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We present a nonlinear inversion method for generating sparse solutions to the Fredholm Integral equa-
tion describing two-dimensional distributions of nuclear magnetic resonance (NMR) relaxation times or
diffusion coefficients. Our greedy variational method approximates the distribution of exponential rate
constants using a sum of Dirac delta functions, which constitute our dictionary elements. The greedy nat-
ure of the method promotes sparsity in the representation by iteratively increasing the number of terms.
The variational component estimates the parameters of the Dirac delta functions from a continuum at
each iteration by reducing the least squares misfit to the data. Unlike sparsity promoting linearized inver-
sion methods, where the dictionary is fixed and can exponentially grow in the case of multiple variables
or when searching for higher resolution, the greedy component of our method aims to keep the dic-
tionary small while the variational component keeps the dictionary dynamic. We demonstrate our
method with synthetic data and experimental measurements of T1-T2 correlations of liquid-saturated
porous rocks. The sparsity of the approximate solutions is ideal for real-time processing and transmission
in remote or mobile NMR applications such as well logging.

� 2019 Elsevier Inc. All rights reserved.
1. Introduction

Multi-dimensional correlations of nuclear magnetic resonance
(NMR) relaxation times (longitudinal T1 and transverse T2) or dif-
fusion coefficients D provide a powerful method for characterizing
complex materials such as liquid-saturated porous media. The data
are often described by an unknown number of exponential rate
constants and interpretation can be complicated by the coupling
of eigenfunctions describing the different relaxation or diffusion
processes represented by the experimental dimensions [1]. A pop-
ular method for visualizing the results is numerical inversion based
on Tikhonov regularization [2] that provides an approximate solu-
tion to the first kind Fredholm integral equation modeling the data
[3]. Methods for generating these smooth, bounded distributions
are established in the NMR community and widely used in a num-
ber of industries [4–6]. In particular, the oil and gas industry rou-
tinely measures NMR distributions of T2 [7], T1-T2 [8], and D-T2

[9] in down-hole well logs and laboratory core analysis to identify
hydrocarbon resources. The integrals of these distributions provide
key petrophysical parameters, such as fluid-phase discrimination,
irreducible water saturation, porosity, and permeability [10,11].
Despite the prevalence of regularization methods for producing
smooth, pseudo-continuous distributions of relaxation time or dif-
fusion coefficients, it is not obvious that this representation is
physically meaningful. The argument for a continuous distribution
of relaxation times follows from the work of Brownstein and Tarr
[12]. In an isolated one-dimensional pore (slot) governed by ‘‘fast
diffusion” the relaxation process is described by a single
eigenfunction-eigenvalue pair (where the eigenvalue is the relax-
ation rate) determined by the pore geometry. If many isolated
pores are present with a distribution of sizes, there will be corre-
sponding distribution of eigenvalues and hence a distribution of
relaxation rates. However, when the pores are connected (as in
most physical porous media), the eigenfunctions extend across
all space (although their amplitude may be spatially dependent
[13]) and so the sample could be characterized by a few
eigenfunction-eigenvalue pairs or many eigenfunctions with simi-
lar eigenvalues. Unfortunately, this inverse problem is ill-
conditioned so there is insufficient information in the data to dif-
ferentiate between these solutions.

Practically, one may have a good reason for preferring a sparse
solution. For example, in real-time logging-while-drilling (LWD)
applications there is limited bandwidth for transmission of data
from the down-hole tool to the surface. Data compression is
required and a sparse dictionary of relaxation rates and amplitudes
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that provides an approximate representation of the data is an effi-
cient option. The latest generation of LWD NMR tools are capable
of measuring T1-T2 relaxation time correlations [14], considered
essential for the characterization of unconventional organic shale
reservoirs [15]. Accordingly, we have developed a method for gen-
erating a minimal sparse representation which we demonstrate
using synthetic data and laboratory measurements of T1-T2 corre-
lations in a selection of brine-saturated rocks. The NMR experi-
ment comprises an inversion-recovery pulse sequence [16] to
encode T1, followed by a Carr-Purcell-Meiboom-Gill (CPMG) pulse
sequence [17,18] to encode T2. The longitudinal recovery delay s1
and the transverse decay time s2 are varied independently. We
denote the acquired data (magnetization) by the multivariate func-
tion Mðs1; s2Þ which comprises signal Sðs1; s2Þ plus noise Eðs1; s2Þ,
Mðs1; s2Þ ¼ Sðs1; s2Þ þ E s1; s2ð Þ: ð1Þ

