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Centre for Advanced Imaging, The University of Queensland, St. Lucia, QLD 4072, Australia

a r t i c l e i n f o
Article history:
Received 23 November 2018
Revised 23 January 2019
Accepted 24 January 2019
Available online 26 January 2019

Keywords:
Nonuniform sampling
Multidimensional NMR
Burst sampling
Clustered sampling
Sampling
Exponentially weighted sampling
Jittered sampling
a b s t r a c t

The grouping of data in bursts, also referred to as clusters, spikes or clumps, is a common phenomenon in
stochastic sampling. There have been several reports that suggest that in NMR, the presence of such
bursts is beneficial to spectral reconstruction where data are sampled nonuniformly. In this work, we
seek to define a mode of sampling that produces bursts of randomly distributed data in a controlled man-
ner. An algorithm is described for achieving this where the burst length and its uniformity is controlled –
we refer to this type of sampling mode as clustered sampling. Measures are introduced for assessing the
‘‘burstiness” of nonuniformly sampled data in multiple dimensions and properties of the point-spread-
function of these schedules are assessed. The clustered sampling method is applied to samples drawn
from an exponentially weighted distribution either distributed randomly or pseudo-randomly by use
of a jittering algorithm. The results reveal that bursts introduce characteristic sampling artifacts that
are shifted to low frequencies (red shifted), with respect to the signal frequency, and that they produce
artifact-reduced regions at frequencies related to the burst length. This observation is contrary to that
observed for sampling methods that seek to evenly distribute NUS data, such as jittered or Poisson sam-
pling. Extensive evaluation of simulated data with comparable inherent sensitivity, reveals that at high
sampling coverage (25% in 1D), the distribution of the data has little impact on common spectral quality
measures. Application of the introduced clustered sampling method to an experimental 3D NOESY exper-
iment showed results consistent with that found for the simulated 1D data. However, in the extremes of
very sparse sampling, the results suggest that there may be some advantages associated with incorpora-
tion of bursts in nonuniform sampling. The tools and theory presented will serve as a starting point to
further explore this novel mode of sampling in NMR.

� 2019 Elsevier Inc. All rights reserved.
1. Introduction

Nonuniform sampling (NUS) in multidimensional NMR is a
powerful method for improving the resolution and sensitivity of
lengthy experiments [1]. The selected sample points are typically
drawn from a probability density function (PDF) that mimics the
signal envelop to improve sensitivity per unit time of data acquisi-
tion [2]. The samples are selected stochastically from this distribu-
tion to minimize coherence that would otherwise result in strong
sampling artifacts (aliasing in the extreme case) [3]. Most recently
NUS has been augmented by various methods to generated
pseudo-random distributions, where the distance between adja-
cent points is controlled by either defining regions of equal proba-
bility, from which samples are selected using jittering (also named
quantile sampling) [4,5] or by imposing constraints on the ‘‘gap”
between samples, e.g. Poisson-gap sampling [6,7]. These pseudo-
random methods have the benefit of producing distributions of
samples that are less sensitive to the random seed used to generate
them, whilst also providing a more uniform coverage of the sample
space. These properties are desirable as they ensure that data sam-
ples are not chosen that have an extreme distribution (i.e. selection
of the first or last ‘‘m” points or every other point).

There have also been efforts to find additional gains in sensitiv-
ity by use of prior knowledge about the signal frequencies. An
implementation of this known as the ‘‘beat matched sampling”
(BMS) method biases the sampling based on the known chemical
shift of the signals [8]. A thorough analysis of BMS, however, found
only modest gains in sensitivity with reduced robustness com-
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pared to selection of samples from a PDF based solely on the signal
decay envelope.

Separate to these efforts, work has been undertaken to identify
NUS distributions that produced spectral reconstructions with the
‘‘best” properties [9]. This work found that ‘‘bursty” distributions
resulted in particularly favorable reconstructed spectra. Since this
study, there have been no systematic evaluation of the effects of
‘‘bursts” as a method of improving spectral qualities from NUS
data. The use of the term ‘‘burst sampling” has however occurred
when discussing augmentation of sine-weighted Poisson gap sam-
pling, triangular backfilling in quantile sampling and also applied
to cases where blocks of time-domain data are acquired for recon-
struction [5,6,10]. In these cases, specific forms of bursts of sam-
ples are used (triangles/sine-burst gap/blocks) without a
systematic evaluation of the consequences of introducing such
bursts.

Here, we wish to explore burst sampling in a more systematic
way. First, the distinction is made that our approach can be viewed
as sampling in clusters – defined as groups of adjacent points with
a defined length along each dimension of a multidimensional
object – where the outcome is ‘‘bursty” data. The distinction is
made as burstiness is a property of the sampling schedule, and
not necessarily a well-defined method of sampling. For example,
the original description of burst sampling in NMR was an observa-
tion that some randomly generated sequences were bursty, but
these were not sampling schedules that had been generated using
a particular algorithm to produce this behaviour. Thus, although
any sampling schedule may be bursty, the clustered sampling
method presented here will generate sampling schedules that have
a bursty appearance by design.

Based on the above, our framework needs to define (i) the
length of each burst and (ii) how many samples to draw from each
burst. This allows us in the first instance to address the question of
(a) what happens to the PSF as the burst length is increased and (b)
how does this gradually break down as we sample nonuniformly
within each burst (reducing the overall burstiness of any particular
schedule). The aim is to provide insights into the consequences of
bursts of NUS samples and explore if any measurable gains can be
achieved. Finally, we will combine our clustered sampling method
in a general way with a weighted random sampling method (expo-
nential random sampling) and a weighted pseudo-random sam-
pling method (jittered sampling).

