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Abstract
Homogeneously structured, fluctuation-driven networks of spiking neurons can exhibit a wide variety of dynamical
behaviors, ranging from homogeneity to synchrony. We extend our partitioned-ensemble average (PEA) formalism proposed
in Zhang et al. (Journal of Computational Neuroscience, 37(1), 81–104, 2014a) to systematically coarse grain the
heterogeneous dynamics of strongly coupled, conductance-based integrate-and-fire neuronal networks. The population
dynamics models derived here successfully capture the so-called multiple-firing events (MFEs), which emerge naturally in
fluctuation-driven networks of strongly coupled neurons. Although these MFEs likely play a crucial role in the generation of
the neuronal avalanches observed in vitro and in vivo, the mechanisms underlying these MFEs cannot easily be understood
using standard population dynamic models. Using our PEA formalism, we systematically generate a sequence of model
reductions, going from Master equations, to Fokker-Planck equations, and finally, to an augmented system of ordinary
differential equations. Furthermore, we show that these reductions can faithfully describe the heterogeneous dynamic
regimes underlying the generation of MFEs in strongly coupled conductance-based integrate-and-fire neuronal networks.

Keywords Spiking neurons · Synchrony · Homogeneity · Multiple firing events · Partitioned-ensemble-average ·
Maximum entropy principle · Coarse-graining method

1 Author summary

Through a carefully designed ensemble average (Zhang
et al. 2014a), we constructed a coarse-graining formalism
that was used to study the heterogeneous dynamics
of current-based integrate-and-fire neuronal networks. In
Zhang and Rangan (2015), we showed that this reduction is
capable of capturing the dynamical emergence of multiple-
firing events (MFEs) that may underlie the neuronal
avalanches observed in vitro and in vivo. Here we
extend this formalism to coarse grain the heterogeneous
dynamics of strongly coupled conductance-based integrate-
and-fire neuronal networks. Our systematic reduction, from
first principles, offers analytically tractable population
dynamic models, which are not only capable of faithfully
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reproducing network dynamics ranging from homogeneity
to MFEs, but also provides a conceptually intuitive
framework to dramatically reduce and capture the effective
dimensions of the emergent dynamics of strongly coupled
neuronal networks.

2 Introduction

Strongly coupled networks in the brain often exhibit a rich
repertoire of dynamics, ranging from homogeneity to syn-
chrony, reflecting the many possible interactions between
excitation and inhibition, between multiple synaptic time-
scales, and between short-range and long-range recurrent
connections. The heterogeneous dynamics observed in vari-
ous brain regions (e.g., mammalian motor and visual cortex,
rat auditory cortex and mammalian hippocampus among
others Kenet et al. 2003; Hatsopoulos et al. 1998; Csicsvari
et al. 2000; Leinekugel et al. 2002; Samonds et al. 2005;
Mazzoni et al. 2007; Sakata and Harris 2009; Petermann et
al. 2009; Churchland et al. 2010; Yu and Ferster 2010; Hahn
et al. 2010; Plenz et al. 2011; Shew et al. 2011; Dehghani
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et al. 2012; Yu et al. 2011) often involve collective popula-
tion responses, which can be very sensitive to both external
inputs and the internal state of the network (Traub et al.
1999; Bruzsaki and Draguhn 2004; Seejnowski and Paulsen
2006; Roopum et al. 2008; Fries 2009). Furthermore, the
emergent collective dynamics is believed to be significant
contributor to information coding and other essential brain
functions (Singer 1999).

Recent experimental and simulational studies have
shown the prevalence of strong self-organized, synchronous
network activity in the form of multiple firing events
(MFEs) (Yu et al. 2011; Rangan and Young 2013b;
Hansel and Sompolinsky 1996; Kriener et al. 2008; Ran-
gan and Young 2013a), i.e., the almost synchronous spiking
activity of variable temporal duration and variable pop-
ulation sizes. The main mechanism underlying this type
of emergent heterogeneous dynamics appears to be the
strong competition between excitatory and inhibitory sub-
populations. Much theoretical work have focused on ana-
lyzing the dynamical effects of structured architecture and
correlated inputs (Vogels and Abbott 2005; Rangan 2009;
Zhao et al. 2011; Hu et al. 2013), while others have focused
on investigating the emergent dynamics of a network state of
high gain (Brunel 2000; Buice and Chow 2007; Cardanobile
and Rotter 2010; Battaglia and Hansel 2011).

One of major challenges in theoretical neuroscience is
to develop methods from first principles to systematically
coarse grain the emergent network dynamics. Standard
population dynamics techniques cannot easily describe the
full range of complex dynamics ranging from homogeneity
to synchrony to MFEs. In Zhang et al. (2014a), we carefully
designed a specific ensemble average, a ‘partitioned
ensemble average’ (PEA), by introducing, at each time step,
a transition rate from the nucleation to the release of an
MFE that can be evaluated efficiently. This PEA framework
has faithfully captured a broad range of dynamic regimes
observed in simulations of current-based integrate-and-fire
(IF) neuronal networks (Zhang et al. 2014a; Zhang and
Rangan 2015).

In this paper we will extend the PEA framework to
study the heterogeneous dynamics of the conductance-based
IF neuronal networks. Conductance-based IF neurons are
more realistic models of spiking neurons (Koch 1999), as
synaptic conductances introduce dynamical time-scales that
are unaccounted for in the current-based models. Typically,
in vivo, individual neurons in active networks receive
total synaptic conductances that are larger than their leak
conductances (Destexhe and Pare 1999). These so-called
high conductance states are thought to endow the network
with certain computational advantages, e.g., enhanced
responsiveness (Destexhe et al. 2003; Richardson 1918)
and sharper temporal processing (Destexhe et al. 2003;
Shelley et al. 2002). To capture the essential dynamical

features of MFEs, the idea behind the PEA framework
arose from the observations of MFE dynamics in neuronal
network simulations, where the typical de-correlation time-
scale of network neurons is much shorter than the inter-
MFE intervals. Therefore, we construct the PEA framework
to solve population dynamics models conditioned on the
probability of occurrence of an MFE at each time step.
The transition rate (i.e., the probability of occurrence of
an MFE) can be calculated by using the current state of
the population dynamics model. Whenever an MFE occurs,
we pause the population dynamics model, and compute
an MFE from the synaptic coupling strengths and voltage
distributions of the network at this time. Then, we use the
voltage distribution of the network immediately after the
MFE as the initial condition for further numerical evolution
of the population dynamics model. As we shall see below,
a number of population models can be used, each with its
own advantages and applications.

Our PEA allows us to derive a coarse-grained reduction
of conductance-based IF neuronal network directly from
first principles. From a Master equation description, we
derive the corresponding Fokker-Planck (FP) system. We
further reduce the system by introducing voltage moments,
leading to a hierarchy of moments, which can then be closed
using the maximum entropy principle, and finally resulting
in an augmented system of ODEs. This profound reduction
is not only successful at simulating homogeneous and
synchronous network activity but can also faithfully capture
highly heterogenous neuronal network dynamics such as
the MFEs. Furthermore, it also provides a conceptual
framework to dramatically reduce the effective dimensions
of the neuronal network dynamics.

The outline of this paper is as follows. In Section 3, we
introduce the conductance-based IF neuronal network, and
briefly discuss the underlying spiking network dynamics,
as well as some of the pertinent features of MFEs. In
Section 4, we review the basic framework of our PEA,
focusing on how we can design it to use standard population
models to capture MFEs. In Section 5, we derive a reduction
of spiking neuronal network dynamics from the standard
Master equation, to a Fokker-Planck equation and finally, to
an augmented system of ODEs via the maximum entropy
principle. In Section 6, we give numerical examples to
illustrate the capability and effectiveness of our approach
at capturing the dynamical features of MFEs. We end this
paper with concluding remarks and a discussion of future
work.

3Multiple firing events in IF networks

In this section, we introduce the conductance-based
IF neuronal network, describe the underlying spiking
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population dynamics, present a method to resolve MFEs
when the synapses are infinitely fast, and investigate the
influence of conductance-based synaptic connections on
the network voltage distribution, firing rates, and other
emergent statistical features of MFEs.

