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Typical methods for image segmentation, or labeling, formulate and solve an optimization problem to 

produce a single optimal solution. For applications in clinical decision support relying on automated med- 

ical image segmentation, it is also desirable for methods to inform about (i) the uncertainty in label as- 

signments or object boundaries or (ii) alternate close-to-optimal solutions. However, typical methods fail 

to do so. To estimate uncertainty, while some Bayesian methods rely on simplified prior models and ap- 

proximate variational inference schemes, others rely on sampling segmentations from the associated pos- 

terior model using (i) traditional Markov chain Monte Carlo (MCMC) methods based on Gibbs sampling 

or (ii) approximate perturbation models. However, in such typical approaches, in practice, the resulting 

inference or generated sample set are approximations that deviate significantly from those indicated by 

the true posterior. To estimate uncertainty, we propose the modern paradigm of perfect MCMC sampling 

to sample multi-label segmentations from generic Bayesian Markov random field (MRF) models, in finite 

time for exact inference. Furthermore, for exact sampling in generic Bayesian MRFs, we extend the theory 

underlying Fill’s algorithm to generic MRF models by proposing a novel bounding-chain algorithm. On sev- 

eral classic problems in medical image analysis, and several modeling and inference schemes, results on 

simulated data and clinical brain magnetic resonance images show that our uncertainty estimates gain 

accuracy over several state-of-the-art inference methods. 

© 2019 Elsevier B.V. All rights reserved. 
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. Introduction 

In applications related to clinical decision support relying on

edical image analysis, exposing the uncertainty in automated im-

ge analyses ( Folgoc et al., 2017 ) can lead to better informed de-

isions and better outcomes. For instance, estimating the uncer-

ainty in automated segmentation results can be crucial for risk

ssessment and planning in clinical procedures, e.g., radiother-

py ( Le et al., 2016 ) and neurosurgery ( Alberts et al., 2016 ). It can

lso lead to increased reliability in clinical diagnoses and scientific

tudies. Popular segmentation methods, such as those relying on

idden Markov random field (MRF) modeling and subsequent op-

imization using graph cuts ( Han et al., 2011 ) or expectation max-

mization (EM) ( Zhang et al., 2001 ), typically produce a single op-

imal solution, failing to inform about uncertainty in (i) label as-

ignments or object boundaries, and (ii) alternate close-to-optimal

olutions. 
∗ Corresponding author. 
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For a very small class of MRF models that lend themselves

o segmentation inference using graph-cut based optimization,

fficient methods exist to exactly estimate a notion of label un-

ertainty ( Kohli and Torr, 2008 ). However, their notion of label

ncertainty cannot generalize to generic MRF models. In the con-

ext of image segmentation, a general notion of uncertainty can be

onsidered to be the variance or unalikeability ( Perry and Kader,

0 05; Kader and Perry, 20 07 ) in the label assignments stemming

rom the posterior distribution of the label image. For general

RFs, typical methods to estimate uncertainty either (i) infer ap-

roximate models to the posterior, from which sampling is easy or

he variances can be estimated analytically, or (ii) use approximate

ampling from the posterior. Examples of approximate models

nclude those inferred using variational Bayesian (VB) methods,

.g., mean-field approximations, and using Gaussian-process (GP)

odels enforcing a simplified prior model. After fitting such

implified / approximate models to the true posterior, variances

an typically be estimated analytically. Such approaches have been

sed in the context of voxel-labeling applications ( Le et al., 2016 ).

xamples of approximate sampling methods include traditional

arkov chain Monte Carlo (MCMC) methods like Gibbs sampling

https://doi.org/10.1016/j.media.2019.04.014
http://www.ScienceDirect.com
http://www.elsevier.com/locate/media
http://crossmark.crossref.org/dialog/?doi=10.1016/j.media.2019.04.014&domain=pdf
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( Geman and Geman, 1984 ). Traditional MCMC approaches

have been used in the context of object delineation applica-

tions ( Fan et al., 2007 ). Some recent theoretical advances propose

the perturb-and-MAP framework and a Gumbel perturbation

model (GPM) ( Papandreou and Yuille, 2011; Hazan et al., 2013 ) to

exactly sample from MRF distributions. However, GPMs are practi-

cally intractable for large-sized MRFs, as observed in typical image

segmentation applications and, thus, are approximated in prac-

tice ( Alberts et al., 2016 ) that, we find, leads to loss of accuracy. 

For uncertainty estimation in image registration, early meth-

ods ( Kybic, 2010 ) use bootstrap data resampling to approximate

the data distribution, instead of the posterior distribution of the

labels. Recent pioneering methods ( Folgoc et al., 2017 ) in this do-

main rely on MCMC sampling. However, these methods focus on

the application of image registration (inferring continuous-valued

deformation maps), while this manuscript focuses on a different

problem, i.e., image segmentation (inferring discrete label images).

