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We analyze the gradient echo signal in the presence of blood vessel networks. Both, diffusion and suscep-
tibility effects are analytically emphasized within the Bloch-Torrey equation. Solving this equation, we
present the first exact description of the local magnetization around a single vessel. This allows us to
deduce the gradient echo signal of parallel vessels randomly distributed in a plane, which is valid for arbi-

trary mean vessel diameters in the range of physiological relevant blood volume fractions. Thus, the
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vessel size.

results are potentially relevant for gradient echo measurements of blood vessel networks with arbitrary
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1. Introduction

The signal in magnetic resonance imaging depends on tissue
properties as well as sequence configurations. By varying sequence
parameters as e.g. the echo time, different tissue properties such as
intrinsic relaxation times T, and T, magnetic susceptibility distri-
butions, diffusion coefficients, etc. can be measured. In MRI, usu-
ally monoexponential relaxation times T;,T, and T, are
measured. Hereby, especially the gradient echo relaxation time
T; is sensitive to microstructural changes of the tissue [1]. Thus,
gradient echo sequences are used in functional MRI [2] or suscep-
tibility weighted imaging [3] to analyze blood oxygenation and
susceptibility variations, respectively. Moreover, T;-mapping is
used to quantitatively measure the oxygen extraction fraction in
cerebral vessel networks [4-6]. In such networks, a susceptibility
difference between blood filled vessels and the surrounding tissue
exists. Thus, local magnetic field inhomogeneities occur and the
signal dephases quickly. However, for small capillaries, diffusion
effects of spin-bearing water molecules cannot be neglected since
they experience an averaged Larmor frequency. The signal decay
therefore slows down. Thus, the gradient echo relaxation time T,
depends on the mean vessel size. This effect has been observed
more than twenty years ago [7,8] and is used in several
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applications like vessel size imaging [9,10] or vessel architectural
imaging [11]. However, most application either use the relaxation
time T; of uniformly distributed vessels in the static dephasing
[12] or the motional narrowing limit [13], where diffusion effects
can be ignored or predominate, respectively. Recent numerical
studies found that the MR signal of non-uniformly distributed ves-
sel arrangements significantly deviates from the MR signal decay
of uniformly distributed vessels [14,15], while an analytical
expression for arbitrary diffusion strength in blood vessel networks
was so far only provided for an infinite domain model [16] or in
Krogh’s capillary model [17,18].

In this work, we provide a solution for the gradient echo signal
around parallel vessels uniformly distributed in a plane that is
valid for arbitrary vessel diameters in the range of physiological
relevant blood volume fractions and, thus, is highly relevant for
vessel radius mapping as well as vessel architectural imaging.

2. General theory

We assume K >> 1 randomly arranged, parallel vessels in a large
voxel. Due to the susceptibility difference Ay between blood and
surrounding tissue, local inhomogeneities in the Larmor frequency
o(r) occur around each vessel of the form:

K
w(r) =Y o(r-r) (1)
i-1
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w(r) = SwR? % 2)
where dw = yBoAy sin®(0)/2 is the characteristic frequency of the
dipole field that depends on the gyromagnetic ratio
7~2.675x 10 rads™! T™' and the angle ¢ between vessel direc-
tion and main magnetic field By. The vessel radius is denoted as R
and the positions of the vessels are denoted as r;. The position vec-
tor is measured in polar coordinates r = (r, ¢), e.g. the distance of
the position vector in the cross-sectional plane of the vessel is
denoted as r and the polar angle in the cross-sectional plane of
the vessel is denoted as ¢, see Fig. 1 in [19].

The transverse Cartesian components of the local magnetization
are summarized to the complex-valued local magnetization
m(r, t) = my(r, t) + imy(r, t). The local magnetization then is deter-
mined by the Bloch-Torrey equation [20] that accounts for diffu-
sion and susceptibility effects:

%m(r, t) = [DA — iw(r)Jm(r, t), 3)
where A = 83 +1r19, + r*zaﬁ5 denotes the two-dimensional Laplace
operator and D is the diffusion coefficient. At the initial time point
t=0, the local magnetization takes the constant values
m(r, $,0) = mp. In general, the initial local magnetization mq is
complex-valued which corresponds to a global phase of the initial
magnetization. The vessels are impermeable and, thus, due to the
diffusion part of the Bloch-Torrey equation (3), the local magnetiza-
tion obeys Neumann boundaries at the surface of the cylinders:
3m(r 6,0 =0 4)
or T g '

