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The fundamental process of dynamic nuclear polarization (DNP) via the cross effect (CE) and thermal
mixing (TM) is a triple spin flip, in which two interacting electron spins and a nuclear spin interacting
with one of these electron spins flip together. In the previous article (Wenckebach, 2018) these triple spin
flips were treated by first determining the eigenstates of the two interacting electron spins exactly and
next investigating transitions involving these exact eigenstates and the nuclear spin states. It was found
that two previously developed approaches—the scrambled states approach and the fluctuating field
approach—are just two distinct limiting cases of this more general approach. It was also shown that triple
spin flips constitute a single process causing two flows of energy: a flow originating in the electron
Zeeman energy and a flow originating in the mutual interactions between the electron spins. In order
to render their definitions more precise, the former flow was denoted as the CE and the latter as TM.

In this article the treatment is extended to a glass containing N; equivalent nuclear spins I =} and N
randomly distributed and oriented electron spins S = 1. Rate equations are derived for the two flows of
energy to the nuclear spins. The flow originating in the electron Zeeman energy—i.e. the CE—is found
to lead to the same stationary state as was previously predicted by the scrambled states approach, though
the rate may be smaller due to limitations imposed by conservation of energy. The flow originating in the
mutual interactions between the electron spins—i.e. TM—is found to involve the full spectrum of the
mutual interactions between the electron spins, while the fluctuating field approach only accounts for
the component of this spectrum at the nuclear magnetic resonance (NMR) frequency. Still, TM is found
to induce equal spin temperature for different nuclear spin species during nuclear spin-lattice relaxation
and, at least in some cases also during polarization.

It is also confirmed that TM couples local nuclear spins near the electron spins so strongly to the mutual
interactions between electron spins, that they may constitute a single energy reservoir (Cox et al., 1973).
Hence such local nuclear spins may have to be included in treatments of the dynamics of the electron
spins.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

cooling to about 1 K and applying a magnetic field of several tesla.
Then the electron spin polarization is transferred to the surrounding

Dynamic nuclear polarization (DNP) is a powerful tool to study
the role of spin in nuclear and particle physics, to enhance nuclear
magnetic resonance (NMR) signals and to increase contrast in
magnetic resonance imaging (MRI)—for reviews of applications
see [3-7], for reviews of methods and mechanisms see [8-12]. In
the previous article [ 1] we considered DNP to polarize nuclear spins
in insulating solids—in particular glasses—doped with an agent pro-
viding unpaired electron spins. For DNP the latter are polarized by
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nuclear spins by means of a CW microwave field.

The previous article concentrated on the family of mecha-
nisms—known as the cross effect (CE) and thermal mixing (TM)—
in which the microwave field first reduces the polarization of some
electron spins. This implies an increase of the Zeeman energy of
these electron spins in the externally applied magnetic field and
a change of the energy of their mutual interactions [13]. Next these
mutual interactions induce spectral diffusion, a process in which
the reduction of electron spin polarization is spread over the other
electron spins, and that involves an exchange between electron
Zeeman and electron interaction energy [14]. Subsequently, the
mutual interaction between the electron spins combines with their
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hyperfine and super-hyperfine interaction with the nuclear spins
to exchange electron Zeeman and electron interaction energy with
nuclear Zeeman energy, thus polarizing the nuclear spins. The fun-
damental transition for these two flows of energy involves two
electron spins and one nuclear spin, and will be denoted in this
article as a triple spin flip.

The previous article [1] provided an analysis of these triple spin
flips in a glass containing nuclear spins I =1, and doped with rad-
icals providing electron spins S = 1. For this analysis it considered a
minimal sub-system consisting of two interacting electron spins
and a single nuclear spin interacting with one of the electron spins.
It introduced a generalized approach that first calculates the eigen-
states of the two electron spins exactly, and subsequently investi-
gates the transitions induced by the super-hyperfine interaction
between the nuclear spin and one of the electron spins. It was
shown that two previous approaches—the scrambled states
approach introduced by Kessenikh [15] and further developed by
Hwang and Hill [16] and more recently by Vega and co-workers
[17], and the fluctuating field approach introduced by Buishvili
[18], Provotorov and Kozhushner [19,20] and subsequently further
developed by Goldman [21]—are just two distinct limiting cases of
this generalized approach.

It was furthermore demonstrated how a triple spin flip—in a
single quantum mechanical transition—invokes simultaneously
the two different flows of energy to the nuclear spins mentioned
above: a flow originating in the Zeeman interaction of the electron
spins with the externally applied magnetic field and a flow origi-
nating in the mutual interactions between the electron spins. In
an effort to render their definitions more precise, the former flow
was denoted as the cross effect (CE) and the latter flow as thermal
mixing (TM). This is similar to Provotorov’s description of magnetic
resonance saturation: each transition transforms part of the micro-
wave energy into electron Zeeman energy and part into electron
interaction energy [14].

The present paper extends this analysis to a model system con-
sisting of a glass containing N; equivalent nuclear spins and Ns ran-
domly distributed and oriented electron spins. Rate equations are
derived for the two flows of energy and embedded in a set of equa-
tions describing DNP. Criteria are developed for the relative strength
of these two flows We finish with a discussion of some implications
of this work for the interpretation of experimental results.

2. Model system for triple spin flips

As in the previous article [1] we treat DNP in a glass containing
nuclear spins I =1 and doped with randomly distributed and ori-
ented radicals, that provide unpaired electron spins S = 1 with ani-
sotropic g-tensors. But while the previous article just considered a
minimum sub-system consisting of two electron spins S' and S’ and
a single nuclear spin I* interacting with §', we now extend the
description to a model system consisting of Ns electron spins S'

and N; equivalent nuclear spins I¥. We choose the z-axis of the lab-
oratory frame of reference along the externally applied magnetic
field and define this extended model with the Hamiltonian

H=Hs+Z+V, (1)
Ns Ns Ns
He=) Zi+ ) > His, (2)
i i j#i
N;
Z=> Z, 3)
k
Ns N;

v=>y >V« (4)
ik

Here

25 = wiS, (5)
and

Zf = —wol} (6)

are the Zeeman interactions of the electron and nuclear spins with
this externally applied magnetic field. Note that Planck’s constant f
is skipped in the Hamiltonian, so the energy is expressed in fre-
quency units. Notice furthermore that the Zeeman splittings wig
may be different for different electron spins because of anisotropy
of the g-tensor. Next

= g [phsist (515 +5'51)], 7

in which S, = 5! + iSj,, represents the truncated mutual interaction
between the electron spins [22]. For DNP the concentration of

electron spins is generally low—typically 1-10" to 4-10" ¢m™3
(16-66 mM)—and the mutual interaction between electron spins
is almost purely dipolar. Then D,, = 2D, _ and real.! In what follows

we skip the terms DY S'S/ as its expectation value does not change in

triple spin flips involving " and §/, nor do they induce transitions.
Thus we ignore level shifts due to this term. In Section 10 the conse-
quences of this simplification will be discussed in more detail, in
particular in relation to the work of Karabanov et al. [23]. Finally
Vit = %s; (AE T+ ARE), 8)
in which I’; = I’; + il’y‘, represents the hyperfine and super-hyperfine
interaction between the electron spins and the nuclear spins. Notice
that all terms in the latter interaction are skipped except those
inducing nuclear spin flips. Thus we also ignore shifts of the energy
levels due to the interaction between the electron spins and the
nuclear spins surrounding them. As already mentioned in the previ-
ous article [1], this is not a trivial simplification: in their treatment
of Borghini’s model [24] Abragam and Goldman pointed out that
this can only be justified when the electron spin resonance (ESR)
line is mainly broadened by g-tensor anisotropy [11]|—which is for-
tunately mostly the case for paramagnetic centres in glasses.
When—as in single crystals—the ESR line is mainly broadened by
the hyperfine interaction with nearby nuclear spins, its shape
changes when these nearby nuclear spins are polarized. As a result
the rates of microwave saturation, of spectral diffusion and of triple
spin flips change. This leads to a complex situation, as the polariza-
tion rate of the nearby nuclei depends in turn on these rates.

As in the previous article [1] our aim is to derive equations for
the flows of energy in the spin system. Also as in that paper we use
an extension of the alternative scrambled states approach intro-
duced in [12], in which

Ho=Hs+ Z 9)

is considered as the unperturbed Hamiltonian and V as the pertur-
bation. Then the flows of energy in the spin system follow from the
evolution in time of the expectation value

T
U, = TP} (10)

Tr{p}

of the various terms H, in H,. Here p is the density matrix. To
obtain this evolution we need to solve the Liouville equation. We
exclude longitudinal relaxation and assume as initial condition that
the density matrix is diagonal on a basis of eigenstates of #,. Then,
as shown by Zwanzig [25], the Liouville equation can be reduced to

1 See footnote in Appendix A.



W.Th. Wenckebach /Journal of Magnetic Resonance 299 (2019) 151-167 153

a set of rate equations for the diagonal elements of p on a basis of
eigenstates of H,, and in which the transition rates are given by
Fermi’s golden rule.

We consider the structure of the diagonal part p,, of the density
matrix in more detail. Because we ignore the mutual interaction
between the nuclear spins and consider the hyperfine and super-
hyperfine interaction to be first order, it can be factorized into a
component p for the electron spins and N; components p, for
the nuclear spins. Next we recall that for DNP the concentration
of electron spins is generally low—typically 1-10'"-4-10" cm3
(16-66 mM)—and that we assume the electron spins to be ran-
domly distributed and oriented. This incites us to describe them
as a set of clusters of increasing size—single electron spins, pairs
of electron spins, triples of electron spins, etc.—such that the inter-
action between electron spins belonging to different clusters is so
weak, that we can approximate the density matrix by factorizing it
in independent components, each corresponding to a cluster. Then
the fraction of spins in pairs is proportional to the concentration of
electron spins, the fraction of spins in triples proportional to the
square of the concentration, etc. We now assume that the concen-
tration of electron spins is sufficiently low, so we can ignore triples
and larger clusters of electron spins. As a result we can
approximate

Ps = Hpi.i+1 H Pj> (11)
i,i+1 JALi+1
in which all p;; , describe the state of the more strongly interacting

pairs of electron spins and all p; describe the state of all other elec-
tron spins.