2. Theory and methods

All of the presented data were generated and processed using
the Rowland NMR toolkit (RNMRTK, available from UConn Health
Centre) unless otherwise stated. The experimental NMR data pre-
sented was measured (by Topspin) using a 300 lM sample of uni-
formly 13C and 15N labelled VST�1 (a 4 kDa potassium channel
inhibitor), recorded as part of a previous study using a cryo-
probe equipped Bruker instrument operating at a 1H frequency of
900 MHz [11].

2.1. The clustered sampling method

The clustered sampling method is here presented using the
previously described one-pass method implemented for NUS in
multidimensional NMR for up to 3 dimensions [4,12]. The theory
of this method has been previously described in detail including
its extension for jittered sampling [4], and will here only be
described in brief. First, an L dimensional grid is created
(Nyquist grid hereafter), with each dimension having Tk points
(along the kth dimension). The total size of the grid (N) is
defined by the product of the number of points along each
dimension:
N ¼
YL

k¼1

Tk ð1Þ

The probability (p(i)) associated with each point (i) on the
Nyquist grid is calculated based on the desired PDF, i.e. exponential
decay for regular NMR acquisition:

p ið Þ ¼
YL

k¼1

e�iplwk=swk ð2Þ

where lwk and swk are the linewidth and spectral window in the kth

dimension, respectively, and the equation may be further aug-
mented to include, for example, J modulation. Then a rank is calcu-
lated for each point r(i) according to:

r ið Þ ¼ x ið Þ1=pðiÞ ð3Þ
where x(i) is a random number between 0 and 1. The rank r(i) is
then sorted in descending order. The number of points, subsampled
from N, is defined as m, where m � N. The top m points represent
random points from the defined exponential distribution – this
approach involves only the sorting (or ranking) of r(i) after the
PDF is defined to generate the requested random samples with
the defined weighting and is therefore referred to as a ‘‘one-pass”
method. When samples are selected from an exponentially decay-
ing PDF according to the ranks of Eq. (3), it is referred to here as
exponential random sampling (ERS).

The algorithm has been adapted for jittered sampling, where
the PDF is divided into equiprobable regions (or quantiles/per-
centiles) [4]. Samples are drawn from each region based on the
rank in Eq. (3). This method is similar to the quantiles method
recently described [5], with the distinction that the regions do
not adhere to rectangular shapes but instead adhere strictly to
being equiprobable by augmenting the shape of the equiprobably
regions on the underlying PDF.

Perhaps, the simplest approach to implementing burst sampling
is to define a region of adjacent points as a ‘‘cluster” of samples
with a geometry defined by the length of the cluster along each
dimension (k), ck, and to use this value to increase the grid spacing
by taking the quotient swk

ck
for each dimension k, and similarly

reducing the number of samples to be drawn by Tk
ck
for each dimen-

sion k. Once the reduced samples are selected from the augmented
grid, the samples are extended to ck for each dimension. This
approach, however, introduces an additional level of order, such
that a cluster can only start at regular intervals. I.e. if two-point
clusters are sought, all clusters will lie on a sub grid that starts with
either even or odd numbered coordinates – depending on how the
grid is initiated.

Thus, an alternative method was developed where each coordi-
nate on the Nyquist grid initiates a cluster of length ck, for each
dimension k. Thus, given a grid of size Tk there will be:

C ¼
YL

k¼1

Tk � ck � 1½ � ð4Þ

clusters to be considered (where C is the total number of clusters).
For each cluster the average rank (Eq. (3)) of all points in that clus-
ter is also computed. The clusters are then sorted based on their
rank, and the top ranked cluster is chosen. Subsequent clusters
are evaluated in order of rank and discarded if they overlap with
existing clusters. The procedure is repeated until all clusters are
evaluated or m points have been selected.

Visually the procedure can be considered as applying a mask of
a given length along the different dimensions. For example, if clus-
tering according to pairs is sought along two dimensions, a 2 � 2
mask is generated, originating from every point where the mask
does not exceed the boundaries of the grid. Geometrically, the
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mask will be a rectangle in 2D and a cube in 3D. The masks will
naturally overlap and overlapping masks are eliminated according
to the above procedure during the selection step.

The described method will allow for schedules according to
Fig. 1B and C to be produced for an arbitrary number of dimensions
and cluster length (ck). To decrease the uniformity of the clusters
the following procedure is implemented where a fraction (f ) of m
is rejected as described.

(1) The value of m is multiplied by the requested fraction f and
rounded to the nearest integer: m0 ¼ m 1þ Q

ck � 1ð Þfð Þ:
(2) After the above selection procedure, m0 points are selected,

the difference betweenm0 andm is calculated and the result-
ing number of samples are removed randomly, D ¼ m0 �m.

When f ¼ 0, no samples are removed and when f ¼ 1, mðck � 1Þ
samples are removed. As an example, if ck ¼ 3 (as in the case in
Fig. 1C), then setting f ¼ 0 has no effect on the selection or cluster-
ing, whilst setting f ¼ 1, results in removing two out of every three
data points selected after step (5) of the algorithm (Fig. 1D). This is
constructed, such that setting f ¼ 1 drives the sampling close to
random sampling (Fig. 1A). It should be noted that even when
f ¼ 1 the samples being rejected are still from a clustered set of
samples and will therefore retain some of the properties of the
original clustered selection. Values of f between 0 and 1 will lin-
early introduce increasing levels of disorder to the clusters.

