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Magnetic resonance imaging of lung tissue is strongly influenced by susceptibility effects between spin-
bearing water molecules and air-filled alveoli. The measured lineshape, however, also depends on the
interplay between susceptibility effects and blood-flow around alveoli that can be approximated as
pseudo-diffusion. Both effects are quantitatively described by the Bloch-Torrey-equation, which was so
far only solved for dephasing on the alveolar surface. In this work, we extend this model to the whole
range of physiological relevant air volume fractions. The results agree very well with in vivo measure-
ments in human lung tissue.

� 2018 Elsevier Inc. All rights reserved.
1. Introduction

Clinical imaging of lung tissue is typically performed with com-
puted tomography since magnetic resonance imaging has several
drawbacks: first, due to the high air volume fraction, less water
molecules contribute to the signal resulting in a low signal-to-
noise ratio. Second, the susceptibility effects on the air-tissue
boundaries cause a fast signal decay. However, MR imaging of lung
tissue continuously improves due to better MR hardware and
sophisticated pulse sequences with, e.g., very short echo times [1].

A main advantage of magnetic resonance imaging of lung tissue
is the possibility to assess microstructural tissue parameters such
as the mean alveolar size. The most common MRI technique to
obtain microstructural parameters uses MR imaging of inhaled
hyperpolarized gases [2,3]. Information on the microstructure
can then be extracted using analytical models or numerical simu-
lations. This approach specifically allows analyzing the respiratory
tract: parameters like the lung airway size and lung branching
structure [4], as well as the apparent diffusion coefficient of the
gas [5] and apparent diffusion kurtosis maps [6] can be obtained.
However, it is challenging to embed MR imaging with hyperpolar-
ized gases into clinical routine since the production and applica-
tion of hyperpolarized gas needs technical expertise.
Another approach to assess the lung microstructure is to
directly analyze the free induction decay of the water signal. While
the lineshape in most other organs is narrow and Lorentzian-
shaped, lung tissue features a broad and asymmetric lineshape
[7]. An analysis of the lineshape can therefore reveal microscopic
changes of lung tissue [8]. To obtain microstructural parameters
from measured lineshapes, it is necessary to understand the signal
formation in lung tissue.

Lung tissue consists of very densely packed alveoli that are sur-
rounded by highly vascularized tissue, see Fig. 1(a) and (b). In an
external magnetic field B0, the susceptibility difference Dv
between the air in the spherically-shaped alveoli and the sur-
rounding tissue causes magnetic dipole field inhomogeneities in
the form of three-dimensional dipole fields [10]:

xdipole r; hð Þ ¼ dxR3
A
3 cos2 hð Þ � 1

r3
¼ dxR3

A
2P2 cos hð Þð Þ

r3
; ð1Þ

where

dx ¼ cB0
Dv
3

ð2Þ

denotes the dipole field strength and c is the gyromagnetic ratio.
The polar angle between the external magnetic field and the posi-
tion vector is denoted as h as visualized in Fig. 1(c). The radius of
the alveoli is denoted as RA, and P2 xð Þ ¼ 3x2=2� 1=2 is the Legendre
polynomial with index 2. In general, spin-bearing particles experi-
ence a local Larmor frequency that depends on the geometrical
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Fig. 1. Geometrical model of lung microstructure. The signal of the MR image (a)
stems from the shown imaging voxel. Inside this voxel, the microscopic architecture
of lung alveoli is visualized in (b) (lCT image from healthy mouse tissue; adapted
from [9]) with field of view of 325lm� 325lm� 162:5lm. A single alveolus is
modelled as an air-filled sphere with radius RA surrounded by a concentric sphere
with radius RP (c). Pseudo-diffusion effects (yellow arrows) as well as diffusion
effects (red arrows) occur in the interstitial tissue surrounding the alveolus (d). (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
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arrangements of all surrounding alveoli [11]. However, since the
alveoli are densely packed in lung tissue, the contribution of outer
alveoli is small since the average over the angular dependence of
the three-dimensional dipole field is zero. Thus, only a single alve-
olus needs to be considered, as numerically demonstrated in [9].

Therefore, we only consider the signal evolution of the local
magnetization around a single alveolus in the range RA 6 r 6 RP

and 0 6 h < p between the inner alveolar radius RA and outer peri-
alveolar radius RP, see Fig. 1(c). The mean ratio of the inner alveolar
radii and outer perialveolar radii is connected to the mean air vol-
ume fraction g:

g ¼ R3
A

R3
P

: ð3Þ

It is advantageous to analyze the MR signal in dependence of
the mean air volume fraction g, since it is macroscopically accessi-
ble, whereas the inner alveolar and the outer perialveolar radius
show some variability in lung tissue. This model is well-
established and is discussed in detail e.g. in [12–15].

In analogy to the intravoxel incoherent motion (IVIM), the
blood flow in the microscopic capillaries around the alveoli can
be considered as pseudo-diffusion [16]. Thus, the signal evolution
is not only influenced by the susceptibility effects but also depends
on diffusion and pseudo-diffusion of spin-bearing particles around
the alveoli. Both effects are considered in the Bloch-Torrey-
equation [17]. For the given form of the three-dimensional dipole
field in Eq. (1), the Bloch-Torrey-equation could not yet be solved
exactly; thus, approximative approaches had to be applied [18–
20]. The alveolar surface model was introduced to allow an analyt-
ical treatment of both susceptibility and diffusion effects. In this
model, the limit of large air volume fractions is assumed. Thus,
spin-bearing molecules are mainly located on the surface of a
spherical alveolus r � RA, and the local Larmor frequency is given
as:

xsurface hð Þ ¼ dx 3 cos2 hð Þ � 1
� �

: ð4Þ
This alveolar surface model has been analyzed extensively in

[9], since this model allows an analytical solution of the Bloch-
Torrey-equation.

