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In dynamic nuclear polarization (DNP) via the cross effect (CE) and thermal mixing (TM) a microwave
field first reduces the polarization of some electron spins, so the electron spin system deviates from ther-
mal equilibrium with the lattice. Next, the mutual interactions combine with their interaction with the
nuclear spins to transform this deviation into nuclear spin polarization.
Two approaches were introduced to describe the latter process. The fluctuating field approach consid-

ers the electron spins to fluctuate between their up and down states due to their mutual interactions. This
results in a classical fluctuating field at the position of the nuclear spins, and the component of this field
at the NMR frequency induces flips of the nuclear spins. The scrambled states approach considers the
electron and nuclear spin states to be mixed by the hyperfine and super-hyperfine interaction. Next
the mutual interaction between the electron spins induces transitions between these mixed states and
thus flips nuclear spins. Some authors considered the fluctuating field approach and the scrambled states
approach to be just two equivalent methods to describe exactly the same process. Other authors consid-
ered the two approaches to describe two separate processes, the former exchanging electron interaction
energy, the latter transferring differences of electron spin polarization to the nuclear spins.
The present work introduces a generalized approach that first calculates the mixing of electron spin

states exactly. Next it considers the hyperfine or super-hyperfine interaction to induce transitions involv-
ing these mixed states and the nuclear spin states. It is found that the scrambled states approach and the
fluctuating field approach are neither fully equivalent, nor completely independent processes, but rather
represent two distinct limits of a single process. The former corresponding to very weak mutual interac-
tions between electron spins and the latter to very strong mutual interactions. It extends the treatment to
the whole range of mutual interactions and shows that this single process simultaneously exchanges
electron Zeeman energy and electron interaction energy with the nuclear spins. Expressions for these
two flows as a function of the strength of the mutual interaction are derived.

� 2018 Elsevier Inc. All rights reserved.
1. Introduction

Dynamic Nuclear Polarization (DNP) is a powerful tool to obtain
high nuclear spin polarization. While at first its development was
driven by studies of the role of spin in nuclear and particle phy-
sics—for a review see [1], more recently its potential to enhance
nuclear magnetic resonance (NMR) signals [2] and contrast in mag-
netic resonance imaging (MRI) [3–5] is the driving force for its
development.

These applications use DNP to polarize nuclear spins in insulat-
ing solids—mostly glasses—doped with an agent providing
unpaired electron spins. The latter are polarized by cooling to
about 1 K and applying a magnetic field of several tesla. Then the
electron spin polarization is transferred to the surrounding nuclear
spins by means of a CW microwave field. For reviews of the theo-
retical background see [6–10].

Two families of mechanisms have been identified for the polar-
ization transfer. In the solid effect (SE) the microwave field combi-
nes with the hyperfine and super-hyperfine interaction between
electron and nuclear spins to transfer electron spin polarization
directly to the nuclear spins. In the other family of mechanisms—
known as the cross effect (CE) and thermal mixing (TM)—the
nuclear spins are polarized in a three step process. In the first step
the microwave field reduces the polarization of some electron
spins. In the second step the mutual interaction between electron
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spins induces spectral diffusion, a process in which the reduction
of electron spin polarization is spread over the other electron spins.
Both steps change the electron interaction energy—i.e. the expecta-
tion value of the their mutual interactions [11,12]. In the third and
final step the mutual interaction between the electron spins and
their hyperfine and super-hyperfine interaction with the nuclear
spins combine to transform the modified state of the electron spins
into nuclear spin polarization.

Two approaches were introduced to describe this final step. The
fluctuating field approach was introduced by Buishvili [13], Provo-
torov and Kozhusner [14,15] and subsequently further developed
by Goldman [16]. In this approach the electron spins are consid-
ered to fluctuate between their up and down states due to their
mutual interactions. This results in a classical fluctuating field at
the position of the nuclear spins, and the component of this field
at the NMR frequency x0I induces flips of the nuclear spins. This
approach considers the nuclear spin polarization to be due to an
exchange of electron interaction energy and nuclear Zeeman
energy.

The scrambled states approach was introduced by Kessenikh
[17] and further developed by Hwang and Hill [18] and more
recently by e.g. Vega and co-workers [19]. This approach considers
the electron and nuclear spin states to be mixed by the hyperfine
and super-hyperfine interaction between electron and nuclear
spins. Next the mutual interaction between the electron spins
induces transitions between these mixed states and thus flips
nuclear spins. This approach considers the nuclear spin polariza-
tion to be due to a transfer of differences between electron spin
polarizations.

Often the fluctuating field approach and the scrambled states
approach have been considered as just two alternative methods
to describe exactly the same process and leading to the same
result. Abragam and Goldman for instance show that these two
approaches lead to exactly the same rate for direct relaxation of
nuclear spins, in which the electron spin-lattice interaction combi-
nes with the hyperfine and super-hyperfine interaction between
electron and nuclear spins to flip both types of spin simultaneously
[9]. This has induced several authors—e.g. [6,9]—to consider only
one of these two approaches for the description of this family of
mechanisms for DNP. Other authors—e.g. [20]—considered the
two approaches to describe distinct processes that can be treated
separately. In still another case [21] the two approaches were con-
sidered as extreme cases of a unified treatment, but that work did
not follow through in determining the flows of energy in the spin
system.

The present work introduces a generalization of an alternative
scrambled states approach, which was recently introduced in
[10], Chapter 8. This alternative approach considers the electron
spin states to be mixed by the mutual interaction between elec-
tron spins. Next the hyperfine and super-hyperfine interaction
between the electron and nuclear spins induce transitions involv-
ing these mixed states and the nuclear spin states. The general-
ization to be presented here, calculates the mixing of electron
spin states exactly, so the whole spectrum of the mutual interac-
tions is taken into account. This procedure is similar to the treat-
ment of pulsed DNP techniques like nuclear orientation via
electron spin locking (NOVEL) and the integrated solid effect
(ISE). Then one first determines the exact eigenstates of electron
spins interacting with a microwave field and next studies transi-
tions involving these exact eigenstates and the nuclear spin
states [22,23]. The details of this similarity are discussed in
Appendix A.

It is found that the scrambled states approach and the fluctuat-
ing field approach are neither fully equivalent, nor completely
independent processes, but rather represent two distinct limits of
a single process. The former corresponding to very weak mutual
interactions between electron spins and the latter to very strong
mutual interactions. The generalization presented here extends
the treatment to the whole range of mutual interactions and shows
that in general this single process generates simultaneously a flow
of electron Zeeman energy and a flow of electron interaction
energy to or from the nuclear spins. In this article we denote the
former flow as the cross effect (CE) and the latter flow as thermal
mixing (TM).