Moreover, the framework proposed in this manuscript varies sig-

nificantly from that proposed in the works related to image regis-

tration. 

We introduce a novel paradigm for uncertainty estimation in

image segmentation by relying on perfect MCMC sampling , in finite

time, from generic Bayesian MRF models. We propose to sample

label images from their true posterior distribution in two ways:

(i) by combining coupling-from-the-past (CFTP) ( Propp and Wil-

son, 1996 ) with the bounding-chain (BC) ( Huber, 2004 ) scheme,

called CFTP-BC, and, more importantly, (ii) by using a novel the-

oretical extension of Fill’s algorithm (FA) ( Fill, 1998 ) using the BC

scheme, called FA-BC. We show advantages of FA-BC over CFTP-

BC. We show that our perfect-MCMC sampling approach to esti-

mate uncertainty actually performs superior to Bayesian modeling

schemes that either simplify the prior model or perform approx-

imate variational inference, even though the simplified / approx-

imate models lead to analytical estimates of the uncertainty. Re-

sults on clinical brain magnetic resonance images from four classic

applications, for segmenting subcortical structures, tumor, tissues,

and lobes, show that our uncertainty estimates gain accuracy over

several state-of-the-art methods. 

This paper is organized as follows. Section 2 describes the

related literature. Section 3 describes our proposed theoretical

framework for perfect MCMC sampling to estimate uncertainty.

Section 4.1 describes our proposed method for uncertainty estima-

tion and the details of the probabilistic graphical models and infer-

ence strategies used by our framework, and other frameworks, for

specific applications. Section 5 shows empirical results, quantita-

tive and qualitative, on simulated and clinical data. Section 6 con-

cludes the paper. 

2. Related work 

Probabilistic graphical models ( Koller and Friedman, 2009 ) such

as Ising models and Potts model are very important for image anal-

ysis and computer vision problems involving discrete labels such as

image segmentation ( Besag, 1974; Li, 2009 ). In general MRFs mod-

els on high-dimensional discrete spaces, exact probabilistic infer-

ence and maximum-likelihood estimation for parameters is often

intractable, in which case random sampling methods are employed

for inference. 

Metropolis–Hastings (M–H) sampling ( Hastings, 1970 ) and

Gibbs sampling ( Geman and Geman, 1984 ) algorithms are tradi-

tional MCMC sampling algorithms that simulate a Markov chain

to sample from a given distribution. A major challenge associated

with such traditional MCMC sampling methods is that the burn-

in period for the Markov chain is unknown, and being depen-

dent on the model and the data, difficult to predict in advance.

To have a high assurance of convergence of the Markov chain, we
eed to run the sampler for very long making it computationally

xpensive. More advanced MCMC methods like CFTP ( Propp and

ilson, 1996 ) and FA ( Fill, 1998 ) provide finite-time algorithms

that can be far more practical than traditional MCMC) to guar-

ntee convergence of the Markov chain, thereby assuring sampling

rom the true distribution. FA has clear advantages over CFTP that

an introduce a bias in the sampling stemming from possible user

mpatience leading to forced early termination due to computa-

ional costs. Nevertheless, CFTP and FA proposed in Propp and Wil-

on (1996) ; Fill (1998) are applicable only to a small class of MRF

odels that lead to monotonic chains. Later theoretical advance-

ents propose the concept of the BC ( Huber, 2004 ) to provide

fficient ways to track non-monotonic chains to detect Markov-

hain convergence. However, the BC algorithm in Huber (2004) is

estricted to the CFTP paradigm and can suffer from the user-

mpatience bias problem. Thus, we propose FA-BC as a novel theo-

etical extension of FA applicable to general MRF models. None of

he aforementioned works ( Propp and Wilson, 1996; Fill, 1998; Hu-

er, 2004 ) apply their theory to the problem of MRF-based image

egmentation or uncertainty estimation. Our work is perhaps the

rst to apply the perfect-sampling frameworks for sampling label

mages in MRF models and estimate uncertainty. 

Some recent theoretical advances propose the perturb-and-MAP

ramework and a Gumbel perturbation model (GPM) ( Papandreou

nd Yuille, 2011; Hazan et al., 2013 ) to exactly sample from MRF

istributions. However, GPMs are practically intractable for large-

ized MRFs, as observed in image segmentations applications.

lberts et al. (2016) employed Gumbel MAP perturbations for a

rid-structured MRF for brain tumor segmentation and quantify-

ng uncertainty. In contrast, we introduce the perfect / exact MCMC

aradigm and propose a novel perfect-MCMC sampler for generic

ayesian MRFs , to estimate uncertainty in multilabel and multiatlas

egmentation problems. 

