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A B S T R A C T

In numerical calculations, guided acoustic waves, localized in two spatial dimensions, have been shown to exist
and their properties have been investigated in three different geometries, (i) a half-space consisting of two elastic
media with a planar interface inclined to the common surface, (ii) a wedge made of two elastic media with a
planar interface, and (iii) the free edge of an elastic layer between two quarter-spaces or two wedge-shaped
pieces of a material with elastic properties and density differing from those of the intermediate layer.

For the special case of Poisson media forming systems (i) and (ii), the existence ranges of these 1D guided
waves in parameter space have been determined and found to strongly depend on the inclination angle between
surface and interface in case (i) and the wedge angle in case (ii). In a system of type (ii) made of two materials
with strong acoustic mismatch and in systems of type (iii), leaky waves have been found with a high degree of
spatial localization of the associated displacements, although the two materials constituting these structures are
isotropic.

Both the fully guided and the leaky waves analyzed in this work could find applications in non-destructive
evaluation of composite structures and should be accounted for in geophysical prospecting, for example.

A critical comparison is presented of the two computational approaches employed, namely a semi-analytical
finite element scheme and a method based on an expansion of the displacement field in a double series of special
functions.

1. Introduction

Guided acoustic waves have found applications in various fields of
science and technology [1]. Since their discovery, surface acoustic
waves (SAWs) in homogeneous media and in layered structures, and
interface waves between two solid media or between a solid and a li-
quid have been investigated and applied in geophysical contexts. They
find increasing attention in seismics and geophysical prospecting [2,3].
Their presence influences scattering of bulk waves and therefore,
knowledge about them is required even if they are not directly em-
ployed in seismic exploration. Since the nineteen sixties, SAWs are used
in signal processing devices and various types of sensors [4], and they
play an increasingly important role in non-destructive evaluation [5],
also in connection with nonlinearity [6]. More recently, other types of
guided acoustic waves have moved into the focus, too, like plate modes
and acoustic modes of pipes, for example, which have found applica-
tions in nondestructive testing and structural health monitoring [7]. In
a medical application, guided acoustic waves were even excited in
cortical bone ([8] and references therein to earlier work). Obvious

advantages of using guided waves instead of bulk acoustic waves in
these applications is the absence (or at least a strong reduction) of
diffraction losses and an enhanced sensitivity to geometric features and
specific kinds of defects, depending on the displacement patterns of the
guided waves, which are normally much more complex than those of
bulk waves. An effective use of guided acoustic waves in technical
applications requires knowledge about their properties, which this
work is intended to make a contribution to.

Acoustic guided waves in solids and liquids may be categorized in
various ways, for example with respect to their dimensionality. The
strain field associated with a guided wave may be confined along one
spatial direction, but in the remaining two directions, the waveguide
exhibits translational invariance (apart from gradual changes that the
term “wave guiding” normally refers to). Therefore, the acoustic waves
propagating in such a waveguide appear as superpositions of “ele-
mentary waves,” which have the character of plane waves with two-
component wave-vectors concerning their dependence on the co-
ordinates in the plane of translational invariance. Such guided waves
we shall call 2D. In contradistinction to this case, we shall use the term
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1D for guided waves that have a strain field confined in two spatial
dimensions in a waveguide with translational invariance along the third
direction. Such 1D guided waves may be decomposed in “elementary
waves” characterized by a 1D wave-vector.

A second way of categorizing guided acoustic waves leads to the
following two groups. The first group consists of waves with associated
strain fields that fill the whole solid/liquid structure which itself is
spatially confined. It encompasses most of the acoustic waves in rods,
pipes and plates. In the second group, the structure the waves are
propagating in is infinitely extended in one or both spatial directions
vertical to the propagation direction of the guided waves, and the
displacement field associated with these waves decays to zero ex-
ponentially along this (these) direction(s). The simplest 2D examples
for this kind of guided acoustic waves are Rayleigh waves propagating
at the surface of a homogeneous half-space, or Stoneley waves localized
at the interface between two solid elastic media. Wedge acoustic waves
that are localized at the tip of an infinite elastic wedge are 1D examples
of this kind. Such systems also allow for the occurrence of leaky waves
which radiate energy into the elastic medium away from the waveguide
and their amplitude decreases along the propagation direction as a
result of this energy loss. (For a recent review see [9] and references
therein.) The work reported here pertains to 1D guided waves of the
latter type. Of the categories presented by Oliner in Fig. 5.1 of [10], the
waveguide structures (a–e) are of this second kind. However, there is an
important difference between these examples, considered in [10], and
the waveguide structures we are concerned with here. In these geo-
metries, 1D acoustic wave-guiding at the surface of an elastic medium is
realized by modifying a finite region of the cross section of the half
space (a plane normal to the surface of the half-space) to localize a
surface wave in the lateral direction. This is not the case in the struc-
tures we are concerned with (Fig. 1). The systems of Fig. 1(a–d) involve
two elastic media and lead to 1D guided acoustic waves at the inter-
section line between the surface(s) of and the interface between these
two media. Since the geometry of these systems does not define any
length scale, these guided waves are non-dispersive in the case of a
perfect (“welded”) contact between the media.

It was recently shown that 1D guided acoustic waves exist at the
intersection line between the interface and the common surface of two
quarter-spaces (Fig. 1a). They have been termed Rayleigh-Stoneley
waves [11]. While in isotropic media, Rayleigh waves exist for all
physical values of the Poisson ratio, Stoneley waves do not exist for all
combinations of Lamé constants and densities of two adjacent media.

For two Poisson media (i.e. isotropic elastic media with their two Lamé
constants being equal), Scholte [12] determined their existence area in
the two-dimensional parameter space. In [11] it was found that the
existence area of the 1D Rayleigh-Stoneley waves, propagating in the
geometry of Fig. 1a, is a small sub-set of the existence area for Stoneley
waves. In the following, we shall investigate the existence and prop-
erties of 1D guided acoustic waves in the geometry of Fig. 1b, where the
interface between the two coupled elastic media is no longer vertical to
the surface. A second generalization of the system of Fig. 1a is shown in
Fig. 1c.