An analytical treatment of the Bloch-Torrey equation (3) seems to
be cumbersome, since the Larmor frequency is given as a superpo-
sition of the magnetic field inhomogeneities from each vessel. How-
ever, Yablonskiy and Haacke showed in the static dephasing regime,
where diffusion effects are neglected, that the signal M(t) can be
deduced by analyzing the local magnetization m(r, t) around a sin-
gle cylinder (K = 1) [12]:

M(t) = Mpe ® (5)
1 2.[,  m(r,t)
R ©

where M(t = 0) = M is the initial magnetization and # denotes the
regional blood volume fraction, i.e. the ratio of blood volume to total
volume of the examined tissue. Throughout this work, a small blood
volume fraction # < 1 is assumed, which is physiologically moti-
vated [21]. Kiselev and Posse stated that Eq. (6) is in good approx-
imation also valid for non-vanishing diffusion effects [22,23]. In
their work, the local magnetization yielded from the slow diffusion
approximation that is only valid for large vessel diameter.

3. Exact solution

We extend the relaxation function f(t) in the form

1o 2m m(r,t) 9 m(r,t)
f(t)fﬁ/’? drr/0 dqﬁ{l—i——

mo ot my

and claim that this expression is valid in all diffusion regimes since
the added term is zero but guarantees that the integral converges.
Details about the derivation and the validity of Eq. (7) are presented
in Appendix A. Moreover, we analytically solve the Bloch-Torrey
equation to obtain an exact solution of the local magnetization
around a single vessel that is valid for arbitrary vessel diameters,
see Fig. 1. We now focus on the dephasing around a single vessel.

Fig. 1. Local magnetization m(r, t) around a single vessel according to Eq. (15) for
Téw = 4 and dwt = 20. The z-axis shows the amplitude |m(r, t)|, whereas the colors
indicate the phase of the local magnetization (red: arg(m(r,t)) = +m/2, blue:
arg(m(r,t)) = —m/2). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

To analyze the interplay between diffusion and susceptibility
effects, it is convenient to define a diffusion time 7 that describes
the diffusion strength:

RZ
T=—. 8
5 ®)
The local magnetization m(r, ¢,t) around a single vessel for

arbitrary diffusion strengths is governed by the Bloch-Torrey equa-
tion (3) and can be obtained by an expansion ansatz:

m(r,,0) = mo3_cen (4,570 g, 1.0 )
u=0

The Mathieu functions ce;,(¢,itdw/2) for purely imaginary indices
are in detail analyzed in [24]. According to the Bloch-Torrey equa-
tion (3), the radial eigenfunctions g,(r,t) have to fulfill the
equation:

10 P 10 K,
Bagp(n t) :@gu(n t)""?&gp(r’ t) _ngu(rv t)7 (10)

where ki are angular eigenvalues:
i
ke = aa, (5 ‘céw) (11)

and ay, denotes the characteristic values of the Mathieu functions
that depend on the purely imaginary argument itéw/2. For small
values of the parameter Téw < 2.9, all angular eigenvalues k, are
real. With increasing values of the parameter téw, the angular
eigenvalues become pairwise complex conjugated as in detail dis-
cussed in [19]. A solution for g, (r, t) can be obtained using a Laplace
transform with respect to time ¢t

Bu(r,s) = / dte =g, (r,t) (12)
Jo
and a Neumann-Weber transform with respect to radius r [25,26]:
Ju, k2)Yi, (2) = Y, (52, (2)
I'g ’
where ], Y,J', Y’ denotes Bessel functions of the first and second kind

and their derivatives, respectively. Applying these both transforms,
one obtains:

8.(2,5) = /Rx drrg,(r,s) (13)
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_ S (z
gﬂzs)::—Aﬁm—%gélgjéi;, (14)
where A7 are the Fourier coefficients of the Mathieu functions as
given in Eq. (B2) in Appendix B and S/l,k,l (z) denotes Lommel function
derivatives [27]. Details of this calculation are provided in Appendix
B. The original eigenfunction g,(r,t) are yielded by an inverse
Neumann-Weber transform and an inverse Laplace transform.