This article analyses the fundamental transition in this single
process—the be denoted in this article as a triple spin flip—using
a model system consisting of just two electron spins and a single
nuclear spin embedded in a glass—and derives rate equations for
the two simultaneous flows of energy. The following article [24]
extends this treatment to a model system consisting of NS electron
spins and NI equivalent nuclear spins. In that article the electron
spin system is next modelled as in Provotorov’s treatments of mag-
netic resonance saturation and cross-relaxation [11,12]. This
enables the inclusion of the effects of the microwave field, spectral
diffusion and electron spin-lattice relaxation, so a complete
description of DNP can be obtained, albeit in the high temperature
approximation. Notice however, that the treatment of triple spin
flips presented in this article and the next, is not restricted to the
high temperature approximation, and that extensions beyond the
high temperature approximation using the models for magnetic
resonance saturation and spectral diffusion presented in [25,26]
are feasible.

2. Model system for triple spin flips

We consider DNP in a glass containing nuclear spins I ¼ 1
2 and

doped with randomly distributed and oriented radicals, that pro-
vide unpaired electron spins S ¼ 1

2 with anisotropic g-tensors. As
described in the introduction, a static magnetic field is applied
to polarize the electron spins and a microwave field is used to
reduce the polarization of some electron spins, so different elec-
tron spins may have different polarization. Next triple spin flips,
involving two electron spins and one nuclear spin, transfer these
differences of polarization to the nuclear spins. Many issues
involving such triple spin flips can be treated considering a min-
imum sub-system consisting of just two electron spins S and S0

and a single nuclear spin I interacting with S. Therefore this
article concentrates on such a minimum sub-system and the
extension to more spins is postponed to the following
article [24].

We describe this minimum sub-system with the Hamiltonian

H ¼ HS þZI þ V; ð1Þ

HS ¼ x0SSz þx0
0SS

0
z þ DzzSzS

0
z þ

1
2
Dþ� SþS

0
� þ S�S

0
þ

� �
; ð2Þ

ZI ¼ �x0I Iz; ð3Þ

V ¼ 1
2
Sz Az�Iþ þ AzþI�ð Þ: ð4Þ

Here the z-axis of the laboratory frame of reference is chosen
along the externally applied magnetic field, and
S� ¼ Sx � iSy; S

0
� ¼ S0x � iS0y; I� ¼ Ix � iIy. Also Planck’s constant �h is

skipped in the Hamiltonian, so the energy is expressed in frequency
units. In the electron spin part HS of this Hamiltonian the first two
terms represent the Zeeman interaction of the electron spins with
the externally applied magnetic field. Notice that the Zeeman split-
tings x0S and x0

0S are generally different because of anisotropy of
the g-tensor. The third and fourth term in HS represent the mutual
interaction between the electron spins needed to induce triple spin
flips and is truncated [27]. For DNP the concentration of electron
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spins is generally low—typically 1 � 1019 to 4 � 1019 cm�1 (16–
66 mM)—and this mutual interaction between electron spins is
almost purely dipolar. Then Dzz ¼ 2Dþ� and real1.

The following term in the Hamiltonian (1) represents the Zee-
man interaction of the nuclear spin with the externally applied
magnetic field and the last term the hyperfine or super-hyperfine
interaction between the electron spin S and the nuclear spin I.
Notice that all terms in the latter interaction are skipped except
those inducing nuclear spin flips. Thus we ignore shifts of the
energy levels due to the interaction between the electron spins
and the nuclear spins surrounding them. This is not a trivial simpli-
fication. As was pointed out in Abragam and Goldman’s [9] treat-
ment of Borghini’s model [28], this can only be justified when
the ESR lineshape is mainly broadened by g-tensor anisotropy—
as is fortunately mostly the case for paramagnetic centres in
glasses. Otherwise shifts of the energy levels of the electron spins
due to polarization of the local nuclear spins near the electron
spins need to be accounted for.

In what follows we skip the term DzzSzS
0
z in the mutual interac-

tion between the electron spins, as its expectation value does not
change in triple spin flips, nor does it induce transitions. We also
ignore the interaction of the two electron spins with all other elec-
tron spins in the sample. For the dynamics of the electron spins this
implies that we ignore transitions involving more than two elec-
tron spins. For the statics of the electron spin system it implies that
we ignore level shifts due to such interactions.

Our aim is to study the flows of energy in the spin system. For
this purpose we derive equations for the evolution of the
polarization

PI ¼ 1
I
Tr qIzf g
Tr qf g ð5Þ

of the nuclear spin and the polarization

PS ¼ �1
S

Tr qSzf g
Tr qf g and P0

S ¼ �1
S

Tr qS0z
� �
Tr qf g ð6Þ

of the two electron spins in time. Here q is the density matrix. As
mentioned in the introduction, instead of the fluctuating field
approach or the scrambled states approach we use an extension
of the alternative scrambled states approach introduced in [10].
This extension first determines the mixing of electron spin states
by their mutual interaction exactly. Next it uses first order pertur-
bation theory to treat the transitions induced by the interaction
between one of the electron spins and the nuclear spin. Thus it
considers

H0 ¼ HS þZI ð7Þ
as the unperturbed Hamiltonian and V as the perturbation.

To obtain the evolution of PI; PS and P0
S in time, we need to solve

the evolution of the density matrix q from the Liouville equation.
We use the first order perturbation expansion developed by Zwan-
zig [29]. In this expansion we first determine the eigenstates jpi
and energy levels xp of the unperturbed Hamiltonian H0. Next
we consider the density matrix q on a basis of these eigenstates.
We assume that transverse relaxation keeps all non-diagonal ele-
ments qpq ¼ pjqjqh i of the density matrix near zero at all times.
Thus this treatment excludes all coherent effects. We also exclude
longitudinal relaxation. Then the Liouville equation reduces to a
set of rate equations for the diagonal elements qpp ¼ pjqjph i of
the density matrix:
1 Notice that Dþ� is chosen to be a factor two smaller than e.g. in [10]. This enables
the expressions in this article and the next [24] to be written more concisely.
@qpp

@t
¼ �

X
q

Wpq qpp � qqq

� �
; ð8Þ

in which the transition rates Wpq are given by Fermi’s golden rule.
In the next two sections we first derive and discuss an expression
for the transition rates Wpq. Subsequently we construct such rate
equations and use these to obtain the evolution in time of PI; PS

and P0
S and to determine the flows of energy.