The following nomenclature is used here for clustered sampling.
The value of ck is used as a superscript before ck and the value of f
is used a subscript to letter ‘‘f ” denoting random rejection. Two-
point clusters are hence indicated by: 2c, and where the clustering
 0

A

B

C

D

 10  20  30  40

Fig. 1. Nonuniformly sampled data with and without bursts (dots are shown where
a sample is taken and omitted where one is not taken). In each case 12 samples are
taken from a grid of 48 samples. The distribution is according to: (A) random
samples, (B) random samples with 2-point bursts, (C) random samples with 3-point
bursts and (D) random samples of 3-point bursts with random rejection.

Fig. 2. B3 burstiness values for undersampled Nyquist grids. In each case, samples were se
is taken, and omitted where one is not taken. In section A), B3 values are shown for five di
calculation of a burst density for a particular sample. The burst mask M, with origin point
density for the sample is B3 jð Þ ¼ 3� 3 ¼ 1. Note that the samples on either end of the b
coherence is reduced through random rejection using a value of
f ¼ 0:5, this is indicated as 2cf0.5.

In order to apply clustered sampling where the data are also
distributed evenly based on the underlying probability density, a
variant of the previously described jittered sampling method is
used here [4]. In this implementation, once the algorithm reaches
the stage of comparing clusters to find overlapping clusters, it will
additionally exclude any clusters that belong to a jittered region
that has previously been sampled (all of the points must belong
to previously sampled regions). It should be noted that in this
implementation, if the number of jitter-regions is set to the num-
ber of clusters specified (m=ck), the dual constraints for rejection
(overlapping clusters and jitter-regions), results in retention of
fewer samples than specified. The constraints can be relaxed by
increasing the number of jittered regions. The factor by which
the number of regions needs to be expanded was empirically
determined (jitter-regions ¼ m=ack, where a is set to 0.8). The
above sampling methods are incorporated into the latest version
of the sched3d software (sched3d6), available via the NMRBox pro-
ject [13].

We also note that the clustering procedure will augment the
PDF. Thus, it is more pertinent to empirically select PDFs that
are, based on a suitable metric, comparable to that of a weighted
PDF with well-defined characteristics [4,6]. This is done here (as
previously [4]) using the following measure of the inherent sensi-
tivity of a sampling schedule:

R0 Kð Þ ¼ N
m

PN
i¼1kipiPN
i¼1pi

ð5Þ

where K is the sampling function, ki has the value 1 for sampled
times and zero for times not sampled and pi is as defined in Eq.
(2). Note that Eq. (5) was adjusted [4] from its original form [14]
to scale for the number samples selected from a pre-defined
Nyquist grid.

2.2. A measure of ‘‘burstiness”

In the above section a method is introduced for generating
‘‘bursty” sampling schedules. The same principle can be used to
define a measure of ‘‘burstiness”. Here we have written an algo-
rithm that uses the above described ‘‘masking” method to search
for multiple adjacent samples.

Sample-wise ‘‘burstiness” is determined by occupancy within a
particular c1 � c2 � � � � � cL, L-orthotope, or ‘‘mask” (M). BMðjÞ– the
burstiness score for a sample j, given a mask M – is the maximum
number of samples that can be contained within a region of shape
and orientationM that also includes j, normalised by the volume of
M (Fig. 2).
lected from a Nyquist grid containing only 5 points; dots are shown where a sample
fferent sampling schedules (i-v). In section B), schedule i) is used to demonstrate the
h1, is indicated in red; the sample density is highest when h1 ¼ 2, and resulting burst
urst, have the same sample-wise ‘‘burstiness” score as the central point.
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As mentioned earlier, there does not appear to be a current con-
sensus as to how many samples, measured at which particular
sampling rate (or with a given sample separation) constitutes a
‘‘burst”. Further, we reasoned that any measure may require per-
dimension weighting when evaluating burstiness for some
higher-dimensionality schedules. (Varying mask dimensions even
allows for burstiness to only be measured for a particular dimen-
sion, by setting ck ¼ 1 for all other dimensions.) Therefore, while
we recommend using a mask with length ck ¼ 3 for each dimen-
sion by default, our measure allows for these parameters to be
adjusted. Given these reasons, any burstiness value determined
using our method should be reported together with the mask
shape – even if our recommended values are used.

Our measure evaluates the ‘‘burstiness” of a sampling schedule,
by calculating the maximum ‘‘burstiness” score for each individual
sample (BMðjÞ) and reporting the mean result:
BM ¼
XJ

j¼1

Bc1�c2�:::�cL ðjÞ
J

¼ BMðjÞ ð6Þ

A more comprehensive description of our burstiness measure is
as follows:

(1) A sampling schedule (1-indexed) is taken as input.
(2) The input schedule is used to create a minimal Nyquist grid

N, containing all points in the schedule and using the sched-
ule’s grid spacing. This is achieved by
(I) determining the dimensionality (L) of the schedule;
(II) constructing an L-dimensional zero matrix,1 which has

Tk ¼ maxðjkÞ points in each dimension;
(III) setting NðjÞ ¼ 1, for each sample co-ordinate j con-

tained in the schedule.
(3) Sample by sample, the region around each point j is exam-

ined to determine a localised value of ‘‘burstiness”:
(I) define an L-dimensional ‘‘burst mask” M, with dimen-

sions c1 � c2 � :::� cL and thus J ¼ QL
k¼1ck elements

(see below);
(II) for each point j in the sampling schedule, perform a

geometric check to evaluate how ‘‘bursty” the schedule
is in each direction (up to ck points away, along each
dimension):
1 Or,
(i) define all possible origin points ðh1;h2;:::; hLÞ for an M-
sized region, which would contain the point j and fall
within the bounds of N:
(1) beginning with ðh1;h2;:::; hLÞ ¼ ðj1 � c1þ
1; j2 � c2 þ 1; :::; jL � cL þ 1; Þ, check all j possi-
ble co-ordinates satisfying hk 2 ½ik � ck þ 1; ik�;

(2) remove any origin points containing ordinate
hk < 0 or hk þ ck > Tk.
(ii) for each remaining origin point, take an M-sized slice
from N;

(iii) calculate a sample density for that particular slice, by
summing all elements and dividing by J.
(III) retain the largest value sample density value as BMðjÞ,
the maximum ‘‘burstiness” of sample point j (for a
given burst mask M).
(4) Determine a mean burstiness value BM ¼ BMðjÞ for the entire
schedule.