Finally, the local magnetization m(r, ¢, t) around a single cylin-
drical vessel can be written as:

(;:n(: t ZA (2w C62,¢ <¢ 1T5(,U> (15)

uO

X/%fhmmum<)ngmx%%
o Z Ui, @F +1Y;, @1

L2
e ‘!z[l\"| R

where z,,, are zeros of the first derivative of the Hankel function of
the first kind with Im(z,,) > 0:

(1)

+7IZN# 2uS' 1, (Zw) Hy, (2 )
2 (1)

7z, —k, Hk“ (Zuw)

v=1

H"(z,4) = 0. (16)

ky

The number of zeros N, depends on the parameter Téw and is visu-
alized in Fig. 2. Details about the zeros z,, and their numerical
implementation are given in Appendix C. The zeros z,, are visual-
ized as functions of the parameter téw in Fig. 3.

The relaxation function f(t) can be obtained by putting the local
magnetization from Eq. (15) into Eq. (6):

/ 2 £52 —Lz2
162 | [ dz Sk @112 -]
10=7 V°]XM 2 o @F + Y, @ 1

N (S}, (Z))” [1 - £22, — ]
T
KU, (@ H (Z40)
An implementation of the relaxation function in MATHEMATICA®
[28] is provided as supplementary material. The relaxation function
f(t) exhibits a quadratic behavior for short times as detailed in

Appendix D. Interestingly, the quadratic behavior for short times
is independent of the vessel radius:

= Zwlzh, —
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Fig. 2. The number of zeros N, of the first derivative of the Hankel function as
defined in Eq. (16) in dependence on the parameter té®. The number of zeros N, is
analyzed in detail in Appendix C, see Fig. 7 and Table 1.
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Fig. 3. (a) Real part and (b) imaginary part of the zeros z,,. The zeros exhibit the
symmetry Zzp., = —2,,;,. With increasing values of the parameter téw, the

number of occurring zeros in Eq. (15) increases.
Sw?t?
ft) =~ 7 for dwt <« 1. (18)

This agrees with the short time limit in the static dephasing and
motional narrowing limit (see below) [12,13]. For large values of
Téw > 1, the short time limit is applicable up to dwt ~ 1, for small
values of 16w <1, it is only applicable for very short times swt < 1.
The long time limit of the relaxation function depends on the diffu-
sion regime. In the static dephasing regime, the relaxation function
is linear in time (see Eq. (A13) in [12]), whereas in the motional nar-
rowing regime, the relaxation function shows a f(t) ~ tIn(t) behav-
ior (see Eq. (25) in [13]). The long time behavior is in detail analyzed
in Appendix D. Finally, the relaxation function for long times can be
obtained as:

16tV dzin(z i

FO “1°D, @) (19)

% TZyy [5,1 ey (Z/” )} :|

2

v=1 [ku ukaH (le")H;c )(z#")

274610 ke kol1-7) ik
_ |:A(()0):| |:7:| 072 cot (J)7

Tl [+ kol[T(ko)] 2
where Dy, (z) is defined in Appendix D and } ~ 0.57722 is Euler’s
constant. The first two terms of the relaxation function grow lin-
early in time, the third term depends on the first angular eigenvalue

ko: for T < 2.5, the first angular eigenvalue is smaller than kg < 1
and the third term significantly decreases the relaxation function
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for long times. For 16w > 2.5, the third term is negligible for long
times. Details about the asymptotic behavior of the relaxation func-
tion are provided in Appendix D.

In a gradient echo experiment, relaxation rates R, are often
acquired with a single echo time TE. The determined relaxation
rates R; then depend on the echo time TE and are closely connected
to the relaxation function:

) 1, (M(TE) f(TE)
RZ:_ﬁIH<TO>:”T' (20)

The relaxation rate R; is shown in Fig. 4 as a function of the echo
time TE for different values of the parameter téw. For short times,
the relaxation rate grows linearly with the echo time as given by
Egs. (18) and (20). In Fig. 5, the relaxation rate R; is shown as a func-
tion of the parameter téw and compared with limiting regimes and
simulation data.