3.1 Integrate-and-fire networkmodel

To exclude any effects of network-connectivity fluctuations
arising from heterogeneous couplings, we consider the
following all-to-all coupled network of NE excitatory
neurons and NI inhibitory neurons, with the ith neuron’s
membrane potential evolving according to
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for i = 1, · · · , NQ, where Q ∈ {E, I } labels excitatory
and inhibitory. The membrane potential of the neuron
is V Q(t) = Vin − Vout, where Vin is the intracellular
voltage and Vout is the extracellular voltage. We use the
difference between the spike threshold and reset to non-
dimensionalize the membrane potential and set VT = 1,
VL = VR = 0. Then the excitatory and inhibitory reversal
potentials become VE = 14/3 and VI = −2/3. In these
reduced dimensional units, the leak conductance is gL =
0.05/ms (see Cai et al. 2004). In integrate-and fire dynamics,
whenever the voltage V

Q
i reaches a threshold VT , a spike

has occurred and is recorded with a spike time t
Q
ik , where the

subscript ik represents the k-th spike of the i-th neuron. The
membrane potential V

Q
i is then reset to VR . Furthermore,

when a Q′-type neuron fires, it creates an instantaneous
jump in the conductance of the Q-type postsynaptic neuron
with coupling strength SQQ′

with Q, Q′ ∈ {E, I }. For
external input, the spike-time t

Q
i� models the �-th spike for

excitatory conductance of the ith Q-type neuron with an
independent realization of the Poisson process with rate
m

QY
net and strength SQY .
To determine whether or not a single neuron’s spiking has

induced another neuron to fire, we assume that the synaptic
time courses are very fast, that is, much shorter than the
membrane time constant. In this situation, we consider the
limit of ‘infinitely-fast conductances’, i.e., the limit where
τE → 0 and τI → 0. This has the effect that one excitatory
neuron firing will make another Q-type neuron’s voltage v

jump immediately by

R
(
v, SQE

)
= VE + (v − VE) e−SQE

. (4)

Similarly, one external Poisson input spike, and one
inhibitory neuron firing will make a Q-type neuron’s
voltage jump, respectively, by

R
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)
= VE + (v − VE) e−SQY

,

and R
(
v, SQI

)
= VI + (v − VI ) e−SEE

. (5)

The inverses of the jump R are given by

T
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,

and T
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)
= VI + (v − VI ) eSQI

(6)

with Q′ ∈ {Y, E}. The derivations of T (v, SQQ′
) and

R
(
v, SQE

)
are detailed in Cai et al. (2006) and Nykamp

(2000).

Network Parameters andNotations Our goal in this paper is
to develop an analytical framework which connects the 10-
dimensional parameters of the IF-network to the network’s
emergent behavior. The 10-dimensional network parameters
are given by

1. Network size: NI and NE ;
2. External input rates: mIY

net , mEY
net ; and strengths SIY ,

SEY ;
3. Synaptic coupling strengths: SII , SIE , SEI , SEE .

In the examples studied in this paper, most of these
parameters are bounded by physiological limitations (see
Zhang and Rangan 2015; Kohn and Smith 2005; Grill-
Spector and Weiner 2014; Stern et al. 1997; Anderson et al.
2000).

We introduce a Klimontovich distribution to describe
the voltage configurations � (v, t) = {

�E (v, t) , �I (v, t)
}

of a given network, which represents the collection
of voltages {V Q

j } within the network by �Q (v, t) =
1

NQ

∑NQ

j=1 δ
(
v − V

Q
j (t)

)
. Let us denote the Liouville

distribution by ρ
Q
single(v, t) for the single-neuron voltage

distribution. Later, we will draw NQ independent samples
from the single-neuron voltage distribution ρ

Q
single(v, t) to

approximate the network voltage configuration �Q (v, t).

3.2 Multiple-firing events in a conductance-based
IF network

There is a wide range of dynamics generated by the
conductance-based IF networks (1)–(3), including homo-
geneity, synchrony and MFEs. The homogeneous dynam-
ics are characterized by largely independent firings and
weak temporal correlation between neurons. The highly
synchronous dynamics are characterized by repeated large
bursts of activity spanning the entire network. These two
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Fig. 1 Multiple-firing events (MFEs). Panel A shows a raster plot of
firing activity for the excitatory (red) and inhibitory (blue) neurons in
three different networks. Each system has NE = 32, NI = 24, and
SII = 0, SIE = 0.003, SEI = 0.001, SEY = SIY = 0.0055, mEY

net =
mIY

net = 2400Hz. The spikes corresponding to the 56 neurons are
shown in red and blue for the excitatory and inhibitory neurons, respec-
tively. For the raster shown on top, we have chosen SEE = 0.001. This
regime does not frequently generate large magnitude MFEs, and there-
fore, the dynamics are relatively homogeneous. For the raster shown
on the bottom we have increased SEE substantially to 0.0035. Now
any excitatory firing event is likely to drive many other neurons to

threshold; the network activity is therefore highly synchronous. For
the raster shown in the middle we have chosen an intermediate value
of SEE = 0.0026. The dynamics in this intermediate regime lie in
between homogeneity and total synchrony, exhibiting many MFEs of
moderate to large sizes. One such MFE is indicated by the two green
lines. Panel B plots the excitatory (red) and inhibitory (blue) voltage
distributions of the system measured at the green line immediately
before (top) and after (bottom) the indicated MFE. Note that, before
the MFE, many of the neurons were near VT . Most of these neurons
fire together during the MFE, and are near VL immediately after the
MFE

extreme regimes have been well described and understood
by using a few coarse-graining parameters (Ledoux and
Brunel 2011; Ostojic and Brunel 2011; Roxin et al. 2011;
Litwin-Kumar and Doiron 2012). The intermediate regimes
are characterized by brief spurts of spiking activity (see
Fig. 1 for an example). These MFEs are an emergent prop-
erty of the system and is manifested when the system is in
a high-gain state. We came upon MFEs in earlier models of
the visual cortex, in which we discovered, through a careful
benchmarking process, that MFEs are a crucial dynamical
mechanism behind many of the phenomena we were able
to replicate (Rangan and Young 2013b). In later work, a
simpler setting is used to explain how MFEs arise, as well
as their potential dynamic consequences (Zhang and Ran-
gan 2015; Rangan and Young 2013a; b; 2014a, b). The
importance of MFEs in the biological system motivated us
to propose a population-based model to capture the dynam-
ics of MFEs. A crucial observation is that when an MFE

occurs, the post-MFE voltage configurations �Q
(
v, t+MFE

)
tend to be farther away from VT than the pre-MFE config-
urations �Q

(
v, t−MFE

)
, particularly after large-sized MFEs.

Figure 1 illustrates such an example.
As a consequence of this MFE-induced reorganization,

the system is typically much less excitable immediately
after an MFE than before. This implies that the firing events
that follow in the milliseconds after an MFE tend to be
individual firing events (and not MFEs). We will leverage
this assumption later in Section 4 and in our final reduction
in Section 5, by assuming that the network synaptic activity
shortly after each MFE can be well modeled as a Poisson
process.

Networks with Only Excitatory Neurons There are some
works similar to our MFEs for excitatory-only networks,
such as the so-called ‘sandpile’ model (Bak et al.
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1987) (but see also Newhall et al. 2010). Commonly,
these models describe a network of pulse-coupled units,
each of which increments its own internal state, slowly
creeping towards a threshold. Eventually a unit reaches
threshold, kicking several other units to threshold, and
triggering a chain reaction. A comparison between these
MFEs and the sandpile models was made in Hertz and
Hopfield (1995). The cascades observed in the sandpile
models are similar to the cascades of excitatory firing
events that occur during our MFEs. In this case, the
magnitudes of MFEs can be computed in a straightforward
fashion.

Networks with Excitatory and Inhibitory Neurons The situ-
ation is more complicated in networks with both excitatory
and inhibitory neurons. First, the excitatory neurons con-
tribute to the initiation of the cascade, and, second, the
inhibitory neurons contribute to the termination of the cas-
cade. The competition between excitatory and inhibitory
populations on different time scales makes the unfolding
of MFEs much more complicated than the ‘excitatory-only’
cascades in the sandpile model. This added complexity is
one reason why we consider all-to-all connectivity as a first
step.

The number of excitatory and inhibitory neurons that fire
during an MFE are determined by the competition between
the E- and I -synaptic couplings, as well as the details of the
network’s voltage configuration immediately before each
MFE. We will use the notation in Zhang et al. (2014a,
b) to characterize each MFE via its magnitudes LE , LI

and depths V̄ E , V̄ I . Briefly, LE and LI are the number
of excitatory and inhibitory neurons that spiked during an
MFE; and V̄ E and V̄ I are the maximum voltages excitatory
and inhibitory neurons could have without participating in
the MFE.

We note that the homogeneous, highly synchronous
or intermediate regimes studied in this paper seem to
resemble the asynchronous irregular (AI), synchronous
regular (SR) or synchronous irregular (SI) regimes that
are often described following the works of Brunel (2000)
and Buzsaki and Wang (2012). However, our IF-networks
are in a dynamical regime where the analytical techniques
used in Brunel (2000) (Sections 3 and 6.1) are not
applicable. In particular, our IF-networks exhibit emergent
correlations in the network activity (i.e., MFEs) that cannot
be described using a common, time-varying network firing
rate. Furthermore, the post-synaptic effect of the global
fluctuations has the consequence that our MFEs cannot be
well approximated using a time-dependent Poisson process.
Hence, many of the phenomena we observe and discuss
here do not fall neatly into the categorization scheme of
Brunel (2000). For a more detailed discussion, see Zhang
and Rangan (2015).

