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ABSTRACT

Tikhonov regularization is the standard processing technique for the inversion of double electron-
electron resonance (DEER) data to distance distributions without assuming a parametrized model. In
other fields it has been surpassed by modern regularization methods. We analyze such alternative regu-
larization methods based on the Tikhonov, total variation (TV) and Huber penalties with and without the
use of Bregman iterations. For this, we provide a general mathematical framework and its open-source
software implementation. We extend an earlier approach by Edwards and Stoll for the selection of an
optimal regularization parameter to all of these penalties and use their big test data set of noisy DEER
traces with known ground truth for assessment. The results indicate that regularization methods based
on Bregman iterations provide an improvement upon Tikhonov regularization in recognizing features and
recovering distribution width at moderate signal-to-noise ratio, provided that noise variance is known.
Bregman-iterative methods are robust with respect to the method used in the choice of regularization

Huber parameter.
Bregman iterations

Distance distributions

DEER
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1. Introduction

Dipole-dipole interaction in a pair of paramagnetic centers pro-
vides access to distances in the lower nanometer range that match
the dimensions of proteins, protein complexes [1,2] and synthetic
macromolecules. This interaction is often measured in time
domain by double electron-electron resonance (DEER) spec-
troscopy, also called pulsed electron double resonance (PELDOR)
spectroscopy [3-6] and such data is also accessible by double-
quantum EPR [7], the single-frequency technique for refocusing
(SIFTER) [8], or relaxation induced dipolar modulation enhance-
ment (RIDME) [9,10] experiments. Due to the distribution of
macromolecule backbone and spin-label conformations, the dis-
tances are also distributed and it is possible to invert the time-
domain data to the distance distribution [11], thus providing
unique insight into the width of the conformation ensemble of pro-
teins [12].

However, computation of the distance distribution requires the
solution of the ill-posed problem of inverting a Fredholm integral
equation of the first kind and thus requires some kind of regular-
ization. The proposal of Tikhonov regularization [13] in 1963
marked the start of the modern concept of regularization and this
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approach was first introduced to NMR for de-Pakeing from dipolar-
domain data in 1995 [14]. It was considered as a viable approach
for the extraction of distance distributions from DEER data from
the very beginning [11,15] and the first implementations soon
appeared [16-18]. Nowadays Tikhonov regularization is the stan-
dard and most widely employed method for computing distance
distributions from DEER data without assuming a parametrized
model (termed model-free below). The importance of obtaining
uncertainty estimates (validation) has been pointed out [19]. Other
approaches include, e.g. maximum entropy [20], wavelet denoising
with subsequent regularization [21] or singular-value decomposi-
tion [22] or the use of neural networks [23]. Approximate Pake
transformation with distance-domain smoothing has recently
undergone a renaissance for processing two-dimensional data sets
from the triple electron resonance (TRIER) experiment [24] to dis-
tance correlation maps, a case where Tikhonov regularization
failed [25].

Over a decade has passed since its introduction to the field and
Tikhonov regularization still remains the most widely employed
method for the analysis of DEER data. Early on, an in-depth study
of Tikhonov regularization proposed the L-curve maximum curva-
ture criterion [26] for the selection of the optimal regularization
parameter [ 18] and a slightly different L-curve criterion was imple-
mented in the most widely used software package DeerAnalysis
[27]. However, it was not until 2018 that Tikhonov regularization
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was systematically optimized [28] by comparing several regular-
ization parameter selection methods and regularization matrices.
This study also introduced a realistic big set of test data with
known ground truth and thus established a basis for further opti-
mization of regularization approaches. Such optimization appears
to be promising, since the mathematical field of regularization
has advanced and is still very active [29].

Therefore, in this work we address alternative regularization
methods in order to optimize the model-free inversion of DEER
data to a distance distribution. We also discuss that optimality
depends on the requirements in interpretation of the distance dis-
tribution. Regularization methods are generally divided into pro-
jection and penalty methods. Projection methods, such as
gradient projection (GP) [30,31] or truncated singular value
decomposition (TSVD) [32], project the solution upon a specific
subspace, whereas for the penalty methods, a penalty term is
added to the objective function to ensure stability and other prop-
erties of the solution. The penalty term usually depends on some
norm of the solution. Tikhonov regularization is a form of ¢,-norm
penalty regularization, whereas total variation (TV) regularization
is a typical ¢;-norm penalty regularization [33-35]. The TV func-
tional was first proposed in the pioneering work of Rudin, Osher
and Fatami (ROF model) on edge preserving image restoration
[33]. Due to these edge preservation properties, TV regularization
has been widely applied in many fields [36-39] and may be useful
in the context of DEER if the shape of the distribution is of interest.
In the family of penalty-based regularization methods, many other
penalties have been developed which combine the Tikhonov and
TV penalties, such as an adaptive Tikhonov-TV hybrid method for
electrical resistance or impedance tomography [40,41] or the
Huber penalty [37,42,43] developed for robust regression in
machine learning. The pioneering work of Osher et al. [44] recog-
nized the potential of combining penalty regularization methods
with Bregman iterations [45] in order to further enhance the regu-
larization performance of different penalties [46]. Charest et al.
also expanded upon the field of Bregman iterated regularization
by developing different iterative methods based on Tukey’s con-
cept of twicing [46-48].

By using the assessment approach introduced by Edwards and
Stoll [28], we compare and examine several of these penalty-
based regularization methods with and without the use of Breg-
man iterations and present a general framework for regularization
including selection of the optimal regularization parameter for the
different penalties. The results indicate that some of these methods
significantly improve upon the current optimal Tikhonov regular-
ization for DEER data. The paper is structured as follows. Section 2
summarizes the basic mathematical model of DEER and Section 3
introduces the different regularization penalties. In Section 4 we
present our generalized framework for the optimization of the reg-
ularization parameter. Section 5 presents the concept of iterative
Bregman regularization. Section 6 describes the assessment
methodology and Section 7 finally presents the results and dis-
cusses the advantages and drawbacks of the different methods.