In this work, we extend the alveolar surface model towards
smaller air volume fractions with an improved approximation of
the local Larmor frequency:

x r; hð Þ � dxR2
A
3 cos2 hð Þ � 1

r2
; ð5Þ

for spin dephasing around an alveolus. This approximation is a nat-
ural improvement of the alveolar surface model. Specifically, the
Larmor frequency of spin-bearing particles, that are not located
on the surface of the alveoli, is much better described than in the
alveolar surface model. In addition, this description also allows us
to exactly solve the Bloch-Torrey equation and, thus, both free
induction decay and corresponding lineshape can be obtained in
dependence on microstructural parameters. Measurements of the
MR signal and fitting routines then allow an estimation of these
pathologically relevant parameters.

2. Material and methods

2.1. Pseudo-diffusion

The local magnetizationm r; tð Þ is not only influenced by suscep-
tibility effects, but also depends on motion effects of water mole-
cules in the surrounding tissue. Especially the blood flow in
capillaries around the alveoli shows no directional dependence
(see Fig. 1(d)) and, thus, can be considered as pseudo-diffusion.
This so-called intravoxel incoherent motion (IVIM) model is well-
established in diffusion weighted imaging [16,21] and has also
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been applied to lung MRI [22]. Pseudo-diffusion effects in lung MRI
are also analyzed in [7,22]. While the classical IVIM concept con-
siders the signal evolution for a Pulsed Field Gradient Spin Echo
experiment, initially introduced by Stejskal and Tanner [23], the
present scenario focuses on the simple free induction decay follow-
ing an initial excitation pulse without any refocusing element.
Thus, the strict distinction between coherent and incoherent
dephasing effects becomes less important as no refocusing pulse
is used. As the capillary vessels are more or less randomly dis-
tributed on the surface of the alveoli, an effective averaging process
over all gradients and directions in the local off-resonance field is
given. These circumstances allow replacing the ordinary diffusion
process around an alveolus by a pseudo-diffusion process with
an increased diffusion coefficient D�, that considers the influence
of perfusion on the free induction decay:

D� ¼ Dþ Lv
6

; ð6Þ

where D denotes the diffusion coefficient, L is the mean capillary
length (see Eq. (3) in [21]) and v the mean blood velocity in the cap-
illaries. A rough approximation with D � 1 lm2=ms, mean capillary
length L � RA � 100 lm in the order of the alveolar radius, and a
capillary flow velocity v � 2 lm=ms [21,24] show that the
pseudo-diffusion coefficient is dominated by blood flow contribu-
tions in the order of D� � 35 lm2=ms. To quantify the diffusion
strength, it is convenient to introduce a pseudo-diffusion time:

s ¼ R2
A

D� ; ð7Þ

which is therefore in the order of s � 300 ms.

2.2. Time evolution of the magnetization

At the initial time point t ¼ 0, the local magnetization is flipped
into the transversal plane

m r; t ¼ 0ð Þ ¼ m0 ¼ const: ð8Þ
The local magnetization m r; tð Þ ¼ mx r; tð Þ þ imy r; tð Þ is then

influenced by both susceptibility and diffusion effects. The time
evolution of the local magnetization around an alveolus is gov-
erned by the Bloch-Torrey-equation [17]:

@

@t
m r; tð Þ ¼ D�D� ix rð Þ½ �m r; tð Þ; ð9Þ

where the Laplace operator D in spherical coordinates is given as:

D ¼ Dr þ 1
r2

Dh ð10Þ

Dr ¼ @2

@r2
þ 2

r
@

@r
ð11Þ

Dh ¼ 1
sin hð Þ cos hð Þ @

@h
þ sin hð Þ @2

@h2

" #
: ð12Þ

With the substitution
n ¼ cos hð Þ ð13Þ
the Laplace operator can be written in the form

D ¼ Dr þ 1
r2

Dn ð14Þ

Dn ¼ 1� n2
� � @2

@n2
� 2n

@

@n
: ð15Þ

The local magnetization obeys reflecting boundary conditions
on both, the inner alveolar radius and the outer perialveolar radius:

@m r; h; tð Þ
@r

����
r¼RA

¼ 0 ¼ @m r; h; tð Þ
@r

����
r¼RP

: ð16Þ
The local magnetization cannot be directly measured since the
voxel size in MRI is much larger than the typical alveolar diameter
in lung tissue. Instead, the measurable total magnetization M tð Þ is
a superposition of the local magnetization m r; tð Þ over the dephas-
ing volume V:

M tð Þ ¼
Z
V
d3rm r; tð Þ ð17Þ

¼
Z RP

RA

drr2
Z p

0
dh sin hð Þ

Z 2p

0
d/m r; h; tð Þ: ð18Þ

The initial total magnetizationM0 ¼ M 0ð Þ depends on the initial
local magnetization m0 and the voxel size:

M0 ¼ M 0ð Þ ¼ m0
4
3
p R3

P � R3
A

h i
: ð19Þ

To obtain an analytical expression for the magnetization, the
Bloch-Torrey-equation in the extended alveolar surface model is
solved with a separation ansatz in analogy to Eq. (6) in [25] or
Eq. (6) in [26]:

m r; tð Þ ¼ m r; h; tð Þ ¼ m0

X1
m¼0

X1
n¼1

cnmRnm rð ÞHm hð Þe�j2
nm

t
s: ð20Þ

In the following two subsections, the polar eigenfunctions
Hm hð Þ and the radial eigenfunction Rnm rð Þ, as well as the respective
eigenvalues jnm, and expansion coefficients cnm will be analyzed.