The NMR relaxation times are described by the distribution
f ðT1; T2Þ and relate to the signal via the Fredholm integral equation

Sðs1; s2Þ ¼
Z
Rþ�Rþ

1� 2exp � s1
T1

� �� �
exp � s2

T2

� �
f T1; T2ð ÞdT1dT2:

ð2Þ
Current inversion approaches are dominated by linear methods

[19,3,20,21] which consider a discrete approximation of the inte-
gral for a fixed chosen set of relaxation times T1;m; T2;mð ÞNm¼1 and
integration weights wm,

Mðs1; s2Þ ¼
XN
m¼1

wmf T1;m; T2;mð Þ 1� 2 exp � s1
T1;m

� �� �
exp � s2

T2;m

� �

þ E s1; s2ð Þ;
ð3Þ

and compute f T1;m; T2;mð Þ by solving a linear system using the mea-

surements made at s1;k; s2;k
� �K

k¼1. Depending on the discretization of
the s1; s2ð Þ � T1; T2ð Þ space, the linear problem, which requires

inversion of the kernel matrix Akm ¼ 1� 2 exp � s1;k
T1;m

n o� 	

exp � s2;k
T2;m

n o
, can be severely ill-posed [3]. Regularization strategies,

such as imposing smoothness, sparsity, or Bayesian priors on some
approximate representation of f T1;m; T2;mð Þ, are required to stabilize
the inversion. A common approximate representation of f ðT1; T2Þ is
a superposition of functions, such as those from an over complete
dictionary [22,14]

f T1; T2ð Þ �
X
m

ambm T1 � T1;m; T2 � T2;mð Þ; ð4Þ

where a is the amplitude, for some absolutely integrable functions
bm T1; T2ð Þ or discrete measurements [23] such that

f T1; T2ð Þ �
X
m

amd T1 � T1;mð Þd T2 � T2;mð Þ; ð5Þ

where d tð Þ is the Dirac delta function. Eq. (5) can be regarded a spe-
cial case of Eq. (4) because any absolutely integrable function can be
used to approximate the Dirac delta function.1 It should be noted
that the choice of representation does not aim to eliminate the ill-
posed nature of the inversion problem, but enforce regularization
in a domain of choice. For am ¼ wmf T1;m; T2;mð Þ, substitution of Eq.
(5) into Eq. (2) leads to Eq. (3).

In this work, we assume f ðT1; T2Þ is in the form of Eq. (5). Unlike
the linear approaches used previously, we do not assume a fixed
set of relaxation times. Instead we construct data dependent
numerical quadratures to approximate the integral in Eq. (1). Thus,
1 Let f tð Þ be an absolutely integrable function, i.e.
R

f tð Þj jdt < 1, then
d tð Þ ¼ limr!1

f r�1tð ÞR
f r�1 tð Þj jdt.
the NMR inversion problem considers a discrete approximation of
the integral in Eq. (1) according to

Mðs1; s2Þ ¼
XN
m¼1

am 1� 2exp � s1
T1;m

� �� �
exp � s2

T2;m

� �
þ E s1; s2ð Þ;

ð6Þ

for some unknown N P 1, and aims to determine a set of (positive)
parameters ðam; T1;m; T2;mÞ such that Eðs1; s2Þ is within a desired
tolerance.

We propose a greedy variational approach to address the inver-
sion problem. Our method is a nonlinear inversion in the spirit of
multivariate continuous pursuit methods [24] with the difference
that instead of basis pursuit, our approach could be considered
as a continuous variant of orthogonal matching pursuit. Compared
to Monte Carlo based non-linear optimization methods [25,26],
which could be characterized as global random search strategies
for finding a solution, our method performs a structured descent
type search. Descent type methods are appealing because the com-
putational cost of these methods is proportional to the number of
elements utilized to represent the data [27,28,24]. Compared to the
semi-analytic method in [23], which requires uniform sampling of
s2, our method works with non-uniformly sampled s1;k and s2;k and
provides a simultaneous inversion of both data dimensions rather
than a sequential inversion. Non-uniform sampling of s1;k is com-
mon, and non-uniform sampling of s2;k could be of interest for opti-
mized data acquisition protocols.