2. Mathematical model of DEER

We assume that the signal Sexp(t) after background correction
and normalization (S(0) ~ 1) can be well approximated by the
response S(t) of an pair of spins 1/2 to the DEER sequence in the
absence of orientation selection plus Gaussian white noise N(t).
The conditions, where such a signal can be obtained, and proce-
dures for obtaining it have been discussed in detail [49]. For exper-
iments other than four-pulse DEER, species with spin > 1/2, and
systems with more than two spins in the accessible distance range,
pre-processing of the primary signal into S(t) may involve more

uncertainties, but in many cases experimental conditions and pro-
cessing approaches can be found, where the approximation holds
within the attainable signal-to-noise ratio S/N. In the absence of
exchange coupling, the signal S(t) is related to the underlying dis-
tance distribution P(r) via the following Fredholm integral equa-
tion of the first kind

S(t) = / K(t,r)P(r)dr (1)
Jo
with the kernel function K(t, 1)
/2 2
_ ; _ 2 ) HoHe8a8B
K(t,r) _/0 sin 0 cos ((l 3 cos’ 0) AT )d()‘ (2)

In an experiment the DEER signal Sex(t) =S(t)+4(t) is
obtained as a discretized vector Sex, € RN of N data points. Disre-

garding noise for the moment, the integral transformation is given
as

S=KP 3)

with the kernel matrix K € RMM and discretized distance distribu-
tion P € RM. Now the inverse problem to be solved is to determine
P from S. If noise were really absent and S(t) would exactly conform
to the isolated spin-pair response, the problem could be solved by
simple inversion of the kernel. However, the kernel matrix has a
condition number (i.e. ratio of the largest to the smallest singular
value) much larger than one [49], i.e. the inversion problem is ill-
posed. As a consequence, even small deviations of Se, from S due
to noise or small violations of the isolated-pair approximation will
lead to large errors in P. In the following, we drop the subscript ‘exp’
for brevity and denote the experimental signal as S.

3. Non-iterative regularization methods

To solve the ill-posed problem in Eq. (3), the typical approach is
to replace the original problem by a least-squares minimization
problem. However, the solution to this problem is still highly sen-
sitive to perturbation. In order to stabilize the solution, a penalty
term is added. Therefore, the general form of a regularization
method is given by

P = argmin {% |[KP — S||5 + o2R[LP] } (4)
P>0

where o is the regularization parameter, which controls the tradeoff
between the residual term H(P,S) =1||KP — S|? and the penalty

functional R[LP] and P is the regularized solution. Also, due to the
probability density distribution nature of P, a non-negativity con-
straint (P > 0) can be imposed upon the solution. The matrix L is
called the regularization matrix and, depending on its structure, dif-
ferent properties can be imposed upon the solution.

3.1. Choice of regularization matrix

For the inversion of DEER data, the solution can be strongly sta-
bilized if a smoothness criterion is imposed upon P. Smoothness
should be expected from any probability density distribution
obtained from a large number of underlying conformations of the
systems containing the spins. In particular, for the major applica-
tion scenario of spin-labeled biomacromolecules, conformation
distribution of the label itself introduces a lower limit to the width
of features in P(r). The smoothness criterion can be imposed by
employing a discrete differential operator matrix L, of n®-order
as the regularization matrix

a)’l
L,P — %P(r). (5)
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By Fourier analysis of a model distance distribution and its dis-
crete derivatives of different order (see Fig. 1) we find that a higher
order of the differential operator enhances the fast-oscillating
components in the L,P term, as has been argued before [50]. Since
the L,P term enters the regularization as a penalty, the larger the
order of the regularization matrix L,, the larger the damping of
the fast-oscillating components leading to smooth solutions.

3.2. The Tikhonov penalty

Tikhonov regularization employs the squared ¢>-norm as the
functional R in Eq. (4), thus imposing a quadratic penalty upon
the solution

~ . o?
P = argmin { H(P,S) + —=||LP|% }. (6)
P>0 2

The Tikhonov functional is continuously differentiable and
therefore analytical solutions to the regularization problem can
be found. Despite remaining stable during the minimization pro-
cess, the ¢2-norm is not robust against outliers. If present, mini-
mization focuses on these outliers rather than on the rest of the
data.

3.3. The total variation penalty

The total variation (TV) functional employs the ¢!-norm

P = argmin {H(P,S) + o?||LP], } (7)
P=0

imposing a linear penalty making it more robust against outliers
and leading to sparse solutions, which makes this functional a fea-
ture selector [51]. However, some issues are known for this func-
tional: the fact that TV regularization does not remain stable
during the minimization process, the well-studied staircasing effect
[35,52-54], presence of multiple possible solutions and the fact that
the ¢!-norm is non-differentiable at the origin. Nonetheless, some of
these complications can be overcome [44]| by employing a lower-
bound approximation of the ¢!-norm

P= argmin{H(P, S)+02 > \/(LP) + ﬁz}, (8)

P=0
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Fig. 1. Fourier analysis of the differential operator matrices L, of n'-order. With
increasing derivative order n, the faster-oscillating components are enhanced,
whereas slower-oscillating components are suppressed. The different orders of L,
are represented by different colors. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

where 8 = 107" is a floor-valued constant to ensure continuous dif-
ferentiability of the penalty. This eliminates the staircasing effect in
most cases.