3. Polarization transfer

We summarize some results from the previous paper [1]. In its
description of triple spin flips, it considered a minimal subset of the
model system described above. It consists of two interacting elec-

tron spins S' and §’ and a single nuclear spin I¥ interacting with S'.
The electron spin part

HI =2+ 2]+ H (12)

of the Hamiltonian was first diagonalized. Next a rate equation was
derived for the evolution of the polarization

S 1 . (13)

1 I Tr{p } k k-

of I¥, due to the term V¥ in the super-hyperfine interaction. Here
pe O

o= ) (14

is the normalized density matrix describing the state of I on a basis
of eigenstates of I¥, so

Tr{pe} = pi +pr = 1. (15)

The result was

opt i o
S = W (pipi - pipi), (16)
in which
2
1A1 ‘
fﬂc,E‘Z (**) _\/ EPWAL i )2
Wi = D) 2, o wor (wos 6Uos) + <D+7>

(17)

is the transition rate, and

pit 0 0 0

0 pi/ 0 O

Py = . (18)
v 0 0 p; O
0 0 0 p;-

is the normalized density matrix describing the state of the two
electron spins on a basis of eigenstates of Hg so

{py} = oy +pj + 5 + 0y = 1. (19)

The assumption that the density matrix can be factorized as in
(11) enables us to extend the results for two electron spins §' and S’

and one nuclear spin I* to our model system consisting of Ns elec-
tron spins and N; nuclear spins by simple addition over all these
electron and nuclear spins. Then the evolution of the average
nuclear spin polarization

N
= ijp, (20)
due to triple spin flips is given by

OP, Ni  Ns Ns . o

=N 2D Wi — i)
i j#

1 Ny Ns Ng |%A2{+\2<Di)2

ﬁ’ ki j#iw—(z)l

(rioi i) om (et o) + 02 )'). 1)

Here pj; can be factorized into p; p; for pairs of more weakly inter-

acting electron spins, but not for pairs of more strongly interacting
electron spins.

Recall that we treat glasses, in which randomly distributed and
oriented radicals provide the electron spins. As a consequence the

components A’Z’i of the hyperfine and super-hyperfine interaction
between the electron and nuclear spins are neither correlated with
the components Df{f of the mutual interaction between the elec-
tron spins nor with their Zeeman splittings wj. This enables us

to replace the sum over |;A'Z’1\ and the density matrix p, by their
averages

;TSI
A :EZ;|§AZ+| (22)
1

and

_(pr 0N _1
m7<0 M)f

_r
2

N; 1 N; p’; 0
nr=m (s g ) @)

Notice that the normalization (15) implies that also p, is
normalized:

Tr{p} =p/ +p;r =1, (24)

and that insertion of our expression (13) for the polarization of I*
into the average nuclear spin polarization (20) yields

Pr=p/—pr. (25)
Thus (21) simplifies to

SN NZNZ( L) (i —eiei)

O i j#i

x 6<w0, - ¢ (ehs - wg,s)z + (Df{)z). (26)
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Because the radicals providing the electron spins are randomly ori-
ented and distributed, also the components DY _ of the mutual inter-
actions between the electron spins are uncorrelated with their
Zeeman splittings wi,. This enables us to average separately over

the components D"jf of these mutual interactions:

oP, T Ns Ns Ns N ' o
W= e O,Z;Z;(Dm> (vivi =pirr)

x 5<w0, - \/(wgs - wgs)z + (DT)Z). (27)

As a sidestep let us suppose that le'f < g for all pairs of electron
spins in the sample. Then we may approximate this rate equation

2
by skipping the term (Dlﬂ) in the é-function and insert

1 Ns Ng n 2
My = -3 > () (28)
so the rate equation simplifies to

8P AZM Ns Ng . ;
B_tl 72-5 NiNs a)2222<pupl pf}p;)é(wm_lwbs_wésl)

i j#
(29)

As a result our treatment reduces to the alternative scrambled
states approach for triple spin flips as presented in [12], which ends
up to be completely equivalent to the scrambled states approach as
introduced by Kessenikh [15] and further developed by Hwang and
Hill [16].

This approximation cannot always be justified, however. For
electron spins with g:Z,DfL/Zn may reach values of up to
50 MHz if we assume their minimum distance to be 1 nm and
their interaction to be purely dipolar. This estimate increases
to 400 MHz, when the minimum distance is decreased to
0.5 nm. Thus, while for proton spins at 7 T—so wgq /27 = 298
MHz—one can possibly defend such an approximation, for 3C
spins at 3.5 T—so wq /27 = 37.5 MHz—it cannot be justified so
easily. Therefore, in what follows we continue with the general
rate Eq. (27).

4. Distribution functions

We introduce distribution functions in order to replace the
sums over the electron spins by integrals. We define the inhomo-
geneous electron spin resonance (ESR) lineshape g;(w) such that
gi(w)dw is the probability that o < wi; < w+dw. Similarly,
g(w —A)dw is the probability that w — A < wls < w — A +dw.
As a result we can replace sums over S' and S’ by integrals over
the inhomogeneous lineshape:

Ns N

Nz Z;f(wos wos) /jc dA /j; dw gi(w)gi(w — A)f (0, — A).
(30)

We furthermore introduce a distribution function g,(D) such that
D)= [ dDfDIE(D). 31)

An analytic expression for this distribution function is derived in
Appendix A. It is found to be a Lorentzian

Dp
T <D2 + Df,)

with a width Dp and cut-off at a frequency D, corresponding to the
maximum possible value of |D’f[\. As noticed in Appendix A, this
distribution function assumes the role of the spectrum of fluctua-
tions in the fluctuating field approach. As also remarked in Appen-
dix A, it cannot be interpreted such that g,(D)dD is the probability
that D < D' < D + dD. Rather g,,(D)dD is the probability that the x
and y-components of the local field experienced by the electron
spins due their interaction with all other electron spins lie in the
range between y;'D and y;'(D + dD), in which y; is the average
gyromagnetic ratio of the electron spins.

Because the components D' of the mutual interaction between
the electron spins are not correlated with their resonance frequen-
cies wiy, the distribution function g, (D) is not correlated with the
inhomogeneous lineshape g;(w), and we can integrate over these
two distribution functions separately. As a result, upon replacing
the sums over S5, S and S™ in (27) by integrals, the average
nuclear spin polarization (20) is found to evolve as

g(D) = (32)

%—IZ' = /m dA /m dow gi(w)gi(w — A) /oo dD g (D)F(w, A, D)
| (33)
in which
7 Ns A°D? . .
F0.AD) = =5 [ " (5 (@81 = ps (.81

‘ 5(@0, - JFIE) (34)

is the contribution to the evolution of the nuclear spin polarization
P; of all pairs of electron spins for which o < wjs < w +dw and
® — A < w)s < ©— A+ dw and for which the x and y-components
of the local field due their interaction with all other electron spins
lie in the range between y5'D and y5'(D + dD). In particular

pit(@.A) 0 0 0
0 pi(w, A) 0 0
A) =
0 0 0 pi (@A)

(35)

is the average of the density matrix (18) over all pairs of electron
spins for which » < wjs < @ +dw and w — A < wls < @ — A + dw.

The s-function in this rate equation represents conservation of
energy: the energy +wo; needed to flip a nuclear spin requires a

change v/ A% + D? of the energy of the electron spins. That is: tri-
ple spin flips need to obey the matching condition

wo =\ A’ + D% (36)

Fig. 1 presents a graphical representation of this matching condi-
tion. It plots the difference A between the Zeeman energy of pairs
of electron spins as a function of D, i.e. of the local field experienced
by the electron spins due their interaction with all other electron
spins. In this figure the matching condition is satisfied everywhere
on the circle with radius wy.

To continue we first integrate over the distribution function
gp(D), subsequently execute the §-function and finish integrating
over the inhomogeneous lineshapes g;(w) and g;(w — A). This
requires a transformation of the s-function in (33). It is a function
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Ak

oy

VA% + D? = wor

Fig. 1. Graphical representation of the matching condition wq = /A% + D?
required by the s-function in the rate Eq. (33).

of the constant nuclear Zeeman splitting g, and to be able to exe-
cute it in the first integration, it needs to be a function of D. To
transform it, we use the theorem? stating that

a0 - Y2

if f(x) = 0 at x = x,. We set
x=0D, (38)
then f(x) =0 at

Xn = 1/ 0} — A2, (39)

B (X — Xa) (37)

X=Xn

and

of|  _ 1Dl 40)
X |y, o

As a result

5<w0,—\/A2+D2> :% 6<\D|—\/w§,—A2>. (41)

Now we have written the s-function as a function D, we can execute
it in the integration over the distribution function g,(D) in (33).
Then this rate equation reduces to

8P, —Ag Wop b
o / dA + / dA / dw g;(w)g;(w — A)
ot - Ao —oo

oy

X 11\\% Wssi(A) [ps (0, A)pf — ps(@,A)p; ], (42)

in which the integration limit Aq = /@3 — Dg if Dy < g and
Ao = 0 otherwise. Notice also that the s-function is obeyed twice,
once for a positive value of D and once for a negative value. This
is compensated in the integral over A by accounting for all values
of |A| twice. Furthermore

2 Its proof is straightforward: if a continuous differentiable function y(x) has zeros
at x = xp, then

/; dxdly(x) = /jc dx o (y(xn) + (8)(;—(;0)H" (x— xn)>
= /x dx Z Ay (x)

-1
— (X — Xn),
n Dx 'X—Xn

where we use that §(ax) = |a| ' 5(x).