3. Transition rates

We determine the rate of triple spin flips, i.e. the rate at which
the perturbation V induces transitions between the eigenstates of
the unperturbed Hamiltonian H0. First we need to diagonalize the
latter. The nuclear spin part ZI is diagonal on a basis of eigenstates
jmIi of Iz and needs no further work. So we concentrate on the elec-
tron spin part HS and consider its matrix representation on a basis
of eigenstates jmSm0

Si of Sz and S0z. The mutual interaction between
the two electron spins only mixes the states j þ 1

2 � 1
2i and j � 1

2 þ 1
2i,

so we only need to diagonalize the 2� 2 sub-matrix:

1
2

x0S �x0
0S Dþ�

Dþ� � x0S �x0
0S

� � !
ð9Þ

on the basis of these two states.
Now notice that this sub-matrix also represents the

Hamiltonian

HJ ¼ x0S �x0
0S

� �
Jz þ Dþ�Jx ð10Þ

of a fictitious spin J ¼ 1
2 subjected to a frequency vector xJ with

components

x x
J ¼ Dþ�;

x y
J ¼ 0;

x z
J ¼ x0S �x0

0S:

ð11Þ

As seen in Fig. 1, this frequency vector has a length

xJ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0S �x0

0S

� �2 þ D2
þ�

q
; ð12Þ

and is tilted about the y-axis through an angle h defined by

sin h ¼ Dþ�
xJ

; cos h ¼ x0S �x0
0S

xJ
: ð13Þ

So we can write the effective Hamiltonian (10) also as

HJ ¼ xJ Jz cos hþ Jx sin hð Þ: ð14Þ
We now tilt our frame of reference through the angle h about the y-
axis, so the new ~z-axis is parallel to the effective frequency vector.
In this new frame of reference the x and z-components of the elec-
tron spin transform to

J~x ¼ Jx cos h� Jz sin h;

J~z ¼ Jx sin hþ Jz cos h;
J~y ¼ Jy:

ð15Þ

So inversely,

Jx ¼ J~x cos hþ J~z sin h;

Jz ¼ J~z cos h� J~x sin h;

Jy ¼ J~y:
ð16Þ

As a result of this transformation the effective Hamiltonian (14)
simplifies tofHJ ¼ xJ J~z: ð17Þ



Fig. 1. The effective frequency vector.
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As mentioned above, triple spin flips only involve the basis
states jmSm0

Si ¼ j þ 1
2 � 1

2i and j � 1
2 þ 1

2i. To describe them, we can
therefore use a Hamiltonian consisting of the effective Hamiltonian
(10) extended with the nuclear spin parts (3) and (4) of the Hamil-
tonian (1). After applying the transformation (15) and inserting
J� ¼ J~x � iJ~y, this extended effective Hamiltonian is given by

fH ¼ xJ J~z �x0I Iz þ 1
2 J~z Az�Iþ þ AzþI�ð Þ cos h

� 1
4 Az�JþI� þ AzþJ�Iþ
� �

sin h

� 1
4 Az�JþIþ þ AzþJ�I�
� �

sin h:

ð18Þ

Here the first term has the shape of a Zeeman interaction of the fic-
titious spin J, and the second represents the real Zeeman interaction
of the nuclear spin I. On a basis of eigenstates jmJmIi of J~z and Iz the
remaining terms are non-diagonal. The first of these induces pure
nuclear spin flips

mIj i ¼ þ1
2

				 

$ �1

2

				 

; ð19Þ

requiring energy �x0I . The remaining two terms induce flip-flop
and flip-flip transitions

mJmI

		 � ¼ þ1
2
� 1
2

				 

$ �1

2
þ 1
2

				 

ð20Þ

and

mJmI

		 � ¼ þ1
2
þ 1
2

				 

$ �1

2
� 1
2

				 

ð21Þ

between the effective electron spin J and the nuclear spin I, the for-
mer requiring energy � xJ þx0I

� �
and the latter energy

� xJ �x0I
� �

. Notice that the eigenstates jmJi of J~z are linear combi-
nations of the basis states jmSm0

Si ¼ j þ 1
2 � 1

2i and j � 1
2 þ 1

2i. Hence,
the transitions (20) and (21) actually involve both electron spins S
and S0 and the nuclear spin I, i.e. they are just the triple spin flips
we are investigating.

As both xJ > 0 andx0I > 0, only transitions of the type (21) are
allowed in first order. We truncate the effective Hamiltonian (18)
and skip the two terms that cannot induce transitions. Then

fH ¼ xJ J~z �x0I Iz � 1
4

Az�JþIþ þ AzþJ�I�
� �

sin h: ð22Þ

We now use first order perturbation theory to determine the rate of
transitions of the type (21) induced by the remaining non-diagonal
term. We find

WSSI ¼ p
2 j 12Azþj2 sin2 h d x0I �xJ

� �
¼ p

2
j12Azþj2D2

þ�
x2

0I
d x0I �xJ
� � ð23Þ

for this rate. Here the d-function represents conservation of energy:
the energy released or absorbed by a flip of the fictitious spin J
needs to be absorbed or released by the nuclear spin. In other
words: in triple spin flips the two electron spins need to provide
the energy needed to flip the nuclear spin.
4. Matching conditions

Fig. 2 is a graphical representation of the matching condition

x0I ¼ xJ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0S �x0

0S

� �2 þ D2
þ�

q
ð24Þ

implied by the d-function

d x0I �xJ
� � ¼ d x0I �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0S �x0

0S

� �2 þ D2
þ�

q� 

ð25Þ

in the transition rate (23). As Fig. 1 it plots the difference x0S �x0
0S

between the Zeeman splittings of the two electron spins as a func-
tion of the strength Dþ� of their mutual interaction. The matching
condition (24) is satisfied on the circle which has radius jxJ j ¼ x0I .

The radicals providing the electron spins are embedded ran-
domly in a glass and as a consequence their relative positions are
not correlated with their orientation. This implies that the strength
Dþ� of their mutual interaction is not correlated with their Zeeman
splittings x0S and x0

0S. As a consequence, when considering all
pairs of electron spins in a sample, no points on the circle can be
excluded or preferred because of a correlation between Dþ� and
x0S �x0

0S.
Still, experimental conditions may restrict satisfaction of the

matching condition to a few sectors on the circle. For instance,
the radicals providing the electron spins are finite in size, so there
exists a minimum distance between electron spins and hence a
maximum value D0 of jDþ�j. When the magnetic field is so high
that the NMR frequency x0I is larger than D0, the matching condi-
tion can only be satisfied in two sectors. When for instance
D0 ¼ 0:5x0I , these are the sectors between A and B and between
C and D in Fig. 2.

Notice that for D0 � x0I we may approximate xJ � jx0S �x0
0Sj.

Then the d-function (25) reduces to

d x0I �xJ
� � � d x0I � jx0S �x0

0Sj
� �

: ð26Þ

As a result the main contribution to the polarization transfer is due
to electron spins, for which x0I � jx0S �x0

0Sj. As we will see below
in more detail, the energy needed to flip the nuclear spin then orig-
inates mainly in the Zeeman energy of the two electron spins. This
is the regime treated with the scrambled states introduced by Kes-
senikh and treated in more detail by Hwang and Hill [17,18].