An alternative to sampling is to approximate the posterior MRF

odel on the label image with a simpler model, typically a fac-

ored model, which is easier to analyse analytically or sample from.

xamples of approximate models include those inferred using VB

ethods ( Bishop, 2006 ), e.g., mean-field approximations and GP

odels. Unlike MRFs on discrete labels, ( Figueiredo, 2005 ) ex-

lores priors on simpler and more tractable models, specifically,

eal-valued hidden Gaussian field (GF) that indirectly indicate the

iscrete-label probability, and thereby avoids the intractable com-

inatorial nature of the problem. However, GFs have quadratic MRF

otential functions that cannot model discontinuities in the im-

ge data, or crisp object boundaries, effectively. This approach of

odeling the spatial prior is closely related to the well-known GP

odel ( Williams and Barber, 1998 ). 

For problems in medical image segmentation addressed in this

aper, several approaches have been popular in the literature, al-

hough none of these approaches produce estimates of uncertainty

n the resulting label image. For tissue segmentation in brain mag-

etic resonance imaging (MRI), ( Zhang et al., 2001 ) use EM with

 Gaussian mixture model (GMM) and a hidden-MRF label prior.

owever, they use a heuristic to approximate sampling from the

osterior in the E step. Pham and Prince (1999) generalize EM al-

orithm for tissue segmentation using two kinds of MRF priors.

ome approaches propose nonparametric (non-local) patch statis-

ical models ( Awate et al., 20 06a; 20 06b ), nonparametric mod-

ls in Riemannian spaces ( Awate et al., 2007; Goh et al., 2011 ),

nd intensity-Based Markov priors ( Song et al., 2007 ) for image

egmentation. While Song et al. (2006) use a graph-cuts based

lgorithm for brain image segmentation, ( Veni et al., 2013 ) uses

onstrained graph-cuts to segment nested surfaces in cardiac im-

ges. For tumor segmentation, ( Fletcher-Heath et al., 2001 ) pro-

ose a fuzzy-clustering based algorithm for separating brain tu-

ors from healthy tissues, ( Han et al., 2011 ) use graph-cut based



S.P. Awate, S. Garg and R. Jena / Medical Image Analysis 55 (2019) 181–196 183 

s  

S  

w  

v  

t  

G  

a  

t  

e  

s  

c  

t  

m  

c  

b  

t  

(  

t  

v  

o  

t  

p  

a  

 

u  

u  

g  

t  

t  

p  

M  

L  

t  

i  

p  

t  

b  

t  

a  

m  

i  

l  

d

 

G  

t  

i  

d  

t  

p  

t  

a  

f

3

 

t  

w  

c  

o

3

 

n

3

 

h  

b  

M  

s  

h  

a  

o  

X  

(  

M  

M  

g  

c  

c  

a  

k  

g  

P  

i  

v  

a  

c  

q  

g  

Q  

s  

m  

b  

p

3

 

i  

t  

t  

s  

a  

w  

q

 

t  

w  

p  

f

 

i  

t  

t  

s

T  

i  

t

 

i  

o  

N  

(  

c  

t  

o  

b  

I  

a  
egmentation algorithm to find the globally optimal solution, and

hah et al. (2018, 2019) proposes deep neural networks (DNNs)

ith mixed-supervision learning that combines training data of

arying qualities synergistically. For segmenting subcortical struc-

ures, ( Wolz et al., 2009 ) propose graph-cut based algorithm and

outtard et al. (2007) incorporate probabilistic atlas priors to get

 maximum-a-posteriori (MAP) solution. For multiatlas segmenta-

ion ( Iglesias and Sabuncu, 2015 ) of subcortical structures, ( Awate

t al., 2012; Awate and Whitaker, 2014 ) propose bootstrap re-

ampling to learn nonparametric regression models and error-

onvergence rates indicating voxelwise uncertainty for a popula-

ion of images (not a specific image). For subcortical structure seg-

entation, we also propose and evaluate a shape Boltzmann ma-

hine (SBM) ( Eslami et al., 2014 ) prior model as a shape prior for

inary label images. SBMs use a hierarchical / multilayer struc-

ured MRF that consists of a visible layer corresponding to the

unknown) label image, and hidden layers that correspond to la-

ent variables capable of learning higher-order features and inter-

oxel correlations capture object shape. Nevertheless, our focus is

n uncertainty estimation using various prior models, instead of

he segmentation itself. For brain parcellation, ( Pohl et al., 2007 )

ropose a algorithm using the hierarchy of anatomical structures

nd Sabuncu et al. (2009) use an EM-based nonparametric method.