L ; ' '
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08 ' 00
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Fig. 4. Relaxation rate R; according to Eqs. (20) and (17) in dependence on the echo
time TE for different diffusion strength. For short times, the relaxation rate
increases linearly as shown in the black dashed line R, = #5w?TE/4. For small
parameter T, this coincidence is restricted to very short times wt < 1. The long
time limit depends on the parameter téw. Numerical simulations shown as squares
coincide very well with theoretical predictions in the solid lines. The static
dephasing limit is obtained from Eq. (22) and shown as black solid line.
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Fig. 5. Relaxation rate R; according to Eq. (20) in dependence on the parameter téw
for a fixed echo time SwTE = 30. The exact line is obtained from Eq. (20) with f(t)
given in Eq. (17), the static dephasing limit from Eq. (22) and the motional
narrowing limit from Eq. (21).

4. Validation

In the motional narrowing limit tdw — 0, the sum over v in Eq.
(17) vanishes since no zeros are present. The first addend in the
infinite sum with y = 0 vanishes as well since S} ;(z) = 0. Finally,
only the addend with i =1 in Eq. (17) contributes to the infinite
sum and one obtains:

4 2 o dzexp(—t2%) +L22 -1
t)~ |=16 — L L , 21
I [nr w} /0 Z L@+ [Yy@) =
which agrees with Eq. (22) in [13].

In the static dephasing regime tdw — oo, the relaxation func-
tion f(t) coincides with the results of Yablonskiy and Haacke [12]:

f(t):1F2<—%;%.,l'—5ajt2>—1, (22)

where F, denotes the extended hypergeometric function as
defined in Egs. (13)-(15) in [29].

The final results agree very well with random walk simulations
as shown in Figs. 4 and 5. Random walk simulations were per-
formed with 10 different vessel configurations per data point of
each time K = 1800 randomly arranged parallel cylindrical vessels.
The volume fraction # = 0.02 was fixed. For each configuration
10,000 random walk trajectories were simulated with a step size

of V2DAt = R/4. Details of the algorithm are presented in [14].

5. Summary and conclusion

The signal evolution around microscopic vessel networks is
characterized by the interplay between magnetic field inhomo-
geneities as well as diffusion effects. Both effects are mathemati-
cally treated with the Bloch-Torrey equation. The Bloch-Torrey
equation is typically analyzed for a linear gradient [20,30], which
is essential for the description of diffusion weighted imaging
[31]. Stoller et al. analyzed the Bloch-Torrey equation for a linear
gradient for unbounded diffusion as well as diffusion between
two boundaries [32]. The Bloch-Torrey equation for a linear gradi-
ent for two- and three-dimensional objects are e.g. analyzed in
[33]. Numerous of mathematical and numerical details of the
Bloch-Torrey equation for a linear gradient were analyzed by
Grebenkov et al., e.g. [34-39]. Besides the linear gradient, there
are only a few object geometries and related Larmor frequencies
for which the Bloch-Torrey equation can analytically be solved
[40-42] as the diffusion in a three-dimensional dipole field on
the surface of a sphere [43]. In this work, the Bloch-Torrey equa-
tion is for the first time exactly solved for unbounded diffusion
around a single vessel that creates a two-dimensional dipole field
as given in Eq. (2). In the contrary, previous works were limited
to the motional narrowing or strong dephasing regime [44-46]
or replaced the diffusion operator by a similar Markov operator
[47-49].

Compared to Krogh's capillary model, where the Bloch-Torrey
equation for a single vessel in a dephasing cylinder is exactly
solved [19], no outer boundaries are assumed in this work. Thus,
the radial eigenvalues become continuous and a Laplace transform
of the radial eigenfunctions is convenient. The resulting inhomoge-
neous modified Bessel differential equation can be solved using a
Neumann-Weber transform with respect to r as previously applied
in [25]. However, in our work, the Bessel indices k, are in general
complex and, thus, one has to consider the Neumann-Weber trans-
form for complex indices. The local magnetization can finally be
obtained in the form of Eq. (15), where a sum over zeros of Hankel
function derivatives occurs. The number of zeros N, depends on
the interplay between diffusion and susceptibility effects, e.g. for
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strong diffusion téw < 5.4, the sum vanishes. With increasing val-
ues of the parameter téw, the number of zeros increases as shown
in Fig. 2, since more and more angular eigenvalues k, become com-
plex valued, see Fig. 7 in Appendix C for details.