Our main goal for the two geometries Fig. 1b and c is to investigate
the dependence of the domain of existence of 1D guided waves in
parameter space on the inclination angle θ. For certain combinations of
isotropic materials and angles θ1, θ2, acoustic waves propagating in the
system Fig. 1d are studied in view of the existence and properties of
leaky wedge waves. Leaky wedge acoustic waves were first discovered
in homogeneous anisotropic wedges in laser-ultrasound experiments
[13] and have recently been found in numerical simulations to also
exist in wedges made of two isotropic materials [14].

In their study of acoustic waves at a planar fracture [15], Abell and
Pyrak-Nolte have relaxed the “welded contact” boundary conditions at
the interface between the two quarter-spaces in Fig. 1a and introduced
interface stiffnesses. This widens the existence domain of 1D guided
acoustic waves – they were found to exist even for quarter-spaces of
equal materials – and also renders them dispersive.

The coupling between the two quarter-spaces in Fig. 1a via interface
stiffnesses or other effects, may be regarded as being mediated by an
interface layer having its own mechanical properties. We have therefore
considered the system shown in Fig. 1e, where the angles θ1, θ2 may,
but need not take the value 90°. This layer may represent a transition
zone in a fracture, that may be filled with a softer material, a glue, or
the system in Fig. 1e may represent part of the edge of a composite
material. The thickness 2d of this interface layer introduces dispersion
to guided waves propagating in this system.

For the systems in Fig. 1, numerical searches have been carried out
of 1D guided acoustic waves that propagate along the x1-direction. The
aim of this search is to find such waves and to investigate their prop-
erties with regard to applications in non-destructive evaluation and
geophysics, for example. The guided modes of the systems in Fig. 1 may
at least partly be regarded as generalizations of wedge acoustic waves,
i.e. acoustic waves guided by the apex line of a homogeneous elastic
wedge. The theoretical methods we use for our purpose are essentially
those applied already in the discovery and earliest studies of wedge
waves, namely a semi-analytical finite element method (FEM) [16,17]
and an approach based on an expansion of the displacement field in a
double series of special functions particularly suitable for the geome-
tries considered [18–20]. They have been further developed and
adapted to the systems considered here. Especially, they have been
extended to include a source that simplifies the search for leaky waves.
Both theoretical methods have been used in this study and their results
have been compared to each other in order to avoid convergence and
accuracy problems.

In Section 2, the two numerical approaches are briefly described
and their convergence demonstrated for an example. Subsequently, the
systems in Fig. 1b and 1c are considered for the case of two Poisson
media. It is shown how the range of existence of 1D guided waves
changes with varying angle θ. In the following section, acoustic wave
propagation in a wedge consisting of two isotopic elastic media of the
form Fig. 1d is studied, and it is shown that leaky wedge waves exist in
this system. The dependence of their speed and tip localization on an-
gles θ1, θ2 is presented for a specific combination of materials. Finally, a
new type of acoustic 1D guided waves is presented in the system of
Fig. 1e which may be regarded as a generalization of the elastic modes
localized at the edge of an elastic plate.

Fig. 1. Geometries for guided waves considered in this work. Propagation along
x1-direction.
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2. Numerical methods

In each elastic medium of those occurring in the systems of Fig. 1,
the displacement field u x x x t( , , , )1 2 3 has to satisfy the equation of
motion

=
t

u
x

,
2

2 (2.1)

where is the mass density of and are the components of the stress
tensor in the corresponding medium with the constitutive equation

= +C
x

u
x

u1
2

,µ µ
µ (2.2)

where C µ are elastic constants. Cartesian indices are denoted by
Greek letters. In (2.1) and (2.2) and the following equations, summa-
tion over repeated Cartesian indices is implied. (2.1) is supplemented
by boundary conditions at surfaces, interfaces and at infinity. At in-
terfaces, we require continuity of the displacement field and of the
quantities N x x x x x t( , ) ( , , , )2 3 1 2 3 , where x xN( , )2 3 is a vector normal
to the interface at position x x x( , , )1 2 3 . At a free surface,
N x x x x x t( , ) ( , , , )2 3 1 2 3 has to vanish, where x xN( , )2 3 is now a vector
normal to the surface at position x x x( , , )1 2 3 . Alternatively, we set

=N x x x x x t x x x t( , ) [ ( , , , ) ( , , , )] 0,2 3 1 2 3
(ext)

1 2 3 (2.3)

where (ext) is an external time-dependent stress (source) applied to a
certain area of the surface. At infinity, the displacement field has to
vanish or Sommerfeld radiation conditions are imposed.

Because of translational invariance of our systems along the x1-di-
rection, we may seek solutions of the above-defined boundary value
problem of the form

=u x x x t e U x x k( , , , ) ( , | )i kx t
1 2 3

( )
2 31 (2.4)

in the absence of a time-dependent external source. The stress tensor
may likewise be written as

=x x x t e T x x k( , , , ) ( , | ).i kx t
1 2 3

( )
2 31 (2.5)

The Eqs. (2.1) and (2.2) then take the forms

=U x x k D k T x x k( , | ) ( ) ( , | ),2
2 3 2 3 (2.6)

=T x x k C D k U x x k( , | ) ( ) ( , | ),µ µ2 3 2 3 (2.7)

with the operator = +D k ik x( ) (1 ) /1 1 and is the Kro-
necker symbol. The Ansatz (2.4) remains valid in the presence of an
external stress of the form

=x x x t e T x x k( , , , ) ( , | , ).i kx t(ext)
1 2 3

( ) (ext)
2 31 (2.8)

2.1. Semi-analytical finite element approach

The linear boundary value problem specified above has been solved
approximately with a two-dimensional iso-parametric finite element
scheme employing eight-node elements. In the absence of an external
source, the frequencies and displacement patterns of 1D guided modes
were identified by solving a generalized eigenvalue problem of the form

=
=

M M k U[ ( )] 0
N

1

2 (mass) (stiff)

(2.9)

with elements M (mass) of the global mass matrix and M k( )(stiff) of the
global wave-vector-dependent stiffness matrix. U is the displacement
of node in the xβ direction and the sum in (2.9) runs over the N nodes
of the total mesh.