2.3. Polar eigensystem

The separation of the polar part Hm hð Þ leads to an ordinary dif-
ferential equation:

Dh � isdx 3 cos2 hð Þ � 1
� �� �

Hm hð Þ ¼ km km þ 1½ �Hm hð Þ; ð21Þ
with the separation constants km km þ 1½ �. With the abbreviation
n ¼ cos hð Þ, this equation transforms into a spheroidal differential
equation [27]:

Dn þ km km þ 1½ � � 2isdx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
�k2m;0

1þi
2

ffiffiffiffiffiffiffiffi
6sdx

pð Þ
þ3isdx 1� n2

� �
2
664

3
775Hm nð Þ ¼ 0; ð22Þ

where k2m;0 are the so-called spheroidal eigenvalues, which, in this

special case, depend on the complex value
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3isdx

p
¼ 1þi

2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
. The

dependence of the complex eigenvalues k2m;0 on the purely real
parameter sdx is visualized in Fig. 6 in [9]. Due to the symmetry
of the dipole field x r; hð Þ ¼ x r;p� hð Þ given in Eq. (5) and the sym-
metry of the spheroidal eigenfunctions

PSl;0 cos hð Þð Þ ¼ �1½ �lPSl;0 cos p� hð Þð Þ, only the spheroidal eigenfunc-
tions and eigenvalues with even indices 2m contribute to the polar
eigenvalues and polar eigenfunctions:

km ¼ �1
2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þ 2isdxþ k2m;0

1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p� �s
ð23Þ

Hm hð Þ ¼ PS2m;0
1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
; cos hð Þ

� �
; ð24Þ

where PS2m;0
1þi
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
; cos hð Þ

	 

are spheroidal eigenfunctions and

k2m;0
1þi
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p	 

the corresponding eigenvalues. The underbraced

term in Eq. (22) yields a quadratic equation for the polar eigenval-
ues km, which in general exhibits two solutions with different signs
in front of the square root in Eq. (23). In the following analysis, the
polar values will become indices of the radial eigenfunctions, which
are linear combinations of spherical Bessel functions (see next sub-
section). Due to general properties of the linear combination of



Fig. 3. Determination of the radial eigenvalues jnm as intersection of
Re gkm jð Þ� � ¼ 0 (blue lines) and Im gkm jð Þ� � ¼ 0 (red lines) in the complex j-plane
(shown form ¼ 0;g ¼ 0:4; sdx ¼ 20, corresponding to k0;0 1þ i½ �

ffiffiffiffiffiffi
30

p	 

¼ 4:71157�

54:4997i and k0 ¼ 2:68486� 2:27635i). (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this
article.)
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spherical Bessel functions, given in Eq. (83) in [28], both solutions
(with different signs in front of the square root in Eq. (23)) lead to
the same radial eigenfunctions and, according to Eq. (79) in [28],
to the same radial eigenvalues. Therefore, both solutions are lin-
early dependent and it is sufficient to focus on the solution given
in Eq. (23). In the limit sdx! 0, that corresponds to the
motional-narrowing-regime, the spheroidal differential Eq. (22)
becomes a Legendre differential equation and the polar eigenvalues
become even numbers limsdx!0km ¼ 2m by choosing the appropri-
ate solution of the quadratic equation determined by the under-
braced term in Eq. (22). Spheroidal eigenvalues and
eigenfunctions for complex parameters are analyzed in detail in
[27,29–32]. Fig. 2 shows the polar eigenvalues km in dependence
on the parameter sdx.

2.4. Radial eigensystem

The radial part of the separation ansatz given in Eq. (20) yields a
spherical Bessel differential equation for the radial eigenfunctions
Rnm rð Þ and the radial eigenvalues jnm:

r2 Dr þ j2
nm

R2
A

" #
Rnm rð Þ ¼ km km þ 1½ �Rnm rð Þ: ð25Þ

The radial eigenfunctions are a linear combination of spherical
Bessel functions of the first and second kind jkm ; ykm :

Rnm rð Þ ¼ y0km jnmð Þjkm jnm
r
RA

� �
� j0km jnmð Þykm jnm

r
RA

� �
: ð26Þ
Fig. 2. Real part (a) and imaginary part (b) of the polar eigenvalues km in
dependence on the parameter sdx, obtained from Eq. (23).
Evidently, these eigenfunctions obey the reflecting boundary
conditions on the surface of the alveolus (see left hand side of
Eq. (16)). The radial eigenvalues jnm are determined by the reflect-
ing boundary condition on the outer perialveolar surface:

gkm jnmð Þ ¼ 0 ð27Þ

gkm jð Þ � y0km jð Þj0km
jffiffiffig3
p
� �

� j0km jð Þy0km
jffiffiffig3
p
� �

: ð28Þ

It is obvious from Eq. (79) in [28] that the other solution of the
quadratic equation of the angular eigenvalues km given by Eq. (22)
would lead to the same radial eigenvalues jnm. To obtain the radial
eigenvalues jnm, the function gkm jð Þ will be analyzed in the com-
plex j-plane (see Fig. 3). For every complex-valued index km, the
eigenvalues jnm can be obtained as intersections between curves
with Re gkm jð Þ� � ¼ 0 and Im gkm jð Þ� � ¼ 0. To obtain the eigenvalues
jnm numerically, it is advantageous to consider a discretized ver-
sion of the spherical Bessel differential equation as analyzed in
Appendix B. The radial eigenvalues jnm are shown in Fig. 4 in
dependence on the parameter sdx. The expansion coefficients
cnm are necessary to compute the local magnetization m r; h; tð Þ.
They can be obtained by utilizing the local magnetization given
in Eq. (20) at the initial time point t ¼ 0 as detailed in Appendix
A. They are given as:

cnm ¼ 4mþ 1½ � �1½ �m

� Mnm

Nnm
PS2m;0

1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
;0

� �
S 1ð Þ
2m;0

1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
;1

� �
; ð29Þ

where Mnm and Nnm are defined in Appendix A and S 1ð Þ
2m;0 denotes a

radial prolate spheroidal function of the first kind. The expansion
coefficients cnm are visualized in Fig. 5 in dependence on the param-
eter sdx. Finally, the local magnetizationm r; h; tð Þ can be calculated
according to Eq. (20).