The statistical approach of Yablonskiy and Haacke, that relates
the signal evolution around a single vessel with the signal evolu-
tion around randomly arranged parallel vessels, was generalized
to arbitrary diffusion strength, see Eq. (7). For this purpose, a linear
term in time was added compared to the static dephasing limit.
With the operator notation m(r, t) = exp(DtA — iw(r)t)mo that fol-
lows from the Bloch-Torrey equation (3), this linear term is given
as DtA — io(r)t and it becomes clear that the spatial average of this
term vanishes in all diffusion regimes since (w(r)) = 0 and my is
constant. However, this term guarantees that the integral in Eq.
(7) converges properly as shown in Appendix A.

The final expression for the relaxation function f(t) agrees in the
regime of strong diffusion with the results of Sukstanskii and
Yablonskiy [13]. This is remarkable since the original Eq. (6) was
assumed to be valid in the regime of weak diffusion. In general,
the function f(t) behaves in a typical manner, as it grows quadrat-
ically for short times and shows a more complicated growth for
long times: for large vessel diameter, the relaxation function grows
linearly in time, for small vessel diameter, a second term decreases
the relaxation function, whose exponent is determined by the
parameter téw. The relaxation rate R; can be determined by a sin-
gle echo time TE and is closely connected to the relaxation function
f(t) as shown in Eq. (20). The relaxation rate obviously depends on
the echo time TE. A comparison between random walk simulation
and our theory shows a very good agreement for arbitrary vessel
diameters and diffusion strengths, see Figs. 4 and 5.

The results are therefore highly relevant for vessel size imaging,
where so far only the static dephasing regime was used as descrip-
tion of the gradient echo relaxation rate [9,10] and, thus, strong
susceptibility effects were necessary to justify this assumption
(see e.g. Fig. 2 in [50]). However, with a complete description of
the gradient echo relaxation rate, smaller susceptibility effects
allow reaching an optimal sensitivity in the ratio R,/R; in depen-
dence on the vessel size, see e.g. Fig. 3 in [49] or Fig. 6 in [46].

The same argumentation applies for vessel architectural imag-
ing, which has so far only been qualitatively analyzed. However,
with this expression for the gradient echo relaxation rate and an
appropriate expression for the spin echo relaxation rate, a quanti-
tative analysis of vessel architectural imaging might be possible.

In conclusion, we provided an exact solution of the Bloch-
Torrey equation around a single vessel for arbitrary vessel diame-
ters. Generalizing the connection to the static dephasing limit, we
obtained the gradient echo signal around uniformly distributed
parallel vessels for arbitrary diffusion strength.
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Appendix A. Averaging over randomly arranged parallel vessels

The local magnetization around uniformly distributed parallel
vessels is determined by the Bloch-Torrey equation:

0

&m(r, t) = {DA - iiw,(r - r,-)} m(r,t), (A1)

where r; are random positions of the vessels i=1...K. This
equation is formally solved by the operator exponential

m(r,t) = exp (DtA - itiw,(r - ri)> mp. (A2)

i=1

The signal M(t) is then obtained as a superposition of the local mag-
netization over the voxel V excluding the area nV of vessels

K
exp (DtA —it) on(r— r,-)>1
M©) _ < [ ar B > (A3)
MO v-nv V- ’/’V position
and (...)son denotes averaging over the random positions

ry, Iy, ..., rx of the vessels. Since uniformly distributed parallel ves-
sels are assumed, the averaging over the positions can be
performed:

M(t) d’r; e
Vi _g/xu,vv—”lv exp | DtA ity o () |1, (A4)

0 i1

where the expression becomes independent of the position r by
averaging over all vessel positions r; [23]. It is convenient to rewrite
the diffusion operator DA as a sum of local diffusion operators that
only act in the neighborhood of the vessel position. A small volume
fraction # then justifies factorization of the exponential function. In
a physical view, dephasing is treated in analogy to the work of
Yablonskiy and Haacke [12], so that in the static dephasing limit
the influence of the overlapping dipole fields on the magnetization
is correctly described. The diffusion process, however, is only con-
sidered in a neighborhood of the closest capillary. This corresponds
to an approximation in the lowest order of the blood volume frac-
tion #. Thus, the signal can be expressed as the magnetization of
a single vessel to the power of K:

M(t) _ d’r . K
M, { ok V[T = 1] exp(DtA — itay(r))1]| . (AS5)

With the relaxation function f defined in Eq. (6), the signal can be
rewritten in the form:

= [1-to) (86)

