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A B S T R A C T

This paper presents the results of the theoretical and 2D FEM modeling excitation and detection of evanescent
acoustic waves in piezoelectric plates. By application of 2D ordinary differential equations derived by Auld, we
obtained the dispersion curves of A1 and SH1 waves in YX LiNbO3 and YX KNbO3 plates in proximity to a zero
group velocity point. The branches corresponding to evanescent acoustic waves are distinguished. A frequency
range where real part of evanescent wave velocity is more than imaginary one was found. In this region eva-
nescent mode is characterized by opposite directions of the phase and group velocities, i.e. this is backward
wave. The theoretical analysis was verified in commercial 2D FEM software COMSOL 5.3. By modeling a set of
interdigital transducers placed on the surface of Y-cut LiNbO3 wafer with various values of the spatial period we
found the resonant frequencies corresponding to evanescent A1 mode. Due to proximity of this wave to a zero
group velocity point its properties should be extremely sensitive to change of waveguide quality and ambient air.
This is open the possibility to use these waves for development of high sensitive sensors and for nondestructive
waveguide analysis.

1. Introduction

As is known, the acoustic waves in a plate are divided into anti-
symmetric (An) and symmetric (Sn) Lamb waves and waves with shear
horizontal polarization (SHn) [1]. For Lamb wave propagation the
particles of a plate oscillate in the sagittal plane and for shear waves
they oscillate in the plane of a plate perpendicular to the direction of
wave propagation. These waves are characterized by the real wave
numbers. The possibility of existence the acoustic waves with purely
imaginary or complex wave numbers is known from literature. There
are so-called evanescent or non-propagating waves [1–3]. In the case of
a purely imaginary wave number, or when the imaginary part of the
wave number significantly exceeds its real part, the evanescent mode
corresponds to vibration near the source of an external force, decaying
exponentially with distance from the source and does not transfer en-
ergy [1–4]. The dispersion curves for such wave types in the isotropic
plates were plotted [1–4]. In Ref. [5] shear-horizontal waves with
purely imaginary wave numbers propagating in the piezoelectric plates
with cubic symmetry were theoretically investigated. Recently, the re-
sults of the theoretical study of the evanescent Lamb waves propagating

in functionally graded piezoelectric-piezomagnetic plates have been
published [6]. Mainly, nondissipated media characterized by zero
viscosity were investigated. The dispersion curves for non-propagating
waves in viscoelastic anisotropic plates, cylinders and multilayered
structures were obtained by using a spectral collocation method in Ref.
[7]. The characteristics of non-propagating Lamb waves in the bi-
layered viscoelastic structures were also theoretically investigated in
Ref. [8]. There are also studies of the spectrum of the acoustic modes in
structures containing dissipative media [9–11]. It was shown that the
waveguide modes with the real and complex wave numbers in plates,
tubes, cylindrical shells, at immersing into a liquid become bound
[10–12]. It should be noted that the influence of liquid is very similar to
the case of the presence of viscosity in the material [13] and, in this
case, waves, even with a complex wave number, are always propa-
gating.

Recently, the papers devoted to the theoretical and experimental
study of the reflection of Lamb waves from the edge of a plate have
appeared. Such reflection is accompanied by excitation including eva-
nescent waves, which exist solely near the edge of the plate [1,14–20].
The existence of evanescent Lamb waves has been experimentally
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proven at free-edge boundaries [21,22] and the possibility of their use
for fatigue crack visualization has been confirmed in [23]. Interest in
the study of such waves is attributed with the possibility of their use in
nondestructive testing [24]. These waves also could be useful for de-
velopment of a planar acoustic transducer for near field acoustic com-
munication [25]. Moreover, due to the proximity of these waves to a
cutoff frequency, they must be very sensitive to changes in the prop-
erties of an environment. This feature suggests the possibility of
creating on their basis highly sensitive chemical acoustoelectronic
sensors.

In this study, we present the results of theoretical analysis of the
characteristics of evanescent waves and the peculiarities of their ex-
istence. A numerical simulation was performed to find the complex
velocities of the SH1 and A1 acoustic waves in YX KNbO3 and YX
LiNbO3 plates, respectively, then a 2D FEM analysis was performed
with COMSOL 5.3 software.