Motivation of Studying Conductance-Based IF Model Gen-
erally, conductance-based IF neuronal networks are more
realistic versions of Hodgkin-Huxley type of neuronal mod-
els (Koch 1999). Here we illustrate the influence of the
driving force of the membrane voltage on the following
aspects: (i) the voltage distribution, and (ii) the MFE dis-
tribution. Figure 2 shows the comparisons of long-time
voltage distributions, the second-order statistics (i.e., the
MFE magnitude distribution), and the total spectral power
(Storch and Zwiers 2001) of the trajectories of mean voltage
of excitatory population and inhibitory populations for six
network configuration with nearly identical overall firing
rate. Although the firing rates are nearly identical, the fine
features of the dynamics differ vastly and depend sensitively
on the voltage driving force VE .

As Fig. 2 demonstrates, the fine dynamical features of
the conductance-based IF network are much more complex
than those of current-based models. This added complexity
brings difficulty to the dimensional reduction of population
dynamics.

4 The partitioned-ensemble average (PEA)

In this section we first review the standard ensemble aver-
age, before introducing the partitioned-ensemble average
(PEA) framework for (1)–(3). Specifically, we reduce the
system from the joint voltage distribution ρQ to two 1D
voltage distributions ρ

Q
single. For a detailed presentation of

the PEA framework, see Zhang et al. (2014a) and Zhang and
Rangan (2015).

Ensemble average is one of the standard methods to
coarse grain a complicated system (Knight 1972; Abbott
and van Vreeswijk 1993; Brunel and Hakim 1999; Omurtag
et al. 2000; Nykamp 2000; Cai et al. 2004; Rangan and Cai
2006). However, these standard ensembles are not expected
to fully capture the emergent fluctuations arising in IF
neuronal networks, which tend to embark on rapid transients
only under very specific circumstances. To rationalize
the specific assumptions of our PEA-framework, we first
observe the following characteristics of MFEs:

1. MFEs are often the main source of dynamic transients
in the stationary dynamics;

2. MFEs are initiated whenever one excitatory neuron
causes other neurons to fire together;

3. Immediately after an MFE, the system is then often
relatively quiescent over the next few ms.

The Partition-Ensemble Average (PEA) Method The above
observations motivate our coarse graining: (1) we consider
an MFE as a special type of transition in our system, and (ii)
the notion of an ensemble average is used to approximate
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Fig. 2 Comparison between I&F simulations and algorithm-1. Panels
A-F show voltage distributions; system firing counts and power spec-
tral densities (Storch and Zwiers 2001) of mean N−1

E

∫
vρE

singledv +
N−1

I

∫
vρI

singledv. The results in panels A-C are obtained by Algo-
rithm 1 and the results in panels D-F are simulated by the I&F
simulation with the same parameters as the Algorithm 1. In each
panel, the red color is used to indicate the excitatory neurons and
the blue color for inhibitory neurons. In all simulations, we fixed
NE = NI = 128, and mEY

net = 550Hz,mIY
net = 540Hz, SEE =

0.00144, SIE = SEI = 0.0006, SII = 0. In panel A, we take

SEY = 0.018, VE = 14/3 to obtain the reference system firing rate.
In panel B, we change VE = 1.5, SIY = SEY = 0.102, αSEE, αSIE

with α = 5.4 such that the system firing rate in panel B is identi-
cal to the system firing rate in Panel A. In panel C, we also change
VE = 1.5 and fix SEY = SIY = 0.018, however, we vary the Poisson
input rates mEY

net = 4340Hz, mIY
net = 4180Hz, and other parameters

by αSEE, αSIE with α = 2.9 such that the system firing rate in Panel
C is identical to the system firing rate in Panel A. Power spectral den-
sities were estimated using Thompson multitaper techniques (see, for
instance, Percival and Walden 1993)

a ‘typical’ system trajectory between two such transitions.
To isolate MFEs from single neuron firing events, we define
the set of transitions by the magnitude of MFE magnitude
LE +LI ≥ L̄. In this paper, we fix L̄ = 2, which represents
the minimum size of the MFE of interest. That is to say, we
define an MFE to be an event when one excitatory firing
causes at least one other neuron to fire.

Specifically, we track the evolution of the voltage
configuration � conditioned on the probability P (t, t + dt)

for a MFE to occur. That is to say, we compute the
probability that an MFE occurs with a magnitude LE +
LI ≥ L̄. Once an MFE occurs at time t , we will take
the configuration �l(v, t+) of the l-th network immediately
afterwards and prepare many identical copies (i.e., �1, �2,
. . .). Then this ensemble � would produce an average

that, for a short time, captures a typical trajectory. The
fidelity of this description will last until one of the networks
in � (say �j ) generates another MFE, at which time
�j falls into a different sub-ensemble of the �-ensemble
average. We call this procedure the partitioned-ensemble
average (PEA) to differentiate it from the standard ensemble
average. (One can refer to Zhang et al. 2014a; Zhang
and Rangan 2015 for a more detailed description of the
PEA-framework.)

The PEA-dynamics is identical in distribution to the
evolution of the original, full ensemble �(t). However,
the main difference from the standard ensemble is that
the individual trajectories produced by the PEA-dynamics
are stochastic. That is to say, both the transition times
and the types of MFEs produced during these transitions
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are random. The stochastic nature of the PEA-trajectories
allows the PEA-dynamics to capture many fine statistical
features of the MFEs (e.g., the distribution of MFE
magnitudes, the distribution of inter-MFE intervals, and so
on).

Assumptions and Approximations Although the PEA-
framework offers a conceptually straightforward and
dynamically faithful description of the ensemble � via the
joint voltage distribution, this framework is typically too
cumbersome to implement in practice because of the “curse
of dimensionality” of an (NE + NI )-dimensional joint
voltage distribution.

To develop a practical scheme, we appeal to the
observations of Section 3.2 regarding MFEs, and make the
following assumptions: (i) the decorrelation time of neurons
in the system is much shorter than the typical inter-MFE
intervals, and therefore, (ii) in between MFEs, the individual
neurons in the system are not strongly correlated.

These assumptions make it possible to use marginal-
ization to approximate the joint voltage distribution of
each ensemble. Upon marginalization, we can evolve
the single-neuron voltage distributions ρsingle (v, t) ={
ρI

single (v, t) , ρE
single (v, t)

}
over the k-th time step:

[t, t + dt] = [kdt, kdt + dt], then use the information
obtained from ρsingle (v, kdt) to calculate the transition
rate PMFE(t) that represents the probability that an MFE
has occurred during that timestep. Using the probability
PMFE(t), we draw a Bernoulli random variable πk to indi-
cate whether or not an MFE has indeed occurred. If πk = 0,
we infer that no MFE will occur, and thus we keep evolv-
ing ρsingle forwards in time from kdt to kdt + dt by
using a Master-equation f B,single, conditioned to ensure
that no MFE has occurred. If πk = 1, then we infer
that an MFE will indeed occur during this timestep and
we numerically generate an MFE with LQ, V̄ Q randomly
determined by ρsingle (v, kdt). Then we use the voltage dis-
tribution immediately after this MFE as the initial condition
ρsingle (v, t + dt) at timestep t + dt , for forward evolution
of the population model (which could be a Master equa-
tion, a FP equation, or even an augmented ODE system). We
evolve the population dynamics until the next occurrence of
an MFE.

We summarize the above procedure to a practical
algorithm using a Master equation (see also Zhang et al.
2014a; Zhang and Rangan 2015):

In the following, we provide a detailed step-by-step
description of our Algorithm-1, namely, how to approximate
PMFE(t) and �̄, and f B,single. For brevity, we leave the
detailed derivation of the Master equation for fB,single to
Appendix B.

Caculation of PMFE (t ) Under the PEA-framework, the
probability PMFE(t) is used to compute the Bernoulli
random variable πk over the time interval [kdt, kdt + dt],
and can be expressed by

PMFE(t) = dt · NE · mE
single (kdt) · [1 − q (kdt)] , (7)

where m
Q
single (t) denotes the single-neuron firing rates,

and q (kdt) represents the probability that, given a single
excitatory neuron at threshold, the other NE − 1 excitatory
neurons and NI inhibitory neurons drawn from the
ρQ (v, kdt) are far enough away from threshold to preclude
an MFE:

q (kdt) =
[∫ T (VT ,SEE)

−∞
ρE (v, kdt) dv

]NE−1

×
[∫ T (VT ,SIE)

−∞
ρI (v, kdt) dv

]NI

.

Conversely, (1 − q (kdt)) represents the probability that the
spiking of a single excitatory neuron can cause at least one
other neuron to reach threshold.

Algorithm 1

Input the 10-dimensional parameters: Network size,

and ; Feedforward input rates, , and input

strengths, , ; Network synaptic coupling strengths,

, , , .

1. Initialize 0 and set 0;

2. At each time-step [ ], draw a Bernoulli

random variable with success probability

determined by - see Eq. (7) below;

3. If the Bernoulli random variable 0, evolve

using the Master equation - see Eq. (37). Set

1 and go back to step 2;

4. When 1, pause evolving the Master equation;

5. Use to sample an MFE. Then, given the

sampled MFE, draw a single post-MFE configuration

;

6. Set equal to . Namely, take

as the initial value for forward evolution. And

finally, back to step 2.