The reference implementation of the algorithm was coded in
Rust (http://rust-lang.org). The ndarray (https://github.com/bluss/
ndarray) crate was used to facilitate a more geometric implemen-
as per our implementation, a more computationally-efficient equivalent.
tation for arbitrary values of L for easier debugging, while still
retaining sufficient performance. The implementation is available
via the NMRBox project.

2.3. Peaky – a peak-picking algorithm for the Rowland NMR toolkit

An automated peak picking and model fitting algorithm was
written for the Rowland NMR toolkit, called Peaky. The algorithm
sets a threshold based on the noise level in the spectrum and iden-
tifies local maxima. Adjacent maxima are grouped together. Each
group is then fitted to a mixed Gaussian/Lorentzian lineshape
using a Levenberg-Marquardt non-linear least squares approach
(LM library from MINPACK [15]). The data are fitted to the ampli-
tude, frequency, line-width and a Gaussian/Lorentzian weighting
factor b (three additional parameters per added dimension). The
algorithm further is able to resolve overlapped peaks using the
minimum descriptive length (MDL) criterion previously described
[16]. The algorithm either uses an input noise threshold for peak
picking, or adjusts the threshold for peak picking until a user-
defined number of signals is detected (the algorithm seeks to find
at least half as many as the requested signals, but no more than
twice the requested signals by adjusting the threshold). The algo-
rithm can accept up to 4D data and was tested rigorously in-
house for 1D data. The software is available via NMRBox, where
further details and the test data are available.
3. Results

3.1. Bursts in 1D

The effect of introducing bursts of samples through the above
clustered sampling method was evaluated by generating synthetic
data. First, the behaviour of the PSF was assessed by subsampling
128 data points from a 512 point Nyquist grid (all spectral param-
eters selected as described previously [4]).

A critical aspect of impartial comparison of twomethods of gen-
erating sampling schedules (according to different distributions)
involves ensuring that the relative sensitivity of two sampling
schedules are comparable when performing any assessment. It is
only under these conditions that it is possible to assess whether
the distribution of the data (and not the intrinsic sensitivity of
the sampled data) is responsible for any differences found when
comparing different sampling methods. Here, we will generate
sampling schedules that have a distribution equivalent to that of
the decay envelope produced by a Lorentzian signal with a 10 Hz
linewidth. The one-pass method has previously been shown to pro-
duce distributions that reproduce the exponential weighting of the
PDF, however, methods such as jittered and Poisson-gap sampling
or augmentation by sine-weighting will result in schedules that
have distributions that deviate from the ideal distribution. To
ensure that the schedules generated using the jittering or clustered
sampling methods are of comparable sensitivity, we will compare
the R0 Kð Þ value of these schedules with those obtained when using
the one-pass method noted above [4]. This procedure is performed
empirically on a small set of sampling schedules (1 0 0) prior to
generating the schedules used for the more detailed statistical
analysis (1000 sampling schedules with different random
deviates).

The following sampling methods were evaluated. Random sam-
pling with an exponentially weighted PDF having a decay parame-
ter (T2 = 0.032 s) corresponding to frequency domain signal with a
lw (i.e. full width at half maximum) of 10 Hz (ERS). The clustered
sampling method was used to generate bursts of two and three
adjacent points, the former with random rejection using a value

of f ¼ 0:25;0:5;0:75 (i.e. 2c; 3 c and 2cf 0:25;
2 cf 0:5;

2 cf 0:75 –

http://rust-lang.org
https://github.com/bluss/ndarray
https://github.com/bluss/ndarray
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according to nomenclature introduced in theory and methods sec-
tion). A series of schedules were also generated combining jittered
sampling with an exponentially weighted PDF, focused on bursts of
length = 2 ( 2c; and 2cf 0:25;

2 cf 0:5).
R0(K) was computed for 100 schedules with the parameters

described above. The lw parameter was adjusted for the clustered
sampling methods to arrive at the same R0(K) value as the ERS
schedule to aid comparisons. Table 1 contains statistics regarding
the distribution of data in the sampling schedules generated.

The value of R0(K) is, as expected, constant within the statistical
error, and as previously established there is less seed-dependent
spread of this metric for the jittered methods compared to the ran-
dom sampling methods [4]. The narrow range of various schedule-
statistics for jittered sampling is reduced as random rejection is
introduced in the clustered-sampling methods. Finally, the bursti-
ness measure was evaluated for all 1000 sampling schedules, eval-
uating the measure for burst lengths of 2 and 3. The data show that
random sampling is inherently more bursty than jittered sampling,
and that the random rejection method reduces the burstiness of
the clustered sampling method.

For each of the schedules, a PSF was generated by setting the
values of the data points not sampled to zero, and computing the
DFT. In Fig. 3, representative examples of the PSFs of each sampling
method are displayed in magnitude mode. The general trend is that
the bursts result in increased artifacts near the base of the 0-(Hz)-
Table 1
Summary of statistics describing the distribution of sampling points when using different
achieve the same R0(K) value. Average and median of the sampling coordinates are reported
in the text with burst lengths of 2 and 3 evaluated. The different sampling methods are
exponentially-weighted random sampling, ERS 2c: exponentially-weighted random sampli
length 3, EJS: exponentially-weighted jittered sampling, EJS 2c: exponentially-weighted
sampling in bursts of length 2 with random rejection of half the data (see text for detaile

R0(K) Aev

Av St. dev. Av St.