3.4. The Huber penalty

In order to combine the robustness and feature selection capa-
bilities of the TV penalty with the stability of the Tikhonov penalty,
the Huber regularization functional was proposed [37,42,55]

P= argmin{H(P, S)+o?) B[LP]}, )

P=0

where the Huber function B[LP] is given by

sap)] = { (P’ (LP
U L2nieey - g (e

il
il

and the transition from ¢, to ¢; penalty is controlled by #, which we
will refer to as the Huber threshold. Depending on the value of 7,
different points of the solution are regularized with either a quad-
ratic or a linear penalty (see Fig. 2). Nonetheless, this method suf-
fers from the same non-differentiability and staircasing effect
issues as TV regularization. Again, this can be overcome by employ-
ing a smooth approximation to the Huber functional (often called
the pseudo-Huber penalty [56-58])

s (10)
=1

2
P = argmin{ H(P,S) + o> ) (%)> +1-1| 3. (11)

P=0

4. Selection of the regularization parameter

The selection of the regularization parameter is a critical step in
the regularization procedure, since the amount of regularization
imposed upon the solution is controlled by it. Too large values lead
to an oversmoothed solution, where features are lost and the total
distribution is artificially broadened, whereas too small values lead
to undersmoothing, where artificial splitting of broad peaks is
introduced by fitting the noise (pearling effect). While strong over-
smoothing is easily noticed by oscillations in the fit residual, the
residual looks inconspicuous for undersmoothing. Selection of o
in Tikhonov regularization has been extensively optimized by
Edwards and Stoll [28].

\ R[LP]

Tikhonov
TV

LP

o 7

Fig. 2. Penalty functional R[LP] as a function of LP for (red) total variation, (blue)
Tikhonov and (yellow) Huber regularization. The value of the Huber threshold # is
represented as a black dashed line. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
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4.1. Tikhonov regularization parameter

Selection of the regularization parameter is initiated by gener-
ating a series {o} of regularization parameter candidates. This
range is determined by the smallest/largest singular value ratio
obtained from the GSVD of the kernel K and regularization matrix
L. Thanks to the continuous-differentiability of the Tikhonov func-
tional, the selection of the optimal value of o is mathematically
more convenient. Assuming an unconstrained minimization (i.e.,
without the nonnegativity constraint P > 0), for each entry in
the series the solution P, at a given « can be written in closed form
as

P, =K!S, (12)

where K| is the pseudoinverse of the Tikhonov functional, which is
given by

L -1 -1
KiS= ((gu + KTS> P’l) K = (KTK + ochTL) K" (13)
and g, is the gradient of the Tikhonov functional

g, =K' (KP, — S) + o2L"LP,. (14)

In case we assume a constrained minimization (i.e. non-
negative solutions P > 0), there is no closed expression for the
solution P,. Least-squares minimization of

P, =arg rp}ig{ulﬂs - 1<;P\|2}. (15)

is executed via an iterative minimization algorithm [59]. Hence, for
both the constrained and unconstrained case, a series {P,} is
obtained corresponding to the {o} series. The optimal o is then
found by evaluation of a selection functional (see Table 1) of choice,
which usually depends on P,, K| and Hi, the latter being called the
influence matrix:

Hi = KK, (16)

These functionals minimize/maximize some criterion which then
yields an optimal regularization value (see Appendix A for a full def-
inition of the selection methods. The approach sketched here easily
integrates new selection functionals and therefore allows for a wide
choice of optimization criteria with low effort.

Table 1

List of acronyms employed for the selection and regularization methods. If an
unconstrained P(r) is assumed for the regularization parameter selection, a suffix ‘u’ is
appended to the acronym. For the iterated methods (OBIR, OTIR) the acronym of the
equipped penalty is appended to the acronym.

Selection Regularization
methods methods
AIC Akaike information TIKH Tikhonov
criterion regularization
AICC Corrected Akaike TV Total variation
information criterion regularization
BIC Bayesian Information pHUB Pseudo-Huber
Criterion regularization
GCV Generalized cross- OBIR Osher’s Bregman
validation iterated
regularization
rGCV Robust generalized
cross-validation
srGCV Strong robust
generalized cross-
validation
GML Generalized maximum-
likelihood
MCL Mallow’s C;

4.2. TV regularization parameter

We have expanded this approach to the other penalties consid-
ered above. In order to extend it to the TV penalty, we first consider
the gradient of this penalty. We only consider the smoothed TV
functional in order to ensure continuous differentiability. The
gradient of the TV functional is given by

g, =K'(KP, —S) + o2L" (LP@ (LP,)* + /32) (17)

where O represents the Hadamard division, i.e. element-wise divi-
sion. Therefore, the pseudoinverse of the TV functional is

Kl =K'K + o®L" (L@ (LP,)* + ﬁ2). (18)

Here, the main challenge of applying this procedure to TV regular-
ization arises: the pseudoinverse, which we require for computing
the solution P,, depends on the solution itself. We thus need to
solve a recursive problem. However, the pseudoinverse definition

arises from the gradient-root condition (i.e. g, < 0). Therefore,
any solution P, obtained by expression (12) automatically fulfills
the gradient-root condition. This line of thought can be inverted.
If one computes P, via optimization of the unconstrained solution
of the gradient-root problem

K"(KP, — S) + o?L” (Lm@ (LP,)* + /32) =0 (19)

then insertion of this P, into expression (18) yields the analytically
correct pseudoinverse (up to numerical errors in solving for P,).
With the unconstrained solution and pseudoinverse, the influence
matrix can be easily computed and, if needed, the obtained pseu-
doinverse can be inserted in (15) and the minimization problem
can be solved as for the Tikhonov case to obtain the constrained
solution P,.

At this point, to find the optimal value for « the same selection
functionals can be employed to TV regularization as earlier used
[28] for Tikhonov regularization. A downside of this procedure is
the additional optimization step in the selection procedure in the
form of the numerical solving of (19). Also the constrained solution
cannot be computed anymore without first determining the
unconstrained solution.