2. Theoretical analysis

For theoretical analysis of acoustic wave propagation in a piezo-
electric plate (Fig. 1) we used standard motion equation (1), Laplace’s
equation (2), and constitutive equations (3) for piezoelectric medium
[26–29]:

=U t T x ,i ij j
2 2 (1)

=D x 0j j (2)

= + = +T C U x e x D x e U x,ij ijkl l k kij k j jk k jlk l k (3)

Here Ui is the component of the mechanical displacement of the
particles, t is the time, Tij is the component of the mechanical stress, xj is
the coordinate, Dj is the component of the electrical displacement, Φ is
the electrical potential, ρ, Cijkl,eikl, and jk are the density, elastic, pie-
zoelectric, and dielectric constants, respectively. The indices i, j, k,
l = 1÷3 are space coordinate differentiation. The repeated indices in
the subscript imply summation with respect to that index.

In the regions x3 < 0 and x3 > h we used Laplace’s equation for
vacuum:

=D x 0.j
vac

j (4)

The corresponding constitutive equation for vacuum has the follow
form:

=D x .j
vac vac

j0 (5)

Here index vac denotes the values referred to the vacuum and ε0 is
the vacuum permittivity.

On the planes x3= 0 and x3= h we used the next mechanical and
electrical boundary conditions [26–29]:

= = =T D D0, ; .j
vac vac

3 3 3 (6)

The general solution of the equations system (1)–(5) is sought as the
sum of the plane inhomogeneous partial waves.

=Y x x t Y x j t x V( , , ) ( ) exp[ ( )].1 3 3 1 (7)

Here, α=1÷8 for the piezoelectric plate and α=1, 2 for the
vacuum; V is the complex wave velocity, ω is the angular wave fre-
quency. We introduced the following normalized values [30,31]:

= = = = = =Y C U V Y T Y T Y T Y e V Y e D* ; ; ; ; * ; * * ,ph11 4 13 5 23 6 33 7 8 3 11

(8)

where β=1, 2, 3; C* , *11 11 are the normalizing material constants of the
piezoelectric medium in the crystal-physical coordinate system; e*=1
[C/m2].

The systems of eight and two 2D ordinary differential equations for
the piezoelectric medium and vacuum, respectively, were obtained by
the substitution of Eq. (7) in the Eqs. (1)–(5). Each of these systems can
be presented as:

=A Y x B Y[ ][d d ] [ ][ ].3 (9)

Here [dY/dx3] and [Y] are 8D and 2D vectors for a piezoelectric
medium and vacuum, respectively. Their components are determined in
accordance with the expressions (8). The matrices [A] and [B] are
square with the dimension of 8× 8 for piezoelectric medium and one of
2×2 for vacuum. Because the matrix [A] is singular (det[A]≠ 0) one
can write for each medium [dY/dx3]= [A−1][B][Y]= [C][Y].

Further, to solve the system of Eq. (9), it is necessary to find the
eigenvalues γ(α) of the matrix [C] and corresponding eigenvectors
[Y(α)], which determine the parameters of the partial waves for each
medium. The general solution is a linear combination of all partial
waves for each medium:

=
=

Y A Y x i t x Vexp( ) exp( [ ]),p

N

p
1

( ) ( )
3 1

(10)

where the numbers of the eigenvalues N and the numbers of the nor-
malized values p are equal 8 for piezoelectric medium and 2 for va-
cuum, respectively, Aα are unknown values. For the determination of
the values Aα and complex wave velocity V we used the equations for
mechanical and electrical boundary conditions (6), which were pre-
sented in the normalized form with considering Eq. (8). For a vacuum
located in the regions x3 < 0 and x3 > 0, the eigenvalues with a ne-
gative and positive real part, respectively, are excluded from the con-
sideration, since all variables in vacuum must have a decreasing am-
plitude when removed from a piezoelectric plate.

Thus, the unknown quantities Aα and velocity V can be determined
from a system of the 10 homogeneous algebraic linear equations (6).

We used Visual Fortran software for draw up of own corresponding
program. As a result, we found the complex wave velocity and dis-
tribution of amplitudes of the mechanical and electrical variables along
plate thickness. Earlier the acoustic waves of higher order in YX LiNbO3

and YX KNbO3 plates were theoretically investigated [28,32]. The
dispersion curves corresponding to forward and backward A1 and SH1

acoustic waves in YX LiNbO3 and YX KNbO3 plates, respectively, were
plotted. In the present study, we carefully analyzed these dispersion
curves in a region near a point of zero group velocity (ZGV). The ma-
terial constants of LiNbO3 and KNbO3 were taken from [33,34].