In case of an external source of the form (2.8), a non-zero right-hand
side in (2.9) occurs, and the resulting inhomogeneous linear system of
equations is solved for given frequency ω and wave-vector k. In the

presence of a source, perfectly matched layers (PML) have been in-
troduced at large distances from the 1D waveguide in order to avoid
reflections of bulk, surface or interface waves from surfaces appearing
due to truncation of an infinite system. These surfaces become inter-
faces with the PML regions and are always parallel to coordinate planes
in our systems (Fig. 2) apart from sharp-angle wedges (see below). The
PML is implemented following [21]. In the PML regions, the elastic
moduli C µ of the material in contact with the PML are replaced by
C z z z~

µ
1 1 and its density by z~ where

=z x i x x( ) 1 ( )(interface) 2 and x (interface) defines the position of
the interface. Fig. 2a shows an example system consisting of two elastic
media. The regions 1,…,6 are PMLs. In regions 1 and 6, only 2 is non-
zero, in regions 3 and 4, only 3 is non-zero, and in regions 2 and 5, both

2 and 3 are non-zero. The parameters are optimized to suppress
reflections. Furthermore, =z z z z1 2 3. In connection with leaky waves in
systems of the type of Fig. 1d with small angles θ1, θ2, meshes were
used with elements arranged in a circular order and the PMLs were
adapted to this geometry in order to achieve better performance. For a
test case, the same velocity of the leaky wave was obtained for the
circular mesh and for a mesh with PMLs arranged as in Fig. 2a.

In systems consisting of three elastic media, only those cases were
considered, where the medium in the center has bulk wave velocities
smaller than those of the other media (on the right and left of the center
medium). These cases allowed for a simplification if only such solutions
were investigated that are subsonic with respect to media (1) and (2).
Here it was sufficient to place a PML underneath the center region only
(area 7 in Fig. 2b).

2.2. Laguerre-Legendre function method

An alternative method for the determination of the frequencies and
displacement patterns of 1D guided acoustic modes in the systems
shown in Fig. 1 is based on an expansion of the quantitiesU in a double
series of special functions that are appropriate for the geometry con-
sidered. This method was applied to homogeneous elastic wedges
[18,19,22], including anisotropy [23–25], piezo-electricity [23,24] and
nonlinear effects [26], and to edges of elastic plates [20]. Recently, it
was extended to two elastic quarter-spaces in “welded” contact [11]
and a weak contact involving interface stiffnesses [15] (Fig. 1a). It was
also applied to 1D guided modes propagating along the intersection line
between to fracture planes [27].

In this work, it is further developed to account for external stress
and applied to systems of the types Figs. 1d and e. The latter may be
regarded as a combination of two wedges and a plate. We demonstrate

Fig. 2. Example systems, consisting of two elastic media and PMLs 1,…,6 (a),
and consisting of three elastic media and PML regions 1,…,7 (b). Three elastic
media with linear mesh (c) and logarithmic mesh (d).
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this approach first at the system Fig. 1d, i.e. two wedges made of dif-
ferent materials in “welded” contact. The presentation of the deriva-
tions largely follows that given in [11] with new extensions being in-
serted. In order to simplify notation, we denote in the following the
Cartesian spatial coordinates by x, y, z instead of x1, x2, x3.

2.2.1. Determination of localized modes for two media in contact
In both media, the functions U are represented as linear combina-

tions of products of Laguerre functions in the following way [19]:

=
=

U y z k a k y z k y z( , | ) ( ( , )) ( ( , )),
m n

mn m n
(1/2)

, 0

( ,1/2)
1/2 1/2

(2.10)

where

=
x
y z
y z

x
y
z

B .( , )
( , )

1/2

1/2

1/2

(2.11)

In (2.11) and further equations, the notation (1/2) refers the two
wedges 1 and 2 with wedge angles θ1, θ2. The matrices B1/2 represent
linear transformations mapping the cross sections of the two wedges in
the y-z plane into the same rectangular area ×[0, ) [0, ) in the η-ζ
plane. This mapping can be decomposed into a sequence of three simple
transformations, schematically shown in Fig. 3:

=B S R( ) .1/2 1/2 1/2 1/2 (2.12)

Here Γ2 stands for the reflection at the x-z plane and Γ1 is the identity
operation. Subsequently, R( )1/2 rotates the two wedges around the x-
axis into the symmetric orientations as shown in Fig. 3. The rotation
angles are = /4 /21/2 1/2 . Explicitly:

± =R
1 0 0
0 1 0
0 0 1

,
1 0 0
0 cos( ) sin( )
0 sin( ) cos( )

.1/2

(2.13)

Finally, S is a combination of a deformation of the symmetrically or-
iented wedge into a rectangular wedge and a coordinate stretching,
governed by the factors a b,c c:

= a a
b b

S
1 0 0
0 tan( )
0 tan( )

.c c

c c

1/2
(1/2) (1/2)

1/2
(1/2)

1/2
(1/2)

(2.14)

Such factors had been introduced earlier by Sharon et al. [22] to en-
hance convergence of wedge wave speeds with increasing number of
Laguerre functions for sharp-angle wedges. Here, they are needed to
ensure that points on the x3-axis, i.e. at the interface between the two
wedges, are mapped to the same point on the ζ-axis by the two linear
transformations B1/2.

The normalized Laguerre functions ( )n are defined in the same
way as in [18]. amn

( ,1/2) are expansion coefficients in the corresponding
areas of the composite wedge’s cross sections. Their values depend on
the material constants of the two media in contact. These representa-
tions are now inserted into the equations of motion in the two media,
which are then multiplied by k y z k y z( ( , )) ( ( , ))p q1/2 1/2 in the cor-
responding media. Integration over the corresponding cross-sectional
areas and subsequently an integration by parts yields the equations

=
=

M v a
S
1

det( )
( ) ,

m n
pq mn

µ
µ pm qn mn

µ
q

, 0 1/2
,

( ,1/2)
1/2

2 ( ,1/2) ( ,1/2)

(2.15)

where =v k/ and we have introduced the matrices

=M D k k k C

D k k k d d

[ ~ ( ) ( ) ( )]* ~

[ ~ ( ) ( ) ( )] ,

pq mn
µ

p q µ

m n

,
( ,1/2)

0 0
(1/2)

(2.16)

which are independent of k. In (2.16) we have defined the operator
=D ik~ ( , / , / ) and the transformed elastic constants

=C B B C~
µ µ

(1/2) (1/2) (1/2) (1/2) . In addition, we have made use of the fact that
with the definition of the Laguerre functions used here,

= =n(0) 1, 0, 1, 2, ...n The quantities

= kb z N T z k dz( ( ) ) (0, | ) ,n n c
( ,1/2)

0
(1/2)

1/2
(1/2) (1/2)

(2.17)

occurring in (2.15), will be called “stress amplitudes at the interface.”
They are independent of k, too. In (2.17), =( ) cos(2 )/cos( ).