4.3. Huber regularization parameter

We consider the pseudo-Huber penalty again to ensure contin-
uous differentiability. The gradient is similar to the TV case,

T 2
g, :1<T(1<Pa—5)+a2% LP,@ <L;°‘> +1 (20)

and again we obtain a recursive pseudoinverse

T 2
KL:KTK—HXZ% Lo (L;’") +1]. (21)

This pseudoinverse can also be computed by first solving the
gradient-root problem

T 2
1<T(1<Pa75)+oc2% LP,@ (LZ“) +1]£0 (22)

and inserting the unconstrained solution P, back into the pseudoin-
verse expression (21). Again, if needed the computed pseudoinverse
can be inserted in (15) and one can solve for the constrained solu-
tion P,.
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For the Huber penalty we need to select the Huber threshold in
addition. Originally, Huber proposed a value of = 1.35 [42]. We
propose to optimize # alongside «. We first tested a two-point opti-
mization by constructing two series {a} and {#}, but discarded this
approach due to the huge computational effort required and the
lack of a criterion for choosing a suitable range of Huber
parameters.

We then opted for an in-situ optimization of the Huber thresh-
old. Assuming that the series {o} contains enough elements (is suf-
ficiently dense), we can assume that the difference between two
adjacent {P,} is not large. Therefore, for each o the Huber thresh-
old 5, is chosen such that it solves the problem

T 2
OLKT(KPa,l—sHaZ% LP,_,@ (%) +1, (23)

o o

where P,_; is the solution obtained for the previous entry of the {o}
series. In the numerical implementation, of course, we need to
define an initial point for the solver, whose choice is critical due
to the large number of local minima for trivial choices, as well as
a Huber threshold for the first entry in {o} (since no P, ; exists).
The Huber threshold is intended to ensure feature selection. Hence,
the initial Huber threshold is chosen to be

1, = aver(| LPrig |), (24)

where Pry, is the solution obtained from Tikhonov regularization.
The mean of the derivative of the solution is thus used as an indica-
tor of features. Taking its average provides an initial guess of the
Huber threshold that enforces a TV penalty on features and a Tikho-
nov penalty on the rest of P(r).

5. Bregman iterative regularization

Iterative methods were shown to have intrinsic regularization
properties even in the absence of any penalty functional. The
method proposed by Osher et al. [44] seeks to improve the regular-
ized solution by iteratively updating the cost function. This
method, which we refer to as Osher’s Bregman-iterated regulariza-

tion (OBIR), substitutes the classical residual term in the k™ itera-
tion by the Bregman distance (see Fig. 3)

P = argmin {3KP — S| + a2RILP] + (P, ) |
P=0 R (25)
= argmin {D;ﬂ" <P7 Pk> + oczR[LP}}.

P=0

Here the Bregman distance (also known as Bregman divergence,
since it does not fulfill the triangle condition) is defined as

H(P,S)

= 1
Djt (P Pi) = 5 IKP = S[I3 + (P, ) (26)

and ¢, is the residual term

H(P,S) =1|KP - S||? at the solution Py in the previous iteration

pseudogradient of the

OH(P,S)

b= Pr1 + {Tl A} =¢ 1 +K (KT)k - s). (27)

P=P;
with ¢, = 0.

Iterations of the type (25) are called Bregman iterations, where
the input is iteratively updated with the residual of the previous

iteration. If the previous solution P, is oversmoothed, then the

new solution IA’,M will be a better approximation of the true under-
lying distribution [60]. In Appendix B we show how Bregman iter-
ations improve the solution and how stopping at the iteration,
where the standard deviation of the residual approximately corre-
sponds to the noise deviation,

a(KT)k - s) ~ Groises (28)

ensures that the solution P, does not inherit any influence from the
noise. This leads to a better estimate of the true underlying solution,
but renders the performance of the approach dependent on how
well-approximated the noise variance is. However, it is possible to
approximate the noise well-enough (e.g. by single trace recording
and analyzing the underlying noise statistics [19]) so that improved
results are obtained.

The OBIR functional (25) can be equipped with any of the penal-
ties discussed above. As mentioned, it is critical for the perfor-
mance of the OBIR method to have a large initial regularization
parameter in the range of oversmoothing. However, choosing a
trivially large value does not only lead to a very large number of
iterations to convergence, but also to the possibility of divergence
from the stopping condition (28) or convergence to an over-
smoothed solution. In such cases, better results and faster conver-
gence may be obtained by stopping the Bregman iterations as soon
as the iterates start to diverge. In our statistical analysis, we have
refrained from using this alternative stopping criterion. For the ini-
tial regularization parameter we employ the same selection proce-
dures as for the non-iterated methods. It is then possible that the
initial regularization parameter corresponds to slight under-
smoothing. If the residual deviation at the first Bregman iteration

0(1(131 —S) is smaller than o, then the solution is considered

undersmoothed, the regularization parameter is increased accord-
ing to o =2"o and the first iteration is repeated increasing the

value of n until 0(1(131 — S) > Onoise- This ensures that J(Kﬁ] — S)
is slightly oversmoothed and will evolve towards & s (See Fig. 4).