The outline of our paper is as follows. The computational and
experimental methods are described in Sections 2 and 5, respec-
tively. The computational methods is demonstrated in application
to synthetic and experimental data in Section 3. Finally, we con-
clude our discussion in Section 4.

2. Computational method

We employ a greedy approach to the inversion problem where
we iteratively increase the number of terms in the sum by one
until the error is below a desired threshold. At every iteration we
optimize the parameters of previous, as well as newly introduced
terms, to minimize a cost function using a variational approach.
In our study we minimized weighted least square error (see Eq.
(8)). Note that this is a global norm that doesn’t necessarily guar-
antee that residual is normally distributed.

Let Pn ¼ am; T1;m; T2;mð Þnm¼1


 �
be the set of n parameters and

Rn s1; s2; Pnð Þ denote the corresponding data misfit residual defined
by

Rn s1;s2;Pnð Þ¼Mðs1;s2Þ�
Xn
m¼1

am 1�2exp � s1
T1;m

� �� �
exp � s2

T2;m

� �
;

ð7Þ
for n > 0. The weighted least squares error is defined as

Jn Pnð Þ ¼ 1
2

XK
k¼1

wk Rn s1;k; s2;k; Pn
� �� 
2

; ð8Þ

for some positive weight wk and samples s1;k; s2;k
� �K

k¼1. We define

Pn;1 to be the set of am; T1;m; T2;mð Þnm¼1


 �
that (locally) minimizes Jn:

Pn;1 ¼ arg min
am ;T1;m ;T2;mð Þnm¼1


 �Jn am; T1;m; T2;mð Þnm¼1


 �� �
: ð9Þ

We minimize Jn using a variational method which requires an
initial guess. We initialize the variational method with
Pn;0 ¼ Pn�1;1 [ P1;n where P1;n minimizes the least squares error to

the residual at the n� 1ð Þth iteration:



Table 1
Parameters ðam; T1;m; T2;mÞ used to generate synthetic T1-T2 data and the corresponding fitted results without noise (SNR ¼ 1) and with added Gaussian noise (SNR � 15). The
parameters are ordered in ascending values of T1;m; assignment of index m is arbitrary in the fit. The relaxation time ratios are also given in the table. The synthetic data and fits
are shown in Fig. 1.

m am T1;m=s T2;m=s T1=T2

Synthetic parameters
1 0:2768 0:0280 0:0224 1.25
2 0:2774 0:0324 0:0259 1.25
3 0:2633 0:0375 0:0300 1.25
4 0:0074 2:3178 1:1589 2.00
5 0:1751 2:6826 1:3413 2.00

Fit parameters (SNR ¼ 1)
1 0:6892 0:0303 0:0247 1.23
2 0:1280 0:0456 0:0335 1.36
3 0:0004 0:0494 0:0381 1.30
4 0:1824 2:6676 1:3348 2.00

Fit parameters (SNR � 15)
1 0:7200 0:0315 0:0251 1.25
2 0:0998 0:0583 0:0318 1.83
3 0:1802 2:7164 1:3834 1.97
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P1;n ¼ arg min
a;T1 ;T2ð Þ

Jn;0 a; T1; T2ð Þ; ð10Þ
with
Jn;0 a; T1; T2ð Þ ¼ 1
2

X
wk Rn�1 s1;k; s2;k; Pn�1;1

� ��

�a 1� 2exp �s1;k
T1

� �� �
exp � s2;k

T2

� ��2
: ð11Þ

We define P0;1 ¼ £ to be the empty set, making P1;0 ¼ P1;1.
Fig. 1. Greedy variational algorithm fit to noise-free synthetic T1-T2 data (a-c). The synth
the data and fit are indistinguishable in this plot. The fit residuals are given in (b). The par
am . The algorithm was applied to the same synthetic data with added noise (d-f). The no
The residuals are shown in (e) with the parameter sets ðam; T1;m; T2;mÞ plotted in (f) where
(For interpretation of the references to colour in this figure legend, the reader is referre
2.1. Choice of weights

The measured NMR data are described by real and quadrature
(imaginary) channels. The data are phase rotated to maximize
Mðs1; s2Þ in the real channel. An estimate of the noise Eðs1; s2Þ in
Eq. (1) is then obtained from the quadrature channel. Inspection
of experimental data indicates that the noise is approximately
normally distributed [29] with zero mean and variance
r2 s1ð Þ; E s1; s2ð Þ 2 N 0;r2 s1ð Þ� �

. Consequently, we see that Rn in
Eq. (7) is an estimate of the noise. In the context of Bayesian inver-
sion, each term of Jn is related to the logarithm of the probability
etic data are shown in (a, red line) with the corresponding fit overlaid (a, black line);
ameter sets ðam; T1;m; T2;mÞ are plotted in (c) where the marker size is proportional to
isy data are shown in (d, red line) with the corresponding fit overlaid (d, black line).
the marker size is proportional to am . The parameter set values are listed in Table 1.
d to the web version of this article.)



Fig. 2. Tikhonov regularization applied to synthetic T1-T2 data. The synthetic
parameter set ðam; T1;m; T2;mÞ is shown in (a) for reference: red þ symbols where the
marker size proportional to am , repeated from Fig. 1 and Table 1. Marginal
projections (stem plots) are included for clarity. The pseudo-continuous T1-T2

distribution generated from the noise-free synthetic data is shown in (b, contours)
with marginal projections (red lines) included for clarity. The fitted parameter set
ðam; T1;m; T2;mÞ from Table 1 is overlaid: black � symbols in the main plot (marker
size is proportional to am) and stems in the marginal projections. The pseudo-
continuous T1-T2 distribution generated from the noisy synthetic data is shown in
(c, contours) with marginal projections (red lines) included for clarity. The fitted
parameter set ðam; T1;m; T2;mÞ from Table 1 is overlaid: black � symbols in the main
plot (marker size is proportional to am) and stems in the marginal projections. In
each plot the diagonal gray line indicates T1 ¼ T2. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)
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distribution of noise which is a Gaussian. Consequently, the choice
for the weights in Eq. (8) becomes one over the variance of the
noise, which we approximate by

w�1
k ¼ r2 s1;k

� � �
PL

l¼1 E s1;k; s2;l
� �� 
2
PL

l¼11
; ð12Þ

where L is the number of s2 samples for a given s1;k.

2.2. Estimation of P1;n

The weighted least squares error Jn;0 a; T1; T2ð Þ is non-linear in
T1; T2ð Þ. Therefore we use a variational approach to (locally) mini-
mize Jn;0 a; T1; T2ð Þ which is initialized by choosing the minimizer of
a fixed set T 1;2 of a few T1; T2ð Þ values:
P0;n ¼ arg min ða; T1; T2Þ

ðT1; T2Þ 2 T 1;2

Jn;0 a; T1; T2ð Þ ð13Þ
In our implementation we choose

T 1;2 ¼ T1;T2ð ÞjT1 ¼ T2 ¼ 10k;k ¼ �5;�4; . . . ;�1;0;1; . . . ;4;5
n o

.

Note that for fixed T1;T2ð Þ, computation of a is a quadratic mini-
mization problem with the solution

a T1;T2ð Þ¼

X
k

wkRn�1 s1;k;s2;k;Pn�1;1
� �

1�2exp �s1;k
T1

n o� 	
exp �s2;k

T2

n o

X
k

wk 1�2exp �s1;k
T1

n o� 	
exp �s2;k

T2

n oh i2 :

ð14Þ
Thus P0;n is found from Jn;0 a; T1; T2ð Þ evaluated at the values

a; T1; T2ð Þ 2 a T1; T2ð Þ; T1; T2ð Þj T1; T2ð Þ 2 T 1;2

 �

.

2.3. Stopping criteria

Let E denote the expectation of a random variable. Recall that Rn

is an estimate of the noise at the nth iteration. As n increases, we
expect Rn to converge to E. Consequently, Eq. (14), in expectation,
should converge to

E

P
k
wkE s1;k ;s2;kð Þ 1�2exp �s1;k

T1

n o� 	
exp �s2;k

T2

n o
X
k

wk 1�2exp �s1;k
T1

n o� 	
exp �s2;k

T2

n oh i2

2
6664

3
7775

�

X
k

E E s1;k ;s2;kð Þ½ �wk 1�2 exp �s1;k
T1

n o� 	
exp �s2;k

T2

n o
X
k

wk 1�2 exp �s1;k
T1

n o� 	
exp �s2;k

T2

n oh i2 ;

ð15Þ

which, by E s1; s2ð Þ 2 N 0;r2 s1ð Þ� �
, is zero. In light of this outcome,

when the amplitude a of P0;n is approximately zero, which for prac-
tical purposes is chosen as some small threshold, we stop iterating
the terms in the summation of Eq. (6).