T \/COZ —Az
Wss(A) == S A &p (\/ wp; — AZ)

2 oy

\J w2 — A?
T A2 oI DD (43)

2 @or n(a)é, -A Df,) .

is the contribution to the transition rate of all pairs of electron spins
for which A < i — wl; < A+dA.

We finish this section with another side step, in which we con-
sider the limit A — 0, while assuming wq; > Dp. Then

1 A*Dp

il (44)
2w

IAIE% Wisi(A)

which is precisely the transition rate obtained by Goldman et al.
using the fluctuating field approach [21].

5. Energy transfer

As in Section 3 we summarize some of the results of the previ-
ous article [1]. In that paper we determined the flows of energy in a

minimal system of two electron spins S' and S/ and one nuclear

spin I*. The total energy of these three spins was divided over four
reservoirs. These were the nuclear spin reservoir containing the
nuclear Zeeman energy

1

Uy = waO,Pf, (45)
two electron Zeeman reservoirs containing the Zeeman energy
U, = —%wgng and Uj= —%wésPé, (46)

of the two electron spins and the electron interaction reservoir con-
taining the energy Uss of their mutual interaction. Here

pgz_lw and péz_lw (47)

(o) 5]

are the polarization of the two electron spins, in which p; is given
by (18). It was found that

i j i i\ 2
Uz 8_1"% _ [ @bs — Dps 8_U;< (48)
ot ot oy ot
) )
% —— 1= M 8_U;< (49)
ot o oy ot ’

So the energy needed to polarize the nuclear spin originates partly
in the electron Zeeman energy and partly in the electron interaction
energy. At this point we need to recall that we skipped the terms

DIS'S! in the mutual interaction between the two electron spins.
Thus we ignore their contribution to the energy Uss of the mutual
interactions between the electron spins. However, their expectation
value is conserved in triple spin flips, so these terms do not con-
tribute to the derivative (49) of Uss with respect to time.

We extend this treatment to the Ns electron spins and N; equiv-
alent nuclear spins of the model system introduced in Section 2.
From (42) follows immediately that the evolution in time of the
total energy

1

U = _ZNICUOIPI (50)

of the nuclear spins is the solution of
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—A oy
%zle,NS / 0clAJr/ ’ dA / dow g;(w)g;(w — A)
ot 2 o0,
x Wssi(A)[ps (0, M) pi = ps (0, )py ], (51)

where as in (42), the integration limit Ay = /w3, — Dg if Dy < g
and A, = 0 otherwise, while the transition rate Wsg(A) is given by
(43). We decompose this equation:

au; { /*Ao /“0' } AU(A)
— = dA + dA . 52
ot —Woy Ao ot ( )
So
oU(A)

5t dA, (53)
in which
U (A)

= ol [~ dog@g(©-4)
x Wes(8) [p5 (@, M)p] = ps (@, 2)pr . (54

is the contribution to the evolution of U; by all pairs of electron
spins S' and S’ with Zeeman splittings A < wjs — wj; < A+ dA.

The energy needed for this evolution originates in the total
energy Us of the electron spins. We split the flow of energy to
the nuclear spins in a contribution from the total electron Zeeman
energy

Ns s
Uz =) Uy =53 0P (55)
i i

of the electron spins and a contribution from the total electron
interaction energy

ot

Uss = Us — Uz. (56)
According to (48) we now expect the Zeeman energy of all pairs of
electron spins S and & with Zeeman splittings
A < Wi — s < A+ dA to evolve as

A au(A)

while according to (49) we expect their interaction energy to evolve
as
_wf — A 9U(A)
Wi ot

(58)

Then, upon integration the total electron Zeeman energy is found to
evolve as

—Ag [ 2
W [ Caas [ aa] £ 000
ot — g Ao Wy ot

1 ~—Ag oy " 00
:_zwo:NS[/ dA+/ dA}/ do g(0)gi(w - A)
J —mo;

2

A
2 Wssi(4) [p§ (@, A)pf — ps (@.A)pr ],
o1
(59)
and the total electron interaction energy to evolve as
—A Wy 2
8U55:7|:/ OdA+/ UldA:| wOl ZA (‘)U[(A)
ot —og Ao w§; ot
1 —Ag [
—Woy
Wz, — A? _ -
x 2 Wea(8) o (0, 8)p;7 — p5 (@, )pr -
o1
(60)

Here, as in (42) and (51), the integration limit Aq = /@3, — D if
Dy < wg and Ag = 0 otherwise, while the transition rate Wsg(A) is
given by (43).

The three rate equations (51), (59) and (60) represent two dis-
tinct flows of energy to the nuclear spins: a flow of electron Zee-
man energy and a flow of electron interaction energy. In the next
section we will consider these two flows in more detail. As in the
previous paper [1], in order to render their definition more precise,
we will denote the former flow as the Cross Effect (CE) and the lat-
ter flow as Thermal Mixing (TM).

6. The cross effect versus thermal mixing

Above we found that a single process—triple spin flips—induces
two flows of energy: the CE exchange of electron Zeeman energy
with nuclear spin energy and the TM exchange of electron interac-
tion energy with nuclear spin energy. To compare these two flows
of energy, Fig. 2 plots the factor

2 2 R, — A
A Wga) =T A VO Do (61)

g 27 of oo n(co%, - A+ Df,)

in the transition rate in (59) and the factor

3/2
wfy — A? D

s Wssi(4) =5 A ( ; ) S (62)

Wy Wy TE(Q)(Z,,—A +DD>

in the transition rate in (60) as a function of A. In this figure the
drawn curve corresponds to the former—i.e. the CE flow of
energy—and the dashed curve to the latter factor—i.e. the TM flow
of energy. These curves were calculated choosing Dp/wq = 1072,
which corresponds to e.g. 13C spins at 5 T and electron spins with
g = 2 at a concentration of 2.5 - 10" cm 3 (40 mM).

It is seen that the factor (61) is sharply peaked near |A| = wqy, SO
the CE exchange of electron Zeeman energy and nuclear Zeeman
energy is strongly dominated by weakly interacting pairs of elec-
tron spins S’ and S, for which |wi, — w},| ~ we. On the other hand
all pairs of electron spins contribute to the TM exchange of electron
interaction energy and nuclear spin energy.

This allows for a significant simplification of the rate equation
(59) for the CE flow of energy, but unfortunately not of the rate equa-
tion (60) for the TM flow. We investigate the simplification of the
former. Because the CE flow of energy is dominated by pairs of elec-
tron spins for which |}, — w{),| A (o; We can approximate the inho-
mogeneous line shape g;(«w — A) by g;(w — wq) in the rate equation
(59). We also replace the components p$ (w, A) of the density matrix
describing the state of the electron spins by pZ(w, o). Then, after
furthermore inserting (43) for the transition rate Wsg (A) and notic-
ing that A? /@3 Wssi(A) is a symmetric function of A, this rate equa-
tion reduces to

o o0
% ~ —wo,Ns/ dA/ dw gi(w)g;(w — mq)
Ag 0
A2
o Wssi(A) [p3 (@, wa) i — ps (@, wor) py |

‘l o0
—— 5 ouNsWy [ do g - ou)

x [pd (@, wa)p; — ps (@, wa)py ], (63)
in which
o 2 Jw? — AZ
W, = niA? / dA 6% CO; - DDZ . (64)
Ao o1 of n(a)m - A"+ DD>



W.Th. Wenckebach /Journal of Magnetic Resonance 299 (2019) 151-167 157

2

A
o2 Wssr(A)

oI CE CE CE
2 A2 F~<o TM
UJOIw WSSI(A) ~\\
o (25x) ~
\
AY
__J _IM_ ™
L 1 J 1 J 1 J
0 0.5 1 0999 1 0.9999 1
A
wor

Fig. 2. The drawn and dashed curves represent the factors (61) and (62) respectively as a function of A/wq. The vertical scale is in arbitrary units.

Thus, after inserting (50) we obtain the following rate equation for
the evolution of the nuclear spin polarization due to the flow of

electron Zeeman energy to the nuclear spins:
NS 74
Wssz da) &i(w)gi(® — wor)

P _
at ),
x [Ps (o, a)O,)p, - ps (0, wa)p; ]

As was observed above, all pairs of electron spins may con-
tribute to the TM flow of electron interaction energy to or from
the nuclear spins. As a result we cannot simplify the rate equation
(60) for the transfer of electron interaction energy as easily as we
simplified the rate equation (59) for the transfer of the electron
Zeeman energy.

To get still an estimate of the TM transfer of electron interaction
energy in comparison with the CE transfer of Zeeman energy, we
compare the integral

—Ao (o] 2
WS — { / dA + / dA]M Wssi(A)
ou w?

oI

(65)

3/2
B nAZ /(uo: dA <(1)%, - A2> Dp
A

n(w%, — A+ D,%) (60)

0

with the integral W&, given by (64). As before, the integration limit

Ao = /¥ — D} if Dy < g and Ag = 0 otherwise.

Fig. 3 plots numerical results for W&%; and this integral as a func-
tion of the ratio Do/ wy of the cut-off frequency Dy and the nuclear
Zeeman splitting wq. We see that Dy is the main parameter deter-
mining the relative rates at which the CE and TM transfer electron
Zeeman and electron interaction energy to or from the nuclear
spins. When Dy is much smaller than wy,, the rate for TM is much
smaller than for the CE. But it increases rapidly for larger values of
Do, and for Dy > wo; both rates are equal.