3. Results

3.1. Total magnetization

As given in Eq. (17), the total magnetization M tð Þ is a superpo-
sition of the local magnetization m r; tð Þ:

M tð Þ ¼ M0

X1
n¼1

X1
m¼0

dnme�j
2
nm

t
s ð30Þ



Fig. 4. Real part (a,c) and imaginary part (b,d) of the radial eigenvalues jnm in dependence of the parameter sdx obtained from Eq. (27) for g ¼ 0:4. (a,b) The dashed lines
show the limit for g ! 1 from Eq. (36). The dotted lines show the approximations from Eq. (35).

Fig. 5. Real part (a) and imaginary part (b) of the expansion coefficients cnm in
dependence of the parameter sdx obtained from Eq. (29) for g ¼ 0:4.
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with the expansion coefficients dnm:

dnm ¼ 3g
1� g

c2nmNnm

4mþ 1
¼ 3g

1� g
M2

nm

Nnm
4mþ 1½ �

� PS2m;0
1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
;0

� �
S 1ð Þ
2m;0

1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
;1

� �
 �2
; ð31Þ

where Nnm and Mnm are given in Appendix A in Eqs. (A4) and (A8).
Evaluating the total magnetization in Eq. (30) at t ¼ 0, the coeffi-
cients dnm exhibit the relation

X1
n¼1

X1
m¼0

dnm ¼ 1; ð32Þ

which can be used to estimate the number of required coefficients for
sufficient numerical accuracy. The total magnetization only depends
on the coefficients dnm and the radial eigenvalues jnm, that are
defined by Eq. (27), and can be numerically calculated as shown in
Appendix B.

3.2. Large air volume fraction

For large air volume fractions g ! 1, the coefficients dnm

become

lim
g!1

dnm ¼ d1n 4mþ1½ � PS2m;0
1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
;0

� �
S 1ð Þ
2m;0

1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
;1

� �
 �2
;

ð33Þ
where we used the limit

lim
g!1

3g
1� g

M2
nm

Nnm
¼ dn1 for all m: ð34Þ

The coefficients d1m corresponds to the expansion coefficients in
Eq. (21) in [9]. The coefficients dnm are shown in Fig. 6 for large air
volume fractions g in dependence on the parameter sdx.



Fig. 6. Real part (a) and imaginary part (b) of the expansion coefficients dnm in
dependence of the parameter sdx obtained from Eq. (31) for g ¼ 0:4. The dotted
line shows the approximation from Eq. (33). According to Eq. (32), the sum of all the
real part of the coefficients dnm takes the value of 1 for all possible parameters of
sdx, whereas the sum of the imaginary parts vanishes.
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The eigenvalues j1m for large air volume fractions can be
obtained from Eq. (90) in [28] or Eq. (34) in [33]:

j1m �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
km 1þkm½ �

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�g�1

3 þ2
3

1�g�1
3

h i2
þ1
3

1�g�1
3

h i3
þ 1

9
�km

1þkm
30


 �
1�g�1

3

h i4s
:

ð35Þ

In the limit g! 1, the eigenvalues j2
1m coincide with the eigenval-

ues given in Eq. (19) in [9]:

j1m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
km km þ 1½ �

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2m;0

1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p� �
þ 2isdx

s
: ð36Þ

The eigenvalues j1m and their limits for large g are shown in Fig. 4
in dependence on the parameter sdx. Thus, the magnetization M tð Þ
can be obtained for large air volume fractions g as:

M tð Þ ¼ M0

X1
m¼0

d1me�j
2
1m

t
s: ð37Þ

3.3. Lineshape

In the limit of static dephasing, the lineshape p xð Þ gives the
probability of finding a specific Larmor frequency x inside a voxel.
Usually, this lineshape is obtained from a histogram analysis of the
Larmor frequency and, thus, is obviously purely real (see chapter 6
in [34]). However, in the presence of diffusion, the lineshape repre-
sents the Fourier transform of the free induction decay:

p xð Þ ¼ 1
2p

Z þ1

�1

M tð Þ
M0

eþixtdt: ð38Þ
In general, this lineshape is not necessarily real but exhibits an
imaginary part known as dispersion. In MR spectroscopy, however,
the lineshape is typically phased, which means that real and imag-
inary part of the lineshape are combined to a purely real lineshape,
see e.g. Chapter 3 in [35] or [36]. These phased lineshapes agree
with purely real lineshapes that assume the time symmetry
M �tð Þ ¼ M� tð Þ for negative times:

p xð Þ ¼ 1
p

Z 1

0
dtRe eixt M tð Þ

M0

� �
: ð39Þ

It is therefore advantageous to consider only the purely real line-
shape, since the magnetization decay exhibits real and imaginary
parts corresponding to the transverse components Re M tð Þð Þ ¼
Mx tð Þ and Im M tð Þð Þ ¼ My tð Þ. The magnetization can be obtained as
the inverse Fourier transform of the lineshape:

M tð Þ
M0

¼
Z þ1

�1
p xð Þe�ixtdx: ð40Þ

Applying Eq. (39) to the total magnetization, given in Eq. (30),
the lineshape can be obtained as:

p xð Þ ¼ s
p
X1
n¼1

X1
m¼0

Re
dnm

j2
nm � isx

� �
ð41Þ

¼ s
p
X1
n¼1

X1
m¼0

Re dnmj2�
nm

� �� sxIm dnmð Þ
jjnmj4 � 2sxIm j2

nm

� �þ sx½ �2
: ð42Þ

In the static dephasing limit, where diffusion is neglected, the
lineshape in the extended alveolar surface model is given as:

pSD xð Þ ¼ g
1� g

3
ffiffiffi
3

p

16
dx
x2 1� 2

3
x
dx


 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x

dx

r
þ f

x
dx

	 
" #
; ð43Þ

where the function f x=dxð Þ can be found as:

f
x
dx

	 

¼

ffiffiffiffiffiffiffiffiffi
� dx

x

q
p
2 � arcsin

ffiffiffiffiffiffiffiffiffi� x
dx

p� �� �
for �1 6 x

dx 6 �g2
3

1
g

2
3

x
dx� 1ffiffi

g3
p

h i ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ g�2

3 x
dx

q
for �g2

3 6 x
dx 6 2g2

3

þ
ffiffiffiffiffi
dx
x

q
ln

g�
1
3þ

ffiffiffiffiffiffiffiffiffiffiffiffi
g�

2
3þdx

x

q
1þ

ffiffiffiffiffiffiffiffi
1þdx

x

p
0
@

1
A

ffiffiffiffiffi
dx
x

q ffiffi
6

p
3 þ ln

ffiffiffiffiffi
dx
x

q ffiffi
2

p
þ
ffiffi
3

p

1þ
ffiffiffiffiffiffiffiffi
1þdx

x

p
� �
 �

for 2g2
3 6 x

dx 6 2:

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð44Þ
Details about the derivation of this equation are provided in Appen-
dix C.

In the limit g! 1, the lineshape becomes

lim
g!1

pSD xð Þ ¼ 1

2dx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 1þ x

dx

� �q for � 1 <
x
dx

< þ2; ð45Þ

which agrees with the alveolar surface model obtained in Eq. (13) in
[9]. In Fig. 7, the lineshape in the extended alveolar surface model is
compared with randomwalk simulations of the exact dipole field as
described in Eq. (1). Details of the random walk algorithm are pro-
vided in [37]. The diffusion time s is governed by the pseudo-
diffusion coefficient (see Eq. (7)) and the lineshape p xð Þ depends
only on the product sdx, due to the scaling laws of this problem
[38]. The lineshape of the extended alveolar surface model shows
a better agreement for the given parameters g and sdx than the sta-
tic dephasing lineshape, given in Eq. (43), and the lineshape
obtained from the alveolar surface model (see Eq. (41) with dnm

given in Eq. (33) and j1m given in Eq. (36)).
In MR imaging, the signal evolution is often described as a

monoexponential decrease with an offset frequency
M tð Þ ¼ e�R02t�iUt . A mean relaxation time approach allows determin-



Fig. 7. Comparison between lineshapes p xð Þ in the extended alveolar surface
model (EASM) (Eq. (41)), the alveolar surface model (see Eq. (41) with dnm , given in
Eq. (33), and j1m , given in Eq. (36)) and the static dephasing lineshape (Eq. (43)).
The extended alveolar surface model shows the best agreement to random walk
simulations for the exact dipole field.

Fig. 8. Ratio of static dephasing relaxation times for the extended alveolar surface
model (EASM) and the exact dipole field T 0

2EASM=T
0
2dipole as given in Eq. (52). For

physiological air volume fractions g > 0:6, the deviation of both relaxation times is
smaller than 10%. Particularly, the extended alveolar surface model is a better
description than the alveolar surface model (ASM) given by Eq. (51).
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ing the monoexponential relaxation rate R0
2 ¼ 1=T 0

2, and the offset
frequency U:

1
R0
2EASM þ iUEASM

¼
Z 1

0
dt

MSD tð Þ
M0

ð46Þ

¼ ppSD 0ð Þ � i
Z þ1

�1
dx

pSD xð Þ
x

ð47Þ

¼ 1
V

Z
V
d3r pd x rð Þð Þ þ i

x rð Þ

 �

ð48Þ

¼
ffiffiffi
3

p

10
g
dx

g�5=3 � 1
1� g

pþ 2iarccoth
ffiffiffi
3

p	 
h i
: ð49Þ

The R0
2 relaxation time in the extended alveolar surface model is

larger than for the exact dipole field:

1
R0
2dipole þ iUdipole

¼ 1þ g
gdx

1
4
ffiffiffi
3

p pþ 2iarccoth
ffiffiffi
3

p	 
h i
: ð50Þ

In the alveolar surface model (g! 1), the relaxation rates and
phases of both models (Eqs. (49) and (50)) converge to the same
limit

1
R0
2surface þ iUsurface

¼ 1
2
ffiffiffi
3

p
dx

pþ 2iarccoth
ffiffiffi
3

p	 
h i
: ð51Þ

Interestingly, the ratio of the relaxation rates R0
2dipole=R

0
2EASM only

depends on air volume fraction g, and is equal to the ratio of the
offset phases:

T 0
2EASM

T 0
2dipole

¼ R0
2dipole

R0
2EASM

¼ Udipole

UEASM
¼ 6

5
g1=3 � g2

1� g2 : ð52Þ

The ratio of the relaxation times is shown in Fig. 8 in depen-
dence on air volume fraction g.