Sample an MFE and Approximating �̄ If we find that πk =
1 at time t = kdt in step 2, then we proceed to
step 5, and draw an MFE of magnitude ≥ L̄ from the
distribution of possible MFEs. Under the PEA-framework,
we can simply produce a single MFE drawn from this
measure. To construct the measure on all possible MFEs,
we can repeatedly sample the voltage configurations � from
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ρsingle (v, t), then use the spike resolution discussed in
Appendix A to determine the size LQ of the MFE associated
with each configuration given a single excitatory neuron at
threshold.

Derivation of the Master Equation f B,single in Appendix B
we derive the Master equation f B,single that governs the
dynamics responsible for the nucleation and generation
of MFEs. This Master equation f B,single reduces to a
standard Master Eq. (8) (see below) when the dynamics
is homogeneous. In this paper, we derive a reduction
of spiking neuronal dynamics from the standard Master
Eq. (8) instead of f B,single. This derivation is a much more
simplified and straightforward version of the one in Zhang
and Rangan (2015).

5 A reduction of the spiking neuronal
network

In this section, we present a dimensional reduction of the
conductance-based IF network from the standard Master
equation to an augmented low-dimensional ODE system.
The augmented ODE system inherits the parameters of the
original IF neuronal networks without the introduction of
any new parameter.

The Standard Master Equation Similar to the ensemble
average methods developed in Knight (1972), Abbott and
van Vreeswijk (1993), Brunel and Hakim (1999), Omurtag
et al. (2000), Nykamp (2000), Cai et al. (2004), and Rangan
and Cai (2006), when the dynamics of spiking network
is homogeneous and pairwise neuronal correlations are

negligible, we can reduce the IF network (1)–(3) to a
standard Master equation of the form

∂tρ
Q (v, t) = gL∂v

[
(v − VL)ρQ(v, t)

]

+m
QY
net (t) ·

[
ρQ

(
T (v, SQY ), t

)
· T ′(v, SQY ) − ρQ(v, t)

]

+NEmE(t) ·
[
ρQ

(
T (v, SQE), t

)
· T ′(v, SQE) − ρQ(v, t)

]

+NI m
I (t) ·

[
ρQ

(
T (v, SQI ), t

)
· T ′(v, SQI ) − ρQ(v, t)

]

+SQ (t) · δ (V − VR) , (8)

where ρQ (v, t) represents the single-neuron voltage distri-
bution at time t , T (v, ·) is defined in Eq. (6), and the source
SQ (t) is the fraction of the flux across threshold which is
then reset to VR . The derivation of Eq. (8) is detailed in
Appendix C.

Fokker-Planck Equation For further theoretical analysis, we
now discuss how to approximate the Master Eq. (8) by a FP
equation. In the mean-field limit, when pairwise neuronal
correlations can be neglected, the evolution of the voltage
probability distribution function can be transformed into a
FP-type equation (Brunel and Hakim 1999; Fourcaud and
Brunel 2002) (for more recent work using probability theory
and field-theoretical methods see Robert and Touboul
(2016), Touboul (2014), Buice and Chow (2007), and
Bressloff (2015) and references therein).

Let s = eSQY −1, s1 = eSQE −1, s2 = eSQI −1, we can
approximate the Master Eq. (8) to a FP-type equation (see
the detailed derivation in Appendix D)

∂tρ
Q(v, t) + g

Q
T ∂vJ (v; ρQ) = 0, (9)

where

J (v; ρQ) = −(v − μQ)ρQ − σQ(v)

2
∂vρ

Q − ζQ

∫ v

−∞
ρQ(s, t)ds, (10)

g
Q
T = gL + m

QY
net (t)s(1 − s2) + mE(t)NEs1(1 − s2

1) + mI (t)NI s2(1 − s2
2), (11)

μQ = 1

g
Q
T

[
gLVL + m

QY
net (t)s(1 − s2)VE + mE(t)NEs1(1 − s2

1)VE + mI (t)NI s2(1 − s2
2)VI

]
, (12)

σQ(v) = 1

g
Q
T

[
m

QY
net (t)(1 + s)s2(v − VE)2 + NEmE(t)(1 + s1)s

2
1(v − VE)2 (13)

+NIm
I (t)(1 + s2)s

2
2(v − VI )

2
]
,

ζQ = 1

g
Q
T

[
m

QY
net (t)s

3 + NEmE(t)s3
1 + NIm

I (t)s3
2

]
. (14)

The single-neuron firing rate mQ is obtained by the flux at
threshold, namely,

mQ(t) = g
Q
T J (VT , ρQ, t). (15)

The boundary conditions for Eq. (9) satisfy

ρQ(VT , t) = ρQ(VI , t) = 0. (16)
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Since the potential of each neuron will be reset, immediately
after firing, the flux jumps by

g
Q
T J (V +

R ; ρQ, t) − g
Q
T J (V −

R ; ρQ, t) = mQ(t). (17)

Equilibrium Solution We now consider the equilibrium
solution ρ

Q
Eq to Eq. (9), namely, the solution to

∂v

{
(v − μQ)ρ

Q
Eq + σQ(v)

2
∂vρ

Q
Eq

}
+ γρ

Q
Eq = 0. (18)

By integrating (18) over the interval [v, VT ] and using the
boundary conditions (16), we have

(v − μQ)ρ
Q
Eq + σQ(v)

2
∂vρ

Q
Eq = −mQ/g

Q
T eγ (VT −v), (19)

which can be rewritten as

2(v − μQ)

σQ(v)
ρ

Q
Eq + ∂vρ

Q
Eq = − 2mQ

g
Q
T σQ(v)

eγ (VT −v). (20)

To simplify further, we rewrite the diffusion term σQ(v) as

σQ(v) = av2 + bv + c, (21)

where the coefficients are given by

a =
[
m

QY
net s

2(1 + s)) + mENEs2
1(1 + s1) + mINI s

2
2(1 + s2)

]
/g

Q
T , (22)

b = − 2

g
Q
T

[
m

QY
net s

2(1 + s))VE + mENEs2
1(1 + s1)VE + mINI s

2
2(1 + s2)VI

]
, (23)

c =
[
m

QY
net s

2(1 + s))V 2
E + mENEs2

1(1 + s1)V
2
E + mINI s

2
2(1 + s2)V

2
I

]
/g

Q
T . (24)

Defining θ(v) by the integral

θ(v) ≡
∫

2(v − μQ)

σQ(v)
dv =

⎧⎨
⎩

1
a

ln σQ(v) − 2b+4aμQ

a
√

4ac−b2
arctan 2av+b√

4ac−b2
, if 4ac − b2 > 0,

1
a

ln σQ(v) + 2b+4aμQ

a(2av+b)
, if 4ac − b2 = 0.

Then Eq. (20) becomes

∂v

[
eθ(v)ρ

Q
Eq

]
= − 2mQ

g
Q
T σQ(v)

eζQ(VT −v)+θ(v). (25)

Integrating (25) over the interval [v, VT ], we obtain the
equilibrium distribution of Eq. (9):

ρ
Q
Eq(v) =

⎧⎨
⎩

2mQ

g
Q
T

e−θ(v)
∫ VT

v
1

σQ(x)
eζQ(VT −x)+θ(x)dx, v ∈ [VR, VT ],

2mQ

g
Q
T

e−θ(v)
∫ VT

VR

1
σQ(x)

eζQ(VT −x)+θ(x)dx, v ∈ [−∞, VR),

(26)

where the single-neuron firing rate mQ at the equilibrium
can be obtained by normalizing ρ

Q
Eq(v).

In the following we use the FP equation to derive an
augmented system of ODEs.

Moment Equation Here we focus on reducing the FP
Eq. (9) by introducing voltage moments MQ

k . Our goal
is to faithfully capture the features of the heterogeneous
dynamics of neuronal networks by evolving a low-
dimensional system from the initial time t0 onwards given
only the initial conditions MQ(t0) and firing rates mQ(t0).
Let us define the kth moment by

MQ
k =

∫ VT

−∞
vkρQ(v)dv,

where the single-neuron voltage distribution ρQ(v) satisfies
the FP Eq. (9)

∂tρ
Q = g

Q
T ∂v

{
(v − μQ)ρQ + σQ(v)

2
∂vρ

Q

}
+ g

Q
T ζQρQ.

(27)

Multiplying Eq. (27) with vk , and integrating by parts over
the interval [−∞, VT ], we obtain that the k-th moment
evolves according to

dMQ
k (t)

dt
= −(VT )kmQ(t)−g

Q
T k

(
1− (k+1)a

2
− ζQ

k

)
MQ

k

+g
Q
T k

(
μQ+ kb

2

)
MQ

k−1+g
Q
T

k(k−1)c

2
MQ

k−2. (28)

Here the 0-th moment MQ
0 = 1 and we set MQ

−1 = 0. The

evolution of Eq. (28) depends on the coefficients g
Q
T given

in Eq. (11), μQ given in Eq. (12), σQ given in Eq. (13),
and ζQ given in Eq. (14), as well as the single-neuron firing
rate mQ given in Eq. (15). Importantly, we point out that
(28) does not depend on the moments higher than k, but it is
not a closed system since mQ is determined by the voltage
density ρQ at the threshold VT .