In the limit V,K — oo and TR*K/V = y = const., the signal becomes:

M(¢)
My exp(—nf(t)). (A7)

Thus, the signal evolution around randomly distributed parallel ves-
sels is determined by the signal evolution around a single vessel.
The relaxation function f(t) can be found as:

1

=— d’r[1 — exp (DtA — itay(r))]. (A8)
TIR" Jir>r

f©)

A formal power series expansion of the exponential function
reveals:

fo=—— [ &

TR? >R

00 k
DA — iy (r)]t + > DA - iw,(r)]"% . (A9)
k=2 :

Since [DA — iwy(r)] < 2 decreases quadratically with increasing
radii, the convergence of the integral over the sum is obvious. The
integral over the linear term in time [DA — iw(r)]t would in princi-
ple diverge, however, it becomes zero since (w(r)) = 0. To ensure
that the relaxation function converges properly, it is convenient to
subtract the zero-term [DA — iw(r)]t. Rewriting the expression in
terms of the local magnetization, one arrives at Eq. (7).
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Appendix B. Radial eigenfunctions of the local magnetization

We consider the Bloch-Torrey equation around a single vessel.
The local magnetization can be obtained by a separation ansatz
as given in Eq. (9). The angular eigenfunctions are given as Mathieu
functions and the radial eigenfunctions g,(r,t) have to fulfill
Eq. (10). Since the Bloch-Torrey equation has to be solved on an
unbounded domain R < r < oo, the radial eigenvalues are continu-
ous. Thus, it is convenient to apply a Laplace transform in time
domain. Eq. (10) transforms into:

2 K @u
{aﬂa—s—“}gﬂ(r,s)—-z/* (B1)

o[

o2 ror D r?

are given as

1 /2" . TOW
(2u) _
A _27[/0 dd)cezu(dnl 5 > (B2)

Eq. (B1) can be solved by a Neumann-Weber transform as given in
Eq. (13), see also Eq. (2.4.12) on page 27 in [25]. One arrives at:

4 ARY Sy, (2)
—Z g#(z s) = Dg#(z S)+— T —7

where the Fourier coefficients A%

: (B3)

where we used the Lommel integral given in Eq. (5) in section 10.74
on page 350 in [51]. The solution g,(z,s) is given in Eq. (14). The
radial eigenfunctions can be obtained by an inverse Laplace trans-
form with respect to s and an inverse Neumann-Weber transform
with respect to z. The inverse Laplace transform is straight-
forward and yields:

4

S (z
gﬂﬁ=f%%”Lﬂ)€W. (B4)

The inverse Neumann-Weber transform for complex indices k, is
given as:

M) r
Z H (‘Z v)
() = nzszg" i £) D ko)
k uv Hk“ (ZNV)

L GaYL @ - Y G2, @)
+ [ dzgu(z, )z e —,
A ‘ Ui, @F + 1Yy, @)

where z,, are complex zeros of the Hankel function derivative as
defined in Eq. (16). Putting Eqgs. (B4), (B5) and the separation ansatz
given in Eq. (9) together, the local magnetization m(r, ¢,t) can be
obtained as given in Eq. (15).

In Fig. 6, the radial dependence of the local magnetization is
compared with the radial dependence of the local magnetization
in Krogh'’s vessel model [52], where an artificial concentric cylinder
with radius Rp with reflecting boundaries is assumed. The local
magnetization in Krogh’s model was obtained from Egs. (11) and
(20) in [19]. For large radii of the Krogh cylinder (Rp > R), the local
magnetization at the outer boundary is nearly unaffected by the
field inhomogeneity of the vessel (m(r = Rp, ¢,t) ~ my, see blue
line in Fig. 6). In this limit, Krogh’s model and the exact solution
agree very well.