A few approximations allow for an analytical comparison of the
two flows of energy. We start noticing that in typical conditions for
DNP the nuclear Zeeman splitting g, is much larger than the
width Dy of the distribution function g,(D). This incites us to skip
the term D3 in the denominator.’ Then

AZDD /wo, A Az Wor Y AZDD
0

w3 (l)%, /w(z)l _ AZ 4 oy ’

of
3 It can be checked that the relative error in the result is of the order Dp/mq;.

Wig ~ (67)

[
W, CE ':'
14
Ws ST ,’
’
4
4
,I
”, 7
™
L 1 1 J
0 0.25 0.5 0.75 1
Do
wor

Fig. 3. The drawn and the dashed curve represent the transition rates W&; and W<,
as a function of Do/ respectively. The drawn curve is calculated using the exact
expression (64) for W&, and the dotted line corresponds to the approximation (70).
The vertical scale is in arbitrary units.

when Dy > @y, 50 Ag = 0, and4
ADp [
SSI 2
Wy / VR - AZ
(68)
1A°Dp |7 Do Do D?
== = —arccos —~ 4+ —> 4 [1 - =01,
2 Wy 2 Wor  Wor (l)(z)l
otherwise, so Ag = /w2, — DZ. The latter rather complicated expres-

sion can be simplified significantly when the cut-off frequency D, of
the distribution function g, (D) is much smaller than wg. Then we
can expand

oo (69)

and up to lowest order we find

A’DpDy _ T A’M,
W5 2 o

Wi, ~ , (70)

4 These integrals are most easily evaluated writing cos @ = A/wq; and integrating
over 0.
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where we also insert the second moment (A.8). This expression is
exactly what we would have obtained using the scrambled states
approach—for a comparison using the same notation see [12], Chap-
ter 8. Thus the scrambled states approach yields this rate for the
transfer of energy in the limit that the cut-off frequency Dy < .

Fig. 3 also plots the approximate expression (70)as a dotted line.
As for the drawn curve in Fig. 2 we choose Dp /wo; = 1072 It is seen
that for Dy/wq > 0.5 the rate of energy transfer becomes smaller
than determined by (70) and eventually, when Dy > @y it is lim-
ited to the value (67). This reduction and subsequent limitation
have a simple origin: conservation of energy inhibits pairs of elec-
tron spins, for which DY > wy,, to participate in triple spin flips.

We continue with the integral W3, Again we skip the small
term Dé in the denominator.’ Then for Dy > wq, S0 Ag = 0, the inte-
gral W, simplifies to

) 2
WS~ A’Dp (@0 dA Wy — A" 1 A’Dp =
i) =2 , (71)
g Jo oy oy
while for Dy < wyq it becomes®
2
s AZDD o ‘/a)gl —A
ss1 ¥ 5 A T on
%, ~D§ o1
A’Dp |7 Do Do D;
= = —arccos — — — ——- (72)
20 |2 Mo Wor (o5

As for W%, this rather complicated expression can be simplified,
when Dy < wo;, SO we can insert the expansion (69). Then

5 A’DpD}

W~ =
SSI 12 wgl

(73)

Upon comparison with (67) and (70) we see that W%, = W35, when
the cut-off frequency D, is larger than the NMR frequency wo.
Hence, for such larger values of Dy, transfer of electron Zeeman
energy to the nuclear spins may be just as fast as transfer of electron
interaction energy. However, if Dy is smaller than wq;, TM transfer of
electron interaction energy becomes slower than CE transfer of
electron Zeeman energy by a factor

5 D}

so transfer of the latter type of energy rapidly dominates. Notice

that the integral W5, does not lead to the transition rate (44) found
by the fluctuating field approach [21]. The reason is that in our cal-
culation the whole spectrum g,(D) contributes to TM and not just
the component for which D ~ wy,.

It should be stressed that this comparison between transfer of
electron Zeeman energy and transfer of electron interaction energy
to the nuclear spins can only be tentative, as we cannot simplify
the rate equation (60) for the evolution of the electron interaction
energy in a similar way as the rate equation (59) for the evolution
of the electron Zeeman energy.

7. Energy reservoirs

For a complete description of DNP via triple spin flips we need
to add the microwave field, spectral diffusion transferring electron
spin polarization across the ESR spectrum, electron spin-lattice

5 In this case it can be checked that the relative error in the result is of the order
D}/ f.

5 As before these integrals are most easily evaluated writing cos = A/wq and
integrating over 0.

relaxation and nuclear spin diffusion transferring nuclear spin
polarization spatially. In this section we discuss a few possible sce-
narios depending on the relative rates of the CE and TM, and on
how nuclear spin diffusion intervenes.

First we consider the case that the cut-off frequency D, of the
distribution function g, (D) is much smaller than the Zeeman split-
ting g of the nuclear spins. Then transfer of electron interaction
energy to the nuclear spins via TM is negligible compared to the
transfer of electron Zeeman energy to these spins via the CE. This
situation is depicted schematically in Fig. 4. The energy of the
nuclear spins and the electron interaction energy are contained
in two completely separated energy reservoirs: the nuclear spin
reservoir and the electron interaction reservoir. Because only the
CE transfers energy to the nuclear spins, existing theories of the
CE can be used to describe DNP.

When the cut-off frequency Dy is of the same order of magni-
tude as the Zeeman splitting g, of the nuclear spins, we need to
take transfer of electron interaction energy to the latter spins into
account. This can be a fast process as the following estimate shows.
Let us suppose that Dy > wy;, so the integral W, is given by (71).
The integral

| dog©se-a) 75)

in the rate equation (60) is of the order of the inverse of the inho-
mogeneous line width A;. Hence electron interaction energy is
transferred to the nuclear spins at a total rate of the order

n A’Dp
4 wO’Ai.

Wioe = (76)

To estimate A> we need to take nuclear spin diffusion into
account. Nuclear spin diffusion transfers nuclear Zeeman energy
spatially across the sample and hence between nuclear spins near
the electron spins and nuclear spins further away. The usual way to
implement nuclear spin diffusion is to define a distance between
the electron spins and the nuclear spins—the diffusion barrier—
separating local nuclear spins near the electron spins from bulk
nuclear spins further away [22]. Hyperfine interaction shifts the
NMR frequency of the local nuclear spins to such an extend, that
flip-flop transitions transferring polarization from these local
nuclear spins to the bulk nuclear spins is inhibited. So we need
to separate the TM and CE energy flows to the local nuclear spins
from such flows to the bulk nuclear spins. Thus we obtain four
energy flows as shown in Fig. 5. To calculate the rates of the energy
transfer to the local nuclear spins, we need to sum over the local
nuclear spins in our expression (22) for A%. To calculate the rates
of energy transfer to the bulk nuclear spins, we only include the
bulk nuclear spins in this sum.

As an example we consider DNP of proton spins at a concentra-
tion of 0.75 - 102 cm~3 in samples doped with TEMPO with g ~ 2
at a concentration of 2-10" cm~> (33 mM) and cooled to 1.2 K
in a static magnetic fields of 3.4 T. Then Dp/2m = 0.2 MHz,
wor/27 = 145 MHz and A;/27 = 100 MHz. local proton spins can
be as near as 2 A from the electron spins. Then A* may be as large
as 0.2 -10' s2, and we find Wo = 0.7 - 10* s~'. This is much faster
than the rate of electron spin-lattice relaxation, which was found
in [26] to be T;4 = 2-10* s~!. Hence—as was pointed out already
by Cox et al. [2]—the Zeeman energy of the local nuclear spins
and the electron interaction energy are contained in a single
energy reservoir. Notice that this may have a profound effect on
the dynamics of the electron spins.

How much of the energy of the bulk nuclear spins is also con-
tained in this single reservoir, depends on the rate of the TM flow
to the bulk nuclear spins compared to the rate of spin-lattice relax-
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Fig. 4. Energy flows when the cut-off frequency D, is much smaller than the
Zeeman splitting wg; of the nuclear spins, so only electron Zeeman energy is
transferred to the nuclear spins via the CE.
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Fig. 5. Energy flows when the local nuclear spins are tightly coupled to the electron
interaction reservoir via TM, but the bulk nuclear spins are more loosely coupled via
TM.

ation of the electron interaction energy on the one hand and the
rate of nuclear spin diffusion between the bulk nuclear spins on
the other hand. Estimating the size of that combined energy reser-
voir is therefore not trivial, among further reasons because nuclear
spin diffusion is not spherical, see e.g. [12], Chapter 6, and will not
be attempted for our example.

8. Spin temperature and the stationary state

We continue with an investigation of the stationary state to
which triple spin flips tend to lead. According to the rate equation
(65), the CE branch of the energy flow tends to a stationary state
obeying

| dog(@)gi©-onlpi@.onp - ps(0.on)p] =0 (77

For the TM branch we insert the rate (43) in the rate equation (60),
while skipping the small term Df, in the denominator. Thus we find
that this branch leads to a stationary state obeying

~—Ag qon 00
{/ dA + / dA} / do gi(w)g;(w — A)
—op Ay —o0

X\ = A% [ps (0, 8)pf — ps (@,A)p; ] = 0. (78)

in which, as usual, the integration limit Ag = /w3, — Dg if Dy < oy
and Ay = 0 otherwise.

We rewrite these equations as relations between spin tempera-
tures. As in [1]| we describe the state of the nuclear spins with a
spin temperature T, and its inverse §, = h/kgT), such that

1
or== eXp:tja)O,[)’,. (79)
Here h and kg are Planck’s and Boltzmann’s constant, and
_ 1 1
E; = exp +§6001ﬂ: +exp — 50)01/31 (80)

is the corresponding sum of states. Notice that the inverse nuclear
spin temperature f; has the dimension of time, i.e. the inverse of
frequency.