ERS 1.45 5.2E�02 0.324 1.8E
ERS 2c 1.45 6.3E�02 0.324 2.3E

ERS 2cf 0:25 1.45 5.7E�02 0.324 2.1E

ERS 2cf 0:5 1.45 5.4E�02 0.322 2.0E

ERS 2cf 0:75 1.44 5.0E�02 0.319 1.8E

ERS 3c 1.45 7.6E�02 0.324 2.8E

ERS 3cf 0:25 1.45 5.7E�02 0.320 2.1E

EJS 1.45 5.0E�04 0.324 2.5E
EJS 2c 1.44 3.0E�02 0.325 7.9E

EJS 2cf 0:25 1.45 3.8E�02 0.324 1.2E

EJS 2cf 0:5 1.45 4.4E�02 0.321 1.4E

SRESRE 2c

EJS2cEJS

Fig. 3. Point-spread-function of various nonuniform sampling methods, where the metho
Table 1 heading for details of abbreviations used.
frequency signal, and significantly reduces artifacts at a position in
the PSF related to the burst length. This red-shifted noise is the
opposite of the blue shift seen in PSFs of Poisson-based and jittered
sampling [4,17].

Statistics relating to the distribution of the data in the PSF were
calculated as previously described [4] and are presented in Table 2.
The data show that the amplitude of the highest artifact (in rela-
tionship to the 0-frequency component) increases for burst lengths
of two or three, while introducing the random rejection methods,
effectively counteracts this increase, driving the statistics closer
to random sampling.

3.2. Performance on synthetic data

The Peaky algorithm allows us to interrogate whether the distri-
bution of sampling artifacts is particularly beneficial in spectral
data generated from any of the sampling methods tested here. This
was done by simulating an FID with seven signals with decreasing
amplitudes. The Nyquist grid was constructed using the same
parameters as those described above for the PSF data. All synthetic
peaks were generated by the Lorentz command in RNMRTK. The
most intense signal was defined as having an amplitude of 10,
and each subsequent signal had 0.5 subtracted from their ampli-
tude, providing a range of amplitudes from 10 to 7 (the range
was determined such that the weakest peak would be close to
sampling methods. Note that the exponential weighting parameter (lw) was varied to
as a fraction of the longest evolution time (512). Burstiness is calculated as described
described by the nomenclature introduced in the theory and methods section. ERS:
ng in bursts of length 2, ERS 3c: exponentially-weighted random sampling in bursts of
jittered sampling in bursts of length 2, EJS 2cf 0:5: exponentially-weighted random
d definition).

Mev Burstiness

dev. Av St. dev. B2 B3

�02 0.263 2.4E�02 0.79 0.69
�02 0.265 2.9E�02 1.00 0.80
�02 0.267 2.6E�02 0.92 0.75
�02 0.268 2.4E�02 0.89 0.71
�02 0.271 2.2E�02 0.83 0.70
�02 0.265 3.5E�02 1.00 1.00
�02 0.268 2.5E�02 0.91 0.82

�04 0.258 1.6E�03 0.64 0.54
�03 0.265 1.3E�02 1.00 0.75
�02 0.265 1.8E�02 0.91 0.69
�02 0.262 2.0E�02 0.88 0.69

ERS3c

EJS2c f0.5

d is noted in the top-left corner of each spectrum. See theory and methods section or



Table 2
Summary of statistics related to point-spread-function of sampling methods evaluated. The peak-to-sidelobe ratio (PSR) is reported in each case as well as the distribution of
sampling noise as measured by the mean of the l1-norm (MPSF ) and the variance (rPSF) of this value. See text or Table 1 heading for details of abbreviations used.

PSR MPSF rPSF

Av St. dev. Av St. dev. Av St. dev.

ERS 5.74 0.55 0.51 1.1E�02 0.27 1.1E�02
ERS 2c 5.06 0.53 0.46 1.1E�02 0.32 1.2E�02

ERS 2cf 0:25 5.33 0.54 0.49 1.1E�02 0.28 1.2E�02

ERS 2cf 0:5 5.55 0.57 0.50 1.0E�02 0.27 1.2E�02

ERS 2cf 0:75 5.69 0.55 0.50 1.0E�02 0.27 1.1E�02

ERS 3c 4.42 0.51 0.42 1.1E�02 0.35 1.5E�02

ERS 3cf 0:25 5.29 0.59 0.49 1.1E�02 0.28 1.3E�02

EJS 5.12 0.54 0.52 5.6E�03 0.29 9.7E�03
EJS 2c 4.78 0.50 0.48 6.5E�03 0.34 8.9E�03

EJS 2cf 0:25 5.16 0.53 0.50 8.5E�03 0.29 1.1E�02

EJS 2cf 0:5 5.44 0.55 0.51 9.3E�03 0.28 1.1E�02
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the sampling noise level at the level of NUS investigated). All sig-
nals were modeled with a decay equivalent to a linewidth of
10 Hz (to match the decay in the sampling schedules). The signals
were further not allowed to be closer than 100 Hz of each other, to
avoid confounding issues of overlap. Noise was added to the FID
(with a standard deviation of 1.2), such that the weakest signal
had an S/N of �50 in the DFT of the linearly sampled FID
(512/512). This would ensure that, in the absence of a PSF decon-
volution algorithm (i.e. maximum entropy reconstruction (Max-
Ent), iterative soft thresholding (IST), compressed sensing (CS)
etc.), the DFT of the zero-augmented data (referred to hereafter
as nuDFT) would be dominated by sampling artifacts. To evaluate
the contribution of the sampling artifacts (rather than a spectral
reconstruction algorithm), the nuDFT spectrum was used in the
subsequent peak analysis step.