=N (1/2)
2 are the out-of-plane normals of the interface and

ikx t T y z kexp( ) ( , | )(1/2) are the stress tensor components in medium
1/2. Choosing the factors bc

(1/2) such that

=b b( ) ( ),c c
(1)

1
(2)

2 (2.18)

inserting N (1/2) and using the boundary condition
=T z k T z k(0, | ) (0, | )(1) (2) , we obtain:

= .n n
( ,1) ( ,2) (2.19)

Similarly, “displacement amplitudes at the interface,”

=U k kb z U z k dz( ( ) ) (0, | ) ,n n c
( ,1/2)

0
(1/2)

1/2
(1/2)

(2.20)

are defined, which are related to the expansion coefficients amn
( ,1/2) in

media 1 and 2 via

=
=

U
b

a1
( )

.n
c m

mn
( ,1/2)

(1/2)
1/2 0

( ,1/2)

(2.21)

Here, the normalization of the Laguerre functions has been made use of.
The boundary conditions at the interface and (2.18) imply

=U U .n n
( ,1) ( ,2) (2.22)

We now proceed as in [11]. The stress and strain amplitudes at the
interface are related to each other by eliminating the expansion coef-
ficients amn

( ,1/2) from the above system of equations to yield:

=
=

U
b

G vSdet( )
( )

( ) ,n
c q

nq q
( ,2) 1

(1)
1 0

( ,1) 2 ( ,2)

(2.23)

=
=

U
b

G vSdet( )
( )

( ) .n
c q

nq q
( ,2) 2

(2)
2 0

( ,2) 2 ( ,2)

(2.24)

From the secular equation

+ =v vG S G Sdet [ ( )/det( ) ( )/det( )] 0,(1) 1 2
1 (2) 1 2

2 (2.25)

resulting from the homogeneous linear system of equations (2.23) and
(2.24), the phase velocities of the guided modes are determined. Here,
G(1/2) 1 denotes the inverse of the matrix G(1/2) with matrix elements
Gnq

( ,1/2). These matrices are determined approximately via the spectralFig. 3. Decomposition of linear mapping B.
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representation of the matrices M(1/2) defined in (2.16) after truncation
of the series (2.10),

=
=

G v
Q j Q j

j v
( )

( ) * ( )
( )

,nq
j

j
n q( ) 2

1

( ) ( )

2

max

(2.26)

where

=
=

Q j V j( ) ( )n
m

m

mn
( )

0

( )
max

(2.27)

and V j( )mn
( ) are the components of the j-th eigenvector with corre-

sponding eigenvalue j( ) of the matrix M with components M .pq mn,
( ) The

upper bound jmax of the summation index on the right-hand side of
(2.26), i.e. the number of eigenvalues of M, is equal to

+ +m n3 ( 1)( 1)max max , and m n,max max are the upper bounds of the
indices m n, in the double series (2.10).

2.2.2. External source
We now introduce an external time-dependent stress of the form

(2.8) on the surface of wedge 1. As a consequence, not all components
=T N~ , 1, 2, 3, of the traction vector vanish simultaneously at the

half plane = >y z ztan( ), 01 (or =z 0 for a rectangular wedge) with
out-of-plane normal =N~ (0, cos( ), sin( ))1 1 . This gives rise to an
additional term on the right-hand side of Eq. (2.15) for wedge 1,

= +
=

M v a
S

1
det( )

( ) ~ ,
m n

pq mn
µ

µ pm qn mn
µ

q p
, 0 1

,
( ,1)

1
2 ( ,1) ( ,1) ( ,1)

(2.28)

with “external stress amplitudes”

= ka s N T s s k ds~ ( ( ) ) ~ ( sin( ), cos( )| ) .n n c
( ,1)

0
(1)

1
(1) (ext)

(2.29)

Instead of (2.23) we have

=

+

=

=

U
b

G v

b
G v

S

S

det( )
( )

( )

det( )
( )

~ ( )~

n
c q

nq q

c q
nq q

( ,2) 1
(1)

1 0

( ,1) 2 ( ,2)

1
(1)

1 0

( ,1) 2 ( ,1)

(2.30)

with the new “Green’s tensor”

=
=

G v
Q j Q j

j v
~ ( )

( ) ~ * ( )
( )

,nq
j

j
n q( ) 2

1

( ) ( )

2

max

(2.31)

where

=
=

Q j V j~ ( ) ( )m
n

n

mn
( )

0

( )
max

(2.32)

and j jV( ), ( ) are the j-th eigenvalue and eigenvector of the matrix M.
Using the condition =b b( ) ( )c c

(1)
1

(2)
2 and taking into account equa-

tion (2.24), we finally arrive at the inhomogeneous system of linear
equations

+ =v v
b

G S G S U G G~ ~[ ( )/det( ) ( )/det( )] 1
( )

,
c

(1) 1 2
1 (2) 1 2

2
(1)

(1)
1

(1) 1 (1) (1)

(2.33)

where we have extended our short-hand notation of (2.25) to vectors
U , ~(1) (1) standing for U( ), (~ )n n

( ,1) ( ,1) , respectively.

2.2.3. Intermediate layer
The approach outlined above may also be applied to the system

Fig. 1e, containing an intermediate layer of thickness 2d between two
wedge-shaped elastic media. While in the two wedge-shaped regions,
the displacement field is expanded in products of two Laguerre func-
tions, (2.10), where ,1/2 1/2 are now defined as

= =
x
y z
y z

x
y d

z

x
y d

z
S R B ,( , )

( , )
( )1/2

1/2

1/2 1/2 1/2 1/2

(2.34)

we follow [20] and expand the field in the intermediate layer in pro-
ducts of Laguerre functions and Legendre polynomials,
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and
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The definition of the polynomials P~ ( )n differs from the usual definition
of the Legendre polynomials by their normalization,
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(2.38)

In addition to (2.15) with (2.16) we obtain analogous equations for the
center part of the structure,
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where =C kd B kd B kd C~ ( ) ( ) ( ) ,µ µ
(3) (3) (3) (3) and we have defined the

additional “stress amplitudes at the interfaces”
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In (2.41), = ±N R L( / )
2 are the Cartesian components of unit vectors

normal to the right/left interface and ikx t T y z kexp( ) ( , | )(3) are the
components of the stress tensor in the intermediate layer. Choosing the
parameters b b b, ,c c c