For a small class of MRF models that infer the segmentation

sing graph cuts, Kohli and Torr (2008) proposes a measure of

ncertainty and an efficient algorithm to estimate the same. For

eneral MRFs, typical uncertainty estimation methods approximate

he MRF models or use traditional MCMC methods to sample from

hem. For instance, Fan et al. (2007) uses traditional MCMC to sam-

le nonparametric curves and Beutner et al. (2009) uses traditional

CMC to estimate uncertainty for brain structure delineations.

e et al. (2016) uses a GP approximation for label distributions. In

umor segmentation, Alberts et al. (2016) approximates the GPM

n Papandreou and Yuille (2011) and Hazan et al. (2013) to sam-

le from the underlying Bayesian MRF. Unlike traditional MCMC

hat is only asymptotically exact and can suffer from insufficient

urn-in (fixing one very large burn-in for all tasks makes compu-

ational costs exorbitant), we guarantee exact MCMC in finite time

nd eliminate adhoc heuristics to determine burn-in. A very recent

ethod ( Jena and Awate, 2019 ) estimates uncertainty in medical

mage segmentation produced by DNNs using a Bayesian formu-

ation that treats the output of the DNN as a per-voxel factored

istribution. 

This work significantly extends our preliminary work in

arg and Awate (2018) . This paper provides significantly more de-

ails of the theoretical analysis of sampling, modeling, as well as

nference schemes. This paper includes validation against specially

esigned simulated data for which we have computed the ground

ruth exactly. This paper demonstrates the applicability of our ap-

roach to more MRF models, including GF and SBM, in addition

o Ising and Potts MRF models. This paper includes comparisons

gainst posterior-model-approximation schemes underlying VB in-

erence. 

. Theory 

We introduce our framework for perfect MCMC sampling to es-

imate uncertainty in image segmentation. Within the framework,

e propose two algorithms, i.e., CFTP-BC and FA-BC. FA-BC has

lear advantages over CFTP-BC in theory and practice and, thus, is

ur algorithm of choice. 

.1. Background 

This section describes the background theory and the associated

otation for MCMC sampling and perfect sampling. 
.1.1. MCMC sampling 

Let the observed image y , with V voxels, be generated from (i) a

idden label image x that is modeled by MRF X with prior proba-

ility mass function (PMF) P ( X ) and (ii) a likelihood model P ( Y | X ).

RF X has a neighborhood system N := {N v } V v =1 
, where N v is the

et of voxels neighboring voxel v . The posterior PMF Q ( X ) := P ( X | y )

as a normalizing constant that is intractable for large-sized im-

ges. Thus, to sample from the posterior PMF Q ( X ), MCMC meth-

ds carefully design a Markov chain M as the MRF sequence X 

1 ,

 

2 , ���, X 

t , ��� with an associated transition kernel K ( · , · ) such that

i) the transition probabilities are P (X t+1 | X t ) := K(X t , ·) and (ii) the

arkov chain’s stationary PMF is Q ( X ). Typically, the Markov chain

 is positive, recurrent, and aperiodic. Such a chain is called er-

odic and has a unique stationary PMF that equals Q ( X ). For a re-

urrent chain, the average number of visits to any state (in our

ase, label-image instance) is ∞ . Typically, the Markov chain M
lso satisfies detailed balance , or reversibility , which implies that

ernel K ( · , · ) also applies to the time-reversed chain. The M–H al-

orithm is a MCMC method for sampling from a high-dimensional

MF having an intractable normalizing constant. The Gibbs sampler

s one such M–H MCMC sampler, and has an associated ergodic re-

ersible Markov chain. Gibbs sampling for images iteratively selects

 random voxel and samples a value for that voxel from its local

onditional PMF. The Gibbs sampler, like typical M-H samplers, re-

uires the Markov chain to be run infinitely long to theoretically

uarantee that the resulting state will be a draw from the PMF

 ( X ). In practical scenarios, the convergence time for typical M–H

amplers is very difficult to predict, being dependent on the model,

odel parameters, and the data instance. This poses challenges in

eing able to apply them seamlessly across a wide spectrum of

ractical scenarios. 

.1.2. CFTP for perfect MCMC in monotone-chain models 

For discrete random variables, a major breakthrough in be-

ng able to detect MCMC-sampler convergence came through

he CFTP algorithm published in the statistical mechanics litera-

ure ( Propp and Wilson, 1996 ). CFTP theoretically guarantees the

ampled state to be from the desired PMF Q ( X ) by ensuring that

ny long-running Markov chain, irrespective of its initial state,

ould have reached the chosen sampled state, using a specific se-

uence of interstate-transition maps. 