To also interrogate the variation in the sampling artifacts due to
the distribution of the signals, the frequencies of the signals were
randomly varied for each of the seven signals for each of the
1000 sampling schedules generated above. Although this results
in co-variation of two variables (random seed used to generate
the sampling schedule and frequency of synthetic signals), the size
of the dataset should provide sufficient redundancy to draw mean-
ingful conclusions on the performance of each sampling method.

Peakywas initiated by requesting 14 signals, this ensures that at
least seven signals are identified, these may or may not be the
injected signals depending on the level of interference from the
sampling artifacts. Thus, it is possible to perform an analysis sim-
Table 3
Summary of results from the automated peak picking by Peaky from simulated spectral da
512/512 data points, all other data were generated by sampling 128/512 points. See text
synthetic input signals detected (out of 7). False discovery rate is ratio of the number of art
to detect at least 7 peaks. Frequency error and average linewidths (full width at half max

Recovery rate False discovery rate

Av St. dev. Av

Linear 1 0 0
ERS 9.999E�01 4.5E�03 8.7E�03
ERS 2c 9.990E�01 1.2E�02 1.4E�02

ERS 2cf 0:25 9.997E�01 6.4E�03 8.0E�03

ERS 2cf 0:5 9.996E�01 7.8E�03 8.9E�03

ERS 2cf 0:75 9.999E�01 4.5E�03 5.0E�03

ERS 3c 9.986E�01 1.4E�02 1.8E�02

ERS 3cf 0:25 9.997E�01 6.4E�03 8.0E�03

EJS 9.994E�01 9.0E�03 6.3E�03
EJS 2c 9.997E�01 6.4E�03 9.8E�03

EJS 2cf 0:25 9.999E�01 4.5E�03 8.0E�03

EJS 2cf 0:5 9.999E�01 4.5E�03 6.8E�03
ilar to the previously described iROC approach [18]. Although some
trends can be observed, these are overall all well within the stan-
dard deviation of the data, and in general all methods perform sim-
ilarly at this level of NUS (see Table 3). The linearly sampled data
show the narrowest line width at 11 Hz which can be considered
the maximum attainable when sampling 512 data points on the
constructed Nyquist grid (�2.7 � T2). The other methods are all
exponentially weighted and result in signal broadening since the
missing data are set to ‘‘0” (and not reconstructed). The variation
in linewidth between the different sampling methods are also
within the statistical error of the data.

3.3. Bursts in 2D

In two dimensions, the added degree of freedom greatly
expands the possible arrangement of bursts. Using the algorithm
described it is possible to organize samples as being part of a burst
in one or two dimensions. The burst length may the same or differ-
ent in each dimension. In this section, we explore some of the pos-
sible permutations in 2D by plotting the PSF of a number of 2D
sampling schedules with different geometrical clustering of points,
with and without jittering (see Figs. 4 and 5). In each case 512 sam-
ples are drawn from a 64 � 128 grid (6.25%).

The extension of clustering in 2D to additional dimensions will
follow the same trends and is not further explored here, however,
we note that the software implementation of the algorithm does
allow for up to 3 NUS dimensions.
ta generated using different sampling methods. Linear sampling refers to sampling of
or Table 1 heading for details of abbreviations used. Recovery rate is the fraction of
ifacts identified and the total number of signals detected, at a threshold level required
imum) are also reported (in Hz).

Frequency error [Hz] Average LW [Hz]

St. dev. Av St. dev. Av St. dev.

0 0.09 0.03 11.09 0.11
4.4E�02 0.92 0.31 19.6 2.2
5.6E�02 0.90 0.32 19.4 2.3
3.9E�02 0.89 0.30 19.2 2.1
4.1E�02 0.87 0.31 18.9 2.1
2.9E�02 0.82 0.26 18.2 1.8
6.1E�02 0.92 0.33 19.4 2.5
4.5E�02 0.85 0.29 18.7 1.9

3.2E�02 0.89 0.30 19.3 1.4
4.2E�02 0.90 0.32 19.1 1.8
3.7E�02 0.90 0.31 19.2 2.0
3.8E�02 0.87 0.29 19.0 1.8



1×1c

R
an

do
m

 s
am

pl
in

g
Ji

tte
re

d 
sa

m
pl

in
g

2×1c 4×1c

Fig 4. Point-spread function of different sampling methods evaluated here. The top row shows PSFs derived from sampling distributions where 512 samples are drawn
randomly from a weighted probability-density function spanning a 64 � 128 grid (6.25%). The bottom row shows the corresponding PSFs where the samples are drawn from
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Fig. 5. Point-spread function (PSF) of random sampling with bursts along two dimensions. The left image shows the PSF corresponding to data sampled in bursts of length 4
along each dimension (on the Nyquist grid), and the right images shows the PSF of the same number of samples but where each 4 by 4 burst is sampled nonuniformly. The
corresponding sampling coordinates are shown in the middle column (as indicated by the connecting line).
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3.4. Experimental data

The application of the clustered sampling method to experi-
mental data was investigated using a 15N-NOESY spectrum. The
red shift (to lower frequencies) of the sampling noise should in
principle concentrate the sampling artifacts near the strong diago-
nal peaks, reducing the amount of sampling artifacts near the
much weaker off-diagonal signals. In the first instance, �30%
NUS (748/2500 hyper-complex data points) was applied, where
the data were distributed using a variety of sampling methods,
including different burst behaviour generated by our clustered
sampling method (note that in all cases the R0(K) measure for each
sampling schedule was monitored to maintain the same inherent
sensitivity across all NUS methods compared – this also applies
to all subsequent comparisons involving this dataset). This level
of NUS is conservative and often applied to complex spectra such
as NOESY spectra [19]. In these experiments, the data were recon-
structed using maximum entropy reconstruction using an auto-
mated parameter selection method (SHARP) [20]. The outcome of
this experiment shows that spectral reconstructions of the NUS
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data (at 30% NUS) are nearly indistinguishable from each other,
and indeed the fully sampled data (Fig. 6). This would suggest that
the reconstruction algorithm is very effectively deconvolving the
reconstruction artifacts regardless of their PSFs.