(1) (2) (3) such that = =b b b( ) ( )c c c
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1
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2
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into account the boundary conditions for the stress at the interfaces,
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Additional “displacement amplitudes at the interfaces” are defined via

= ± = ±
=

U k kb z U d z k dz
b

a P( ) ( , | ) 1 ~ ( 1).n
R L

n c
c m

mn m
( , / )

0
(3) (3)

(3)
0

( ,3)

(2.43)

The continuity of the displacement field at the interfaces,
=U d z k U d z k( , | ) ( , | ),(2) (3) =U d z k U d z k( , | ) ( , | ),(1) (3) leads to
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Eliminating from (2.15), (2.21), (2.39) and (2.43) the expansion coefficients
amn

( ) yields a homogeneous linear system of equations for the stress and
strain amplitudes at the interfaces, namely
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The matrices G( )mn , where , stand for the signs + or−, are evaluated
in terms of eigenvectors jV ( )(3) and eigenvalues j( )3 of the matrix M(3)

after truncation of the series (2.35) as
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The maximum number of Legendre polynomials in (2.35) is +m 1,max the
maximum number of Laguerre functions +n 1max , and consequently

= + +j m n3( 1)( 1)max max max . From (2.45)–(2.48) the following secular
equation is readily derived:
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It is straightforward to introduce an external source in this system consisting
of three media in the same way as outlined in the preceding subsection. In
our numerical calculations, a typical maximal number of Laguerre functions
and Legendre polynomials was 30.

2.3. Validation of the two approaches

In order to avoid wrong conclusions due to lack of accuracy, con-
vergence problems or in the case of FEM calculations, a non-optimal
choice of mesh, system size or PML parameters, the two methods have
been applied to the same system in certain cases, and agreement has
been found. The convergence of the two methods is demonstrated for
the example of a system corresponding to Fig. 1e.

The media on the right and left (1 and 2 in Fig. 1e) were chosen to
be both aluminum (for material constants see Table 1), the medium in
the center consisted of a test material with properties partly similar to
those of copper (Table 1), the two angles are θ1= 45°, θ2= 40°. The 1D
wave-vector k was equal to 1/(2d).

For the FEM calculations, meshes of the form of Fig. 2c were used.
In addition, a mesh was set up with the following property: The x3-
coordinates of the node positions increase logarithmically along the x3-
axis away from the free surfaces. Also, the moduli of the x2-coordinates
of the nodes in the media on the left and right increase logarithmically
with increasing distance from the center medium (Fig. 2d). In these
tests, the displacements at the bottom, on the left and on the right edges
of the mesh were set equal to zero.

The data in Fig. 4 demonstrate that the two methods converge to the
same value of the phase velocity of the guided wave if the element size

in the FEM calculation at the surface of the center region is sufficiently
small. They also show that meshes with a logarithmic increase of ele-
ment size away from the surface of the center region (Fig. 2d) lead to
much faster convergence than the linear meshes of Fig. 2c. This is be-
cause the spatial variations of the displacement field associated with the
guided waves become less rapid with increasing distance from the top
center of the structure. The logarithmic stretching of the elements was
arranged such that for the case of 70 elements aligned along the x3-axis
in the center region, the distance between the surface and the bottom of
the center medium is five times longer for the logarithmically stretched
mesh as compared to the linear mesh. The results in Fig. 4 also point to
a significant influence of the convergence factors ac, bc occurring in the
Laguerre functions. With a proper choice of these factors, the con-
vergence can be much enhanced and very accurate values for the phase
velocity (< 0.02%) can be obtained with less than 11 Laguerre func-
tions and Legendre polynomials.

3. Numerical results

3.1. Two media in contact

In [11], it was shown that 1D guided acoustic waves exist at the
intersection of the interface between two elastic quarter-spaces and
their common surface (Fig. 1a). In particular, the case has been con-
sidered that both elastic media in this structure are Poisson media, i.e.
isotropic materials with their two Lamé constants λ, μ being equal. The
parameter space is then two-dimensional, and the two parameters may
be chosen as ρ′/ρ and μ′/μ, where ρ′, ρ are the mass densities and μ′, μ
the shear moduli of medium 1 and medium 2, respectively. For this
case, Scholte [12] determined the existence domain of Stoneley waves,
i.e. acoustic waves being localized at the interface between two elastic
half-spaces. In [11] the domain of existence in the two-dimensional
parameter space was determined and found to be a small subset of the
existence domain of Stoneley waves.

We now consider an interface between the two media which is no

Table 1
Material data used in the numerical calculations.

ρ [kg/m3] λ [GPa] μ [GPa] vL [m/s] vT [m/s] vR [m/s]

Aluminium 2712 61.4 25.0 6409.1 3036.2 2841.2
Copper 8900 98.32 46.27 4630.8 2280.1 2128.5
Test Material 8900 56.0 56.0 4344.7 2508.4 2306.2
PMMA 1190 3.0 1.5 2245.4 1122.7 1047.0

Fig. 4. Convergence of the speed of the slowest 1D guided mode in the system
shown in Fig. 1e, where θ1= 45° and θ2= 40°. Solid lines: Laguerre-Legendre
function method with three different sets of convergence factors. ac

(1) =0.5
(squares), 1.0 (circles), 2.0 (triangles). =b ac c

(1) (1) ,
= =b a a a( )/ ( ) 1.08c c c c

(2) (2) (1)
1 2

(1) , mmax: highest index of Laguerre func-
tions and Legendre polynomials employed in the calculation. Dashed lines: FEM
calculations with meshes of the form shown in Fig. 2c. N: Number of elements
along the x3-axis (see Fig. 2). kΔ=0.5 (*), 0.25 (x), 0.125 (+), where Δ is the
edge length of a square element at the surface of the center medium. Dashed-
dotted line/stars: logarithmic mesh (Fig. 2d) with kΔ=0.125. For more ex-
planations see text in Subsection 2.3 and definitions in Subsection 2.2.
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longer vertical to the surface (Fig. 1b). With decreasing inclination
angle θ, the domain of existence of 1D guided modes widens, and for
θ < 50° it contains the existence area of Stoneley waves in the 2D
parameter space (Fig. 5).