As in [1] we follow Provotorov [13,14] to describe the state of
the electron spins. Recall that in [1] we considered two interacting
electron spins S' and S’ with Zeeman splittings wis and w); and a

nuclear spin I* with a Zeeman splitting y, interacting with S'. To
describe their state we introduced the electron Zeeman tempera-
tures T, and T} and their inverse of = h/ksT}, and of = h/kpT} and
the electron interaction temperature Tss and its inverse
Bss = h/kgTss, such that the density matrix has diagonal elements

++ 1 [+t
Ps™ =5 Ps

> (81)
Pi =% Pf
in which
P =expFl [wgsocf + wésaq )
. o , . (82)
Pt = exp¥} [ohsa — ol + (0 - b + o)) ).
and
Es=ps" +p] +0; +Ps (83)

is the sum of states for the two electron spins.” Here we already exe-
cuted the ¢-function in the transition rate (17).

We extend this density matrix to our system consisting of N;
equivalent nuclear spins and Ns randomly distributed and oriented
electron spins. To describe the state of all pairs of electron spins S'
and §, for which w < wi; < @ + dw and A < wis — wls < A + dA,
we replace the inverse electron Zeeman temperatures o and o/
by their averages o(w) and a(w — A) in these intervals. As Provo-
torov [13,14] we retain a single electron interaction temperature
Tss and its inverse fss = h/kgTss. Thus we describe these pairs of
electron spins with a density matrix with diagonal elements

pSii(aLA) = Een ;)Sii(ws A)

Eg(w,A)

. [ (84)
ps(@,A) = g5 Ps(,A)
in which
P (w,A) =expFi[wo(w)+(w—A)o(w—A),
ps(w,A) =expFi[ma(w) — (0 — A)u(w —A) + (0o — A) fiss]
(85)

and
Es(w,A) = pit(w,A) + pE(w,A) + ps (w,A) + ps~ (0, A) (86)

is the sum of states for these pairs of electron spins.

7 At this point we repeat a remark in [1], in which we noticed that—though they
have the dimension of temperature—spin temperatures often do not need to be
interpreted as thermodynamic temperatures, as it is mostly sufficient to define them
as parameters determining the value of the diagonal components of the density
matrix.
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We combine our expressions for the density matrix. Then

1 1
ps(w,A)p; = RN X exp:Fi[woc(w) —(w—A)o(w - A)
—APBss + Wor(Bss — B, (87)

and upon its insertion in (77) and (78) and solving the results, we
obtain relations between the inverse Zeeman temperature o(w),
the inverse electron interaction temperature fs and the inverse
nuclear spin temperature g, that describe the stationary states
towards which the CE branch and the TM branch tend.

For the CE branch we set A = )y, and (87) simplifies to

1

+ +
(& 0)01 == . . =
pS( ) )pl :.5((,0, wOl):I

x exp :F% [wa(w) — (w — wor)o(w — woer) — Worfy].

(88)

We now define
Pz(w) = tanh%wa(w}, (89)

which corresponds to the polarization of the electron spins with a
resonance frequency o < wj; < w+dw in the limit that their
mutual interactions are negligibly small. Then, after some algebra
we find

1 +
(0, A [s (
o [1 = Po() — Py(@ — )Py — [Po(@) — Po(@ — )], (90)

, o) p — ps (@, o) py ]

and the left hand side of (77) vanishes, if

[ do gi(w)gi(@ — mo)[Pz(w) — Pz(@ — )]
- [0 do gi(w)gi(w — wor)[1 — Pz(w)Pz(w — wor)]”

P, (91)
This is precisely the stationary state that we would have obtained
using the scrambled states approach—for a comparison using the
same notation, see [12], Chapter 8.

Upon inspection of (78) and (87) it is immediately seen that
such a simple relation is not so easily obtained for the TM branch.
Because the integral over A is limited to the intervals
—wo <A< —A¢ and Ap < A < +myq, such a relation may even
depend on the nuclear Zeeman splitting and hence on the type of
nuclear spin. A general treatment requires integration of triple spin
flips in a model for spectral diffusion, such as presented in the next
section using the high temperature approximation, or using the
model presented in [27] extended with nuclear spins. In particular,
contrary to the predictions of the fluctuating field approach
[19,20,18,21], our treatment of TM does not trivially renders
Bss = B; in all conditions. The reason for this discrepancy is that
we include the whole spectrum g,(D) in our calculations, while
the fluctuating field approach only includes the component corre-
sponding to D = wy. So the fluctuating field approach sets A =0
and (87) reduces to

1
psPi = E5(0,0)5, exp ¥§w01(555 - /31)} ) (92)
while (78) reduces to
1 1
exp [— 5 Woi(Bss — ﬁl):| — exp {‘Fiwm(ﬁss - ﬁl):| =0, (33)

and B, = B in the stationary state.

Still, also in our more general treatment there are at least two
cases, in which the TM branch tends to a stationary state in which
Pss = B;. First, if we assume that spectral diffusion across the
ESR spectrum is fast and the electron spin system is in a local

equilibrium, Provotorov’s theory of cross relaxation [14] and its
extension beyond the high temperature approximation [28,27]
predict that

wo(w) — (W — A)o(w — A) = Afs (94)

for all w and A. Then again

pipt = exp

m ¥%w01(/355 - ﬁl)} ) (95)
and again B; = f in the stationary state. Notice that this expression
still holds when A = @y, so in this case also the CE branch tends to
equalize B; and Bgs.

The other case concerns nuclear spin-lattice relaxation, so no
microwave field is present. Let us now suppose that this implies
that the electron Zeeman temperature of all electron spins is equal
to the lattice temperature Ty, but that the nuclear spin temperature
T, and the electron interaction temperature Tss may differ from T.
Then a(w) and o(w —A) are equal to the inverse lattice
temperature

h

BL= keT, (96)
for all frequencies w, and

pE(w,A) =expF12m — Alpy, (97)

pE(,A) = eXP¢%[AﬁL + (o1 — A) Bss]-
As a result

1
ps (w,A)pf = 50 A5 eXpF5 [A(BL = Bss) + @ar(Bss — Bl
(98)

and again 8, = f in the stationary state. This is seen as follows. If
we insert ff; = fiss in this expression for pg(w, A)pi, the integrant
in our condition (78) for the stationary state reduces to

/:o dw g;(w)g;(® — A)\/w? — A* tanh {* %A(ﬁL - ﬂss)} (99)

which is an uneven function of A, and hence the integral over A van-
ishes. Notice that this result suggests that during DNP the TM
branch may still lead to g, ~ B¢ when spectral diffusion is so slow,
that the microwave field only burns a narrow hole in the ESR signal.
In this case the CE branch differs from the TM branch. To obtain
the stationary state to which the former branch tends we set
A = g in (98):
(100)

1
pE(w,A)pi = = €exp choo,(lﬁ - ﬁ,)}

Es(, 0or)E;
which, upon insertion in (77), yields that the CE branch tends to a
stationary state, in which 8, = B,.

9. DNP in the high temperature approximation

As mentioned at the beginning of Section 7, for a complete
description of DNP via the CE and TM we need to add the micro-
wave field, spectral diffusion and electron spin lattice relaxation.
This can be done analytically in the limit of the high temperature
approximation, in which Boltzmann factors are expanded linearly.
Then we can use Provotorov’s equations for magnetic resonance
saturation and cross relaxation [13,14] and combine them with
the rate equations obtained here for triple spin flips. Such a treat-
ment can be justified for DNP using e.g. electron spins with g ~ 2 in
a static field of 3.4 T at temperatures above 4.2K, so
hwoes/2ksT < 0.54. An extension beyond the high temperature
approximation requires embedding the rate equations obtained
above in numerical models for magnetic resonance saturation
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and spectral diffusion as presented in [28,27]. This non-trivial
extension will be described elsewhere.

Provotorov developed his theory of cross relaxation for spin sys-
tems with a discrete set of different Zeeman splittings. We first
introduce the main components of his theory and next extend it to
the continuous range of Zeeman splittings in our electron spin sys-
tem. Thus we start considering a spin system containing two types
of mutually interacting electron spins S’ = land S’ = L Itis subjected
to an externally applied static magnetic ﬁeld. a mlcrowave field and
spin-lattice relaxation. We describe it with the Hamiltonian

H= oY S+ 0 5]+ Mg+ S DU (S8 +5T)
i J ¥

+2m15Y S, cos ot + Hs. (101)

Here the first two terms represent the Zeeman interaction of the
two types of electron spin with the externally applied static mag-
netic field. As usual the z-axis of the laboratory frame of reference
is chosen parallel to this static field. The third term represent the
truncated mutual interactions between the electron spins [22].
These first three terms lead to an ESR spectrum

g(®) = gih(w — wes) + gih(w — ),

consisting of two lines with relative amplitudes g; and g/ and cen-
tred at the Zeeman splittings wos and wys. These two lines are
homogeneously broadened by s, and h(A) is the resulting homo-
geneous lineshape. We characterize the latter by its moments

M, = /m dA A™h(A)

(102)

(103)

and normalize g(w) setting Mo =1 and g; + g/ = 1.

The remaining terms in the Hamiltonian (101) are non-diagonal
on a basis of eigenstates of the first three terms. The first of these is
the flip-flop term in the interaction between the two types of spin
species and the cause of cross relaxation between these two types
of electron spin. The next term originates in the interaction of the

spins S" with a microwave field 2B; cos wmt tuned to a frequency
p, near their Zeeman splitting wys. The final term represents the
interaction of the two types of electron spin with the lattice
vibrations.

Provotorov uses Zwanzig's perturbation method to solve the
Liouville equation [29,25]. The first three terms of the Hamiltonian
are then considered as the unperturbed part of the Hamiltonian
and the remaining terms as perturbations causing the evolution
of the part of the density matrix that is diagonal on a basis of eigen-
states of the first three terms. This diagonal part is expanded up to
first order in the high temperature approximation and written as

1 i Il j i
P =Triy <1 - a)osoczi:SIZ — Wil Zj:s; - 7{55/355> .