/

A
Pk D
DYy (P, Py)

Yy —

OA

3

LP,

LP

Fig. 3. Graphical representation of the Bregman distance. At the k™-iteration it is defined as the distance DJ¥ (P«, IA’k) (blue) between the residual (black) and the
pseudogradient ¢, at the k™-solution Py (red), which was obtained in the previous iteration. (For interpretation of the references to color in this figure legend, the reader is

referred to the web version of this article.)
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6. Performance test

In order to study the performance of these different methods for
the inversion of DEER data, we employed the large library of noisy
time-domain DEER signals generated by Edwards and Stoll from a
crystal structure of T4 lysozyme (PDB ID 2LZM) [61]. This library
contains 621030 noisy time-domain traces S of different lengths,
time steps and noise levels s based on a set of 5622 distance
distributions P [28]. Due to the broad scope of our study, it was
unfeasible to use the complete data set for testing each method.
Hence, 10,000 time traces were randomly selected (with a fixed
random seed). We checked that for this data set size, the 1st to
30th percentile and mean values were reasonably converged. To
check that the sampled distributions were representative of the
complete library we studied the statistics of the sampled distance
distribution parameters. The results summarized in Fig. 5 shows
that the sampled models cover a wide range of distribution cen-
ters, widths and peaks. Additionally we performed a moment anal-
ysis of the different descriptors for the model distance
distributions to check whether the sampled subset is representa-
tive for the full set (see SI Fig. 2).

0.052

0.05

Residual Std. Dev.

0.047

3 4 5
Distance [nm]

0.051

0.049

0.048

0.046

33

For each of the sampled time traces, we studied eight different
selection methods for the regularization parameter oy (based on
their performance for Tikhonov regularization found in [28]) using
penalties equipped with three different regularization matrices:
the first L, second L, and third L3 derivative operators (we did
not consider the identity L, operator based on the unsatisfactory
results with it in [28]). The selection of the regularization parame-
ter was performed under a non-negativity constraint (P > 0) and
unconstrained. Additionally, each time trace was regularized with
each of the different penalties mentioned in Section 3 with and
without the use of Bregman iterations. Therefore our study com-
pares a total of 288 different approaches for the regularization of
DEER data. Each of these methods is referred to via a combination
of acronyms, which are listed in Table 1.

As in [28], for our analysis we chose a distance range of
1.0-7.0 nm for all regularizations to encompass the full range of
distance distributions. The resolution in distance domain was
determined by matching dimensions of distance- and
time-domain data (i.e. M = N). Numerical calculations were done
in MATLAB R2016b 9.1 and for all minimization problems we

Iteration

Fig. 4. Bregman iterations and their effect on an example solution. (Left) Distance distributions obtained at each Bregman iteration. As the iterations progress, the result gets
closer to the true distance distribution (grey). (Right) Evolution of the residual standard deviation towards the noise standard deviation g e = 0.467 (represented as a black
dashed line). Each point is colored to match the corresponding distance distributions. (For interpretation of the references to color in this figure legend, the reader is referred

to the web version of this article.)
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Fig. 5. Inter-quartile range and mode of r statistics of the 10,000 distance distribution models randomly sampled. The colors of the dots and distributions indicates the
number of significant maxima in the model distance distributions. The plot can be compared to Fig. 2 in [28]. (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)
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employed CVX, a modeling framework for disciplined convex
programming to specify and solve convex problems [62,63].

6.1. Performance evaluation

To assess the goodness of the fit P of the underlying distance
distributions P04 Of the time-domain DEER traces, we considered
the overlap coefficient

OVL::E:Inhl{ﬁ,Pde} (29)
as well as the determination coefficient
~ 2
2 Z (P - Pmodel>
=1- (30)

~ ~ 2"

= (P-(7)
where (-) denotes the average value. Both coefficients are set so that
these can adopt values only in the range 0 to 1, with 1 indicating a

OVL R?
0.949  0.991
0.938  0.983

0.443

1

3.5 4.5

Distance [nm)]

Fig. 6. Comparison of the coefficients for goodness of fit of an example distance
distribution. The distribution is regularized using the L,-TIKH penalty at different
values of o: 2.5 (blue), 25 (red), 300 (orange) and 5000 (violet). The OVL and R?
coefficients for each fit use the same color coding. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)
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perfect fit in both cases. However, due to the ill-posedness of the
inversion problem it is fundamentally impossible to reach values
of 1, with the best fit corresponding to the closest approach. We

found that the determination coefficient R> was a more sensible
indicator of the goodness of the fit as perceived by visual inspection.

In Fig. 6 an example is shown where it can be observed that R? is
more sensitive to the goodness of the results than the overlap coef-
ficient. The determination coefficient, however, suffers from a
dependency on the definition of the distance axis (see SI for a

description of its definition in this work) due to the term <13> in

(30). Hence, in this work we decided to discuss the choice of opti-
mal approaches on the basis of the overlap coefficient. We have
refrained from using the inefficiency metrics of Edwards and Stoll
[28] because of its normalization on the optimal result of a compar-
ison run.

7. Results and discussion
7.1. Performance comparison

Fig. 7 shows an overview of the 120 best performing methods
(see SI Fig. 3 for the full results). The methods are sorted by their
mean overlap coefficient. The top group consisting of the 60 best
methods is composed of 54 approaches based on Osher’s Bregman
iterated regularization and only 6 approaches without Bregman
iterations, the best of them being the current standard technique
of Tikhonov regularization with the L, operator and the Akaike

information criterium for a selection at 40" place. The best results
are obtained for the OBIR pHUB L, method. Otherwise, OBIR
equipped with the TIKH or pHUB penalties using either the L; or
L, operators lead to similar results within each others confidence
intervals. In the bottom panel of Fig. 7, TV-based methods are
found when equipped with the L; operator. In the top group we
could not observe a clear preference for a certain selection method,
which indicates that the choice of selection methods is not critical
for OBIR-based regularization, where these methods need only to
provide an oversmoothed first iterate. In contrast, as seen in
Fig. 8, all non-iterative methods have a strong dependence on the
a-selection method.