With decreasing angle θ, a small domain opens up in the parameter
space where a second 1D guided mode exists. Like the existence domain
of the first mode, it widens as θ becomes smaller (Inset of Fig. 5).

In Fig. 6, displacement patterns, determined in FEM calculations, of
the first and second modes are shown for a certain combination of
parameters. The components U2 and U3 are exhibited which can be
chosen to be both real. The high degree of localization of the inter-
section between the surface and the interface is due to the low velocity

of this mode, υ1, as compared to the lowest of the Rayleigh velocities,
υRmin, of the two media, υ1/υRmin= 0.82, and to the Stoneley wave
velocity, υS, υ1/υS= 0.79. The second mode is much less localized, both
along the surface and along the interface, since its velocity, υ2, is much
closer to the lowest of the two Rayleigh velocities, υ2/υRmin= 0.98. Its
displacement pattern is more complex as compared to that of the first
mode, exhibiting a node in the directions along the surface and the
interface.

In the limit ρ′/ρ→1 and μ′/μ→1, the two media in Fig. 1b become
equal and form a homogeneous isotropic half-space, where 1D guided
acoustic waves do not exist. On the other hand, as ρ′/ρ and μ′/μ both
tend to zero, the effect of the lighter and softer of the two wedges
forming the half-space in Fig. 1b becomes negligible, and the 1D guided
modes in this limit are the wedge waves of the heavier and stiffer
material.

A different way of enlarging the existence range of 1D non-dis-
persive acoustic modes guided by the intersection of an interface and
the surfaces of two elastic media is shown in Fig. 1c. By reducing the
angle θ to less than 90°, the structure becomes a composite wedge with
decreasing opening angle. For the case of both materials being Poisson
media, the existence ranges of the 1D guided waves, localized at the
apex of the composite wedge, are shown for various angles θ in Fig. 7.
The shape of the existence regions clearly differs from those shown in
Fig. 5, since in the systems of Fig. 1c, 1D guided waves exist also in the
case of both materials being equal. Below a certain wedge angle, they
are the asymmetric flexural wedge waves localized at the apex of
homogeneous wedges.

For a particular material combination (aluminum and copper), the
phase velocities of 1D guided waves in composite wedges of the type of
Fig. 1c are shown along with the velocities of wedge waves in homo-
geneous aluminum and copper wedges (Fig. 8). The material para-
meters used are listed in Table 1.

Since the Poisson ratios of aluminum and copper are almost equal,
wedge wave branches for the homogeneous media emerge at the same
wedge angles. For the composite wedges, corresponding branches ap-
pear below the smallest of the two Rayleigh velocities at slightly smaller
wedge angles as compared to the homogeneous wedges. (Note that

Fig. 5. Existence domain of 1D guided modes in structures corresponding to
Fig. 1b made of two Poisson media with densities ρ, ρ′ and shear moduli μ, μ′.
Angles θ=90° (filled squares), 70° (open circles), 50° (wavy lines), 30° (dots).
Existence domains for larger angles are subsets of those for smaller angles.
Dashed lines: boundary of the existence domain of Stoneley waves. Inset: Ex-
istence domain of second mode for angles θ=50° (wavy lines), 30° (dots).

Fig. 6. Displacements for first (upper) and second (lower) modes. Angle
θ=40°, μ′/μ=0.08, ρ′/ρ=0.05. Dashed lines: surface and interface in the un-
deformed state. The displacement component along the x1-direction is not
shown.

Fig. 7. Existence domain of 1D guided modes in structures corresponding to
Fig. 1c made of two Poisson media with densities ρ, ρ′ and shear moduli μ, μ′.
Angles θ=90° (black), 70° (grey), 50° (wavy lines), 40° (open circles), 30°
(dots). Existence domains for larger angles are subsets of those for smaller
angles. Dashed lines: boundary of the existence domain of Stoneley waves.
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φ=2θ).
In addition to fully localized 1D guided modes with exponential

decay for +x x2
2

3
2 , leaky waves exist in composite wedges of the

form Fig. 1d made of two isotropic materials. Leaky wedge waves were
first found in laser-ultrasound experiments in Si wedges which exhibit a
high degree of anisotropy [13]. In numerical calculations, it was shown
that such leaky waves exist in composite wedges even if these are made
of two isotropic materials [14]. As example systems we consider here
composite wedges made of two materials with strong acoustic mis-
match, namely aluminum and PMMA. In the FEM calculations, a time-
harmonic driving force was applied to the top node of the 2D mesh at
the tip of the wedge, for simplicity. This force had Cartesian compo-
nents of equal size with respect to the coordinate system in Fig. 1. In
Fig. 9, twice the logarithm of the magnitude of the displacement vector,

+ +U U U1
2

2
2

3
2 is shown as function of the velocity (ω/k) and one of

the two angles θ1, θ2 (Fig. 1d), while the other angle is fixed at the
arbitrary value of 30°. Branches of resonances with velocities above the
Rayleigh wave and bulk shear wave velocities in PMMA are clearly
visible. They correspond to leaky waves that radiate energy away from
the tip of the composite wedge into the PMMA. For angles θ2 > 30°,

the resonance becomes very weak and disappears as θ2 further in-
creases. With decreasing angle θ2, the resonance becomes sharper in-
dicating that the leaky wave should be more strongly localized at the
wedge tip. As θ2 tends to zero, the role of the PMMA part of the com-
posite Al/PMMA wedge reduces to a small perturbation on one of the
surfaces of an Al wedge, and the leaky wave velocity converges to the
velocity of fully tip-localized wedge waves of an Al wedge with opening
angle of 30° (1436.5m/s) as displayed in Fig. 8.

In Fig. 9b, a branch of pronounced resonances is detected which
weakens for angles θ1 of the aluminum partial wedge larger than 35°.
For θ1 less than 22°, the velocities corresponding to this branch become
smaller than the bulk shear wave velocity of PMMA, which means that
the leaky waves can radiate energy away from the tip only via surface
waves propagating on the surface of the PMMA partial wedge. (Note
that at the PMMA/aluminum interface, Stoneley waves do not exist.) At
approximately 18° the branch merges into the non-radiative region
below the Rayleigh wave velocity of PMMA and now represents per-
fectly tip-localized wedge waves.