Secondly, the finite extend of the ESR lineshape may limit the
difference between the resonance frequencies of the two electron
spins to a range �Dmax < x0S �x0

0S < Dmax. When this lineshape
is so narrow that the NMR frequency x0I is larger than Dmax, the
matching condition can again be satisfied in two sectors of the cir-
cle only. When e.g. Dmax ¼ 0:5x0I , these are the sectors between a
and b and between c and d in Fig. 2.

Notice that for Dmax � x0I we may approximate xJ � jDþ�j.
Then the d-function (25) reduces to

d x0I �xJ
� � � d x0I � jDþ�jð Þ; ð27Þ

and the main contribution to polarization transfer to the nuclear
spins is due to pairs of electron spins, for which jDþ�j � x0I. As
we will see below in more detail, the energy needed to flip the
nuclear spin then originates mainly in the mutual interactions
between the electron spins. This is the regime treated with the fluc-
tuating field approach by Provotorov, Kozhushner and Buishvili
[14,15,13] and in more detail by Goldman, Cox and Bouffard [16].

We see that the scrambled states approach and the fluctuating
field approach do not represent fully equivalent treatments of tri-
ple spin flips, but rather represent two different extreme cases of a
more general approach, in which the interaction strength between
the electron spins can be varied over a large range.



Fig. 2. Matching condition for polarization transfer to the nuclear spins.

128 W.Th. Wenckebach / Journal of Magnetic Resonance 299 (2019) 124–134
Notice that it may occur that both the ESR lineshape is so nar-
row that Dmax < x0I and the mutual interaction between electron
spins is so weak that D0 < x0I . Then triple spin flips cannot con-
serve energy and hence cannot occur. In such a case DNP and
nuclear spin-lattice relaxation is only possible via some other
mechanism, for instance the SE.

5. Polarization transfer

We continue with the procedure outlined in Section 2 and con-
struct a rate equation for the evolution of the density matrix
describing the state of our minimal system of two electron spins
S and S0 and a nuclear spin I. Next we rewrite this rate equation into
equations for the evolution of the polarization PS and P0

S of S and S0

and the polarization PI of I. Subsequently, in the following section
we rewrite it further into equations for the transport of energy in
the spin system.

As discussed in Section 2 we choose H0 ¼ HS þZI given by (2)
and (3) as the unperturbed Hamiltonian and V given by (4) as the
perturbation. The eigenstates

jmSm0
SmIi ¼ j þ 1

2 þ 1
2 � 1

2i
jmJmIi ¼ j þ 1

2 � 1
2i

jmJmIi ¼ j � 1
2 � 1

2i
jmSm0

SmIi ¼ j � 1
2 � 1

2 � 1
2i

ð28Þ

of H0 were already discussed in Section 3, just as the rate WSSI of
transitions between the eigenstates that are induced by V, but we
still need to construct the density matrix. As mentioned in Section 2,
we assume that fast transverse relaxation keeps the non-diagonal
components of the density matrix q near zero at all times. More-
over, the unperturbed Hamiltonian does not mix electron spin
states and nuclear spin states. As a result the density matrix can
be factorized in a diagonal electron spin part

qS ¼

qþþ
S 0 0 0
0 qþ

J 0 0
0 0 q�

J 0
0 0 0 q��

S

0BBB@
1CCCA ð29Þ
and a diagonal nuclear spin part

qI ¼
q�

I 0
0 qþ

I

� 

; ð30Þ

the traces of which can be normalized separately:

Tr qSf g ¼ qþþ
S þ qþ

J þ q�
J þ q��

S ¼ 1 ð31Þ
Tr qIf g ¼ qþ

I þ qþ
I ¼ 1: ð32Þ

Notice that triple spin flips only involve the states jmJmIi ¼ j þ 1
2 þ 1

2i
and j � 1

2 � 1
2i. So all diagonal components of the density matrix are

constant in time except qþ
J q

þ
I and q�

J q�
I . As a result the rate

equation

@

@t
qþ

J q
þ
I � q�

J q
�
I

� �
¼ �WSSI qþ

J q
þ
I � q�

J q
�
I

� �
; ð33Þ

suffices to describe the evolution of the diagonal components of the
density matrix.

Our next aim is to establish relations between the evolution of
the polarization PS and P0

S of the two electron spins S and S0 and the
polarization PI of the nuclear spin I. To obtain these relations we
express these polarizations in the components of the density
matrix and rewrite the left hand side of the rate Eq. (33) in terms
of the evolution of these polarizations. Upon insertion of the nor-
malization (32), the polarization (5) of the nuclear spin becomes

PI ¼ 1
I
Tr qI Izf g
Tr qIf g ¼ qþ

I � q�
I : ð34Þ

The polarization (6) of the electron spins does not reduce to such a
simple expression, because the states of these two spins are mixed
by their mutual interaction. We need to use the full electron spin
part (29) of the density matrix describing these mixed states:

PS ¼ �1
S

Tr qSSzf g
Tr qSf g ð35Þ

and

P0
S ¼ �1

S
Tr qSS

0
z

� �
Tr qSf g : ð36Þ

To evaluate these expressions, we need to transform the sub-matrix

qJ ¼
qþ

J 0
0 q�

J

 !
ð37Þ

of qS from a basis of eigenstates of J~z in the tilted frame of reference
to a basis of eigenstates jmSm0

Si of Sz and S0z in the laboratory frame
of reference. This is most easily done by writing this sub-matrix in
terms of the components of the fictitious spin J and tilting the frame
of reference over an angle �h about the y-axis. We introduce the
2� 2 unit matrix 1 and use the transformation rule (15). Then we
find that the sub-matrix (37) transforms to

qJ ¼ 1
2 qþ

J þ q�
J

� �
1þ qþ

J � q�
J

� �
J~z

¼ 1
2 qþ

J þ q�
J

� �
1þ qþ

J � q�
J

� �
Jz cos hþ Jx sin hð Þ

¼ 1
2

qþ�
S q?