Algorithm 1. T1-T2 inversion

1. Set n ¼ 1.

(a) Discrete search for a single basis element. Compute

P1;0 2 T 1;2 that minimizes J1;0.
(b) Dynamic search for a single basis element. Compute

P1;1 that minimizes J1;0 around P1;0.
2. Set n ¼ 2

(a) Discrete search for a single basis element. Compute
Pn;0 2 T 1;2 that minimizes Jn;0.

(b) Check if the error criterion is satisfied which in our
case is weighted least square error. If the error crite-
rion isn’t satisfied, continue. Stop otherwise.

(c) Dynamic search for a single basis element. Compute
P1;n that minimizes Jn;0 around Pn;0.

(d) Dynamic search for all basis elements. Compute Pn;1

that minimizes Jn around Pn�1 [ P1;n.
(e) Set n to nþ 1 and go to step 2a.

2.4. The algorithm

We summarize the proposed method in Algorithm 1. The com-
putational complexity of this algorithm increases iteratively as n
increases. Steps 1a and 2a have a fixed computational cost which
consists of a fixed number T 1;2

�� �� of evaluations of J1;0 to minimize
the evaluated values. Consequently, step 2b is a single logical oper-
ation to check whether the estimated linear parameters am are
below the chosen threshold. The computational complexity is



Table 2
Parameters ðam; T1;m; T2;mÞ obtained by fitting experimental T1-T2 data acquired for a selection of samples. The parameters are ordered in descending values of am; assignment of
index m is arbitrary in the fit. The relaxation time ratios are also given in the table. The data and fits are shown in Fig. 3.

m am T1;m=s T2;m=s T1=T2

Doped water
1 0:989 0:064 0:064 1:00
2 0:011 0:001 0:023 0:03

Ohio Blue sandstone
1 0:774 0:037 0:013 2:85
2 0:226 0:185 0:064 2:89

Ketton limestone
1 0:382 0:019 0:013 1:46
2 0:242 0:147 0:096 1:53
3 0:236 0:440 0:398 1:11
4 0:117 1:540 1:169 1:32
5 0:019 0:093 0:367 0:25
6 0:004 1:467 5:265 0:28

Shale
1 0:748 T1 0:001 2:90
2 0:142 0:057 0:032 1:78
3 0:110 0:489 0:391 1:25
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dominated by the optimization steps used for the dynamic search.
In our implementation of steps 1b and 2c, we use a descent type
dynamic search for a single atom. We use the BFGS algorithm
[30], a gradient-based optimization method, on the tree variables
a; T1; T2ð Þ of a single element of the dictionary. Similarly, step 2b
utilizes BFGS on the am; T1;m; T2;mð Þ
 �n

m¼1;3n variables. The compu-
tational complexity of the algorithm is dominated by this step as n
increases. The convergence rate could be improved using variable
projection [31] on the linear parameters am, for example. Our main
objective here is to demonstrate the feasibility of the proposed
method for the inversion of NMR data. We will investigate the per-
formance of other initialization and optimization methods in a
future study.

3. Results

3.1. Synthetic data

We applied the proposed method on noise-free synthetic data
generated using the parameter set ðam; T1;m; T2;mÞ in Table 1. We
define the signal-to-noise ratio (SNR) by maximum signal divided
by the root mean square of the noise in quadrature channel. Thus
the SNR of noise-free synthetic data was infinite, which is to
say �nðkÞ ¼ 0 for all n; k, and the simulated acquisition
parameters te; tW;n;Knð Þ were s1;k; s2;k

� � 2 tW;n; qð Þjn ¼ 1; . . . ;7;



q ¼ te; . . . ;Knteg with te ¼ 1 ms and Kn ¼ K ¼ 1000. A challenging
parameter set with m ¼ 1 . . .5 was selected to test the algorithm,
consisting of two groups of closely-spaced relaxation times. The
synthetic data are plotted in Fig. 1(a) with the data rows stacked
in order of increasing tW on a cumulative acquisition time abscissa
equivalent to