Maximum Entropy Method The system of ODEs (28) is
not closed because we cannot compute directly the network
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Fig. 3 A nearly homogeneous
scenario for our PEA-
framework. For this network we
have set NE = NI = 128 with
SEE = SEI = SIE = 0.0006,

SII = 0, mEY
net = 550Hz,

mIY
net = 540Hz, and SEY =

SIY = 0.018. In panels a and
b we compare the steady-state
voltage distributions for ρE(v)

and ρI (v), respectively. The red
line is achieved by IF model and
the green dash line by the
Master equation. In panels
c and d we compare the steady-
state voltage distributions for
ρE(v) and ρI (v), respectively.
The red line is achieved by IF
equation and the blue line by
Fokker-Planck equation. In
panel E, we compare ratios by
the computational time by
Fokker-Planck equation/the
computational time by Master
equation with different number
of mesh points

a b

dc

e

firing rate. Obviously, we need to compute the instantaneous
voltage distribution ρQ(v, t), which can be then used to
update the firing rate mQ(t), allowing the closure of the
moment hierarchy.

However, at each time, there are many voltage distribu-
tions ρQ(v, t) that are compatible with the given moments
MQ

k (t). Thus, from amongst these possible voltage distri-
butions, we need to select one that is most ‘compatible’
with the network dynamics. Here, we choose to use the one
‘closest’ to the system’s equilibrium solution.

Thus, we introduce the maximum entropy method to
compute the ‘most likely’ voltage-distribution ρ

Q
me(v, t) by

ρQ
me(v, t) ≡ arg max

ρ
H(ρ)

= arg max
ρ

{
−

∫ VT

−∞
ρ(v, t) log

(
ρQ(v, t)/ρ

Q
Eq(v)

)
dv

}
,

subject to
∫ VT

−∞
vkρQ(v, t)dv − Mk(t) = 0,

k = 0, 1, · · · , N, (29)

where the equilibrium solution ρ
Q
Eq is given by Eq. (26).

To solve the optimization problem (29), we construct the
Lagrangian function

L(ρ, λQ)=H(ρ) +
N∑

j=0

λ
Q
j ·

(∫ VT

−∞
vkρQ(v, t)dv−Mk(t)

)
, (30)

where λQ =
[
λ

Q
0 , λ

Q
1 , · · · , λ

Q
N

]
are the Lagrange

multipliers. A necessary and sufficient condition for ρ
Q
me to

be a maximizer of problem (29) is that there must exist a set
of parameters λQ such that L′(ρ, λQ)(δρ) = 0 for all δρ.
Thus we can obtain the classical solution of Eq. (29),

ρQ
me(v, t) = ρ

Q
Eq · exp

⎛
⎝

N∑
j=0

λ
Q
j vj − 1

⎞
⎠ . (31)

Substituting (31) into the constraints
∫ VT

−∞
vkρQ

me(v, t)dv−Mk(t) = 0, k = 0, 2, · · · , N, (32)

we obtain the values of λQ. Noting the relationship
mQ(t) = g

Q
T J (VT , ρQ, t) in Eq. (15) and replacing ρQ by

ρ
Q
me(v, t), we immediately have the single-neuron firing rate

mQ(t) = g
Q
T

C
exp

⎛
⎝

N∑
j=0

λ
Q
j (VT )j

⎞
⎠ , (33)

where C is the normalization factor of equilibrium solution
(26) and is given by

C =
∫ VT

−∞
e−θ(v)

∫ VT

max{v,VR}
1

σQ(x)
eζQ(VT −x)+θ(x)dxdv.

An example of the equilibrium solution is shown in Fig. 3c,
d. We remark that the equilibrium solution is not quite a
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Gaussian, because the mechanisms of firing and resetting
prevent the voltage values from rising above VT , and
furthermore, leading to an influx of probability at VL.

Algorithm 2

Input the 10-dimensional parameters: Network size, and

; External input rates, , and coupling strengths

, ; Synaptic coupling strengths, , , , .

1. At each time-step [ ], we consider ,

( 1 ) as given;

2. Given , we use Eq. (38) to calculate

, as well as use Eqs. (11)–(14) to cal-

culate , , , then compute

by Eq. (28) with a first-order Euler method;

and finally calculate the equilibrium distribution

by Eq. (26);

3. Given and , we obtain the Lagrange

multipliers by solving Eq. (32), then compute the

maximum entropy distribution using

(31), and single neuron firing rate using

(33);

4. To calculate the probability MFE generating an

MFE, we use from step 3 to replace ,

and to replace single in Eq. (7);

5. Taking MFE as the success probability, we

draw a Bernoulli random variable to determine if

either

(a) 0, in which case no MFE occurs during this

time-step, we do nothing, go back to step 1;

(b) 1, in which case an MFE occurs. We sample

an MFE from and update and

at time appropriately; see the details in

Section 4, and go back to step 1.

Calculation of the Equilibrium An important issue regarding
the maximum-entropy method is the construction of the
equilibrium distribution when the drift and diffusion
coefficients μQ, σQ are not fixed in time. If mQ(t) is small
and μQ(t), σQ(t) are changing slowly, we can approximate
ρ

Q
Eq (v, t) locally in time with these information. Thus H

can be considered as an approximate entropy function to
capture the local behavior of ρQ (v, t) over time. In fact,
ρQ (v, t) converges to ρ

Q
Eq (v, t) on a relatively longer time-

scale, and both ρQ (v, t) and ρ
Q
Eq (v, t) will eventually settle

to the long-time global equilibrium distribution ρ̃Eq (v)

on a slower timescale. On the other hand, we make use
of the maximum-entropy method to achieve closure of
the moment hierarchy Eqs. (28) within the context of the
PEA-framework. Since the occasional MFEs lead to large
transient changes in the density ρQ (v, t), the ρ̃

Q
Eq (v) will

never actually be achieved, and hence, it makes sense to
use the local equilibrium distribution ρ

Q
Eq (v, t) to define H

within our maximum-entropy method.

5.1 Summary of moment-reduction: Algorithm2

In this section we summarize the moment reduction
within the PEA-framework. In the examples to follow,
we demonstrate that by using a 4-variable moment
closure (membrane potential averages and variances of the
excitatory and inhibitory populations, {ME

1 , ME
2 , MI

1,
and MI

2}), we can capture many essential features of
MFEs. The following practical implementation is denoted
as Algorithm-2.

6 Numerical examples

In this section, the trajectories of various IF networks are
compared with the associated trajectories of our coarse-
graining methods. We will use the terms ‘P1’ to refer to
Algorithm 1 and ‘P2’ to Algorithm 2.

6.1 Ideal scenarios: homogeneity and synchrony

We expect Algorithm-1 to be an excellent description of the
IF network when our major assumptions are well founded,
i.e, two special cases: homogeneity and total synchrony.

The first case where our assumptions are valid is when
the dynamic regime is homogeneous. When the coupling
strengths SQQ′

are very small relative to the typical distance
between any neuron’s voltage and threshold, the dynamics is
homogeneous and the neurons are nearly uncorrelated. The
probability of one excitatory firing event causing another
firing event is nearly zero and there are no MFEs. In this
limit, the PEA-framework reduces to the standard ensemble
average dynamics (Sirovich et al. 2000; Cai et al. 2006).
Thus, in the limit of weak coupling, our PEA-framework
captures the statistics of the network by construction (see,
for instance, panels a and b in Fig. 3). The panels c and
d in Fig. 3 show the comparison of equilibrium solutions
between IF model and FP equation. Panel e in Fig. 3 shows
the ratios of the computational times between FP equation
and Master equation. We note that one needs to perform
thousands to ten of thousands samples by simulating the
neuronal network using Monte Carlo methods to obtain
the average distribution and average firing rate, thus here
we do not directly compare the CPU time. One can see
that both of the reduced models can efficiently capture the
corresponding voltage distribution and firing rate of the
neuronal networks, but the Master equation is more accurate
than the FP equation, and is faster when the number of
mesh points is larger. Hence we use the Master equation
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in numerical simulations of Algorithm-1. However, as we
have shown, the FP equation plays an important role for the
further reduction to Algorithm-2.

The other limiting case where our assumptions are
valid is when MFEs are very rare relative to both the
leakage timescale (20ms in our numerical examples) and
the typical inter-event-interval of the external Poisson input
(say, when the inter-spike interval is tens to a few hundred
milliseconds). Because the neurons in the network almost
do not interact between firing events, the configuration of
the network immediately prior to each firing event will
be well represented by a direct-product of single-neuron
distributions. If, in addition, SEE is sufficiently large, then
any single firing event will cause an MFE. Hence, in this
scenario, by construction, our PEA-framework will perform
well to capture the statistics of the MFEs. An example of a
regime close to this idealized scenario is given in Fig. 4. The
panels A and B shows 10s traces of the firing events of an IF
network and the Master equation, respectively. In the inset
of the panels A and B we zoom in the system activities to
show that an excitatory neuron either fires independently or
causes all other neurons to fire synchronously. In panel C we
collect a histogram of inter-MFE-intervals (i.e., inter-spike
intervals for any given neuron in the network). In the inset
of panel C we show the mean and standard-deviation of this
histogram. In panel D, the long-term voltage distribution
is compared by averaging the voltage distribution for 10s
interval.