S

q?
S q�þ

S

� 

;

ð38Þ

in which

q��
S ¼ 1

2
qþ

J þ q�
J

� �
� 1

2
qþ

J � q�
J

� �
cos h; ð39Þ

q?
S ¼ 1

2
qþ

J � q�
J

� �
sin h: ð40Þ

Thus, after transforming to a basis of eigenstates jmSm0
Si of Sz and S0z,

the electron spin part of the density matrix is given by
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qS ¼

qþþ
S 0 0 0
0 qþ�

S q?
S 0

0 q?
S q�þ

S 0
0 0 0 q��

S

0BBB@
1CCCA; ð41Þ

Upon insertion of the normalization (31), it is then immediately
found that

PS ¼ � qþþ
S þ qþ

J � q�
J

� �
cos h� q��

S

� �
ð42Þ

and

P0
S ¼ � qþþ

S � qþ
J � q�

J

� �
cos h� q��

S

� �
: ð43Þ

Notice that

PS þ P0
S ¼ �2 qþþ

S � q��
S

� � ð44Þ
and

PS � P0
S ¼ �2 qþ

J � q�
J

� �
cos h: ð45Þ

We can now rewrite the left hand side of the rate Eq. (33) in
terms of the nuclear spin polarization PI and the electron spin
polarizations PS and P0

S. Recall that all diagonal components of
the density matrix remain constant in time except qþ

J q
þ
I and

q�
J q�

I . Moreover, the density matrix is normalized in such a way
that the traces (31) and (32) are equal to one and hence conserved
in time. As a result the left hand side of (33) can be rewritten as

@
@t qþ

J q
þ
I �q�

J q�
I

� �
¼ @

@t qþþ
S qþ

I �qþþ
S q�

I þqþ
J q

þ
I �qþ

J q�
I

�
þq�

J q
þ
I �q�

J q�
I þq��

S qþ
I �q��

S q�
I

�
¼ @

@t qþþ
S þqþ

J þq�
J þq��

S

� �
qþ

I �q�
I

� �
¼ @

@t qþ
I �q�

I

� �¼ @PI
@t ;

ð46Þ

as well as

@
@t qþ

J q
þ
I �q�

J q�
I

� �
¼ @

@t qþþ
S qþ

I þqþþ
S q�

I þqþ
J q

þ
I þqþ

J q�
I

�
�q�

J q
þ
I �q�

J q�
I �q��

S qþ
I �q��

S q�
I

�
¼ @

@t qþþ
S þqþ

J �q�
J �q��

S

� �
qþ

I þq�
I

� �
¼ @

@t qþþ
S þqþ

J �q�
J �q��

S

� �
;

ð47Þ

or

@
@t qþ

J q
þ
I �q�

J q�
I

� �
¼ � @

@t qþþ
S qþ

I þqþþ
S q�

I �qþ
J q

þ
I �qþ

J q�
I

�
þq�

J q
þ
I þq�

J q�
I �q��

S qþ
I �q��

S q�
I

�
¼ � @

@t qþþ
S �qþ

J þq�
J �q��

S

� �
:

ð48Þ

Subtraction of the latter two equations and subsequent insertion of
(44) yields

@PS

@t
¼ � @P0

S

@t
; ð49Þ

so the total electron spin polarization is conserved. On the other
hand addition and subsequent insertion of (45) gives
@

@t
qþ

J q
þ
I � q�

J q
�
I

� �
¼ @

@t
qþ

J � q�
J

� �
¼ � 1

2 cos h
@

@t
PS � P0

S

� �
: ð50Þ

As a result, upon insertion of (46),

cos h
@PI

@t
¼ �1

2
@

@t
PS � P0

S

� � ¼ � @PS

@t
¼ @P0

S

@t
: ð51Þ
In the limit of small mutual interaction between the two electrons
spins—so Dþ� � x0I and cos h � 1—the latter relation describes a
process in which the difference between the polarizations of the
two electron spins is transferred to the nuclear spin. Thus these
relations describe triple spin flips as a flip-flop transitions between
the two electron spins combined with a flip of the nuclear spin. But
when the interaction between the two electron spins is larger, this
simple picture does not hold any more. In the limit Dþ� ! x0I and
h ! p=2, so cos h ! 0, the nuclear spin polarization may evolve sub-
stantially, while neither the total polarization of the two electron
spins nor the difference between their polarization change. It is
seen that describing triple spin flips in terms of a transfer of elec-
tron spin polarization to the nuclear spin is not adequate. It is better
to describe them in terms of a transfer of energy between the elec-
tron spins and the nuclear spin. This is done in the next section.

Notice, however, that addition of (47) and (48) and subsequent
insertion of (46) also yields

@

@t
qþ

J � q�
J

� �
¼ @

@t
qþ

I � q�
I

� � ¼ @PI

@t
: ð52Þ

So triple spin flips can always be interpreted as a flip-flip transition
between the fictitious spin J and the nuclear spin, resulting in the
transfer of the unnormalized polarization

PJ ¼ �1
J
Tr qJ J~z
n o

¼ � qþ
J � q�

J

� �
ð53Þ

of the former in the tilted frame of reference to the latter in the lab-
oratory frame of reference.

6. Energy transfer

We follow Provotorov [11,12] to divide the energy of our three
spins into four reservoirs as shown in Fig. 3. The nuclear Zeeman
reservoir contains the nuclear Zeeman energy

UI ¼ Tr qIZIf g
Tr qIf g ¼ �1

2
x0IPI; ð54Þ

where we insert (3) forZI. The two electron Zeeman reservoirs con-
tain the Zeeman energy

UZ ¼ x0S
Tr qSSzf g
Tr qSf g ¼ �1

2
x0SPS ð55Þ

and

U0
Z ¼ x0

0S

Tr qSS
0
z

� �
Tr qSf g ¼ �1

2
x0

0SP
0
S ð56Þ

of the two electron spins. A third reservoir contains the remaining
energy

USS ¼ US � UZ � U0
Z ð57Þ

of the electron spins. Here

US ¼ Tr qSHSf g
Tr qSf g ð58Þ

is the total energy of the electron spins. In our model consisting of
two interacting electron spins and one nuclear spin described by
the Hamiltonian (1), this reservoir only contains the energy of the
mutual interaction between the two electron spins, and we will
denote it as the electron interaction reservoir containing the elec-
tron interaction energy USS. Notice however, that in extensions of
this model to more spins and more interactions this reservoir
may contain other types of energy as well [7,9]. Then it may be
more appropriate to call it the electron non-Zeeman reservoir.

Before continuing we furthermore recall that we skipped the
term DzzSzS

0
z in the mutual interaction between the two electron
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spins. Thus we ignore its contribution to the total energy US and
hence to the electron interaction energy USS. However, its expecta-
tion value is conserved in triple spin flips, so we can still determine
the energy flows between the various energy reservoirs without
taking this extra term into account.