P7
n¼1ns2. The recovered T1-T2 distribution is shown

in (c) (also Fig. 2(a)). In the absence of noise, the algorithm pro-
vides a very close approximation to the synthetic data with negli-
gible fit residuals, see Fig. 1(b). However, the algorithm only
returns 4 components rather than the expected 5, see Table 1. As
can be seen in the T1-T2 plot, Fig. 1(c), the algorithm has repre-
sented several components with a single, large amplitude compo-
nent. This outcome is entirely reasonable and expected as the
algorithm is designed to minimize the number of components
required to fit the data within the specified tolerance. For compar-
ison, it is interesting to note that the smoothed regularization tech-
nique used to generate pseudo-continuous T1-T2 distributions fails
to distinguish between the closely-spaced components and returns
just two peaks, see Fig. 2(b). Note that the scaling of the marginal
projections in Fig. 2 has been chosen arbitrarily to allow the con-
tinuous distributions (red solid lines) and discrete components
(stems) to be shown on the same axes.

When significant noise is added to the synthetic data, Fig. 1(d)
with SNR � 15, the algorithm continues to perform reliably. This
time only 3 components are identified, see Table 1, but the fit
residuals are consistent with Gaussian-like noise in Fig. 1(e) and
the main clusters of components are captured in Fig. 1(f). Our algo-
rithm is extremely robust to noise, whereas the Tikhonov regular-
ization approach massively broadens the pseudo-continuous T1-T2

distribution to compensate, see Fig. 2(c). Overall, our algorithm and
the Tikhonov regularization approach of [3] provide the consistent
solutions.
3.2. Experimental data

We applied our algorithm to experimental T1-T2 correlation
data acquired from liquid-saturated rock samples. As the measure-
ments were performed at low field, a ratio T1=T2 � 2 was expected
always [32]. Samples of doped water, Ohio Blue sandstone, Ketton
limestone, and organic shale were measured. The fitted parameters
are listed in Table 2. For doped water, a single dominant compo-
nent was present as expected. A secondary component of negligi-
ble amplitude was also returned by the algorithm. From an
interpretation point of view, those components can be treated as
unphysical since T1=T2 � 1. Similarly, for the Ketton limestone,
the fitted low-amplitude components m ¼ 5;6 with T1=T2 < 1
can be considered artifacts. These components can be rejected in
postprocessing for interpretation purposes. Alternatively, con-
straints can be incorporated in the inversion. We did not include
such constraints here to avoid biasing the results towards a partic-
ular outcome.

The fit quality achieved with the greedy variational algorithm is
illustrated in Fig. 3 for the experimental data. For the doped water,
the residuals in Fig. 3(b) appear as Gaussian-distributed noise. For
the liquid-saturated rock samples, larger residuals are observed
relative to Mðs1; s2). The large-amplitude spikes in the residual
plots, notable in Fig. 3(e,h), correspond to the first few echoes in
each CPMG train. A non-exponential decay can be observed in
these early data due to imperfect rf pulses and magnetic field



Fig. 3. Greedy variational algorithm applied to experiment NMR T1-T2 data acquired for a selection of samples. Results are presented for (a-c) doped water, (d-f) Ohio Blue
sandstone, (g-i) Ketton limestone, and (j-k) an organic shale. For each sample, the raw data are shown in the first plot (solid red line) with the fit overlaid (solid black line), the
fit residuals are shown in the second plot, and the fitted discrete T1-T2 components in the third plot (� symbols, where the marker size is proportional to am). (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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inhomogeneities [33], and so the inability of the algorithm to cap-
ture the short-time behavior is unsurprising. The fit quality could
be improved by increasing the number of terms, but the algorithm
has selected the minimum number required to meet the specified
tolerance in each case.