As the result of the calculations, we found branches characterized
by a complex velocity corresponding to the evanescent SH1(E) and
A1(E) acoustic waves (Fig. 2). The analysis has shown that the wave
vector of these waves is complex even in the absence of dissipation. The
absolute value of the imaginary part of the velocity of these waves in-
creases sharply with decrease parameter hf (h=plate thickness,
f=wave frequency). In this case, the definition of the group velocity of
these waves is not possible. As for the value of the phase velocity of
such waves, it is necessary to use the next expression [35]:

= +V (V V ) V .ph R
2

I
2

R (11)

Here VR and VI are the real and imaginary parts of the complex
wave velocity of the considered wave, respectively.

To define are these waves have backward or forward nature we used
the effect that was described in [31]. It was shown that the phase ve-
locity of forward waves is decreased and for backward waves it is in-
creased under the electrical shorting a plate surface. The analysis of the
evanescent waves SH1(E) and A1(E) (Fig. 2) have shown that their

Fig. 1. Geometry of the problem.
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phase velocity is increased under metallization of the plate surface,
consequently, these waves have backward nature. From the quality
consideration, it is possible to conclude that the presence such waves
are possible only due to existence of the backward waves into spectrum.
In this case, the evanescent mode is the only possible way for indis-
soluble continuation of the spectrum through a ZGV point.

The frequency range characterized by VR > VI is wider for KNbO3

than for LiNbO3 as shown in Fig. 2. Most likely, this is related to higher
piezoactivity of the waves in KNbO3 [36–38].

3. Verification of excitation and detection of evanescent waves via
2D FEM analysis

The FEM commercial software COMSOL 5.3 was used to confirm the
possibility of excitation and detection of the considered evanescent
waves. The earlier method suggested based on use of the set of IDTs
with various spatial periods has been presented in [30]. The set of IDTs
for wavelengths λ in the range of 0.86–1.075mm consisting of 7 pairs
of Al strips placed on YX LiNbO3 plate has been used for modeling. The
thickness of the plate and IDT’s fingers were 370 μm and 5 μm, re-
spectively. The geometry of the IDTs and the net used in the simulation
are shown in Fig. 3. On the edges of the plate, perfectly matched layers
(PMLs) are located to prevent the reflections of the excited waves.
Width of PML was equal 0.5mm. It is assumed that these absorbing
layers are characterized by a quadratic frequency dependence of the
attenuation. It also assumed that the plate regions outside of the IDT are
mechanically free, i.e. the mechanical stresses are equal to zero. In the

area of the contact of IDT fingers with the plate, the mechanical con-
tinuities of the normal components of the mechanical displacements
and mechanical stresses between the finger and the plate were used as
the mechanical boundary conditions. The excitation of an acoustic
wave was modeled by applying a variable electrical potential to the
IDT’s fingers (Fig. 3). In the model, the IDT was represented by a set of
equipotential rectangles, and the region under the electrodes was di-
vided into the small elements. The linear size of these elements was
equal to λ/50 as shown in Fig. 3.

As a result of the simulation, the frequency dependencies of the real
part of the electrical impedance of the IDT for different values of their
spatial period λ/2 were obtained (Fig. 4).

The moving maxima corresponding to forward A1 and backward
evanescent A1(E) waves in YX LiNbO3 plate are shown by arrows in
Fig. 4. It can be seen that the evanescent mode exists in a limited fre-
quency range and the branches A1 (E) and A1 merge into one near the
ZGV point.

Fig. 5 shows 2D modes shape for A1(E) wave at cutoff and ZGV
frequencies in agreement with Fig. 4.

4. Conclusion

The dispersion curves of A1 and SH1 acoustic waves in YX LiNbO3

and YX KNbO3 plates in the region near the ZGV point is theoretically
studied. The branches corresponding to evanescent modes have been
distinguished. It has been found that more piezoactive materials

Fig. 2. Dependencies of the real and imaginary parts of the complex wave
velocities vs parameter hf for SH1 wave in YX KNbO3 plate and for A1 wave in
YX LiNbO3 plate.

Fig. 3. Topology of the FEM model and corresponding net mesh.

Fig. 4. Frequency dependencies of the real part of the impedance of IDTs for
wavelengths 0.86mm, 0.9mm, 0.95mm, 1mm, 1.04mm, 1.06mm, and
1.075mm placed on YX LiNbO3 wafer. The arrows show the moving corre-
sponding maximum.
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characterized by more wide frequency range where evanescent modes
could be detected. The possibility to excite and detect evanescent
modes by the method based on a set of IDTs with various spatial periods
was demonstrated and verified by FEM commercial software COMSOL
5.3. Due to proximity of evanescent waves to a ZGV point its properties
should be extremely sensitive to change of waveguide quality and
ambient air. Our results have theoretical significance for development
of high sensitive sensors based on the evanescent waves and for non-
destructive waveguide analysis.
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