For image segmentation applications, especially uncertainty es-

imation, we introduce the perfect-sampling paradigm, starting

ith the CFTP framework on this section, to sample from MRF

osteriors. Later sections describe an even better perfect-MCMC

ramework. 

CFTP tracks coupled parallel chains, i.e., (i) one chain started

n each possible state of the state space and (ii) all chains using

he same pseudo-random number sequence for transitioning. The

racking continues until all of them reach, or coalesce to, a single

tate. 

heorem 1. Propp and Wilson (1996) : The CFTP algorithm terminates

n finite time and returns a draw from the stationary distribution of

he Markov chain. 

We interpret this theorem as follows. Markov chain ergodicity

mplies that, for all states x , there is a non-zero probability > ε > 0

f reaching x , from any state x ′ in âa finite number of transitions

 x . For a given instance of a sequence of interstate-transition maps

or, equivalently, random numbers) in the Markov chain, coales-

ence to some state must occur for some finite number of transi-

ions M ≥ max x N x . Indeed, the probability of coalescence failing to

ccur → 0 as M → ∞ . M is almost-surely finite because the proba-

ility of coalescence in any finite number of transitions is positive.

n practice, for all the applications in this paper, we found that co-

lescence always happened, even though the number of transitions
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creased T. 
varied from several tens to several thousands. Assume that coales-

cence occurred when the chain ran from time t = −M to t = 0 , us-

ing a specific sequence of transition maps. A chain running from

−∞ to 0 that uses this sequence of transition maps within [ −M, 0]

reaches the same state at t = 0 . Because the state reached by a

chain running infinitely long is a draw from the stationary PMF

Q ( X ), the coalesced state at t = 0 is a draw from Q ( X ). 

For some PMFs Q ( X ), the Gibbs sampler is monotonic ( Propp and

Wilson, 1996 ), i.e., where transitions of coupled chains preserve a

partial order on the states. Monotonicity allows CFTP to simplify

parallel-chain tracking to tracking only two chains, each started

from one of the extremal states (minimum and maximum) under

the partial order. While monotonicity holds for the special case of

the ferromagnetic Ising model, it fails to apply to many popular

binary-MRF and Potts-MRF posterior PMFs. For general cases, per-

fect sampling can use the bounding chain principle ( Huber, 2004 )

as we describe next. 

3.1.3. CFTP with BC (CFTP-BC) for perfect MCMC in generic MRF 

models 

For Gibbs sampling, CFTP-BC uses the following modified sam-

pler G to draw label X v , at each voxel v , from the conditional PMF

P (X v | x −v ) conditioned on all other label values x −v . For MRF X ,

P (X v | x −v ) = P (X v | x N v ) . 
1. Draw label l uniformly from the label set L := { 1 , · · · , L } . Draw

u ∼ U (0, 1), where U ( a, b ) is a uniform distribution over ( a, b ). 

2. If u ≤ P (X v = l| x −v ) , set X v := l and terminate; otherwise, iter-

ate. 

Provably, ∀ l , the probability that this modified Gibbs sampler G
terminates with label X v = l is P (X v = l| x −v ) , as desired. 

For coupled parallel chains, each running a coupled modified

Gibbs sampler G, the BC algorithm ( Huber, 2004 ) efficiently tracks

the states of all chains. The BC algorithm works for both mono-

tone and non-monotone chains. CFTP-BC uses this tracking strategy

to detect coalescence. Consider a new kind of a Markov chain M̊
with state space (2 L ) V , where 2 L is the set of subsets of L . For the

new Markov chain M̊ , each state, say, X̊ , contains a set of states X

from the earlier Markov chain M , where each state X ∈ L 

V . M̊ is

associated with a state sequence X̊ 1 , X̊ 2 , · · · where the transition

kernel K̊ (·, ·) on X̊ is defined in terms of the transition kernel K ( · ,

· ) acting on each state X ∈ X̊ . 

Definition 1. Huber (2004) : M̊ is a bounding chain for M if there

exists a coupling between M̊ and M such that X t v ∈ X̊ t v , ∀ v , ⇒
X t+1 

v ∈ X̊ t+1 
v , ∀ v . 

