively if
it is not known a priori, as described in [26].

In this case, the noisy received signal (weighted sum of echoes)
is given by

rtot ¼
XNE

k¼1

sð0Þe�kTE=T2 þ n
� �

e�kTE=T2 : ðA:5Þ

Considering the signal term separately, we get

stot ¼ sð0Þ
XNE

k¼1

e�2kTE=T2 ¼ sð0Þ1� e�2NETE=T2

1� e�2TE=T2
: ðA:6Þ



Fig. B.13. Measured T1 � T2 correlation functions of (a–d) CuSO4 solution, (

Fig. A.12. Estimated SNR of the echo sum (in power units) for CPMG-like
experiments with and without the use of matched filtering along the decay
dimension.

88 C. Ropp et al. / Journal of Magnetic Resonance 303 (2019) 82–90
Again assuming TE � T2, we have
1� e�2TE=T2 � 1� 1þ 2TE=T2 ¼ 2TE=T2, so

stot ¼ sð0Þ T2

2TE

� �
1� e�2NETE=T2
� 	

: ðA:7Þ

The noise term is now given by

ntot ¼ n�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXNE

k¼1

e�2kTE=T2

vuut ¼ n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�e�2NETE=T2

1�e�2TE=T2

q

� n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T2
2TE


 �
1� e�2NETE=T2ð Þ

r
:

ðA:8Þ

Thus, the SNR of the weighted echo sum (in power units) is
given by
e–g) milk, and (i–l) soy protein drink samples at different frequencies.



Fig. B.14. Measured T1 � T2 correlation functions of (a–d) cheddar, (e–g) mozzarella, and (i–l) parmesan cheese samples at different frequencies. Each sample has obvious
change with frequency decreases.
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SNRtot ¼ s2tot
n2
tot

¼ s2ð0Þ
n2

T2

2TE

� �
1� e�2NETE=T2
� 	

: ðA:9Þ

Let us define the dimensionless variable x ¼ NETE=T2, which
represents the normalized duration of the scan (in T2 units). The
two expressions for SNR defined by Eqs. (A.4) and (A.9) then
become

SNRtot ¼ s2ð0Þ
n2

T2
TE


 �
1�e�xð Þ2

x and

SNRtot ¼ s2ð0Þ
n2

T2
TE


 �
1�e�2xð Þ

2 :
ðA:10Þ

These two SNR expressions are plotted in Fig. A.12. The figure
shows that as x increases, matched filtering (i.e., taking the esti-
mated T2 decay into account) provides significantly better SNR
than simply summing up the noisy echoes. This is because the sig-
nal decays exponentially with x while the noise remains constant,
which causes the SNR per echo to decrease. However, in either case
the SNR scales as 1=TE in power units, which explains the 1=

ffiffiffiffiffiffiffiffiffiffiffiffi
TE;min

p
term in Eq. (4). Note that similar conclusions also hold for more
general multi-exponential decay curves.
Appendix B. Complete summary of test samples’ T1 � T2

distributions

In this section, the complete T1 � T2 distributions of the test
samples are presented for reference. Fig. B.13 shows the measured
T1 � T2 distributions for bulk liquids, i.e. doped water, milk, and
Soylent (a liquid marketed as a meal replacement, referred to as
‘‘soy protein drink” in the paper). Similarly, Fig. B.14 shows the
measured distributions for the cheese samples. Note that we did
not choose optimum values for the regularization parameter a
while generating Figs. B.13 and B.14. Instead, we chose a larger
value of a in order to obtain smooth solutions that visually high-
light any trends versus Larmor frequency. However, the
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optimally-regularized solutions were used to create the dispersion
curves shown in Fig. 11.
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