We derive an expression for the total energy US of the two elec-
tron spins and deduce the electron interaction energy USS from it.
Our expression (58) for US is most easily evaluated using the basis
states (28). On this basis the matrix representation of HS is diago-
nal with energy levels

ð59Þ

Furthermore the density matrix is given by (29) and normalized by
(31). Thus we find for the total energy (58) of the two electron
spins:

US ¼ 1
2 qþþ

S � q��
S

� �
x0S þx0

0S

� �þ 1
2 qþ

J � q�
J

� �
xJ

¼ � 1
4 PS þ P0

S

� �
x0S þx0

0S

� �þ 1
2 qþ

J � q�
J

� �
xJ

ð60Þ

where we insert (44). We rewrite this expression in such a way that
we can subtract the Zeeman energy UZ and U0

Z of the two electron
spins and retain the electron interaction energy USS. To do so we
recall the definition (13) of the angle h, which enables us to write

x0S þx0
0S ¼ 2x0S � x0S �x0

0S

� � ¼ 2x0S �xJ cos h;
x0S þx0

0S ¼ 2x0
0S þ x0S �x0

0S

� � ¼ 2x0
0S þxJ cos h:

ð61Þ

So, inserting (45),

1
4 PS þ P0

S

� �
x0S þx0

0S

� �
¼ 1

2x0SPS þ 1
2x

0
0SP

0
S � 1

4 PS � P0
S

� �
xJ cos h

¼ �UZ � U0
Z þ 1

2 qþ
J � q�

J

� �
xJ cos2 h;

ð62Þ

Next we insert this expression in (60) and subtract UZ and U0
Z. As a

result we find

USS ¼ 1
2

qþ
J � q�

J

� �
xJ sin

2 h ð63Þ

for the electron interaction energy.
We now have all the elements needed to determine the flows of

energy between the various reservoirs in the spin system. Combin-
ing (54) with the requirement of conservation of energy yields

@US

@t
¼ � @UI

@t
¼ 1

2
x0I

@PI

@t
; ð64Þ
while combining (55) and (56) with (51) yields

@UZ

@t
¼ �1

2
x0S

@PS

@t
¼ 1

2
x0S cos h

@PI

@t
ð65Þ

and

@U0
Z

@t
¼ �1

2
x0

0S
@P0

S

@t
¼ �1

2
x0

0S cos h
@PI

@t
: ð66Þ

So, inserting the matching condition xJ ¼ x0I ,

@UZ
@t þ @U0

Z
@t ¼ 1

2 x0S �x0
0S

� �
cos h @PI

@t

¼ xJ cos2 h @PI
@t ¼ x0I cos2 h @PI

@t

¼ � cos2 h @UI
@t

ð67Þ

Then, from (57) and (64) follows

@USS
@t ¼ @US

@t � @UZ
@t � @U0

Z
@t

¼ � 1� cos2 h
� �

@UI
@t

¼ � sin2 h @UI
@t :

ð68Þ

The resulting flows of energy are shown in Fig. 3. It shows a direct

flow of energy proportional to sin2 h from the electron interaction
reservoir to the nuclear spins and a flow of energy between the
two electron Zeeman reservoirs, of which a part proportional to
cos2 h is diverted to the nuclear spins. In an effort to render their
definitions more precise, we denote the former flow of energy as
Thermal Mixing (TM) and the latter flow as the Cross Effect (CE). In
the limit considered by the scrambled states approach the interac-
tion between the two electron spins is assumed to be small com-
pared to the nuclear Zeeman splitting. Then Dþ� � x0I , so

cos2 h � 1 and sin2 h � 0, and the energy needed to flip the nuclear
spin originates mainly in the electron Zeeman energy. In the limit
considered by the fluctuating field approach polarization transfer
to the nuclear spins is dominated by pairs of electron spins for

which Dþ� � x0I , so cos2 h � 0 and sin2 h � 1. In that case the elec-
tron interaction reservoir is the main source of energy needed to flip
the nuclear spin. The generalized treatment presented here consid-
ers the whole range of possible interactions between the electron
spins. Then we see that triple spin flips induce the two energy flows
simultaneously in single quantum mechanical transitions: a flow
between the electron Zeeman reservoirs and the nuclear Zeeman

reservoir proportional to sin2 h and a flow between the electron
interaction reservoir and the nuclear Zeeman reservoir proportional
to cos2 h.

7. Spin temperature

While the previous section enabled us to interpret the left hand
side of the rate Eq. (33) in terms of energy flows, we still need a
physical interpretation of the right hand side. We obtain this using
the concept of spin temperature. As a first step we rewrite this rate
equation as follows

@PI
@t ¼ �WSSI qþ

J q
þ
I � q�

J q�
I

� �
¼ � 1

2WSSI qþ
J þ q�

J

� �
qþ

I � q�
I

� �� q�
J � qþ

J

� �
qþ

I þ q�
I

� �h i
¼ � 1

2WSSI qþ
J þ q�

J

� �
PI � q�

J � qþ
J

� �h i
;

ð69Þ

where we insert (46) on the left hand side and the normalization
(32) and our expression (34) for the polarization of the nuclear spin
on the right hand side.

Next we introduce spin temperatures. Before doing so, a remark
has to be made. In the description of the state of our three-spin sys-
tem, spin temperatures need to be nothing more than parameters
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determining the diagonal components of the density matrix. Thus
they do not need to be thermodynamic temperatures, and no ther-
mal equilibrium is needed to introduce them. For our purposes it is
sufficient to introduce them as follows: if jni is an eigenstate of the
unperturbed part H0 of the Hamiltonian andxn the corresponding
energy level, then the spin temperatures Tn and their inverse
bn ¼ �h=kBTn are defined by

hnjqjni ¼ 1
N

exp�bnxn; ð70Þ

Here �h and kB are Planck’s and Boltzmann’s constants, and

N ¼
X
n

exp�bnxn ð71Þ

is the sum of states, so Tr qf g ¼ 1.
Because the density matrix is factorized into a 2� 2 matrix

describing the state of the nuclear spin and a 4� 4 matrix describ-
ing the state of the two electron spins, four spin temperatures are
sufficient to define its diagonal elements. We describe the state of
the nuclear spin with a spin temperature TI and its inverse
bI ¼ �h=kBTI , such that

q�
I ¼ 1

NI
exp�1

2
x0IbI; ð72Þ

in which

NI ¼ expþ1
2
x0IbI þ exp�1

2
x0IbI ð73Þ

is the sum of states for the nuclear spin. Then, upon insertion of
these expressions in (34), we find that the nuclear spin polarization
is given by the hyperbolic tangent

PI ¼ tanh
1
2
x0IbI: ð74Þ

Notice that the inverse nuclear spin temperature bI has the dimen-
sion of time, i.e. the inverse of frequency.