Consider all coupled parallel chains M running G and visit-

ing voxel v at time t . The bounding chain M̊ keeps track of the

set X̊ v ⊆ L of possible labels, at each v , across all chains M at

any given time; it initializes X̊ v := L and detects coalescence when

| ̊X v | = 1 , ∀ v . Each chain M has its conditional PMFs P (X v | x −v ) , de-

pendent on MRF-neighborhood configurations x N v . At any point in

time in the progression of the coupled parallel Markov chains M ,

for each label l , let the minimum and maximum of conditional

probabilities P (X v = l| x −v ) , over all chains M , be P min (X v = l| x −v )

and P max (X v = l| x −v ) . Here, the probabilities are considered over

all possible neighborhood label configurations x N v in the cross-

product space X̊ w 1 
× X̊ w 2 

× · · · , where w i ∈ N v , and capture all pos-

sible MRF-neighborhood label configurations x N v around voxel v

across all chains. We can partition the set of all chains M into

equivalence classes, based on possible MRF-neighborhood label

values x N v , within which the coupled Gibbs samplers G behave

identically at voxel v . Now do the following at voxel v : 

1. In the bounding chain M̊ , initialize the set of possible labels

X̊ v := ∅ . 
2. Draw l uniformly from the label set L . Draw u ∼ U (0, 1). 

3. If u ≥ P max (X v = l| x −v ) , then no coupled chain M has changed

state. So, do nothing. 

4. If u ∈ (P min (X v = l| x −v ) , P max (X v = l| x −v )) , then some of the

equivalence classes of coupled chains M have set X v ← l . So, in-

sert label l into set X̊ v . 

5. If u ≤ P min (X v = l| x −v ) , then all coupled chains M set X v ← l ,

indicating, what we call as, “local” coalescence that is a suffi-

cient condition for every chain M to have undergone at least

one transition where its sampler G terminated. So, insert label l

into the set X̊ v . Exit . 

The mechanism of the BC M̊ is cleverly designed to avoid ex-

plicitly tracking each chain or each equivalence class, when

there are a possibly exponential number of each kind (exponen-

tial in the number of image voxels). On the other hand, when

the exit criterion is met after some chains M running G multi-

ple times, i.e., with multiple terminations, then the BC mecha-

nism includes all (intermediate and final) sampled labels in X̊ v ,

thereby allowing a possibly looser bound that inflates the car-

dinality of the set X̊ v of possible label values. Nevertheless, in

practice, we find that the chain approaches coalescence rapidly

despite this looser bound. 

6. Repeat from Step 2. 

When, the sets X̊ v become singletons ∀ v , say, { ̂  x v } , then all

hains M have coalesced to label image ̂ x that is guaranteed to

e a draw from the stationary PMF Q ( X ). Ergodicity of M ensures

oalescence in finite time, almost surely. 

.1.4. FA for perfect MCMC in monotone-chain models 

A limitation of the CFTP strategy proposed in Propp and Wil-

on (1996) , exhibited by the monotone-chain CFTP algorithm in

ropp and Wilson (1996) as well as the CFTP-BC algorithm in

uber (2004) , is that the CFTP running time M and the sampled

tate ̂ X are dependent variables. Even when M is finite, M is un-

ounded whose order of magnitude is typically unknown a pri-

ri; M depends on several factors including the pseudo-random

equence, the posterior model and its parameter values, and the

ata. Thus, some states x can require a very long run from −M to

, with large unpredictable M . Impatient users abort CFTP when M

tarts becoming large, which adds bias to the sampled states’ PMF.

n contrast, FA ( Fill, 1998 ) makes the sampled state independent of

A’s running time. FA relies on acceptance-rejection (AR) sampling

hat first proposes a state and then decides whether to reject the

roposal. The FA described in Fill (1998) works only for monotone

 , as below. 

1. Choose T in increasing progression as 1, 2, 4, 8, ���. For each T

in this sequence, perform the following steps, until termination.

2. Choose a random label image X 

T := z , uniformly from the space

of label images. 

3. Run a (time-reversed) Markov chain M from time t = T down

to time t = 0 , with initial X 

T := z , reaching some new state

X 

0 := x . Note: One could treat this as a forward chain, and then

treat the chain mentioned in the next step as the time-reversed

chain. 

4. Let S T ( x, z ) be the event that a Markov chain starting at state x

at time t = 0 ran for time T to reach state z at time t = T . The

event S T ( x, z ) occurs for some set of pseudo-random number

sequences U x → z . Let C T ( z ) be the event that the set of coupled

parallel chains, one starting at every state in the state space,

ran for time T and coalesced in z ; this occurs for some set of

pseudo-random number sequences U ′ ⊆ U x → z . With probability

P ( C T ( z )| S T ( x → z )), accept x as a draw from the stationary PMF

Q ( X ) and terminate; otherwise iterate from Step (2) with in-
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For the case of monotonic chains, Step 4 can be simulated as

ollows. Begin two coupled Markov chains at the extremal states

nd run them for T steps. If the two chains coalesce in state z ,

hen accept x as a draw from the stationary distribution. 

heorem 2. Fill (1998) : Fill’s algorithm, with constrained monotone

hains, guarantees that the sampled state is from the stationary PMF

 ( X ) . 