3.4. Application to lung tissue

A healthy volunteer was studied under the supervision of a
board-certified radiologist. All images were acquiredwith aMagne-
tom Aera 1.5T (Siemens Healthcare, Erlangen, Germany). Approval
for data collection and the study protocol was given by the institu-
tional review board of the medical faculty. Informed consent for
study inclusion was obtained from the volunteer. A cubic
15mm� 15mm� 15mm voxel as visualized in Fig. 1(a) was
selected to acquire the free induction decay in expiration using
the PRESS sequence [39,40] with TR = 1.5 s, echo time TE = 30 ms
and twenty averages (NA = 20). The location and the size of the
voxel were chosen in such a way that influences and artifacts of
the surrounding tissue boundaries were minimized. The measured
lineshape is compared with the theoretical lineshape, given in Eq.
(38), for realistic values of the dipole field strength dx, the air vol-
ume fraction g, and the diffusion time s, that are Gaussian dis-
tributed. The susceptibility difference between air and soft tissue
is approximatively Dv ¼ 9:4ppm, the susceptibility difference
between air and deoxygenized blood is Dv ¼ 6:9ppm [41]. Accord-
ing to Eq. (2), this yields a Gaussian distributed dipole field strength
with mean value and standard deviation dx ¼ 0:9kHz � 0:3kHz.
The air volume fraction, even in expiration, is very high with
g � 0:7� 0:1 [9,42], and the diffusion time s can roughly be esti-
mated with RA � 100lm [43] and v � 2 lm=ms [21,24] as
s � 300 ms� 100 ms. The lineshape p xð Þ in the extended alveolar
surface model is given in Eq. (41) and the lineshape pSD xð Þ in the
alveolar surface model is given in Eq. (43). In Fig. 9, both lineshapes
are compared with the measured lineshape in healthy human lung
tissue. However, since physiological tissue shows some variability,
we assumed a Gaussian distribution of the underlying parameters.
Finally, the theoretical lineshapes are given as:

p xð Þ ¼ 1

2p½ �3=2
Z þ1

�1
ddx

Z þ1

�1
dg

Z þ1

�1
dse

� dx�dxmean½ �2
2dx2

std e
� g�gmean½ �2

2g2
std e

� s�smean½ �2
2s2

std p x; jdxj; jgj; jsjð Þ;
ð53Þ

where dx ¼ 0:9 kHz� 0:3 kHz; s ¼ 300 ms� 50 ms and g ¼ 0:7�
0:1 are assumed. The measured and theoretical lineshapes are com-
pared in Fig. 9.

4. Discussion and conclusion

Lung tissue consists of densely packed alveoli that are sur-
rounded by small capillaries [44,45]. In MR imaging, the suscepti-
bility difference between air and tissue causes a fast decay of the
magnetization. In previous works, this free induction decay from
a single spherical alveolus could be analyzed in detail [12]. How-
ever, this model does not allow solving the Bloch-Torrey equation



Fig. 9. Comparison of the measured lineshape (red line) and the lineshape of the
extended alveolar surface model (black line) as well as the previously used alveolar
surface model (blue line). We assume typical physiological Gaussian distributed
values of the dipole field strength dx, the air volume fraction g, and the pseudo-
diffusion time s. The measured lineshape was obtained as a PRESS measurement in
expiration in a healthy volunteer. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

Fig. 10. Lineshape p xð Þ obtained from Eq. (41) in dependence on the parameter
sdx. For strong diffusion effects (small sdx), the lineshape is nearly Lorentzian-
shaped and symmetric. With increasing values of the parameter sdx, the width
increases and the peak is shifted to the left. For large sdx, the specific peak
structure occurs. The static dephasing (SD) limit is given in Eq. (43).
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and, thus, cannot account for a complete description of diffusion
and pseudo-diffusion effects. The movement of spin-bearing parti-
cles in interstitial lung tissue around alveoli is mainly influenced
by two components: the free diffusion around the alveoli and the
microcirculation of blood in the capillaries that surround the alve-
oli. While the free diffusion is restricted by boundaries of the inter-
stitial tissue, it is necessary to incorporate the motion of spin-
bearing particles in interstitial tissue to a so-called pseudo-
diffusion process. This approach resembles the well-known
pseudo-diffusion process for describing intravoxel incoherent
motion (IVIM) as proposed by Le Bihan [16,21]. In general, spins
diffuse with different pseudo-diffusion coefficients D�, which
results in a non-trivial distribution of the pseudo-diffusion time
s. In this work, we assume a Gaussian distribution of the pseudo-
diffusion time in Fig. 9; however, this model can easily be general-
ized to arbitrary pseudo-diffusion time distributions that e.g.
describe different tissue compartments.

Since the Bloch-Torrey equation is not solvable for a single
spherical alveolus, one needs to apply approximative methods
such as the strong collision approximation [20,46,47] or the weak
field approximation [18]. The free induction decay could only be
solved exactly in the limit of very large air volume fractions
g! 1, in the so-called alveolar surface model [9].

In this work, the alveolar surface model is extended towards
smaller air volume fractions g by an approximation of the three-
dimensional dipole field. The advantage of choosing the modified
Larmor frequency, as given in Eq. (5), is that the Bloch-Torrey equa-
tion can be solved exactly, and the results are also approximately
valid for smaller air volume fractions. In fact, the Larmor frequency
at r ¼ RP is only overestimated by a factor of 1=g1=3. Thus, for
g ¼ 0:5 the alveolar surface model overestimates the local Larmor
frequency on the outer perialveolar by a factor of 2, whereas the
extended alveolar surface model overestimates the Larmor fre-
quency only by a factor of 1.26.