To describe the state of the two electron spins we follow Provo-
torov [11,12] and introduce three spin temperatures: the electron
Zeeman temperatures TZ and T 0

Z and their inverse a ¼ �h=kBTZ and
a0 ¼ �h=kBT

0
Z and the electron interaction temperature TSS and its

inverse bSS ¼ �h=kBTSS such that

qþþ
S ¼ 1

NS
eqþþ

S ¼ 1
NS

exp� 1
2 x0Saþx0

0Sa0� �
;

qþ
J ¼ 1

NS
eqþ

J ¼ 1
NS

exp� 1
2 x0Sa�x0

0Sa0 þ xJ �x0S þx0
0S

� �
bSS

� �
;

q�
J ¼ 1

NS
eq�

J ¼ 1
NS

expþ 1
2 x0Sa�x0

0Sa0 þ xJ �x0S þx0
0S

� �
bSS

� �
;

q��
S ¼ 1

NS
eq��

S ¼ 1
NS

expþ 1
2 x0Saþx0

0Sa0� �
:

ð75Þ
Here

NS ¼ eqþþ
S þ eqþ

J þ eq�
J þ eq��

S ð76Þ
is the sum of states for the two electron spins. Thus the Boltzmann
factors are split into two terms proportional to the Zeeman splitting
of the two electron spins and one term proportional to their remain-
ing energy.

We insert the definition (13) of the angle h and execute the d-
function (25) in the transition rate WSSI:

qþþ
S ¼ 1

NS
exp� 1

2 x0Saþx0
0Sa0� �

;

qþ
J ¼ 1

NS
exp� 1

2 x0Sa�x0
0Sa0 þx0I 1� cos hð ÞbSS

� �
;

q�
J ¼ 1

NS
expþ 1

2 x0Sa�x0
0Sa0 þx0I 1� cos hð ÞbSS

� �
;

q��
S ¼ 1

NS
expþ 1

2 x0Saþx0
0Sa0� �

:

ð77Þ

The stationary state of our minimal system of two electron spins
and one nuclear spin can now be characterized with a simple
relation between the four inverse spin temperatures bI;a;a0 and
bSS. To derive it we notice that in such a state the left hand side of
the rate Eq. (33) vanishes, and hence also the right hand side of
(69). So

q�
J þ qþ

J

� �
PI ¼ q�

J � qþ
J ð78Þ

or

PI ¼
q�

J � qþ
J

q�
J þ qþ

J

: ð79Þ

We insert (74) for the nuclear spin polarization and (77) for the
components of the density matrix. Then in the stationary state

tanh
1
2
x0IbI ¼ tanh

1
2
x0Sa�x0

0Sa
0 þx0I 1� cos hð ÞbSS

� �
; ð80Þ

or

x0IbI ¼ x0Sa�x0
0Sa

0 þx0I 1� cos hð ÞbSS: ð81Þ
We discuss two limiting cases. First we consider pairs of elec-

tron spins for which Dþ� � x0I , so cos h � 1. To investigate this
limit, we set h ¼ 0 in (77) and insert the result in (42) and (43).
After some algebra we find that then the polarization of the two
electron spins reduces to

PS ¼ tanh
1
2
x0Sa and P0

S ¼ tanh
1
2
x0

0Sa
0: ð82Þ

and the diagonal components of the density matrix to

qþþ
S ¼ 1

4 1� PSð Þ 1� P0
S

� �
;

qþ
J ¼ 1

4 1� PSð Þ 1þ P0
S

� �
;

q�
J ¼ 1

4 1þ PSð Þ 1� P0
S

� �
;

q��
S ¼ 1

4 1þ PSð Þ 1þ P0
S

� �
:

ð83Þ

We insert these expressions in the right hand side of the rate Eq.
(69). As a result we find that the evolution of the nuclear spin polar-
ization can be obtained from

@PI

@t
¼ �1

4
WSSI 1� PSP

0
S

� �
PI � PS � P0

S

� �� �
; ð84Þ

while, inserting cos h ¼ 1 in (51), the polarization of the two elec-
tron spins is found to evolve as

@PS

@t
¼� 1

4
WSSI 1þ P0

SPI
� �

PS � P0
S þ PI

� �� �
; ð85Þ

@P0
S

@t
¼� 1

4
WSSI 1� PSPIð ÞP0

S � PS � PIð Þ� �
: ð86Þ

These rate equations have the stationary solution

PI ¼ PS � P0
S

1� PSP
0
S

; ð87Þ

which is precisely what would have been obtained by the
scrambled states approach [18]—for a derivation using a similar
notation see [10], Chapter 8. We write this result in terms of spin
temperatures. We insert (82) for PS and P0

S and apply the sum rule
for hyperbolic tangents. Thus we find

tanh
1
2
x0IbI ¼ tanh

1
2
x0Sa�x0

0Sa
0� �
: ð88Þ

Notice that this expression is also directly obtained by setting
cos h ¼ 1 in (80).

The other limiting case considers pairs of electron spins for
which Dþ� � x0I , so cos h � 0, while the matching condition corre-
sponds to x0S � x0

0S. Let us now suppose that the mutual interac-
tion between the two electron spins then also renders a0 � a. As a
result
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q�
J � 1

NS
exp�1

2
x0IbSS: ð89Þ

So the rate Eq. (69) reduces to

@PI
@t ¼ � 1

2WSSI qþ
J þ q�

J

� �
PI � q�

J �qþ
J

qþ
J
þq�

J

� �
¼ � 1

2WSSI qþ
J þ q�

J

� �
tanh 1

2x0IbI � tanh 1
2x0IbSS

� � ð90Þ

and has a stationary solution

bI � bSS: ð91Þ
Notice that this result is also obtained by setting x0SaS ¼ x0

0Sa0
S and

cos h ¼ 0 in (81). Thus we find that the inverse nuclear spin temper-
ature becomes equal to the inverse electron interaction tempera-
ture, precisely as is predicted by the fluctuating field approach in
[14,15,13,16].

The two approaches converge to the same result if we assume
that spectral diffusion across the ESR spectrum is fast and the elec-
tron spin system is in a local equilibrium, Provotorov’s theory of
cross relaxation [12] and its extension beyond the high tempera-
ture approximation [25,26] predict that

x0Sa�x0
0Sa

0 ¼ x0S �x0
0S

� �
bSS: ð92Þ

As a result one always finds (91) for the inverse nuclear spin tem-
perature, just as follows from the fluctuation field approach. Notice
that one can directly verify experimentally whether (91) holds:
when DNP is performed on samples containing more than one
nuclear spin species, the inverse nuclear spin temperature will tend
to the same value bSS for all nuclear spin species. Such observations
have been reported from early on in DNP. See e.g. [30,31] and more
recently [32,33].

It should be stressed however, that in the absence of fast spec-
tral diffusion, (87) or (91) only hold in the limiting cases of a small
or a strong mutual interaction respectively. In the intermediate
range of mutual interactions one has to resort to the full condition
(81).