It is important to note that the standard ensemble average
will settle to a steady state for this regime, but the long-time
evolution of the standard ensemble average will not reflect
the continuous, strong stochastic fluctuations exhibited in
this highly synchronous regime of If networks.

6.2 More realistic scenarios: between homogeneity
and synchrony

As we have seen above, within the PEA-framework, our
algorithm-1 is capable of capturing both homogeneous
regimes and regimes with rare synchronous firing-events.
Now we investigate the dynamic regimes between these two
limiting scenarios, where our major assumptions become
less obviously satisfied with the stochastic occurrence of
MFEs. Nevertheless, as we will illustrate below, both
algorithm-1 and algorithm-2 can qualitatively capture the
statistical features of the dynamic fluctuations in these
regimes.

Figure 5 shows a typical regime with many large MFEs
that is not quite as synchronous as that in Fig. 4. Both P1
and P2 trajectories can reasonably capture the stationary
statistics of the MFEs within such a regime. Other measures
of dynamical fluctuations, such as the power spectral density

(PSD) of the average network voltage and the variance in
the time-averaged voltage distributions are also qualitatively
represented within the PEA-framework.

Figure 6 shows typical regimes with lower frequency,
medium-to-large sized MFEs. Again, the PEA-framework
performs well in capturing the statistics of the fluctuations.

For these intermediate regimes, it is impossible to match
exactly the statistics of individual IF-trajectory because the
dynamics are very sensitive to the system parameters (e.g.,
SQR , m

QR
net , etc.; see, for instance, the detailed discussion in

Bornholdt and Rohl 2003; Werner 2007; Poil et al. 2012).
As these parameters are varied, the corresponding emergent
dynamical transients can change dramatically. Figures 5–
6 only give a glimpse into the wide variety of dynamic
regimes a conductance-based spiking network can support.

Our study of this dynamical landscape is far from
exhaustive, but we can carry out a somewhat structured
investigation by fixing many of the system parameters and
varying only a few. For illustration we choose a network
with NE = NI = 128, mEY

net = 550Hz, mIY
net = 540Hz,

and SEY = SIY = 0.018, and vary a few of the coupling
strengths. We fix SII = 0, and vary SEE simultaneously
from 0.00125 to 0.00144. We fix SEI and SIE to be
equal to and vary them simultaneously from 0.0006 to
0.0015. Increasing SEE will increase the prevalence of
MFEs, whereas increasing either SEI or SIE will do
the opposite (Rangan and Young 2013a). By scanning
this two-dimensional projection of parameter space, we
can reproduce synchronous dynamics when the excitation
dominates the inhibition, and we can produce homogeneous
dynamics when the inhibition dominates the excitation. In
between these two extremes lie the intermediate regimes
which produce many MFEs of varying magnitudes. The
stationary states of these intermediate regimes are far from
quiescent, and exhibit a wide range of fluctuations, many of
which correspond to γ -band oscillations (with characteristic
frequencies of 30-80Hz).

Figure 7 shows the above 2-dimensional slice through
parameter space. For each point we simulate the IF network
and calculate the corresponding P1- and P2-trajectories.
For each simulation we measure the power in the γ -
band of the average system voltage, which is computed
after we simulate the system for a sufficiently long
time so that any transients due to initial conditions are
negligible. The γ -band power as a function of system
parameters is plotted for the IF, P1- and P2-algorithms.
The PEA-framework can well capture the overall strength
of the γ -fluctuations produced by this network with these
particular parameters; however, it is important to note
that the long-time evolution of the standard ensemble
average does not reflect the effects of these stationary
statistics.
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a b
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Fig. 4 A nearly ideal scenario for our PEA-framework. For this
excitatory-only network we have set NE = 128, with SEE = 0.006,
mEY

net = 4000Hz, and SEY = 0.0026. In panels a and b we
give examples of the system’s activity, and show 10s traces of the
IF (panel a), Master equation (panel b) trajectories. In panel c we

collect a histogram of inter-MFE-intervals. In the inset, we show
the mean and standard-deviation for this histogram. In panel d, the
voltage distribution are compared by averaging the voltage distribution
for 10s computational interval. Note that our algorithms perform well
to capture the relevant statistics of this dynamical regime

7 Discussion

The vast range of neuronal network dynamics presents an
enormous challenge to computational neuroscientists. Ever
more detailed neurophysiological datasets and neuronal
network simulations reveal interactions on multiple spatial
and temporal scales that also participate in essential
brain functions. The observed network dynamics can
be quite complex and exhibits stochastic fluctuations
incorporating strong, transient correlations. Unfortunately,
many population methods cannot capture even the lowest
order statistics associated with these dynamical regimes,
and consequently, the underlying fluctuating activity cannot
effectively be described by standard ensemble averages.

A challenging issue for theoretical neuroscience is
to develop a single mathematical framework that can
effectively reduce and capture a broad range of network
dynamics, ranging from homogeneity to synchrony. Here
we focus on MFEs because of the belief that they are the

main drive underlying the emergent transient fluctuations
within the stationary states of complex neuronal networks
(see, for instance, Mazzoni et al. 2007; Shew et al. 2011;
Dehghani et al. 2012; Rangan and Young 2013b; Poil
et al. 2012; DeVille and Zheng 2014). Previously, we
examined in detail the MFEs in current-based recurrent IF
networks (Zhang et al. 2014a; Zhang and Rangan 2015) and
showed that by using a PEA formulation, we can design,
from first principles, numerical algorithms that succeeded
in capturing MFEs and provide a mathematical reduction
that faithfully describes the many different, heterogeneous
dynamical regimes of strongly coupled neuronal networks.

In the cortex, many experimental studies show the
prevalence of high conductance states (Destexhe and
Pare 1999; Destexhe et al. 2003; Shelley et al. 2002).
High conductance states are often associated with high
response variabilities and an enhancement in individual
neuronal responses (Destexhe and Pare 1999; Destexhe
et al. 2003). A high conductance necessarily leads to
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a

b

c

Fig. 5 A dynamical regime with many large MFEs. For this regime
we have chosen NE = NI = 128, SEE = 0.00144, SII = 0,
SEI = SIE = 0.0006, with mEY

net = 550Hz, mIY
net = 540Hz, and

SEY = SIY = 0.018. Shown in panels a, b and c are examples of the
IF, P1, and P2 trajectories in the stationary state. The left side of panel
a shows an example of a raster plot (top), excitatory and inhibitory
population voltage densities (middle), and spike counts (bottom). The
voltage density traces show the time evolution of the voltage config-
uration �Q(v, t) for the E- and I-cells in the network, with density
magnitudes indicated in color (colorbar to the left). The mean voltage∫

v�Qdv is indicated by a solid white line, with ± 1 standard-deviation

indicated by dashed white lines. The system spikes counts are collected
over 1ms bins, and are separated into the E- (red) and I- (blue) popu-
lations. On the right side of panels a,b,c, we show the time-averaged
voltage distributions

∫
�Qdt averaged over the E- and I- cells in the

network (upper left), as well as log-log plots of the system spike counts
(upper right) and the PSD plots of the average system voltage (bot-
tom). On the left of panels b and c we show the voltage density traces
(top two) for the ρ

Q
single, as well as the corresponding time evolution of

the MFE nucleation rate PMFE(t)/dt and system spike counts (bottom
two)
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a

b

c

Fig. 6 A dynamic regime with small MFEs. The system and figure layout is identical to Fig. 5, with the exception that SEE = 0.00133, SII = 0,

SEI = SIE = 0.0006

a reduced membrane time constant and implies network
interactions on faster timescales. Modeling studies show
that because of this reduced time constant, individual

neurons can respond to faster frequency inputs and operate
with increased temporal resolution (Destexhe et al. 2003;
Shelley et al. 2002). Furthermore, our simulations reveal
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Fig. 7 A scan through parameter space. We fix the network param-
eters NE = NI = 128, mEY

net = 550Hz, mIY
net = 540Hz, and

SEY = SIY = 0.018. We vary the coupling strengths SEE and SEI

independently, setting SIE = SEI . When SEE 	 SEI the dynamics
are synchronous, when SEE 
 SEI the dynamics are homogeneous,
and when SEE ∼ SEI the dynamics are somewhere in between, as
indicated in the leftmost panel. The other three panels show the γ -
band power of the average system voltage in the stationary state as a

function of coupling strength. The γ -band power is plotted relative to
the maximum power observed across all simulations (see colorbar to
the far right). Note that the coupling strength SEE is varied over a small
interval[0.00125, 0.00144]. That is to say, the variation of coupling
strengths in L2-norm is very small. Thus we can roughly compute the
relative errors of parameter by (0.0014 − 0.00135)/0.0014 ≈ 3.57%,
which represents the relative error between parameter for synchrony
and the parameter for multiple firing events

that many statistical features of MFEs in conductance-based
models differ significantly from current-based networks.