For the experimental data, we do not know a priori the underly-
ing relaxation time distribution. Therefore, we compare the fitted
parameter sets ðam; T1;m; T2;mÞ to conventional pseudo-continuous
T1-T2 distribution generated by Tikhonov regularization. The
T1-T2 distribution plots are given in Fig. 4 for the selection of
experimental samples. The greedy variational algorithm compo-
nents have been overlaid. Again, the scaling of the marginal projec-
tions has been chosen arbitrarily to allow the pseudo-continuous
distributions (red solid lines) and discrete components (stems) to
be represented on the same axes. In all cases, there is good agree-
ment between the two solutions. The discrete component ampli-
tudes am are equivalent to the integrals of the corresponding
pseudo-continuous distribution over appropriate ranges of
fT1; T2g. The doped water provided clear confirmation of this rela-
tion, Fig. 4(a), where the discrete value of a1 was found to match
the distribution integral. It is the integrals of the distribution that
are considered useful for petrophysical interpretations, so it is
important that similar interpretations can be applied to discrete
component fits. For the Ohio Blue sandstone, Fig. 4(b), the smooth
inversion delivers a single broad feature where the greedy varia-
tional algorithm resolves two distinct components. For the Ketton
limestone Fig. 4(c), the multi-modal distribution is resolved into 4
discrete components by our algorithm, and these components
visually agree with the smooth peak maxima (see marginal
projections). Similarly for the organic shale, Fig. 4(d), the tri-modal



Fig. 4. Tikhonov regularization applied to experimental T1-T2 data acquired from (a) doped water, (b) Ohio Blue sandstone, (c) Ketton limestone, and (d) an organic shale. The
pseudo-continuous T1-T2 distributions are presented as contour plots with marginal distributions (red lines) included for clarity. The fitted parameter sets ðam; T1;m; T2;mÞ from
Table 2 are overlaid on each main plot (black � symbols, where the marker size is proportional to am), with stems in the marginal plots. Fitted components with T1=T2 < 1
have been omitted. In each plot the diagonal gray line indicates T1 ¼ T2. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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distribution generated by Tikhonov regularization is reflected in
the discrete component fit and, importantly for interpretation of
organic shale measurements at low field [34], the correct T1=T2

ratios are recovered by our greedy variational algorithm.
4. Conclusions

We have proposed a new method for approximating T1-T2 dis-
tributions from inversion-recovery-CPMG experiments. A greedy
variational approach was presented that approximates the usual
pseudo-continuous distribution (obtained by Tikhonov regulariza-
tion, for example) as a sum of discrete Dirac delta functions. The
greedy nature of the algorithm promotes sparsity in the solution,
leading to a limited number of dictionary elements described by
the parameter set ðam; T1;m; T2;mÞ. The variational part of the algo-
rithm estimates these parameters from a continuum at each itera-
tion by reducing the least squares misfit to the data. The
computational demand of the variational method depends only
on the dictionary size, so the greedy and variational steps are
highly complementary. We demonstrated our algorithm in appli-
cation to synthetic data and experimental measurements of
liquid-saturated rock samples. The results were encouraging and
agreed with the usual pseudo-continuous distributions generated
for petrophysical characterization of reservoir formations. The
reduced computational requirement of the greedy variational algo-
rithm and small solution size compared to linear (regularization)
inversion methods makes our algorithm a potential candidate for
remote or automated NMR measurements, such as logging-
while-drilling (LWD) operations, where data bandwidths are
limited.
5. Experimental method

All NMR data were acquired on an Oxford Instruments GeoSpec
system operating at a magnetic field strength of B0 ¼ 56 mT, corre-
sponding to a resonance frequency of f 0 ¼ 2:4 MHz for 1H. Radio
frequency (rf) pulse durations of 15 ls and 30 ls were typical for
tip angles of 90� and 180�, respectively. Inversion recovery was
performed with wait times incremented logarithmically from
tW ¼ 1 ms to 5 s in 32 steps. A single-scan CPMG measurement
was performed with an echo time of te ¼ 100 ls and K ¼ 20;000
echoes. A recycle delay of 5 s was allowed between scans and 8
repeat scans were summed to accommodate the phase cycle. Con-
ventional pseudo-continuous T1-T2 correlations were obtained
using Tikhonov regularization following the method in [3] with
the optimum smoothing parameter selected by generalized cross
validation (GCV) [35] as detailed in [36].

Three rock formations, exhibiting a wide variety of relaxation
behaviors, were selected for this study: Ohio Blue sandstone,
Ketton limestone, and an organic shale. The rock plugs were cored
from quarried outcrop blocks. Each plug was a right-cylinder of
dimensions 38 mm� 50 mm (diameter � length). The limestone
and sandstone plugs were oven dried at 60 �C then vacuum satu-
rated with low salinity brine [37] and wrapped in plastic film for
duration of the measurement. The organic shale sample was dried
and measured without modification. A bulk reference sample of
NiCl2 doped water was also measured.
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