(BS)

Appendix C. Numerical determination of z,,

The local magnetization m(r, ¢, t) as well as the relaxation func-
tion f(t) depend on the zeros z,, as defined in Eq. (16). For the anal-
ysis of the zeros, it is convenient to analyze the indices k, of the
derivative of the Hankel function in dependence on the parameter
téw. For small values of the parameter téw, the angular eigenval-
ues k, are purely real. With increasing values of the parameter
Téw, the angular eigenvalues k, become pairwise complex

1.0{ TR Ze
——R,=60R
— Ry =50 R
£ ——R,=40R
g ——R,=30R
= 05 > =20R ]
£
$=0°
won =4
0.0 : 60)t=l1000
1 10 100

r'R

Fig. 6. Absolute value of the local magnetization |m(r, t)| around a single vessel for
76w =4 and éwt = 1000 (dotted line obtained from Eq. (15)) in comparison with
Krogh’s vessel model (solid lines obtained from Eqgs. (11) and (20) in [19]). In
Krogh’s vessel model, an artificial outer boundary Rp with reflecting boundary
conditions exists [19]. If the local magnetization at this outer boundary is nearly
unaffected by the field inhomogeneity of the vessel (m(r = Rp, ¢, t) ~ mo, see blue
line), Krogh’s model leads to similar results than the exact solution (black line). (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

conjugated. The positions of the angular eigenvalues k, in the
complex plane are visualized in Fig. 7 in a parametric plot for
increasing values of the parameter téw.

The positions of the indices k, determine the number N, of
occurring zeros and are visualized in Fig. 7 by different background
colors: for small values of the parameter téw < 2.9, the indices k,
of the Hankel derivative are purely real for all summation indices u
and, thus, the Hankel derivative exhibits no zeros in the upper part

ky ——K, Ks

T80 = 140 —,

10

Fig. 7. The number of zeros of the first derivative of the Hankel function as defined
in Eq. (16) depends on the position of the angular eigenvalues k, in the complex
plane. For small vessel diameter (téw < 2.9) all Bessel indices k, are real. With
increasing values of the parameter téw, the eigenvalues become pair-wise complex
conjugated. For tém > 2.9, the eigenvalues ko and k; are complex conjugated, for
Téw > 33, the eigenvalues k, and k; become complex conjugated, etc. The number
of zeros Ny, is shown by the background color, i.e. white symbolizes N,, = 0, orange
symbolizes N, = 1, yellow represents N, = 2, etc. Thus, for 5.4 < Téw < 28 zeros
for 4 =0and pu = 1 occur, i.e. Ng = Ny = 1 (see also Fig. 2). With increasing values of
Tdw, the number of zeros increases as well. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)
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of the complex plane, e.g. N, = 0. With increasing values of the
parameter 2.9 < Téw < 5.4, the indices kg, k; become complex con-
jugated. However, the Hankel derivative exhibits no zero in the
upper complex plane as well. In Fig. 7, this corresponds to the sit-
uation, where the red and blue line are complex conjugated but
remain in the white colored area where N, =0. Only for
Téw > 5.4, zeros for =0 and pu=1 exist (No,N; > 0). With
increasing values of 7dw, the number of zeros increases. For
Téw > 33, the indices k, and k; become complex conjugated as
well and for 76w > 51, corresponding zeros z,; and z3; contribute
to the sum in Eq. (15), i.e. N5, N3 > 0.

For numerical determination of the zeros z,, it is advantageous
to use the complex conjugation of the angular eigenvalues
kaoy = kzyﬂ, if ko, is not purely real. Finally, one obtains the sym-
metry of the zeros:

72;;&1‘\” (Cl)

see also Fig. 3.

For numerical implementation of the zeros z,, it is
advantageous to use Table 1 as initial values of the root algorithm.
There, the zeros are approximated as Re(z,,)~ Atéw” and
Im(z,,) ~ Btsw” + C, respectively.

The accuracy of the determined zeros can be evaluated using
the identity:

ZZ/J,\! =

1—%} 1 @) Hi GZ) (2)
25" leu_kZ H,((L)(z,w)
o [ 0l Yo, 2) 1 DY, 0)
o M [ @F+ Y, @F

which needs to be valid for every R < r < co and every index i € No.
Especially for r=R, one finds with Y, (z)j;c“( ) =Ji, (@) ku( )=
—2/[nz] the expression

11<‘ (Zw) 1 2 dz 5/11“(2)
ZZw 2K :fﬁ/ e = ©3)
- 0 b D1+ Y, (2)]
that can also be used to evaluate the numerical accuracy. An imple-

mentation of the relaxation function f(t), the local magnetization

m(r, ¢,t) and the zeros z,, in MATHEMATICA® [28] is provided as
supplementary material.