The Bloch-Torrey equation is solved by a separation ansatz,
revealing a spheroidal differential equation for the polar eigensys-
tem and a Bessel differential equation for the radial eigensystem.
The obtained lineshapes highly depend on the influence of diffu-
sion effects, see Fig. 10: for large diffusion effects, the lineshape
is symmetric and nearly Lorentzian-shaped, whereas for small dif-
fusion effects, the lineshape shows a strong asymmetry with two
prominent peaks.

When compared with the alveolar surface model, where
dephasing is restricted to the surface of an alveolus, the presented
model accounts for the more realistic scenario where radial diffu-
sion and dephasing are incorporated. This results in a more realis-
tic form of the lineshape: while the static dephasing lineshape in
the alveolar surface model exhibits a continuous decrease in the
interval �dx < x < 2dx with artificial singularities on both
boundaries, the lineshape in the presented model exhibits a more
realistic form with continuous values at the boundaries of the fre-
quency interval. This improvement is shown in Fig. 9, where the
frequency distribution obtained in the extended alveolar surface
model agrees better with measurements than the alveolar surface
model.

For the exact dipole field with the inverse cubic radial depen-
dence (see Eq. (1)), the diffusion process between the inner alveo-
lar surface and the outer perialveolar surface could be analyzed in
the strong collision approximation. This approach leads to a classi-
fication of the interplay between diffusion and susceptibility
effects into different diffusion regimes as visualized in Fig. 3(b)
in [20]. The free induction decay in the strong collision approxima-
tion depends on the underlying diffusion regime, which needs to
be classified with the given pulmonary microstructural parame-
ters. One advantage of the presented methods is the generalization
of the signal formation for arbitrary microstructural parameters.

The lineshapes in the static dephasing regime of the exact
dipole field and in the extended alveolar surface model agree very
well, even in the case of relatively small air volume fractions. This
can be confirmed by taking a monoexponential approximation of
the free induction decay with relaxation time T 0

2. As given in Eq.
(52) and shown in Fig. 8, the relaxation times for the exact dipole
field and the extended alveolar surface model differ only about
1:8% for g ¼ 0:9 or 17:6% for g ¼ 0:4 in the static dephasing limit.
For non-vanishing diffusion effects, this difference would even be
smaller.

Theoretical findings are compared with in vivo measurements
in healthy human lung tissue by analyzing the water peak of a
PRESS measurement. The measured lineshape agrees very well



C.H. Ziener et al. / Journal of Magnetic Resonance 299 (2019) 1–11 9
with the theoretical lineshape for realistic values of the air volume
fraction g, the susceptibility difference Dv and the pseudo-
diffusion time s as shown in Fig. 9. For clinical application, this
method should be extended by measuring lineshapes of different
voxels to obtain parameter maps. Technically, this can be per-
formed by using, e.g., a motion-navigated chemical shift imaging
(CSI) sequence.

In conclusion, this work presents a model for the signal decay in
lung MRI under the influence of microscopic susceptibility and
pseudo-diffusion effects. In contrast to the previously developed
alveolar surface model, this model accounts for realistic air volume
fractions. The obtained lineshapes agree very well with in vivo
measurements. Hence, with sophisticated MR sequences, a map-
ping of microstructural lung parameters should be possible.
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Appendix A. Calculation of the expansion coefficients

The expansion coefficients cnm are obtained by evaluating the
ansatz (Eq. (20)) of the local magnetization at the initial time point
t ¼ 0:

1 ¼
X1
m¼0

X1
n¼1

cnmRnm rð ÞPS2m;0
1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
; cos hð Þ

� �
: ðA1Þ

As shown by Herberthson et al., the eigenfunctions of the Bloch-
Torrey-operator are generally self-dual (see [48] and Lemma 1 in
Appendix A in [49]). For the polar part, one finds the orthogonality
relation [9,32]:Z p

0
dh sin hð ÞPS2m;0

1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
; cos hð Þ

� �

PS2m0 ;0
1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
; cos hð Þ

� �
¼ 2

4mþ 1
dmm0 ðA2Þ

and the orthogonality relation of the linear combination of the
spherical Bessel functions for the radial part (see Eqs. (101) and
(102) in [28])

1
R3
A

Z RP

RA

drr2Rnm rð ÞRn0m rð Þ¼Nnmdnn0 ðA3Þ

Nnm ¼
ffiffiffig3

p
2j4

nm

j0km jnmð Þ
j0km

jnmffiffi
g3

p
	 


2
4

3
52

1�km kmþ1½ �
j2

nm
g2

3


 �
þ 1
2j4

nm

km kmþ1½ �
j2

nm
�1


 �
: ðA4Þ

Finally, one obtains the expansion coefficient cnm as

cnm ¼ 4mþ 1
2Nnm

Z p

0
dh sin hð ÞPS2m;0

1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
; cos hð Þ

� �
1
R3
A

�
Z RP

RA

drr2Rnm rð Þ: ðA5Þ

The remaining integrals can be solved analytically: the integral
of spheroidal functions revealsZ p

0
dh sin hð ÞPS2m;0

1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
; cos hð Þ

� �

¼ 2 �1½ �mPS2m;0
1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
; 0

� �
S 1ð Þ
2m;0

1þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p
;1

� �
ðA6Þ

and the integral over spherical Bessel functions gives (see Eq. (103)
in [28]):
1
R3
A

Z RP

RA

drr2Rnm rð Þ ¼ Mnm ðA7Þ

Mnm ¼ km

j
9
2
nm

ffiffiffi
g

p j0km jnmð Þ
j0km

jnmffiffi
g3

p
	 
 s3

2;kmþ1
2

jnmffiffiffig3
p

� �
� jnmffiffiffig3

p s1
2;kmþ3

2

jnmffiffiffigp
� �
 �

ðA8Þ

þ km

j
9
2
nm

jnms1
2;kmþ3

2
jnmð Þ � s3

2;kmþ1
2
jnmð Þ

h i
;

with the Lommel function [50]

sj;m zð Þ ¼ zjþ1

jþ 1½ �2 � m2
1F2 1;

j� mþ 3
2

;
jþ mþ 3

2
;� z2

4

� �
: ðA9Þ

The quotient j0km jnmð Þ=j0km jnm=
ffiffiffig3

p� �
in Eqs. (A4) and (A8) can be

written with the Wronski determinant (see Eqs. (98) and (99) in
[28]) as:

j0km jnmð Þ
j0km

jnmffiffi
g3

p
	 
 ¼ g�2

3j2
nmRnm RPð Þ: ðA10Þ

Finally, the expansion coefficients cnm are given in Eq. (29).