Therefore, we here extend the partitioned-ensemble
average framework of Zhang et al. (2014a) and Zhang
and Rangan (2015) to systematically coarse grain strongly
coupled conductance-based IF neuronal networks. We first
reduce the neuronal network to two 1D Master equations,
and apply the PEA formulation to design a practical
Algorithm-1 to deal with the dynamical regimes with
frequent MFEs. Then, directly from the corresponding
Fokker-Planck equations, we derive an augmented low-
dimensional ODE system by introducing a hierarchy of
voltage moments and a maximum entropy closure. Thus, in
the end, we are able to reduce the spiking network dynamics
to an Algorithm-2: (i) Evolving the moment equations with
an optimization problem; (ii) At each time step, using
the system’s membrane potential distribution and synaptic
strengths to calculate the probability of occurrence of an
MFE; and (iii) When an MFE occurs, using the system’s
voltage distribution to sample the magnitude and depth of
the MFE.

A Master equation approach in computational neuro-
science was introduced by Ohira and Cowan (1993). More
recent work can be found in El Boustani and Destexhe
(2009), Buice et al. (2010), and Zerlaut et al. (2018), and ref-
erences therein. In this work, the coarse-graining of network
spikes to firing rates can be computed explicitly, whereas, in
Zerlaut et al. (2018), the authors relied on fitting an effec-
tive threshold to model and coarse-grain the effect of the
nonlinearities of a single neuron on its firing rate. However,
by itself, the Master equation formalism cannot capture
the transiently synchronous firing of many neurons, i.e.,

MFEs. Therefore, to capture the initiation and dynamics of
these multiple-firing events, we had to introduce a hybrid
formalism, the partitioned ensemble average, which, with-
out the occurrence of MFEs, reduces back to the Master
equation formalism (or the FP formalism, depending on
your preferred coarse-graining model). In the PEA, the MFE
is viewed as a special kind of transition and between these
transitions, the usual ensemble average can be used.

Previously in Zhang and Rangan (2015), the derivation
of the Master equation is conditioned on not generating
MFEs. (We introduced a fraction of the time in order to
keep the system from more firing events.) This intricate
model leads to a complicated set of Master equations. In
this paper, we relax this condition and use instead the
methods of Cai et al. (2006) to derive a new Master
equation and its corresponding FP equations. Furthermore,
the exact steady-state solution of these FP equations can
be computed and then used within a maximum entropy
closure to reduce dramatically the mathematical description
of the network dynamics to an augmented system of
ODEs.

The methodology in this paper provides a conceptual
framework to dimensionally reduce complex network
spiking dynamics, and can qualitatively captured a vast
range heterogeneous dynamics seen in neuronal networks.
The method developed here treats explicitly the situation
of instantaneous synapses - i.e., the synaptic time-scales
τE and τI of the IF-network are both 0 (see the details
in Appendix A). The reason for using instantaneous
synapses is that, in this limit, individual MFEs are
mathematically unambiguous. However, numerical studies
(see, for instance, Rangan and Young 2013a, b) show that
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the rapid dynamic transients much like MFEs are prevalent
even when τQ are a few ms; consequently, even when τE

and τI are increased to ∼ 2ms and ∼ 4 ms, our reduction
can still faithfully capture many of the qualitative features
of MFEs in strongly coupled conductance-based IF network
dynamics.

Finally, we remark that we have detailed this method-
ology for a system with homogenous connectivities. Pre-
liminary studies show that we can extend our framework
to faithfully describe the emergent dynamics in networks
with slowly varying spatial inhomogeneities (e.g., V1 ori-
entation hypercolumns coupled by long-range excitatory
connections; Shao et al, in preparation) and in capturing
interneuronal correlations in predominantly feedforward,
synfire chain-like, networks (see, for instance, Xiao et al.
2308). Future work will attempt to incorporate higher order
motifs in the network connectivity (see also the discussions
in Zhang et al. 2014a; Zhang and Rangan 2015). Higher
order structural motifs are likely to substantially influence
the types of correlations within complex networks, and con-
sequently, activate other types of MFEs and spatio-temporal
spiking patterns that may have important consequences for
information processing and coding (Zhao et al. 2011; Hu
et al. 2013).
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Appendix A: spike resolution

An important feature of the neuronal network we con-
sidered in this paper is that the synapses are instanta-
neous. In other words, the postsynaptic impulse response
functions are taken to be δ-functions with no synap-
tic delay. This δ-function impulse response allows us
to determine whether or not one neuron ‘caused’
another neuron to fire, i.e., the instantaneous synapses
ensure that cascade-induced firing-events transpire instan-
taneously. Thus the feedforward inputs will not be con-
fused with the network spikes. To clarify the dynam-
ics that occurs whenever multiple neurons cross thresh-
old simultaneously at time tspk, we consider our system

to be a specific limit of the following fast conductance
system

dV
Q
i (t)

dt
= −gE

(
V

Q
i − VE

)
− gI

(
V

Q
i − VI

)
, (34)

τE

dgE(t)

dt
= −gE +

∑
k

SQEδ
(
t − tEjk

)
,

τI

dgI (t)

dt
= −gI +

∑
k

SQI δ
(
t − t Ijk

)
,

where the gQ represent synaptic conductances, and the
decay times τE ≈ τI → 0. Now at the time t spk, we freeze
the macroscopic time t of the original system and create
an “infinitesimal-time” system which evolves according
to an infinitesimal time τQ. Since the MFE is initiated
by one excitatory neuron firing before others, at t spk the
state-variables of the original system are given by

V
Q
j (t−spk) for j = 1, · · · , NQ with V E

1 (t−spk) ≥ VT . (35)

This infinitesimal-time system will use the infinitesimal
time τ to describe the effects of the excitatory conductances
in Eq. (36) by taking τE ≈ τI → 0. This is, at this
macro-time tspk, we solve the dynamics of the infinitesimal
system

dV
Q
i (τ )

dτ
= −gE

(
V

Q
i − VE

)
− gI

(
V

Q
i − VI

)
, (36)

dgE(τ)

dτ
= −gE +

∑
j 
=i

SQEδ
(
τ − τE

j

)

dgI (τ )

dτ
= −gI +

∑
j 
=i

SQI δ
(
τ − τ I

jk

)
,

by fixing τE = τI = 1, letting the micro-time τ → ∞,
and using the same conditions as Eq. (35). The spike-times
τ

Q
j record the infinitesimal time at which neurons j fires.

By denoting r = gI /gE and g(τ) = gE · e−τ , without
ambiguity, we delete the subscript for a while, and rewrite
the first equation in (36) as

dv

dτ
= −g(τ)(1 + r)(v − Vs),

where Vs = (VE + rVI )/(1 + r). Noteing that dv
dτ

= dv
dg

dg
dτ

,
we arrive at
dv

dg
= (1 + r)(v − Vs)

with the solution v(τ) = Vs + gE(v0 − Vs)e
1+r (1 − e−τ ).

The voltage will evolve to a steady state of

max(v) = lim
τ→∞ v(τ) = Vs + gE(v0 − Vs)e

1+r .

If max(v) ≥ VT , the neuron will fire at time

τ
Q
j = τ ′ − log

[
1 + 1

(1 + r)gE
log

VT − Vs

v0 − Vs

]
,
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where τ ′ is the time that the last previous neuron fires. By
using this analytical formula, we can resolve the trajectory
to machine precision during this infinitesimal time until the
time τ = min

j,Q
τ

Q
j . Once a single neuron fires, it is clamped

at VR for a refractory period, and never fires again during
this infinitesimal time. On the other hand, we can update
the voltages of the other neurons that do not fire at this
macro-time t spk. After this infinitesimal time, we go back
to the macro-time t to evolve the system. Thus we obtain
a well-posed system of ODEs. One can see other similar
implementation in Appendix B of Ref. Rangan and Young
(2013a) and Appendix 12 of Ref. Zhang and Rangan (2015).

Appendix B: derivation of theMaster
equation f B,single

In this section, the Master equation f B,single is used
to evolve the single-neuron distributions ρsingle (v, t) =
(ρE

single, ρ
I
single). Over the small voltage interval [V1, V2],

the total probability changes as a function of time. The
difference from time t1 to t1 + �t is determined by the
probability flux at the boundaries V1 and V2

∫ v=V2

v=V1

[
ρQ (v, t)

]t=t1+�t

t=t1
dv = f

Q
B,single

(
ρQ, v, t

)
,

where f B,single =
(
f E

B,single, f
I
B,single

)
is given by

f
Q
B,single

(
ρQ, v, t

)
=

∫ t1+�t

t1

[
gL (v − VL) ρQ (v, t)

]v=V2

v=V1
dt (37)

+
∑

R∈{E,I,Y }

∫ t1+�t

t1

∫ T (V2,SQR)

T (V1,SQR)

m
QR
net (t) · ρQ (v, t) dvdt

−
∑

R∈{E,I,Y }

∫ t1+�t

t1

∫ v=V2

v=V1

m
QR
net (t) · 1[−∞,T (VT ,SQR)] (v) · ρQ (v, t) dvdt

−
∫ t1+�t

t1

∫ v=V2

v=V1

m
QY
net (t) · γ Q (t) · 1[T (VT ,SQY ),VT ] (v) · ρQ (v, t) dvdt

+1[V1,V2] (VL)

∫ t1+�t

t1

∫ VT

T (VT ,SEY )

m
QY
net (t) · γ Q (t) · ρQ (v, t) dvdt,

where the fraction γ I , and γ E are used to condition
f B,single not to produce MFEs. The motivation to introduce
γ I and γ E can be found in Zhang et al. (2014a). Generally,
γ I ≡ 1 and γ E is given by the fraction of time that:

γ E
(
t+

) =
[∫ T (VT ,SEE)

−∞
ρE

single

(
v, t−

)
dv

]NE−1

×
[∫ T (VT ,SIE)

−∞
ρI

single

(
v, t−

)
dv

]NI

.