Here o and o are inverse electron Zeeman temperatures and f is
the inverse electron interaction temperature as defined in the pre-
vious section.

This density matrix enables the division of the expectation
value of the unperturbed part of the Hamiltonian into three energy
reservoirs: two electron Zeeman reservoirs containing the electron
Zeeman energies

(104)

1
7N5giw%5(x7

Uz =5 (105)
d 1 ! / /
Uy = — 5 Nsgi (s) o (106)

and the electron interaction reservoir containing the electron inter-
action energy

Uss = — g Nsafs.
Thus the high temperature approximation leads to a one-to-one lin-
ear relation ship between the energies in these three reservoirs and
the three inverse spin temperatures.

Finally, Provotorov derives a set of rate equations for the evolu-
tion of the three inverse spin temperatures due to the three non-
diagonal contributions to the Hamiltonian (101):

(107)

Wos % = —g @ h(Wm — Wos)[Wost + (Wm — Wos) Pss]
- Tiw Wos[or — fi] — g Mag;
X /x do h(w)h(wes — wis — )
X [6;0506 — st — (Wos — W) Bss ] » (108)
Wogs % = *TL Wps[o' — B +g Mag;
/ do h(w)h(woes — Wi — )
X (UosoC W5l — ((Dos wés)ﬁssL (109)
% = —g 2 h(Wm — Wos) (Om — Wos) [Wos + (O — Wos) Bss]
— e Malps — i)+ Mage]
/ dw h(w)h(wes — whs — )
(Wos — @ps) [os0t — s — (os — W) Ps]
(110

In these equations g is the inverse lattice temperature defined in
(96), Tys the spin-lattice relaxation time of the electron Zeeman
energy, and Tyss the spin-lattice relaxation time of the mutual inter-
action between the electron spins. Because the two electron Zee-
man energies Uz and U, and the electron interaction energy Uss
are proportional to the inverse spin temperatures o, o' and S, these
rate equations directly provide the flows of energy in the spin
system.

We continue extending Provotorov’s theory of magnetic reso-
nance saturation and cross relaxation to our spin system consisting
of Ns randomly distributed and oriented electron spins S = 1. Fig. 6
is a schematic representation of an ESR spectrum based on the
electron spin part (2) of the unperturbed Hamiltonian. The dashed
curve represents the inhomogeneous lineshape g;(w) and corre-
sponds to the distribution of electron Zeeman splittings wj. Thus,

gi(w)dw is the probability that w < wis < w +dw. The drawn

curves represent the homogeneous line shape h(w) and corre-
sponds to broadening of the spectrum due to the mutual interac-
tion between the electron spins. Thus, h(A)dA is the probability
that the mutual interaction between electron spins shifts the reso-
nance frequency of an electron spin further by an amount between
A and A + dA. The full ESR lineshape is the convolution

= /% do' gj(w')h(w — o)

of the inhomogeneous and homogeneous lineshapes.

As mentioned above, Provotorov’s theory of cross relaxation
treats spin systems with a finite number of different Zeeman split-
tings. We extend this treatment to a continuous distribution of
inequivalent spin species. As in the previous section we describe
the state of the electron spins with a Zeeman splitting
o < Wi < ® +dw with an inverse electron Zeeman temperature

(111)
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o(w) and an inverse electron interaction temperature fgs—which is
the same for all electron spins. Then, in the high temperature
approximation the total Zeeman energy of these electron spins is
equal to

Uz(w)dow = —%ngi(a))wzac(w)du (112)

while the total electron interaction energy is again given by (107).
Furthermore, in this continuous limit the set of rate equations
(108)-(110) is rewritten in the shape

oo(w b
0 PO % ih(on - 0)0n() + (0n - 0)f]

1 oC
- o) - g5 M [ _dog(o)

X /)c do” h(w")h(w — @' — ")

x [03(®) — /(@) — (@ - )], (113)
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For the description of DNP we need to add the nuclear spins. As
before we consider N; equivalent nuclear spins I = } with a Zeeman
interaction (3) with the externally applied magnetic field. In the
high temperature approximation the density matrix describing
the state of these nuclear spins is approximated as

1
pI:_Tr{l}(l_zlﬁ’)' (115)
As a result the nuclear spin polarization
P flLiTr{pﬁ}flw ; (116)
' NI Tr{py 4 22

is simply proportional to the inverse nuclear spin temperature f,.
We rewrite the rate equation (43) for the evolution of P; as a rate
equation for the evolution of §,. On the left hand side we insert
the expression for P; given above. To rewrite the right hand side
we notice that in the high temperature approximation (87) reduces
to

P, A)p; = £ X [a(®) — (@ — Ao — A) — Afiss + Oo(Bss — ).

8
(117)

We also insert (43) for the rate Wss(A). Thus we find a linear differ-
ential equation for the evolution of the inverse nuclear spin
temperature:

B 7T Ns A® |:/—A0 /“’0: } /OQ
Pr_ IS dA+ dA dog;(w)g;(w—A
G AN | N » gi(w)gi( )

X \/wg, -Ag), <\/w§, —A2>

x [wa() — (0 = A)u(@ = A) = Afss + 0o (Bss — )],

(118)

Fig. 6. Schematic representation of the structure of the ESR spectrum. The dashed
curve represents the inhomogeneous lineshape g;(w), which corresponds to the
distribution of electron Zeeman splittings. The drawn curves represent the
homogeneous line shape h(A) and corresponds to broadening of the spectrum
due to the mutual interaction between the electron spins.

in which—as before—the integration limit Aq = /w2 — D} if
Dy < wg; and Ay = 0 otherwise.

The evolution of B, described by this rate equation includes two
flows of energy: the CE flow between the nuclear Zeeman reservoir
and the continuum of electron Zeeman reservoirs and the TM flow
between the nuclear Zeeman reservoir and the electron interaction
reservoir. As depicted in Figs. 4 and 5, the main effect of the CE on
the electron Zeeman reservoirs is a flow of energy between elec-
tron spins with Zeeman splittings separated by the NMR frequency
wy;. Thus it contributes to spectral diffusion. Estimates—see e.g.
[12], Chapter 8—indicate that this contribution is still much smal-
ler than spectral diffusion itself and we will ignore the effect of the
CE on the evolution of the energy in the electron Zeeman reservoirs
and hence of the inverse electron Zeeman temperatures o(w).

On the other hand, the change (60) of the electron interaction
energy due to TM can be considerable. We insert (107) on the left
hand side and (117) on the right hand side. We furthermore

approximate the transition rate setting D3 ~ 0 in the denominator

of g, <‘/w(2,, - A2>, s0 (62) simplifies to

W}, — A 1ADy, 5 5
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As a result, after dividing both sides by —1Ns, we find
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(120)

(119)

in which, as above, the integration limit Ag = /@3, — Dé if Dy < Wy,
and Ao = 0 otherwise. We add the additional rate equation (118) to
the set (113) and (114) and add this term to the latter. Thus we have
obtained a closed set of rate equations for the inverse spin temper-
atures a(w), Bss and B;, from which the evolution of ;—and hence of
the nuclear spin polarization—during DNP can be solved.

Notice that the thus derived set of equations considers one type
of nuclear spin only. Thus it does not yet differentiate between
local and bulk nuclear spins separated by a diffusion barrier. Imple-
menting this separation, as well as adding more types of nuclear
spin is straightforward however. Moreover, also terms due
transitions originating in the solid effect can be easily added using
Abragam and Borghini’s treatment [30].
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10. Discussion and conclusions

The previous article [ 1] considered a model system consisting of
a pair of interacting electron spins §' and S’ and a single nuclear

spin I¥ and treated triple spin flips induced by the mutual interac-
tion between the two electron spins together with the hyperfine or
super-hyperfine interaction between one of the electron spins and
the nuclear spin. While the scrambled states approach, which
treats such triple spin flips by second order perturbation theory,
can only be used when the mutual interaction between the two
electron spins is small compared to the nuclear Zeeman splitting,
o) |Df{7\ < g, the treatment given in the previous paper uses
the exact eigenstates of the two interacting electron spins and cal-
culates the transition rate with first order perturbation theory.
Thus the results are valid for all values of D‘L. It was shown that
triple spin flips—in a single quantum mechanical transition—not
only induce a flow of electron Zeeman energy to the nuclear spins,
but also a flow of electron interaction energy to the nuclear spins.

For [DY_| < ey the two flows—which we denote as the cross effect
(CE) and thermal mixing (TM) respectively—are proportional to

a-@) L, 0]
= V) ad AL (121)

Wy Wy
while for |DY | > wy the two flows vanish.

The present paper extends the treatment to a system consisting
of Ns randomly distributed and oriented electron spins with aniso-
tropic g-tensors and N; equivalent nuclear spins. As the previous
paper it uses Zwanzig's perturbation expansion of the Liouville
equation up to first order. In the extension the unperturbed density
matrix includes pairs of interacting electron spins only. It is
assumed that the concentration of electron spins is sufficiently
low, and that their distribution is sufficiently random, so triples
and larger clusters of interacting electron spins can be ignored.
As a result the rate equations for all possible pairs of electron spins
can simply be added. It should be noted, however, that some rad-
icals may tend to assemble in clusters more easily than expected
statistically. The dependence on concentration of the electron
spin-lattice relaxation rate of trityls in a glass of glycerol:water
can be explained assuming that trityls tend to assemble in clusters
[31]. As an analytical treatment including larger clusters than pairs
may turn out to be cumbersome, it may then be more profitable to
resort to numerical models of clusters of electron spins as pre-
sented by e.g. Caracciolo et al. [32] and Kundu et al. [33].