AN

N @)
R R

0.875

Mean OVL

0.870

Fig. 7. Ranking of the regularization methods based on their mean overlap coefficients separated in (top) ranks 1-60 and (bottom) ranks 61-120. The error bars show the 95%
t-based confidence intervals and the colors indicate the regularization matrix employed: L; (blue), L, (red), L; (yellow). The best performing non-iterative method (TIKH L-
AIC) is highlighted by an arrow. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 8. Performance comparison between the different regularization methods
represented by different colors. The results for each regularization method are
sorted by its mean overlap coefficients so that each point represents some
combination of a-selection method (see Table 1) and derivative operator. For the
sake of clarity, the points are sorted individually for each regularization method.
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

When looking at the rest of the ranking (see SI Fig. 2), we found
that the other non-iterative regularization methods, i.e. TV and
pHUB equipped with the L, or L, operators, did not yield satisfac-
tory results and hence occupy the lowest ranks. On the one hand,
this confirms that Tikhonov regularization is a very good choice
when working without iterations. On the other hand, it exemplifies
the potential of Bregman iterations for turning deficient regulariza-
tion approaches into superior ones. In other words, the feature-
preserving potential of TV and pHUB regularization can only be
realized when these methods are combined with Bregman
iterations.

Of course this comparison depends to some extent on our
choice of metric. By employing other metrics such as the 1st,
10th, 20th or 30th percentiles, some changes are observed in the
top group, e.g. the non-iterative TIKH methods rather than the
OBIR pHUB L, methods appear as the best performing candidates
for the 1st percentile. Otherwise, OBIR pHUB L, appear as the top

methods for the rest of the metrics including the RMSD and R?
evaluations (see SI Figs. 3-17). However, in general only changes
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between the subgroups already contained in the top are observed
(see SI Figs. 3-6). The computational cost for each method strongly
depends on the choice of penalty, with TIKH being the fastest one,
whereas TV and pHUB require long computational times for large
data sizes (see SI Fig. 1). We note that spectrometer time is much
more expensive than computer time and that signal processing
with the OBIR-TV and OBIR-pHUB regularization methods is still
much faster than typical DEER measurement times. Furthermore
we note that proper choice of the time increment in DEER can
strongly improve processing speed, since data size at given maxi-
mum observation time depends on it. In general, the time incre-
ment At should fulfill the Nyquist criterion

r3., ns
AL <5208 nm? (31)

where i, is the minimal expected distance and where we have
taken into account that the maximum dipolar frequency in DEER
is twice the dipolar splitting of the singularities the frequency-
domain Pake pattern. If ry, cannot be estimated before the
measurement, it is also possible to measure with a shorter time
increment and reduce data size after knowing the dipolar spectrum,
which can be obtained by Fourier transformation of Seyp(t).

7.2. Relative performance

The previous comparison sheds light onto the average perfor-
mance of the different methods. However, their mean overlap coef-
ficients lie relatively close to each other and many of them exhibit
overlap of their confidence intervals. Therefore, in order to have a
more direct comparison, we chose the current standard TIKH L,-
AIC, as implemented in DeerAnalysis2018, as a reference method
and studied the performance of the other methods for each indi-
vidual model relative to this reference. From Fig. 9(b) a clear group
can be identified which on average lead to an enhancement of the
OVL values compared to the reference method. This enhancement
can reach on average values up to 0.003-0.004. At a first look, these
values appear small. However, very small enhancements in OVL
can represent significant visual improvement of the distance distri-
bution (see OVL values in Fig. 10). The methods with improved
mean OVL also provide an improvement for a majority of model
distance distributions (see Fig. 9(a)). This majority is not drastic
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Fig. 9. Ranking of the 60 best regularization methods based on their performance relative to the reference method: TIKH L,-AIC. (a) Number of model distance distributions
for which the methods perform better (blue) or worse (red) than the reference method. (b) Average difference in overlap coefficient. Each point represents the average

2

difference in OVL between the method and the reference (R* — RZ;

) and the error bars show the 95% t-based confidence intervals. All methods performing on average better

than the reference (dashed line) are color-coded blue, while those performing worse are color-coded red. (For interpretation of the references to color in this figure legend, the

reader is referred to the web version of this article.)
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Fig. 10. Example cases for comparison of the OBIR method equipped with the TIKH, TV and pHUB penalties as well as the non-iterated TIKH penalty. All cases are regularized
employing the GMLu o-selection method and the L, (for TIKH, OBIR TIKH, OBIR pHUB and OBIR TV) and L; (for OBIR pHUB and OBIR TV) regularization matrices. The
corresponding overlap coefficients (OVL) are given as colored numbers next to each distribution. The noise levels of the DEER form factors are 0.05 (a), 0.10 (b) and 0.02 (c, d).
The last row shows the DEER form factor original data as a grey line and the corresponding fits as colored lines. For better visualization the DEER form factor has been
truncated at short times. The color code represents the different regularization methods: L,-TIKH (black), L,-OBIR TIKH (blue), L,-OBIR pHUB (red), L,-OBIR TV (orange), L,-
OBIR pHUB (violet) and L;-OBIR TV (green). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

and for a considerable fraction of models, the reference still yields
better results. The results in Fig. 9(a-b) are an indicator of the sim-
ilar performance of the newly proposed methods as compared to
the reference. For most methods, similar results may be obtained
(mostly cases where the reference method already yields good
results). For cases, where the reference method fails or yields poor
fits, the new iterated methods improve upon the result.

7.3. Methods of choice

Due to the many methods with similar performance we cannot
propose one particular method as the optimal one. However, we
have shown that the Bregman iterated methods constitute a solid
improvement of the non-iterated methods. When the non-
iterated regularization solution is already good, then the OBIR
methods either yield the results of the same quality or, depending
on the numeric conditions, possibly moderately worse results (as
discussed in the previous section). However, in cases where the
non-iterated methods perform poorly, the OBIR methods vastly
improve upon them. Therefore, OBIR represents a safer approach
towards ensuring good results, especially in critical cases. Our
approach to OBIR has the disadvantage of requiring prior knowl-
edge of the time-domain noise standard deviation ¢. Under- or
overestimation of this value can degrade the performance. By stor-
ing individual scans of the DEER signal separately, an experimental
estimate of ¢ can be obtained with sufficient accuracy [19] for

OBIR to perform satisfactory. For the OBIR methods we could not
find any preference for a certain a-selection method. Thus, any of
the proposed approaches can be employed.