The network firing rates are given by:

m
QE
net

(
t+

) = (
NQ − δQE

)
mE

single

(
t−

)
,

and m
QI
net

(
t+

) = (
NQ − δQI

)
mI

single

(
t−

)
, (38)

where the single-neuron firing rates m
Q
single (t) represents

the instantaneous firing rate of a single neuron in an
ensemble driven by the various m

QR
net (t), and is calculated

by the flux of ρQ (v, t) over the threshold point VT at time
t in form of

m
Q
single

(
t−

) =
∫ t1+�t

t1

∫ VT

T (VT ,SEY )

m
QY
net (t) · γ Q (t) · ρQ (v, t) .

Appendix C: derivation of the standard
Master equation

Here we derive the Master equation from system of
conductance-based IF neuronal networks (1). We start
by considering what can happen during a single time-
interval of length �t? The coarsest approximation involves
choosing from amongst 5 possibilities: (i) the neuron starts
out held in refractory and remains at VL, (ii) the neuron
starts out in (VI , VT ) and decays naturally, (iii) the neuron
starts out in (VI , VT ) and gets a excitatory kick by the
external input, or (iv,v) the neuron starts out in (VI , VT ) and
gets a kick of type-Q with synaptic coupling. The simplest
possibility is (i), which can be treated by a straightforward
computation. In possibility (ii), the pure decay case, v gets
mapped to

R−1
L (v, gL�t) = VL + (v − VL) · egL�t = TL (v, gL�t) .

Thus, for a small dv, the distribution ρ (v, t) dv within the
interval [v, v + dv] is replaced by

ρ (TL (v, gL�t) , t)·T ′
L (v, gL�t) dv=ρ

(
VL+(v−VL) · egL�t , t

)·egL�t dv. (39)

Now let us discuss possibilities (iii,iv,v) which correspond
to getting a kick from the external input and other excitatory
or inhibitory neurons in the network. For example, given
a single kick of the external Poisson input, the distribution
concentrated in the interval [V1, V2]gets mapped to the
interval

[
R

(
V1, S

QY
)
, R

(
V2, S

QY
)]

, and is mapped into
by the interval

[
T

(
V1, S

QY
)
, T

(
V2, S

QY
)]

. Thus, if V1 =
v, and V2 = v + dv for dv small, then ρ (v) dv is
replaced by ρ

(
T

(
v, SQY

)
, t

) · T ′ (v, SQY
)
dv, implying

that, for each voltage v, the distribution ρ (v) is replaced
by the distribution ρ

(
T

(
v, SQY

)
, t

) · T ′ (v, SQY
) =

ρ
(
VE + (V − VE) · eSQY

, t
)

· eSQY
. Similarly, we have

corresponding maps for excitatory and inhibitory network
spikes.
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Thus, combining these 5 possibilities, ρ (v, t) evolves
according to

ρQ (v, t + �t) =
[
1 − (m

QY
net + NEmE + NIm

I )�t
]

· ρQ
(
VL + (V − VL) · egL�t , t

) · egL�t

+m
QY
net (t)�t · ρQ

(
VE + (v − VE) · eSQY

, t
)

· eSQY

+NEmE(t)�t · ρQ
(
VE + (v − VE) · eSQE

, t
)

· eSQE

+NIm
I (t)�t · ρQ

(
VI + (v − VI ) · eSQI

, t
)

· eSQI + SQ (t) · δ (V − VR) (40)

with Q ∈ {E, I }. Taylor expanding,

ρQ
(
VL + (V − VL) · egL�t , t

) · egL�t,t = ρQ(v, t) + gL�t∂v[(v − VL)ρQ(v, t)] + o(�t).

Substituting the above into Eq. (40) and ignoring the terms
of order o(�t) and higher, we arrive at

ρQ (v, t + �t) − ρQ(v, t) = gL�t∂v

[
(v − VL)ρQ(v, t)

]
+ m

QY
net (t)�t ·

[
ρQ

(
T (v, SQY ), t

)
· T ′(v, SQY ) − ρQ(v, t)

]

+NEmE(t)�t ·
[
ρQ

(
T (v, SQE), t

)
· T ′(v, SQE) − ρQ(v, t)

]

+NIm
I (t)�t ·

[
ρQ

(
T (v, SQI ), t

)
· T ′(v, SQI ) − ρQ(v, t)

]
+ SQ (t) · δ (V − VR) , (41)

where SQ(t) is the flux across the threshold and is given by

SQ (t) = m
QY
net (t)

∫ VT

T (VT ,SQY )

ρQ(v, t)dv + NEmE(t)

∫ VT

T (VT ,SQE)

ρQ(v, t)dv. (42)

Let �t → 0, we have the Master equation in the following
form

dρQ (v, t)

dt
= gL∂v

[
(v − VL)ρQ(v, t)

]
+ m

QY
net (t) ·

[
ρQ

(
T (v, SQY ), t

)
· T ′(v, SQY ) − ρQ(v, t)

]

+NEmE(t) ·
[
ρQ

(
T (v, SQE), t

)
· T ′(v, SQE) − ρQ(v, t)

]

+NIm
I (t) ·

[
ρQ

(
T (v, SQI ), t

)
· T ′(v, SQI ) − ρQ(v, t)

]
+ SQ (t) · δ (V − VR) . (43)

For a similar derivation of Eq. (43), see Nykamp (2000) and
Cai et al. (2006).
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Appendix D: derivation of Fokker-Planck
equation

Similar to the reductions performed in Rangan and Cai
(2006) and Helias et al. (2010), we take a single neuron
driven only by the external Poisson input for example. More
complicated case can be computed similarly. Let s = eSQY −
1, we can rewrite

T
(
v, SQY

)
= v + s(v − VE), and T ′(v, SQY ) = 1 + s.

Ignoring the network synaptic connection for now, and
considering only the external Poisson input, thus the Master
Eq. (8) is given by

∂tρ
Q(v, t) = gL∂v

[
(v−VL)ρQ(v, t)

]
+m

QY
net (t)

·
[
ρQ (v+(v−VE)s, t) (1+s)−ρQ(v, t)

]
. (44)

Taylor expanding and keeping the first order in s, we get

ρQ(v+(v−VE)s) ≈ ρQ(v)+(v−VE)s∂vρ
Q+ (v − VE)2s2

2
∂vvρ

Q, (45)

thus we can approximate (44) by

∂tρ
Q(v, t) = gL∂v

[
(v − VL)ρQ(v, t)

]

+m
QY
net (t) ·

[
(v − VE)s(1 + s)∂vρ

Q

+ (v − VE)2s2(1 + s)

2
∂vvρ

Q + sρQ

]
. (46)

Noting the relationships

(v − VE)s∂vρ
Q = ∂v

[
s(v − VE)ρQ

]
− sρQ,

(v − VE)2s2

2
∂vvρ

Q = ∂v

[
(v − VE)2s2

2
∂vρ

Q

]

−∂v

[
s2(v − VE)ρQ

]
+ s2ρQ,

we have

(v − VE)s∂vρ
Q + (v − VE)2s2

2
∂vvρ

Q

= ∂v

[
(s − s2)(v − VE)ρQ + (v − VE)2s2

2
∂vρ

Q

]
− (s − s2)ρQ. (47)

Substituting (47) into (46), we arrive at the Fokker-Planck
equation

∂t ρ
Q(v, t) = ∂v{

[
gL(v − VL) + m

QY
net (t)(s − s3)(v − VE)

]
ρQ(v, t)}

+∂v{m
QY
net (t)(1 + s)s2(v − VE)2

2
∂vρ

Q} + m
QY
net (t)s

3ρQ. (48)

We remark that the last term m
QY
net (t)s

3ρQ in Eq. (48) has a
small influence on the distribution when the parameter s is
small. Hence, if we only keep the second order of s in the

Taylor’s expansion of Eq. (45), we can ignore this term in
most practical analysis. Similarly, for the full IF network,
we let s = eSQY − 1, s1 = eSQE − 1, s2 = eSQI − 1, and
can approximate the Master Eq. (8) by a FP-type Eq. (9).
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