In order to replace sums over electron spins by integrals, a dis-
tribution function g,(D) is introduced for the mutual interaction
between the electron spins. This distribution function assumes
the part of the spectrum of fluctuations in the fluctuating field
approach. Notice that g,(D)dD is not the probability that

D < sz <D +dD, but rather the probability that the x and
y-components of the local field experienced by the electron spins
due their interaction with all other electron spins lie in the range
between y5!D and y5!(D + dD). The assumption that the electron
spins are randomly distributed and oriented, leads to a Lorentzian

shape of g, (D) cut-off at Dy, which is the maximum possible value
of \DZ?| corresponding to the minimum possible distance between
electron spins.

It is found that the relative strength of the two flows of energy—
the TM flow of electron interaction energy to the nuclear spins and
the CE flow of electron Zeeman energy to the nuclear spins—is
determined by the ratio Do/wq of the cut-off frequency D, of the
distribution function g, (D) and the nuclear Zeeman splitting wq;.
For Dg/wo > 1 the rates of the two flows are equal. For

Do/wor < 1 the rate of the TM flow becomes gradually smaller than
the rate of the CE flow, and for Dyg/wq < 1 only the CE flow
remains.

Now the cut-off frequency Dy is completely determined by the
radicals providing the electron spins and independent of the
nuclear spins surrounding them. So, once a sample has been pre-
pared, the relative strength of the two flows is the same for equiv-
alent nuclear spins. On the other hand the relative contribution of
the TM flow is larger for nuclear spins with a smaller NMR fre-
quency—like e.g. 13C spins—and smaller for those with a larger
NMR frequency—like e.g. proton spins. It may even happen that
there is a significant TM flow to the former type of nuclear spin
while this flow is completely quenched for the latter type of
nuclear spin—as is e.g. the case when wq (**C) < Dy < wg;('H).
On the other hand—with the exception of some local nuclear spins
with resonance frequencies shifted significantly by strong hyper-
fine interaction—the ratio between TM and the CE flows of energy
is the same for local nuclear spins near the electron spins as for the
bulk nuclear spins further away.

The CE flow of electron Zeeman energy to the nuclear spins is
found to be dominated by weakly interacting pairs of electron
spins obeying the matching condition wj — wés ~ (qy. As a result
this flow leads to the same stationary state as obtained by the
scrambled states approach as introduced by Kessenikh [15]. For
small values of the cut-off frequency D, the rate of this flow is also
the same as obtained by the scrambled states approach. However,
for larger values of Dy this rate is found to be smaller. This reduc-
tion has a simple origin: conservation of energy inhibits pairs of
electron spins, for which sz > qy, to participate in triple spin
flips. On the other hand the whole spectrum g, (D) is found to con-
tribute to TM. As a result the transition rate for TM is not exactly
equal to the rate determined with the fluctuating field approach,
which only accounts for the component of the spectrum corre-
sponding to D =~ wq,.

It is seen that the cut-off frequency Dy is a crucial parameter for
the determination of the energy flows during DNP. Notice first that
the cut-off frequency Dy is determined by the smallest possible dis-
tance of the electron spins in nearest neighbour pairs. Thus Dy will
not only differ for different types of radical providing the electron
spins, but may also depend on the host material. On the other hand
the concentration of electron spins may not play a crucial part.

An issue to consider is that for real samples Dy may differ signif-
icantly from its value as defined above. When, as noted above rad-
icals tend to assemble in clusters, the shape of the distribution
function g, (D) may change significantly and the cut-off frequency
may be considerable larger, especially if these radicals tend to
stack on top of each other in a preferred direction, so the their
g-tensors coincide. For small or flat radicals it is also conceivable
that the wave function of the unpaired electron spin extends to
the edge of the molecule. Then the wave functions of the unpaired
electron spins on nearest neighbour radicals may overlap, which
leads to a contact or exchange interaction. This will also change
the shape of g, (D), and, depending on the configuration, this may
lead to an increase or a decrease of the cut-off frequency Dy. As
mentioned above, an analytical treatment including such larger
clusters may turn out to be cumbersome. Including exchange inter-
actions may complicate the treatment even further, and in such
cases it may be more profitable to resort to numerical models of
clusters of electron spins as presented in [32,33].

Possibly ESR might provide an experimental value of Dy. Chen
et al. discuss double quantum transitions of pairs of electron spins
in a glass of glycerol:water doped with trityls, that may yield such
an experimental value [31]. DNP experiments on samples, in which
more than one nuclear spin species is present, may also provide an
indication of the value of Dy. In such samples TM provides a mech-
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anism for an exchange of energy between the various nuclear spin
species. Kaminker et al. studied DNP of proton and deuterium spins
in a glass of 50% ?H,0/dimethyl sulfoxyde doped with 40 mM
TEMPOL providing the electron spins [34]. Experiments performed
at 6 Kand 3.4 T yielded equal spin temperatures for the proton and
deuterium spins in the stationary state after applying the micro-
wave field for a long time. Electron-electron double resonance
(ELDOR) performed on the same sample showed that the micro-
wave field only burns a narrow hole in the ESR signal. This can
be explained by TM as discussed above: if only a narrow hole is
burnt in the ESR signal, for most electron spins the inverse electron
Zeeman temperature o(w) is equal to the inverse lattice tempera-
ture B,. As discussed in Section 8, TM may then tend to a stationary
state, in which the inverse electron interaction temperature fg is
approximately equal to the inverse nuclear spin temperature fj,.
As this applies for all nuclear spin species in the sample, all these
spin species should reach approximately the same inverse spin
temperature.

This observation is supported by Capozzi, who studied DNP of
proton and '3C spins in glasses of sodium [1-'3C]acetate dissolved
in a water:glycerol solution with different degrees of deuteration
and doped with 50 mM TEMPOL [35]. Experiments performed at
1.5K and 3.4 and 5 T also yielded equal inverse nuclear spin tem-
peratures for the proton and '3C spins in the stationary state
reached after applying the microwave field for a long time. How-
ever, upon increasing the magnetic field to 7 T, these two nuclear
spin species reached different inverse spin temperatures. This indi-
cates that the cut-off frequency Dy is significantly smaller than the
NMR frequency g /27 = 299 MHz in this specific case. As an
appreciable energy flow due to TM still occurs down to
Do/mg =~ 0.5, these experiments suggest that the cut-off frequency
is probably lower than 150 MHz.

Also Guarin et al. observed the breakdown of equal inverse
nuclear spin temperatures at such a high magnetic field [36]. Among
other materials they studied DNP of proton spins and '3C spins in
glasses of [1-13C]pyruvate dissolved in a D,0:H,0:glycerol-d8 solu-
tion, also doped with TEMPOL, now at concentrations varying from
10 to 100 mM. In experiments at 4.2 Kand 6.7 T the stationary state
after applying the microwave field for a long time exhibited equal
inverse spin temperatures for the higher concentrations of 50 and
100 mM, but not anymore for the lower concentrations of 40, 25
and 10 mM. This suggest that the cut-off frequency may be larger
than 0.5 weg—which corresponds to 143 MHz for proton spins—for
higher concentrations, possibly due to clustering of the TEMPOL
molecules. Such clustering would explain the observed concentra-
tion dependence of the electron spin-lattice relaxation rate of
TEMPO in a glass of butanol [37] in the same way as it explained it
for trityl in a glass of glycerol:water [31].

In a second experiment, similar to the early experiment of Cox
et al. [2], the nuclear spins were first polarized by DNP. Next the
polarization of the *C spins was reduced to zero by means of a ser-
ies of saturating RF pulses. Subsequently this polarization was
monitored by NMR. At all concentrations of TEMPOL the polariza-
tion of the 3C spins was seen to recover. As this recovery can be
explained by a TM flow of energy from the deuterium spins to
the 3C spins, this experiment does not contradict the observation
that the cut-off frequency is much lower than the NMR frequency
of the proton spins. On the other hand, as an appreciable energy
flow due to TM still occurs at Do/wg ~ 0.5, and g /27 =72
MHz at 6.7 T, this indicates that Dy/27 235 MHz, even at such a
low concentration of TEMPO that triples and larger clusters of elec-
tron spins can be ignored.

It may be useful to consider samples, in which the minimum
distance between radicals can be engineered. This can be done
by either doping materials with more than one radical sub-group

[38,39]—s0 the distance between electron spins is known more
precisely—or by embedding a radical in a larger molecule—so their
minimum distance is larger, and thus the cut-off frequency Dy is
reduced.

The treatment presented here excludes broadening of the ESR

spectrum by the terms DUS!S! in the hyperfine and super-

z-z7z
hyperfine interaction. In triple spin flips involving two electron

spins §" and $’ and a nuclear spin I*, the expectation value of
DU SIS/ does not change, so this term does not contribute to the

zZ-z%z

energy flows. However the expectation value Al of the terms
DYs's, and DI SIS, in the interaction of S' and S’ with other spins
' does change. As a result the CE flow of energy—as derived in this
paper—is not anymore a pure transfer of electron Zeeman energy
to the nuclear spins, but also involves some transfer of electron
interaction energy. This flow of electron interaction energy to or
from the nuclear spins was recently studied by Karabanov et al.
for mainly homogeneously broadened ESR spectra, such that Ags
is comparable to or larger than the difference wj; — w, of the elec-
tron Zeeman splittings [23]. Then the fraction of electron interac-
tion energy in the flow can be considerable.