Appendix B. Numerical analysis of the radial eigensystem

For numerical determination of the radial eigenvalues jnm for
given polar eigenvalues km, it is convenient to rewrite the spherical
Bessel differential Eq. (25) in the form:

2isdxþ k2m;0
1þi
2

ffiffiffiffiffiffiffiffiffiffiffiffi
6sdx

p	 

r2

� Dr

2
4

3
5Rnm rð Þ

¼ km km þ 1½ �
r2

� Dr


 �
Rnm rð Þ ¼ j2

nm

R2
A

Rnm rð Þ: ðB1Þ

The radial interval RA 6 r 6 RP can be discretized in the follow-
ing form:

ri ¼ RA þ i� 1½ �h for i ¼ 1; . . . ;N with step size h ¼ RP � RA

N � 1
:

ðB2Þ
As shown in [51], the radial part of the three-dimensional

Laplace operator can be written in the following matrix form
(see also Eq. (94) in [28]):

D̂r ¼ 1

h2

�2
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þ2
r2
112
r21

þ
r2
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r22

�
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þ
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þ
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212
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�
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þr2
312
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þ
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312
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. .
. . .

. . .
.

þ
r2
N�212
r2
N�2

�
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N�212
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N�112
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N�2

þ
r2
N�112
r2
N�2

þ
r2
N�112
r2
N�1

�
r2
N�112

þr2
N�1

2
r2
N�1

þ
r2
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2
r2
N�1
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2
r2
N

�2
r2
N�1

2
r2
N

0
BBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCA

:

ðB3Þ

Thus, the discretized form of the spherical Bessel differential Eq.
(B1) can be written as:

R2
A km km þ 1½ �diag 1

r21
; . . . ;

1
r2N

� �
� D̂r


 �
Rnm rð Þ ¼ j2

nmRnm rð Þ; ðB4Þ

where each of the N eigenvectors
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Rnm rð Þ ¼ Rnm r1ð Þ; . . . ;Rnm rNð Þð ÞT ðB5Þ
contains the values of the discretized eigenfunctions Rnm rið Þ. It is
convenient to normalize the eigenfunctions as:

XN
i¼1

Rnm rið Þj j2 ¼ 1 ðB6Þ

or in integral form:Z RP

RA

drRnm rð ÞR�
nm rð Þ ¼ h ðB7Þ

with the step size h given in Eq. (B2).
Furthermore, the numerically determined eigenfunctions obeys

the scaling on the alveolar surface RA ¼ r1:

Rnm r1ð Þ
Rnm RAð Þ ¼ Rnm rið Þ

Rnm rið Þ ; ðB8Þ

where Rnm RAð Þ ¼ 1=j2
nm, see Eq. (97) in [28].

Appendix C. Lineshape in the static dephasing regime

In the static dephasing regime, the lineshape can be obtained as
a histogram over the local Larmor frequency x rð Þ, given in Eq. (1)
[52]:

pSD xð Þ ¼ 1
V

Z
V
d3rd x�x rð Þð Þ ðC1Þ

¼ 3g
2 1� g½ �

Z g�
1
3

1
dqq2

Z p

0
dh sin hð Þd x� dx

3 cos2 hð Þ � 1
q2

� �
;

ðC2Þ
where d denotes Dirac’s delta distribution and the substitution
qRA ¼ r was applied. Obviously, the lineshape is restricted to the
interval �dx 6 x 6 þ2dx. The general property of Dirac’s delta
distribution for an arbitrary function q hð Þ

d q hð Þð Þ ¼
X
i

d h� hið Þ
jq0 hið Þj ; ðC3Þ

where q hið Þ ¼ 0, is applied. In this case, the function q hð Þ is the argu-
ment of the Dirac-distribution q hð Þ ¼ x� dx 3 cos2 hð Þ � 1

� �
=q2 with

the single zero h1 ¼ arccos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2x=dx� 1½ �=3p	 


. Thus, the polar

integral can be carried out to obtain:
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ffiffiffi
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dx
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dqq4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x
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q H 1þ x

dx
q2

	 

H 2� x

dx
q2

	 

;

ðC4Þ
where the Heaviside step function is denoted asH. This integral can
be solved and the lineshape is given in Eq. (43). The function f can
be rewritten with the identity arcsinh xð Þ ¼ ln xþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ 1
p� �

:

f
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dx
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ðC5Þ

The intermediate intervals �g2
3dx 6 x 6 2g2

3dx can be divided
in two intervals due to the sign changes in the arcsinh-function:
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dx
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ðC6Þ
Knowing this function, the lineshape can be obtained from Eq.

(43) and is visualized in Fig. 10. The corresponding magnetization
MSD tð Þ can be obtained as:

MSD tð Þ ¼
Z
V
d3rm0e�ix rð Þt ðC7Þ
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1� g

Z 1
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dx
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3
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where the h-function is given as:

h yð Þ ¼ e�2iy þ eiy 1þ i½ �
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