The contribution of the sampling noise can be observed by pro-
ducing the nuDFT spectrum (where the sample points not included
in the sampling list are set to 0). Here, we can clearly see that the
clustering method is having the expected effect of shifting the sam-
pling artifacts away from the off-diagonal signals (Fig. 7), whereas
random sampling results in a more random distribution of these
artifacts.

Given that the MaxEnt reconstruction algorithm effectively
removed the sampling noise for all NUS sampling methods com-
pared in Fig. 6, regardless of the distribution of the sampling, we
sought to increase the level of sampling noise present by reducing
the number of points sampled. This was done gradually from 30%
NUS, and at �6% NUS (152/2500) some clear differences emerge
(Fig. 8).

4. Discussion

Here, we have described a new method for nonuniform sam-
pling of multidimensional NMR data. The purpose of this work
has been to provide a more solid basis for discussion of the effect
of ‘‘bursts” of samples that naturally occur in NUS. A method is pre-
sented that generates ‘‘bursty” NUS data, where the amount of
‘‘burstiness” can be controlled. We refer to this mode of sampling
as clustered sampling, and the length of the bursts can be specified
along each NUS dimension. We have also described a measure of
burstiness, allowing better quantitation of this property in future
studies.

Further, we have conducted an initial evaluation of the proper-
ties of spectral data generated from NUS data containing bursts of
Full
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Fig. 6. Maximum entropy spectral reconstruction of a 3D 15N-NOESY dataset. The two col
to right) of a 4 kDa peptide (VST�1 – BMRB:25568). The two indirectly sampled dimen
different sampling regimes. The sampling method is provided on the image using the nom
indirect 1H dimension (y-axis) were sampled in bursts.
samples. The results show that the presence of bursts leads to
reduced sampling related noise at a frequency away from the cen-
tral signal component, which is related to the length of the burst
(at subharmonic frequencies of the bandwidth). Bursts of length
2, lead to artifact suppression at 1/2 SW, bursts of length 3, lead
to artifact suppression at 1/3 SW, etc.

In the PSF, the zero-frequency component corresponds to the
integral of samples in the time domain having a non-zero value
(i.e. where sampled data points are set to 1 and omitted data set
to 0). Thus, if the number of sampled points (set to 1 in the
time-domain) is kept constant, on a defined Nyquist grid, the
amplitude of the zero-frequency signal will remain constant,
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regardless of the distribution of the samples. Under these condi-
tions, suppression of artifacts (defined as non-zero frequency sig-
nals) in one part of the spectrum naturally leads to increase of
sampling artifacts elsewhere (due to Parceval’s theorem). In the
case of burst sampling these artifacts are shifted to frequencies
near the central (zero-frequency) component of the PSF (red-
shifted noise). It is worth noting that (i) burst sampling can be
viewed as multiplication of a series of box-functions with the
time-domain data and (ii) in the extreme case of one long burst,
the sampling is equivalent to truncation and zerofilling. The out-
come of truncation is very well documented and understood in
the NMR literature, and leads to the familiar artifacts often termed
truncation artifacts or sinc wiggles [21,22]. It is therefore not sur-
prising to see the red-shift of the sampling noise (and the oscilla-
tory behaviour), as this will eventually lead to truncation
artifacts – which perhaps should more generally be considered
red-shifted sampling noise.

We note that the red-shifted sampling noise is in direct contrast
to artifacts that arise when using methods that seek to evenly dis-
tribute the data, which result in blue-shifted sampling noise [4,17].
This led us to explore a potential combination of our clustered
sampling method with a jittered-sampling method, and we find
the effects to be additive, i.e. artifact reduction near the central fre-
quency component due to jittered sampling, and artifact reduction
at a frequency related to the burst length used. This is an interest-
ing outcome as the presence of two regions with reduced artifacts
naturally leads to further increase of artifacts elsewhere (again due
to the conservation of power between domains).

Next, we compared the outcome of our clustered sampling
method to other sampling methods, to explore the consequences
of the presence of bursts. There are, however, currently no mea-
sures of burstiness for NUS in NMR, hampering quantitation. Con-
sidering that the burstiness of sampling schedules has been
discussed in the literature on several occasions, it is somewhat sur-
prising that no measure of this property has been put forward. To
address this, we developed an algorithm that applies a moving
mask with a specified geometry, to assess if a point can be consid-
ered to be in a burst of that size. The occupancy of the mask for
each point is evaluated and an overall burstiness score is reported.

Together with the burstiness measure, a number of other statis-
tics related to the sampling schedules were determined. Firstly, we
ensured that the inherent sensitivity of the sampling schedule (R0

(K)) was kept constant, this allows for an unbiased comparison
of the different methods [4,14,23,24]. We find that random sam-
pling tends to result in more bursty sampling than jittered sam-
pling. This is not surprising considering that the jittering
approach would seek to maximize the distance between adjacent
points (closer to Poisson distribution). The random rejection
method developed to reduce the number of bursts, appears to also
have the intended outcome as measured by our burstiness metric.