In our case of mainly inhomogeneously broadened ESR spectra,
such that wj; — w}; is on average much larger than A, this contri-
bution to the flow of electron interaction energy is much smaller
than the flow due to the TM branch as calculated in this article.
To keep the argument simple, we illustrate this using the high tem-
perature approximation and assuming fast spectral diffusion, so
(94) holds for all pairs of electron spins. Then it can be inferred
from the treatment in the previous paper [1], that a single triple
spin flip with S’ and S’ changes the Zeeman energy of I on average
by an amount
1 2
Zwo:(ﬁss = B)- (122)
We determine the fraction of this energy originating in the electron
interaction energy due to homogeneous broadening. In the high
temperature approximation the probability that Aéjs has a value
Ass is equal to 1 — %Assﬁss. Furthermore, the distribution of the val-
ues of Ags is the convolution
gx(bs) = [ dwh(@h(as - ) (123)
of the homogeneous lineshape with itself. Hence, on average a triple
spin flip changes the electron interaction energy by an amount

‘l o0
2= ) [~ do M)

(124)
As discussed in Appendix A we can equate the homogeneous line-
shape with the distribution function g, (D). This is a Lorentzian,
and the second moment of the convolution of a Lorentzian with
itself is twice the second moment of that Lorentzian. Then, using
(A.8) we find that the fraction of electron interaction energy trans-
ferred by the CE branch of energy transfer is equal to

4M, 8 DDy
Wy Ty

(125)

We compare this ratio with (70) and notice that Dp < D, for dilute
electron spin systems. We see that for inhomogeneously broadened
ESR spectra this contribution to the transfer of electron interaction
energy is much smaller than the contribution of the TM branch as
determined in the present article.

TM involving the local nuclear spins near the electron spins may
be fast, and, as already noticed by Cox et al. [2], it then couples the
mutual interactions between the electron spins and the Zeeman
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energy of the local nuclear spins near the electron spins into a sin-
gle energy reservoir. If the rate of nuclear spin diffusion is suffi-
ciently fast, the energy of the bulk nuclear spins is also contained
in this joint reservoir. As a result TM may influence the results of
electron spin double resonance (ELDOR) experiments. In these
experiments a short microwave pulse is used to burn a narrow hole
in the ESR signal. Then after a short time the ESR signal is moni-
tored in order to determine the broadening of that hole due to
spectral diffusion. Recall that spectral diffusion is caused by flip-

flop transitions between electron spins ' and § with different Zee-
man splittings wis and o/, and that the energy + (a)gs - wés>

needed for these transitions is provided by the electron interaction
reservoir. As the amount of energy that can be stored in this reser-
voir is small, the result is expected to be a gradient of electron spin
polarization across the ESR spectrum instead of complete satura-
tion of all polarization [14]. However, if TM combines the electron
interaction energy with the Zeeman energy of the local nuclear
spins into a single reservoir, the resulting reservoir may be suffi-
ciently large to supply the necessary energy. Hence, on the short
time scale of ELDOR experiments conservation of energy is a lesser
issue, and one may not observe the polarization gradient predicted
by Provotorov’s theory.

We recall our remark made in the previous paper [1] that coher-
ent effects may be involved in the energy transfer when the hyper-
fine or super-hyperfine interaction is strong, i.e. in the transfer of
energy to the local nuclear spins. However, precisely because the
energy of these local nuclear spins may be contained in the same
energy reservoir as the electron interaction energy, such coherent
effects may be hard to detect.

The nuclear Zeeman energy is determined by a single parame-
ter: the inverse nuclear spin temperature ;. On the other hand,
beyond the high temperature approximation the electron interac-
tion energy is determined by two parameters: the inverse electron
Zeeman temperature o(w) and the inverse electron interaction
temperature fBg. The fluctuating field approach finds that TM tends
to render B; = B, because it assumes that TM is solely caused by
the component D = wq of the distribution function g,(D). Our
approach includes the whole spectrum g, (D) in its treatment of
TM, and, as a result, we find that TM does not trivially tends to
equalize $; and . In two cases we still find §; = s however: first
when spectral diffusion across the ESR spectrum is fast and sec-
ondly when no microwave field is present, so o(w) = f,. The latter
suggests that still g, = s, when spectral diffusion is slow, and the
microwave field only burns a narrow hole in the ESR signal.

Future work will focus on integrating triple spin flips in the
model for spectral diffusion presented in [27], thus extending the
treatment of DNP in Section 9 to beyond the high temperature
approximation, so comparison with experiments at low tempera-
ture is possible. It should be noted that such comparisons are not
trivial, because in addition to parameters like the rates of spin-
lattice relaxation and spectral diffusion, now also the cut-off fre-
quency D, of the distribution function g, (D) and the rates of nuclear
spin diffusion have to be estimated or deduced from experiment.
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Appendix A. The distribution function g, (D)

In this Appendix we derive an expression for the distribution
function g,(D). For this purpose we consider the model system

described in Section 2. It consists of Ns electron spins S' =1 that
are randomly distributed and oriented in a volume V. We assume
that there exists a minimum distance ry between these electron
spins, e.g. because the radicals providing them have a finite size.
However, the system is dilute, and this minimum distance rg is
at least an order of magnitude smaller than the average distance
ng3, where ns = Ns/V. Their interaction is furthermore assumed
to be purely dipolar. So for a pair of electron spins S' and §’ sepa-
rated by a vector 1y = (ry, 0y, ),

) iy
pi — 1 Ho Wy (1 —3cos? 03).

- 24n rf]*. (A1)

Here y% and y_é are the gyromagnetic ratios of the electron spins $'

and S’ and p, = 47 x 1077 is the permeability of free space.® We
make one further assumption: we assume that the width of the
inhomogeneous lineshape is much smaller than the Zeeman splitting
of the electron spins, as is generally the case for radicals used for
DNP. This corresponds to assuming that the spread in values of yi

and y! is much smaller than their average value
1
Ne ZV§

This enables us to approximate ygyé in our expression for D‘L by its
average 2.

In the text we introduce the distribution function g(D)
enabling the replacement of sums over S and §' of functions

f(Di) by an integral over f(D):

(ol

i j#

(A2)

/ dD f(D)gy (D). (A3)

Our aim is to provide an analytic expression for this distribution
function. From its definition follows that the moments of this distri-
bution function are equal to

=330

i j#

= [ " dD D'g, (D) (A4)

To characterize g, (D) we only need its second moment. For its eval-
uation we approximate the sums over S' and S’ by integrals:

N N (1 gy 2
_ 0 s = 20..
NSZZ<2 i r3 (1 — 3 cos? 0y)
zns/ drr?
o

2n " 1 uy hy? 2
i 7”0 'S 2
x /0 d(/)/o do 51n6<2 =5 (1-3cos 9))

47 ns /U, 2
— 25 5 (42 m2) . A5

15 rg( S (A-3)
We factorize this expression into two components. As mentioned
above, the radicals providing the electron spins have a finite size,
so there exists a minimum distance ro between spins. As a result

IDY | has a maximum value

_ Mo 3
Do=4n 3 (A.6)

Furthermore the average value of DY _ is equal to

8 Notice also that D, _ is chosen to be a factor two smaller than e.g. in [12]. This
enables us to write the expressions in this article a bit more concisely.
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1/2

2n n
/ dd)/ do sin (1 — 3 cos? )’
0 0

1y 2
=5 4n nshys,
(A7)
which s ns/r(3)\/§ smaller than D,. We now define

Dp = (4n2\/§/30>Da\, = 0.9366D,,. Then

M, :% DoDp. (A8)

For DNP the concentration of electron spins is generally low—typi-
cally 1-10”-4-10" cm (16-66 mM). Then Dp/D, is less than
about 0.01 when the minimum distance between electron spins is
1 nm and even smaller when this distance is shorter. So always
Dp < Dy and (A.8) is in good approximation the second moment
of a Lorentzian

D
(D) =————~ (A.9)
n(D +DD)

with a width Dp and cut-off at Dy. To show this we calculate,

Do

app* Do _2 D} {& _ arctan <&)] ~2 DoDp.
~Dy 7.C<D2 +Dé> Vi DD DD T
(A.10)

This distribution function is similar to the homogeneous lineshape
in the case that the latter is solely due to the mutual interaction
between electron spins while their polarization is low—for a deriva-
tion along similar lines of that lineshape see [12], Chapter 3. In the
case that the mutual interaction between the electron spins is
purely dipolar, so DZZ = 2DZ7 for all pairs of electron spins, the dis-
tribution function g, (D) is even identical to the homogeneous line-
shape in the limit of low electron spin polarization. In the
fluctuating field approach the spectrum of the fluctuations is gener-
ally equated to the homogeneous lineshape. Thus, in our more gen-
eral approach the distribution function g,(D) assumes the role of
that spectrum of fluctuations.

Like the homogeneous lineshape, the distribution function
gp(D) is a narrow function in typical conditions for DNP: samples
containing electron spins with g ~ 2 at a concentration between
1-10" and 4 - 10" cm 3 (16 to 66 mM) and static magnetic fields
of several tesla. Then Dp/27 is found to lie in the range 0.2-0.8
MHz, which is several orders of magnitude smaller than the NMR
frequency wo;.

Notice that the homogeneous lineshape h(A) is not defined such
that h(A)dA is the probability that A <1DJ < A+ dA. Rather
h(A)dA is the probability that the z-component of the local field
experienced by the electron spins due their interaction with all
other electron spins lies in the range between 7y;'A and
751 (A + dA). Similarly the distribution function g, (D) is not defined

such that g,(D)dD is the probability that D < Di < D+ dD. Rather
gp(D)dD is the probability that the x and y-components of the local
field experienced by the electron spins due their interaction with
all other electron spins lie in the range between y;'D and
751(D + dD). Notice also that the cut-off frequency D, of the distri-
bution function g, (D) corresponds to the interaction between two
nearest neighbour electron spins only. Hence extensions of g (D)
beyond D, due to triples and larger clusters of more strongly

interacting electron spins are considered to be negligible in the
derivation of g, (D) given in this Appendix.
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