Metrics, such as the overlap or determination coefficients, are
very useful for statistical performance tests, but they do not pro-
vide an intuitive understanding of the kind of improvement that
can be achieved. Such intuitive understanding can only be obtained
by visually comparing the distance distributions obtained with the
different methods. By necessity, such visual comparison is anecdo-
tal. In Fig. 10(a, b) we show two example distance distributions of
different complexity at a signal-to-noise ratio often encountered in
biological application work. In this situation the improvement
upon the TIKH solution is clearly observable. The use of the differ-
ent penalties in Fig. 10 also highlights the feature selection proper-
ties of the TV and pHUB penalties, where the OVL is significantly
better. In Fig. 10(c, d) we show two more examples of the perfor-
mance of Bregman iterations at the lowest noise level available
in the test set. In such cases, if non-iterated TIKH solution was still
oversmoothed, the iterated methods recover significant details
from the oversmoothed solution (see Fig. 10(c)). However, if the
solution obtained by non-iterated TIKH is already good and the
noise level is low, little improvement or even worsening may be
obtained from iterated methods (see Fig. 10(d)). In general, the
use of the L, operator in the OBIR-TV and OBIR-pHUB cases leads
to distributions with sharp turns (due to the use of the ¢;-norm
and insufficient smoothing induced by the L, operator), whereas
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smooth distributions are obtained when employing the L; opera-
tor. This has to be done carefully, since the L; operator can still lead
to oversmoothing as shown in the L3 OBIR-pHUB case in Fig. 10.
We want to highlight here that the sharp turns represent only an
aesthetic nuisance as the fit can be considerably better when using
the L, operator (as supported by the OVL values). The spectro-
scopist needs to decide between a better fit or a better aesthetic
of the distance distribution and for obvious reasons we recom-
mend the better fit. We do not discard the possibility that such
sharp turns could be avoided by further optimization of the Huber
threshold #.

Based on all our results we recommend the use of the OBIR-
pHUB and OBIR-TV regularization methods equipped with the L,
operator. If one wants to err rather on the side of oversmoothing
than on detecting artificial features, use of the L; operator with
OBIR-pHUB or OBIR-TV may be preferable. Any of the aforemen-
tioned a-selection methods is acceptable. The OBIR-TIKH regular-
ization methods equipped with the L; or L, operators can be
recommended for large data sets or quick regularization, as its
computational cost is considerably reduced compared to its pHUB
and TV counterparts. This advantage may be important to check
whether the OBIR methods can recover more detail from the signal
at all and in Monte-Carlo validation of the result, especially if back-
ground correction is uncertain and needs to included into valida-
tion. However, if interpretation of the data in the biological
context requires utmost feature resolution for data with only mod-
erate signal-to-noise ratio, it may be worth investing hours of com-
putation time into validation with the best methods after investing
weeks into sample preparation and measurements.

8. Conclusions

We have presented a general penalty-based regularization
framework with a general regularization parameter selection for
optimizing the inversion of ill-posed problems. The open-source
software package can be downloaded at www.epr.ethz|software.
Performance analysis of regularization methods with different
penalties, selection methods and differential operators on the
Edwards-Stoll DEER test set indicates that, at moderate signal-to-
noise ratio, regularization based on Bregman iterations better
reproduces the features of distance distributions than non-
iterative Tikhonov regularization. Bregman-iterative regularization
equipped with the Tikhonov, and, particularly, the pseudo-Huber
or total variation penalties thus constitutes an improvement upon
the current regularization standard, provided that the noise vari-
ance is known. Further scope for improvement may exist in the
selection of the Huber threshold # as well as in optimization of
the stopping conditions of the Bregman iterations and their sensi-
tivity to the choice of regularization parameter.

Finally, we want to emphasize that no type of data processing
can recover the ground truth for this ill-posed problem. Only some
approximation of it is attainable. Thus, results obtained via regu-
larization should always be critically assessed and subjected to
validation.
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Appendix A. Selection methods functionals

Selection models for the regularization parameter o have been
recently discussed [28]. They are used following the procedure

described in Section 4 once a series of constrained or uncon-
strained solutions {P,}, pseudoinverses {K'} and influence matri-
ces {H,} has been computed for all regularization parameter
values {a}. To keep the paper self-contained we provide selected
expressions in our notation in this Appendix.

A.1. Generalized maximum likelihood (GML)

The GML method [64-66] selects the oo which represents the
maximum likelihood estimate and minimizes

(32)

. S'(S — KP,)
Olopt = Argmin { ————
* vdet™ (I — Hy)

where det"(-) denotes the product of the m non-zero eigenvalues.
As suggested by [28], we treat all eigenvalues below a threshold

of 107 as zero to account for numerical errors.
A.2. Generalized cross-validation (GCV, rGCV, srGCV)

The GCV method [67-69] represents a more stable formulation
of the leave-one-out cross validation (CV) [70,71] approach. This
approach selects the « that minimizes the sum of prediction errors
for each individual data point. In GCV minimization, the problem is
formulated as

(1 —Tr(H,)/N?* [

The robust GCV (rGCV) method [72,73] adds a robustness term
that helps to avoid selection of a too small o values

Olopt = Argmin {
o

|IKP, — S|3 , (V +(1- y)Tr(Hi) /N)} (34)

Olopt = arggnin {m

with the robustness parameter y < 1. In the limit y = 1 the method
reduces to GCV. With decreasing 7, undersmoothing is increasingly
penalized. For this method we used y = 0.9.