The PSF associated with the different sampling schedules was
also produced and statistics relating to these determined. There
are no clear synergies in combining the clustered sampling method
with the jittered sampling method. Statistical studies of the PSF
can be useful but ultimately the performance of these schedules
on FIDs will provide a better indicator of performance. For this pur-
pose, we generated a large dataset of synthetic data, where signals
of varying intensity and frequency were used as input, and the
nuDFT spectrum was evaluated by an automated peak analysis
algorithm to yield peak tables that are suitable for assessing the
performance of the different sampling methods – in analyses sim-
ilar to the described iROC approach [18]. In this study, the sched-
ules and the signal frequencies were varied randomly for
statistical analysis of the output. Interestingly, we find no clear dif-
ferences in any of the measured metrics for any of the compared
methods. There are trends that suggest that the detection rate
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decreases in the presence of bursts, however, conversely the
results show that the linewidths trend towards narrower lines
for these data (so the result might be due to subtle difference in
inherent sensitivity [23]). The most important factor here is likely
the inherent sensitivity of the sampling schedules (R0(K)), and this
is by design constrained to be the same for all methods. Thus, one
interpretation of this outcome is that, at the level of NUS used, the
distribution of the NUS data is not critically important if the inher-
ent sensitivity of the different sampling methods is kept constant.
This conclusion is only valid for cases where a significant propor-
tion of the time domain has been sampled (128/512 samples).
Although, it is tempting to explore how these relationships are
affected by changes in the skew of the sampling (e.g. sine weight-
ing), dimensionality, level of NUS (e.g. 5%, 10%, 15%, 20%, etc.) or
number of synthetic signals and their dynamic range etc., these
studies are beyond the scope of this work and form the basis for
future investigations. To explore the implementation of the clus-
tered sampling method in multiple dimensions, we also explored
a limited number of 2D NUS scenarios, and found that overall,
these follow the same trends as those seen in 1D.

The observation that the presence of bursts in the sampling
schedule results in sampling noise near the signals giving rise to
them, raises the question of whether this mode of sampling may
be of particular benefit when applied to cases where strong diago-
nals may yield strong off-diagonal sampling artifacts that might
obscure weak spectral features. This includes important experi-
ments commonly used in assessing protein structures, such as
NOESY and TOCSY spectra. 3D versions of these experiments are
commonly used in protein structure determination of isotope
labeled samples and are currently the most time-intensive experi-
ments in routine structural studies [25]. Here, we introduced
bursts in the indirect 1H dimension of a 3D (15N)-NOESY-HSQC.
Since we are not concerned with comparing methods of spectral
reconstruction, we simply ensured that the parameter selection,
in the maximum entropy reconstruction method used, allowed
for qualitative comparisons [14,20]. (A more comprehensive com-
parison of reconstruction methods is pursued elsewhere [13] and is
outside the scope of our work.) Although, clear gains in resolution
can be seen when applying NUS compared to truncation of the
data, there is no compelling difference between the different sam-
pling methods at high levels of NUS coverage. This is consistent
with the observation in 1D where, at high levels of NUS the distri-
bution of the NUS data appears to have little effect on the outcome.
Thus, although there are clear differences in the distribution of the
sampling noise (Fig. 7), these are effectively deconvolved by the
reconstruction algorithm [26].

To explore if any differences emerge with reduced levels of NUS,
we monitored the spectral quality as a function of NUS percentage,
comparing our clustered sampling method with time-equivalent
randomly sampled data (again in all cases the inherent sensitivity
is kept constant). Interestingly, it is only at very low levels of NUS
that we start to see clear differences between the two sampling
methods (Fig. 8).

We note that this is well below what is commonly recom-
mended for such complex data and these observations suggest that
any benefits associated with bursty sampling may only prove ben-
eficial in extreme cases of NUS [25]. It is also worth noting that the
compression of the data at 30% NUS corresponds to reducing the
experiment time from �28 h to 8.5 h, and further reduction to 6%
would yield a 3D NOESY dataset in less than 2 h. Although, a very
impressive outcome, in practical terms the additional �7 h of time
savings are unlikely to motivate the NOE losses seen at these low
levels of sampling (Fig. 8). Nevertheless, there are numerous
instances where maximum compression is required, examples
include (i) studies of kinetic processes by multidimensional data
[27], (ii) studies of unstable proteins [20] or (iii) when data is ana-
lyzed during acquisition (e.g. targeted acquisition) [28]. It is under
these circumstances where further exploration of bursts is likely to
prove most beneficial.

5. Conclusions

Here we have described a framework for producing and quanti-
tating random sampling where the data appear in bursts. This
framework will be useful for further exploration of this novel mode
of sampling in multidimensional NMR, and a more solid foundation
for discussing the appearance of bursts as a general phenomenon
in nonuniform sampling. Systematic introduction of bursts of pre-
defined length, produces a characteristic point-spread-function
with red-shifted sampling noise. A systematic analysis of 1D data,
shows that at high levels of sampling coverage (25%), there is no
apparent advantage of introducing bursts when compared to ran-
dom sampling (given that the inherent sensitivity of the sampling
is maintained). The observations in 1D, are extended to 2D using a
limited number of examples. We find that presence of bursts may
have particular benefits when applied to data acquisition of NOESY
type spectra (in particularly in 15N-NOESY data) where the red-
shifted noise, reduces interference of artifacts arising from the
strong diagonal signals with the much weaker off-diagonal cross-
peaks. At a conservative level of under-sampling (30%) there are
no clear advantages observed, however, some improvements are
observed when the number of sampled points is significantly
reduced (6%).
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