Two more leaky wave branches are visible in Fig. 9b, albeit less
pronounced than the lowest one. As θ1 tends to zero, the velocities of
the two lowest branches seem to converge to the velocities of the fully
localized wedge waves in PMMA wedges with opening angle of 30°.

3.2. Three media in contact

Systems of the form of Fig. 1e may be regarded as two quarter-
spaces or two wedge-shaped elastic media which are not directly con-
nected (welded), but linked via a third medium in the form of an elastic
plate. Such structures obviously find realizations in various contexts,
for example two components of a technical device, which are linked by
an elastic bond, e.g. an adhesive layer, or two pieces of rock with a gap
in between, filled by another material.

We confine ourselves here to an example with media 1 and 2 in
Fig. 1e being identical. For the outer material, aluminum and for the
center material, copper was chosen. While the elastic constants of both
media are of comparable size, the center material is much heavier than
the outer material. This causes the bulk-wave and Rayleigh wave ve-
locities of the center material to be smaller than those of the outer
medium (see Table 1). The outer medium, has the shape of two wedges
with opening angles θ1= θ2= 40°. Dispersion curves for 1D guided
waves localized at the surface of the center medium of this structure are
shown in Fig. 10 along with displacement patterns in the x2-x3 plane.
The Rayleigh wave velocity of aluminum is larger than the bulk shear
wave velocity υT of copper. In an infinite copper plate in welded contact
with aluminum half-spaces at its upper and lower surfaces, mono-
chromatic guided acoustic waves exist with displacement field decaying
exponentially into the aluminum half-spaces. We call them generalized
plate modes as they may be regarded as analogs of Lamb waves in a
free-standing infinite plate. Their speeds are always larger than υT and,
for certain branches of their dispersion relation, tend to υT with de-
creasing wavelength. This has been verified numerically for the lowest
branches using the material constants of Cu and Al given in Table 1.
From this fact we may conclude that all modes with velocities smaller
than υT (upper horizontal line in Fig. 10) are guided at the surface of the
center medium (x3= 0). This means that their associated displacements
decay exponentially into the depth of the center medium and in the
outer medium away from the interfaces. Also note that Stoneley waves
do not exist at a planar interface between a copper and an aluminum
half-space.

Acoustic waves propagating along the surface of the center medium
with velocity υ higher than υT are expected to be leaky. However they
may still be fully guided in special cases, since the existence of bulk
waves or of the above-mentioned generalized plate modes with speeds
smaller than υ at sufficiently small wavelength is only a necessary, not a
sufficient condition for leakage.

The guided modes in this system may be characterized by their

Fig. 8. Velocity of wedge waves in aluminum (squares), copper (circles) and
composite wedges (Fig. 1c) made of aluminum and copper (triangles), as
function of the opening angle φ of the wedge. φ=2θ. Upper/lower dashed line:
Rayleigh wave velocity in aluminum/copper.

Fig. 9. Magnitude of displacement vector at the tip of a composite wedge
(Fig. 1d) consisting of aluminum (material 1) and PMMA (material 2) (grey-
scale proportional to + +U U Ulog ( )1

2
2
2

3
2 ). θ1= 30° (a), θ2= 30° (b). Solid line:

Rayleigh wave velocity, dashed line: Bulk shear wave velocity of PMMA, re-
spectively (see Table 1).
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symmetry with respect to reflection at the x1-x3 plane. With increasing
magnitude of the wave-vector k along the x1-direction, new dispersion
branches of guided waves with alternating symmetry emerge in the
velocity interval between υT and the Rayleigh wave velocity υR of the
center material. The inset of Fig. 10 exhibits the displacement patterns
of modes belonging to the first four branches. They are guided by the
surface of the center medium. While propagating in the x1-direction and
decaying to zero in the x3-direction and in the outer media, they are of
standing-wave character along the x2-axis (Fig. 1) with number of
nodes increasing with increasing branch number. As the angles θ1, θ2 of
the outer aluminum wedges approach zero, these modes are expected to
tend to the well-known edge modes of a plate ([20,28–30] and the
recent review [31] with further references).

The displacement pattern of the first mode shown in the inset of
Fig. 10 contains a considerable amount of strain in the aluminum
wedges. In fact, the displacement field of the first mode, corresponding
to a phase velocity of 2221.2 m/s, resembles that of an anti-symmetric
flexural wedge wave. A remarkable feature of the first branch of the
dispersion relation in Fig. 10 is its steep minimum and the very rapid
increase of the phase velocity with decreasing values of kd, i.e. with
increasing wavelength or decreasing thickness of the intermediate
copper layer between the two aluminum wedges. At kd2 0.4 the phase
velocity of this mode reaches the velocity of bulk shear waves in the
center medium. For smaller values of 2kd the waves are expected to
become leaky. In Fig. 10, this dispersion branch is continued into the
radiative regime above υT by FEM calculations by solving the eigen-
value problem (2.9) for a system of finite extension in the x2-x3 plane
and with a source and perfectly matched layers. The dispersion curves
obtained in these two ways agree very well, indicating that the leakage
of this mode with velocities> υT is very small. In Fig. 10, the dispersion
branch is truncated for reasons of numerical inaccuracy and mixing
with bulk resonances. In the limit kd→ 0 we expect the phase velocity
of the first mode to converge to the value of the wedge wave velocity in
a pure aluminum wedge without intermediate copper layer and opening
angle θ1+ θ2= 80° (2646.2 m/s).

The steep increase of the dispersion curve of the first mode in
Fig. 10, both in the non-radiative and in the radiative regime, may be
used as a sensitive tool to determine the thickness of intermediate

layers or variations of this quantity.
We note here that a different scenario was observed for two quarter-

spaces linked by an intermediate layer of a very soft material with
thickness 2d (Fig. 1e with θ1= θ2= 90°) [32]. Here, the weak coupling
between the two identical rectangular wedges, which is effectuated by
the center material, leads to a splitting of the wedge wave velocity
resulting in two close dispersion branches for symmetric and anti-
symmetric modes.

Leaky waves in a system of the type of Fig. 1e have been in-
vestigated in more detail in FEM calculations with a source which
consisted in a time-harmonic traction on the left half of the surface of
the intermediate layer. In this area of the surface, the traction vector
had constant amplitude and the magnitudes of its three components
were equal. Results of these calculations are shown in Fig. 11. In
comparison to the data in Fig. 10, different material constants were
used for the intermediate layer (test material in Table 1). The dispersion
relation in the non-radiative regime between the solid and dashed
horizontal lines differs markedly from the corresponding curves in
Fig. 10, which points to its sensitivity to the elastic properties of the
intermediate layer. For example, an avoided crossing occurs of two
dispersion branches belonging to modes of like symmetry, corre-
sponding to branches 1 and 3 in Fig. 10.