This is true because of the following arguments. The AR sam-

ler underlying FA first generates a proposal x from the T -step

ransition kernel K 

T ( z , · ). The reversibility of the Markov chain im-

lies that Q(y ) K 

T (y, z) = Q(z) K 

T (z, y ) , for any states y, z . Fixing z ,

e have Q(y ) = Q(z) K 

T (z, y ) /K 

T (y, z) that holds for all states y .

ecause we have a discrete state space, K 

T ( y, z ) ≥ P ( C T ( z )), ∀ y . Thus,

 ( y ) ≤ Q ( z ) K 

T ( z, y )/ P ( C T ( z )), ∀ y . Thus, K 

T ( z , · ) Q ( z )/ P ( C T ( z )) is a func-

ion that upper bounds the stationary PMF Q ( · ). If we define M 

T 
z :=

(z) /P (C T (z)) , then the upper-bounding function is M 

T 
z K 

T (z, ·) .
he AR sampler then accepts the proposal x with a proba-

ility equal to Q(x ) / (M 

T 
z K 

T (z, x )) = Q(x ) P (C T (z) / (Q(z) K 

T (z, x )) =
(x ) P (C T (z) / (Q(x ) K 

T (x, z)) , due to reversibility, which in turn

quals P ( C T ( z )| S T ( x, z )). The AR sampler follows the following strat-

gy. In a single iteration, (i) the probability of generating a state

 is K 

T ( z, x ) and (ii) the probability of accepting a given x is

(x ) /M 

T 
z K 

T (z, x ) . Thus, the probability of generating a state x and

ccepting it, in a single iteration, is Q(x ) /M 

T 
z . Also, the uncondi-

ional acceptance probability of the AR sampler is 1 /M 

T 
z . Thus, con-

itioned on the acceptance at this iteration, the acceptance proba-

ility of x is Q ( x ), as desired. 

.2. Proposed FA with BC (FA-BC) for perfect MCMC in generic MRF 

odels 

Previous works limit Fill’s algorithm to monotone chains that

pply to a very small class of PMFs Q ( X ). For monotone chains, de-

ecting C T ( z ) constrained on S T ( x → z ) needs the tracking of only

wo extremal states. Even though evaluating P ( C T ( z )| S T ( x → z )) is

omputationally intractable, for general cases, AR decisions can be

ade by (i) drawing a � 

x → z ∈ U x → z , drawn uniformly randomly, to

nsure S T ( x → z ) occurs and (ii) tracking coupled parallel chains,

ransitioning as per � 

x → z , to detect if C T ( z ) occurs. We general-

ze Fill’s algorithm to generic Bayesian MRFs by efficiently tracking

onstrained parallel arbitrary chains using a novel constrained-BC

lgorithm, as follows. 

At time t and voxel v , for each label l , let P min (X t v = l| x t −v ) and

 

max (X t v = l| x t −v ) be defined as before. Let l ∗ be the label at voxel

 for time t + 1 along some T -step Markov chain path x → z . While

his path may be chosen at random from the set of all T -step paths

tarting at x and ending at z , in practice, we should explore close

o, and starting with, the reverse sequence of the observed path

equence from z → x that generated the AR sampler’s proposal x .

he observed path, and nearby paths, can lead to a better choice

han randomly drawing x → z paths, because the latter may lead

o very-low-probability unrealistic paths that fail to lead to coa-

escence of the FA-BC sampler. Indeed, the larger the T , the more

t is likely that the state x can be taken as a draw from the de-

ired stationary PMF. In this paper, we only use the reverse of the

ath z → x to draw a random sequence � 

x → z from U x → z . At time t ,

et P ∗(X t v = l ∗| x t −v ) be the label probability conditioned on neigh-

oring labels for the chosen path x → z . Clearly, P min (X t v = l| x t −v ) ≤
 

∗(X t v = l ∗| x t −v ) ≤ P max (X t v = l| x t −v ) . Initialize t := 0, x 0 := x . 

1. At time t , do the following at each voxel v : 

(a) In the bounding chain M̊ , initialize the set of possible labels

X̊ v := ∅ . 
(b) Draw l uniformly from the label set L . 
(c) If l � = l ∗, draw u ∼ U(P ∗(X t v = l| x t −v ) , 1) ; otherwise draw

u ∼ U (0, 1). This sampling strategy leads to a random draw

� 

x → z ∼ U x → z , ensuring that x t transitions to x t+1 on the path

from x → z , thereby leading to S T ( x → z ). The next steps track

parallel coupled chains to detect if C T ( z ) occurs for � 

x → z . 