8. Conclusions

This article presents a generalized approach for the treatment of
triple spin flips involving two electron spins and one nuclear spin.
It shows that they constitute a single process leading to two flows
of energy: a flow of electron Zeeman energy to the nuclear spins
and simultaneously a flow of electron interaction energy. The for-
mer is denoted as the cross effect (CE) and the latter as thermal
mixing (TM). It is also found that the fluctuating field approach
and the scrambled states approach are actually two distinct limit-
ing cases of this more general approach. The scrambled states
approach only considers transitions, in which two electron spins
with Zeeman splittingsx0S �x0

0S � x0I flip together with a nuclear
spin, so the energy needed to flip the nuclear spin originates in the
Zeeman energy of the electron spins. The fluctuating field approach
only considers transitions, in which two electron spins with Zee-
man splittings x0S � x0

0S and a strong mutual interaction, such
that Dþ� � x0I flip together with a nuclear spin, so the energy
needed to flip the nuclear spin originates in the mutual interaction
between the electron spins.

This observation may not be limited to the triple spin flips con-
sidered here. It may e.g. also apply to direct nuclear spin-lattice
relaxation, in which the spin-phonon interaction of electron spins
combines with their hyperfine or super-hyperfine interaction with
the nuclear spins to flip the latter. In the scrambled states
approach, electron spins with Zeeman splitting x0S and phonon
modes with energy xph, such that jx0S �xphj � x0I flip together
with the nuclear spins, so the energy needed to flip the nuclear
spins originates in the difference between the Zeeman energy of
the electron spins and the energy of the phonon modes. In the fluc-
tuating field approachx0S � xph, and the energy needed to flip the
nuclear spins originates in the spin-phonon interaction. However,
in this case experimental verification of this distinction may not
be easy, as the two approaches yield the same result [9].

In this paper we treat triple spin flips by first determining the
exact eigenstates of the two interacting electron spins and next
studying transitions involving these exact eigenstates and the
nuclear spin states. As demonstrated in Appendix A this procedure
is analogous to the procedure used in treatments of the solid effect
in e.g. [34] and of pulsed DNP techniques like nuclear orientation
via electron spin locking (NOVEL) [22] and the integrated solid
effect (ISE) [23]. Then one first determines the exact eigenstates
of electron spins interacting with a microwave field and next stud-
ies simultaneous transitions between these exact eigenstates and
the nuclear spin states. In the latter two studies the polarization
transfer is found to be coherent when both the microwave field
and the hyperfine or super-hyperfine interaction are strong. One
should therefore be aware that coherent effects can neither be
excluded for triple spin flips when both the mutual interaction
between the electron spins and the hyperfine or super-hyperfine
interaction are strong.

The generalized approach presented here identifies two flows of
energy from the two electron spins to the nuclear spin: a flow of
Zeeman energy between the electron spins, of which part is
diverted to the nuclear spin and a flow of interaction energy to
the nuclear spin. In an effort to render their definitions more pre-
cise, the former is denoted as the cross effect (CE) and the latter as
thermal mixing (TM). In the following article [24] this work is
extended to a model system consisting of NS randomly distributed
and oriented electron spins and NI equivalent nuclear spins.
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Appendix A. Analogy with the solid effect

In this Appendix we investigate the analogy between the treat-
ment of triple spin flips in this article and the treatment of the solid
effect in e.g. [34] and of pulsed DNP techniques like NOVEL and ISE
[22,23]. For this purpose we consider a minimum system consist-
ing of a single electron spin S ¼ 1

2 interacting with a single nuclear
spin I ¼ 1

2 subjected to a static magnetic field and a microwave field
2B1 cosxt perpendicular to this static magnetic field. We describe
this minimum system with the Hamiltonian

H ¼ x0SSz �x0IIz þ 2x1SSx cosxt þ 1
2
Sz Az�Iþ þ AzþI�ð Þ: ðA:1Þ

Here the z-axis of the laboratory frame of reference is chosen along
the static magnetic field and the x-axis along the microwave field,
while I� ¼ Ix � iIy. As in Section 2 Planck’s constant �h is skipped in
the Hamiltonian, so the energy is expressed in frequency units.
The first and the second term represent the Zeeman interaction
of the electron and nuclear spin with the static magnetic field and
the third term the interaction of the electron spin with the micro-
wave field. Here x1S ¼ cSB1 and cS is the gyromagnetic ratio of
the electron spin. The last term represents the part of the hyperfine
interaction between the electron and nuclear spin responsible for
polarization transfer between these two spins. As also in Section 2
all other components of this interaction are skipped.
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We transform the electron spin coordinates to a frame of refer-
ence rotating with the microwave frequency about the z-axis. Then
[27]

Hrot ¼ x0S �xð ÞSz þx1SSx �x0I Iz þ 1
2
Sz Az�Iþ þ AzþI�ð Þ: ðA:2Þ

As shown in Fig. A.4, in this frame of reference the electron spin is
subjected to an effective frequency vector xeff with components
x0S �x and x1S along the z and x-axes. It has a length

xeff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þx2

1S

q
ðA:3Þ

and is tilted about the y-axis through an angle h defined by

sin h ¼ x1Sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þx2

1S

q : ðA:4Þ

Notice that this effective frequency vector transforms into the effec-
tive frequency vector shown in Fig. 1, if we replace the microwave
frequencyxm by the Zeeman splittingx0

0S of a second electron spin
S0 andx1S by the component Dþ� of the mutual interaction between
S and S0.

As for triple spin flips, conservation of energy requires that
polarization transfer to the nuclear spin only occurs when the
matching condition

xeff ¼ x0I ðA:5Þ
is satisfied. This condition is represented by the circle in Fig. A.4,
which is the equivalent of the circle in Fig. 2.

As discussed in [34,22,23] only the component Peff
S of the elec-

tron spin polarization along the effective frequency vector xeff

can be transferred to the nuclear spin. The associated change of
the total energy US of the electron spin can then be split in a change
of its Zeeman energy in the externally applied magnetic field and a
change of its energy in the microwave field:

@US
@t ¼ � 1

2xeff
@PeffS
@t

¼ � 1
2 x0S �xmð Þ @PeffS cos h

@t � 1
2x1S

@PeffS sin h

@t

¼ � 1
2xeff cos2 h @PeffS

@t � 1
2xeff sin2 h

@PeffS
@t :

ðA:6Þ

Hence a fraction cos2 h of the transferred energy originates in the
interaction of the electron spin S with the externally applied static
Fig. A.4. The effective frequency vector and the electron spin polarization in the
rotating frame of reference. The circle represents the matching condition for
polarization transfer in the solid effect.
magnetic field and a fraction sin2 h originates in the interaction of S
with the microwave field. This splitting of the transferred energy is
analogous to the splitting of the energy transfer to the nuclear spins
by triple spin flips. As discussed in Section 6, a fraction cos2 h of the
transferred energy then also originates in the Zeeman energy of the

electron spins, but in that case the remaining fraction sin2 h origi-
nates in the interaction of S with S0.
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