Equally remarkable are the very well pronounced leaky wave
branches above the dashed horizontal line which indicates a high de-
gree of localization at the surface of medium 3. For an infinite plate
with material constants corresponding to the test material in Table 1,
sandwiched between two aluminum half spaces in welded contact,
generalized plate modes exist having speeds that converge from below
to the bulk shear wave velocity of the test material with decreasing
wavelength. This implies that the modes in Fig. 11 with velocities
slightly below the dashed line may be leaky, too.

In Fig. 12b, the displacement profile of a leaky wave with velocity
υ=2635.3m/s, along the x3-axis normal to the surface in the center of
medium 3 (Fig. 1e) is shown and compared to the displacements of a
fully localized anti-symmetric 1D guided mode (Fig. 12a). Near the
surface, the displacement amplitudes are much larger than those of the
radiation part in the depth of the intermediate layer. The decay of the
displacements for kx3 > 80 occurs in the perfectly matched layer. The
fact that the magnitude of the vector (U1, U2, U3) is independent of x3 in

Fig. 10. Dispersion relation (phase velocity as function of wave-vector k) of 1D
guided modes of odd (solid) and even (dashed) symmetry in a system of form
Fig. 1e with θ1= θ2= 40°, medium 1 and 2: aluminum, medium 3: copper.
Upper horizontal line: Velocity of bulk transverse waves in copper. Lower
horizontal line: Rayleigh wave velocity of copper. Insets: Displacement patterns
in the x2-x3 plane of modes of branch 1 at 2kd=3, branch 2 at 2kd=8, branch
3 at 2kd=15 and branch 4 at 2kd=25. For material data see Table 1. υW:
Velocity of wedge wave propagating in an aluminum wedge with opening angle
of 80°.

Fig. 11. Mean square of displacement vector at the surface of medium 3 in the
structure Fig. 1e with θ1= θ2= 40°, medium 1 and 2: aluminum, medium 3:
test material. (For material data see Table 1.) Greyscale proportional to

+ +U U Ulog[ ( )]1
2

2
2

3
2 , where + +U U U( )1

2
2
2

3
2 is the sum over the squares of

displacement magnitudes of all nodes on the surface of medium 3 in the FEM
calculation. Solid line: Rayleigh wave velocity, dashed line: Bulk shear wave
velocity of medium 3. The arrows refer to the displacement patterns displayed
in Fig. 12.
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the interval 20 < kx3 < 70 indicates that the perfectly matched layer
has efficiently suppressed wave components reflected from the bottom
of the structure [21].

4. Conclusions

At the intersection of planar surfaces and interfaces of elastic media
and in structures consisting of two wedge-shaped solids linked by an
elastic layer, one-dimensional guided acoustic waves have been found
and some of their properties described. The displacement fields of
properly 1D guided waves decay exponentially in two spatial dimen-
sions. In addition to these fully guided waves, various leaky wave
branches were found with a high degree of localization at the inter-
section line of surfaces and an interface or at the surface of an inter-
mediate layer between two wedge-type solids. Both the fully guided and
the leaky 1D guided waves may be applied in non-destructive inspec-
tion of the edges of interfaces and intermediate layers in technical de-
vices, for example. In a specific system it was shown that their dis-
persion relation can be highly sensitive to variations of material
properties and geometry. For this reason, along with their complex
displacement patterns, they qualify for applications in non-destructive
evaluation (NDE). With their complex displacement patterns, they
should be well suited for the non-destructive detection of specific de-
fects at interfaces. For example, one can envisage their use in early
detection of incipient delamination at edges or surfaces of composite
materials or structures with adhesive bonds. Since the penetration
depth of the 1D guided waves from the edge into the interface of the
two bonded media depends on their frequency, an inspection of parts of
the interface with tunable sensitivity to depth could be achieved in
principle. A further advantage of the 1D guided acoustic waves studied
in this work, as compared to bulk or 2D guided waves like Rayleigh
waves, is the absence of diffraction losses. Another field, where the
geometries of Fig. 1 are of relevance are seismic waves propagating
between two wedge-shaped rocks in contact. The contact could be
mediated by an additional material filling a cleft between the two rocks.

Our investigations are based on two different computational ap-
proaches, a semi-analytical finite element method and an expansion of
the displacement field in a double series of functions that are particu-
larly suited to capture the essential features of the guided modes’ dis-
placement patterns in the systems considered here. In this work, the
latter method has mainly been used to validate the prior. Clearly, the

finite element method has a much higher flexibility with regard to the
geometries it can be applied to and is easier to implement. However,
the convergence of the alternative method can be tested more easily as
it contains less parameters, and it allows to obtain results of very high
accuracy with comparatively small numerical effort, if the convergence
factors in this approach are well-chosen.

In our search for leaky waves, a spatially strongly localized source
with specific polarization was applied and magnitudes of displacements
in a confined surface area or at the tip of a wedge were scanned as
functions of frequency. This procedure should be sufficient for detecting
those leaky waves that are localized predominantly at the wedge tip or
the surface area of the intermediate layer in the systems we have in-
vestigated here. A comprehensive study of leaky waves in these systems
could be based on random sources along the path described in [33].
Alternative approaches to the ones discussed here are diffraction-the-
oretical methods used for the analysis of scattering of acoustic waves
from wedge-shaped structures (see for example [34,35] and further
references in [36]). As in the case of acoustic wedge waves (see for
example the reviews [9,37]), analytic results for the displacement field
and phase velocity of the guided waves are expected to be achievable
only with the help of strong approximations. For wedge waves, rigorous
existence proofs were given for isotropic media and certain anisotropic
configurations in [38–40]. These authors applied a variational principle
with test functions derived from the displacement field of surface
acoustic waves. This approach may perhaps be extended to the systems
of Fig. 1. However, with increasing complexity of the test functions, it
will be difficult, if not impossible, to obtain analytic results for borders
of existence in the parameter space, and a numerical approach, as
pursued in this work, becomes inevitable.
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