Appendix D. Asymptotic behavior of the relaxation rate

The relaxation function f(TE) given in Eq. (17) and the relax-
ation rate R} (TE) given in Eq. (20) strongly depend on the echo time
TE. The short time behavior can be obtained by a power expansion
of the exponential functions that reveals:

8 2o 2| o S, @F
e B

n=0

/ 2
A Stk (Zuv)]

+imy — Gt

T2~ K S, (@) H (Z) |

The integral in the first line and the sum in the second line can be
evaluated by using general properties of the Neumann-Weber
transform [53] and one arrives at:

:f%Z[ ] (D2)

We use the identity 247"k}
arrive at:

= itswA" given in Eq. (A.5) in [19] to

242 00
CEEAS 3/ (D3)
n=0

The last sum is equal to 1 as given in Eq. (13) in [19] and one obtains
the final expression presented in Eq. (18).

To analyze the long time behavior of the relaxation function, it
is convenient to focus on the integral in Eq. (17) and perform a par-
tial integration. The upper boundary term obviously vanishes. The
lower boundary term becomes zero as well, where we used Eq.

(A5) in [54] and Eq. (11) in [24] to prove that z;;o[Agzw]zk; =0

Replacing the angular eigenvalues by the characteristic value
according to Eq. (11) leads to the general valid expression:

Z[A 20) az,l< T;”) -0, (D4)

n=0

Table 1
Approximation of the zeros Re(z,,) ~ Atéw* and Im(z,,) ~ Btéw’ + C. The zeros occur for T6®w > T6min. Zeros with odd index u can be obtained from Eq. (C1).
u=0 Zo1 Z02 203 Zoa Zo5
TOWnmin 5.4 28 70 128 203
A -0.625 -0.376 -0.233 -0.129 -0.116
o 0.513 0.578 0.642 0.724 0.723
B 0.628 0.301 0.146 0.0814 0.0923
B 0.505 0.580 0.658 0.717 0.678
C -1.624 -2.322 —2.476 —2.680 -3.429
n=2 2 Zn 223
TOWnmin 51 140 214
A -0.756 —0.409 —0.260
o 0.482 0.563 0.620
B 0.788 0.551 0.537
B 0.476 0.500 0.485
C -5.230 —6.267 -7.263
u=4 Zy
TOWnmin 135
A —-1.121
o 0.422
B 0.946
B 0.431
C -5.114
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which agrees with Eqgs. (21) and (22) in [41]. Finally, one arrives at:

o= [l

—e® /ot
2—2_E1<_ 77 ) +21In(z) | Dy, (2),

(D5)
where
d 1S4, @)
D (2) =, % (D6)
Ui, @ + (Y, (@)
The integrand in Eq. (D5) can be approximated as:
tl-e® _ [/ t,
?T—El(—%z)Jern(z) .
1-9-In(t) forz?L<exp(l-7) (b7)
21n(z) for 2L > exp(1-7).

Using this approximation, the relaxation function can be obtained
as:

f(t)zjr—?% Omdzln(z)io[Aézmer# @) (08)
=
ot “ ;[Aé”)]zl?ku @1-5-m(12)]

It is convenient to analyze the second term in more detail. There-
fore, one needs the asymptotic behavior of Dy, (z) for small values
of the parameter z:

2k’ kN d Ji, @)
_ K SR 2T
5 cot< 5 ) &Y, 2 (D9)
73 ki cot ("Tk“)
45 (k)P + Ky

Putting this approximation into Eq. (D8) and solving the integral,
one finds:

Q

Dy, (2)

22, (D10)
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Fig. 8. Comparison of the exact relaxation rate R; obtained from Egs. (20) and (17)
(solid lines) with its short (dotted line) and long time approximations (dashed lines)
given in Egs. (18) and (19) for different values of the parameter téw. For 16w > 2.5,
the first angular eigenvalue ko is greater than 1 and, thus, the relaxation rate is
constant for long times and the according long time approximation increases for
shorter echo times.

1072 10

f(t)::r—?%/m
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[1+kd [T(ku)]

(D11)

=

=0

Since the angular eigenvalues k, are ordered, i.e. ko < ki <k, < ...,
the long time behavior is completely determined by the addend in
the sum with ¢ =0 and one finally arrives at Eq. (19). For ko > 1
that corresponds to téw > 2.5, the second term does not contribute
to the long time behavior and the relaxation function increases lin-
early. The relaxation rate R; is compared in Fig. 8 with its asymp-
totic expressions for short and long times.
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