The strong robust GCV (srGCV) method [74] penalizes under-
smoothing to an even larger extent

[[KP5—S]3
(1-Tr(Hy)/N)?

(v =y Te(KIKL)/N) |

Olopt = argmin {
" (35)

Following [28], we used 7y = 0.8 for this method.
A.3. Mallows’ C; (MCL)

The MCL method [75,76] replaces the prediction error by Mal-
lows’ statistics C;. This is permissible if the solution is uncon-
strained and the deviation between experimental data and the
theoretical model is only uncorrelated Gaussian noise [28]. MCL
selects o by

Oopt = Argmin {||KP1 — |2 +26Tr(H,) — 2No-2}, (36)

where ¢ is the noise level. In the context of DEER spectroscopy, &
can be estimated from a set of separately stored DEER scans [28].

A.4. Information-theory criteria (AIC, AICC, BIC)

The generalized information criterion (GIC) [77-79] selects o by
maximizing logarithmic likelihood while at the same time penaliz-
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ing an increase in the degrees of freedom (i.e. the complexity) of
the model

2
Olopt = argmin {Nln (M) + 2KTI‘(H1)}7 (37)
o

where the degrees of freedom are approximated by the trace of the
influence matrix [79-81]. The parameter k controls in which way
complexity is penalized: for the Akaike information criterion (AIC)
K =2 [82], for the corrected Akaike information criterion (AICC)
K =2N/(N —Tr(H,) — 1) [83,84] and for the Bayesian information
criterion (BIC) x = In(N) [85].

Appendix B. Bregman iterations

In this section we reintroduce the notation Se, for the experi-
mental and S for the ideal (noiseless) signal to keep things clear.
We now consider Bregman iterations with a generic penalty term
R[LP], the new distribution estimate P,.; at the k-th iteration is
given by the minimization problem in (25). Alternatively, the Breg-
man iteration functional can be written as an update of the input
signal Sy, at every iteration [60]

. (1
Py =arg rp;g{j IKP — Sica > + ocZR[u’]} (38)
the updated input signal is a combination of the original signal Sex,
where the residual of the previous iteration has been added
Sk+1 = Sexp + Vk = Sexp + (Sk - KPk) (39)

with Sy := 0 and Py := 0. The original signal is a combination of the
uncorrupted signal S and the noise 6

Sexp =S+0=KP+3, (40)

where P is the true underlying distance distribution corresponding
to the uncorrupted signal. Now let’s study the behavior and conver-
gence of the Bregman iterations.

B.1. Initial iteration (k = 0)

For the first iteration the residual Vo = Sy — KPy is zero by defi-
nition, thus S; = Sexp — Voo = Sexp. Therefore the first Bregman itera-
tion becomes a standard regularization functional

P, = arg r’plgl{% [[KP — Sexp|* + oczR[LP}}. (41)

If the regularization parameter o? is large enough, the penalty
term will lead to an oversmoothed solution P;, which will thus
not contain any noise. So the noisy time trace is decomposed into
a noiseless component KP; and a residual V; containing all noise as
well as further signal information due to the oversmoothing.

Sexp = KP1 + V4 (42)
or differently written

Vi = Sexp — KP1 = (KP + 6) — KP;. (43)

B.2. Next iteration (k = 1)

The input signal Sy, is updated according to (39) leading to
S2 =51+ Vi =Sexp+ Vi (44)
then inserting (42)
Sy = KP4+ 2V4 (45)
and inserting (43)

S, = KPy +2(KP + 5 — KP;)

~ 46
— KPy + 2K (P — Py) + 25, (40)

where the term (P — P;) represents the unrecovered noiseless sig-
nal, which could not be recovered due to the oversmoothing. Now
in order to compare this result with S; this has to be transformed
to match this expression’s form

S = Sexp = (KPy + V1) = KPy + K(P— Py) + 6. (47)

Now we can compare the two expressions which enter the
functional as the input signal:

Si =KPy +K(P—P;) + (48)

S, = KPy + 2K (P — Py) + 26. (49)

After one Bregman iteration the input signal contains twice as
much of the unrecovered signal and noise. However, when this
new updated input enters the functional

(1 ~
P, — arg rp;g{i IKP — [KPy + 2K (P — Py) + 23] || + acZR[LP]}
(50)

if the regularization parameter o is still large enough, the next esti-
mate P, will again be oversmoothed (hence not containing any
noise) and will inherit components from P; as well as from
(P — Py), thus making P, a better approximation of P [60].

B.3. Convergence

As the number of Bregman iterations increases, the noise will
start to predominate in the input. Therefore, the Bregman itera-
tions method will converge towards the non-regularized solution
[44,60].

KPy oo = KP + 6 = Sexp. (51)

This means that from the set of solutions {P;} there is an optimal
solution P, which will correspond to the best estimate of P. This
optimal solution will be a better solution that it could have ever
obtained by regularization without Bregman iterations (even when
using the optimal regularization parameter).

The optimal solution will correspond to the solution P, for
which

IKPx — Sexpll 2 [IKP — Sesp|| = 0] (52)

This stopping condition is a case of the well-known discrepancy
principle. In the numerical implementation the original distribution
is, of course, not available. However, the standard deviation for the
true solution residual corresponds to the standard deviation of the
noise

0 (KP — Sexp) = G(5). (53)

Hence, the optimality condition can be rewritten such that the opti-
mal solution from a set {P,} is the one whose standard deviation of
the residual matches the standard deviation of the noise.

0 (KPy — Sexp) =~ 0(3). (54)

For DEER, () can be well-approximated by multiple-trace
scans and histogram analysis of the deviation between them.
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Appendix C. Supplementary material

Supplementary data associated with this article can be found, in
the online version, at https://doi.org/10.1016/j.jmr.2019.01.008.
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