(d) If u ≥ P max (X t v = l| x t −v ) , then no chain M changes state. Go

to Step 1b. 

(e) If u ∈ (P min (X t v = l| x t −v ) , P 
max (X t v = l| x t −v )) , then some chains

M accept label l . Insert l into X̊ v . Go to Step 1b. 

(f) If u ≤ P min (X t v = l| x t −v ) , then all chains M set X v = l. This

is, what we call, “local” coalescence. Insert l into X̊ v . If any

voxel remains to be processed, go to Step 1a to process it;

otherwise go to the next step. 

2. Increment t by 1. If t < T , repeat Step 1. If t = T and coales-

cence has occurred, i.e., | ̊X v | = 1 , ∀ v , then accept the initial x

as a draw from Q ( X ). 

heorem 3. Our modification, i.e., FA-BC, of the FA described in

ill (1998) adapted to the constrained bounding chain, guarantees that

he sampled state is from the stationary PMF Q ( X ) . 

roof. We show that our random number generation scheme in

tep 1c ensures S T ( x → z ) by simulating a � 

x → z ∈ U x → z . At time t

nd voxel v , let E ∗ be the event that, for the chain going from x → z ,

he label at voxel v at time t + 1 is l ∗. Let the x → z chain’s un-

onstrained modified Gibbs sampler be G ∗ and the label probabili-

ies be P ∗(X t v = l| x t −v ) . For E ∗ to occur, G ∗ accepted label l ∗ in some

teration i . In any iteration, G ∗ picked some l and some random

 . Given E ∗: if G ∗ picked an l � = l ∗, then u must have been within

(P ∗(X t v = l| x t −v ) , 1) ; otherwise u could have been anywhere within

0,1). Now consider parallel coupled chains, one starting at each

ossible state, running sampler G for T transition steps. At iteration

 , if G picks l � = l ∗, then G must pick u within (P ∗(X t v = l| x t −v ) , 1) be-

ause, otherwise, the chain started at x can incorrectly accept l � = l ∗

nd E ∗ can fail to occur. At iteration i , if G picks l = l ∗, then G can

ick u within (0,1), leading to a finite non-zero probability for the

hain started at x accepting l ∗ and leading to E ∗. Steps d-f track

ll chains, as in CFTP-BC, to detect C T ( z ) for the chosen � 

x → z . Fol-

owing the AR-sampler based arguments in the interpretation of

heorem 2 in the earlier section, we can guarantee that the sam-

led state is from the stationary PMF. �

. Applications: uncertainty estimation in image segmentation 

n various MRF modeling and inference frameworks 

We describe the applications in medical image segmentation

o which we apply the proposed perfect-sampling methods, along

ith contemporary approaches, to estimate uncertainty. For each

pplication, we describe the underlying statistical modeling and in-

erence approaches. 

.1. Applications 

We evaluate several methods on four classic problems in medi-

al image segmentation involving in brain MRI images, as detailed

n Section 4.1 , for segmenting subcortical structures, tumor, tissues,

nd lobes. (i) EM segmentation of brain tumor, with a hidden-MRF

abel prior and a two-component GMM, one component each for

he tumor and non-tumor intensity patches on multimodal MRI;

ii) EM segmentation of brain tissues, involving mild lesions, with

 hidden-MRF label prior and a three-component GMM, one com-

onent each for gray matter (GM) intensity, white matter (WM)

ntensity and cerebrospinal fluid (CSF) intensity patches; (iii) mul-

iatlas segmentation of subcortical brain structures; and (iv) multi-

tlas segmentation of the four brain lobes. 
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4.2. Data likelihood models, given segmentation label images 

For the two EM-based applications, the EM algorithm of

Zhang et al. (2001) iteratively estimates the parameters for the

GMM. Let the estimated parameters be the Gaussian means

μ := { μ1 , μ2 , ���, μK } and covariances � := { �1 , �2 , ���, �K },

where K is number of classes. The likelihood of the intensity patch

x N i at voxel i being drawn from class label y i = k is 

P (x N i | y i = k ;μ, �) ∝ | �k | −0 . 5 exp 
(

− 0 . 5(x N i − μk ) � (�k ) −1 (x N i − μk ) 
)
.

(1)

The multiatlas segmentation applications use the classic voxel-

wise nonparametric label-likelihood model ( Iglesias and Sabuncu,

2015; Awate and Whitaker, 2014 ), as follows. Let the multiatlas

database D := { z j , s j } J 
j=1 

have template MRI images z j paired with

label images s j . At voxel i , the observed-image patch x N i has likeli-

hood 

P (x N i | Y i = l, D) := 

J ∑ 

j=1 

1 l (s j 
i 
) G ( ̆x N i ; z̆ j N i , σ

2 I ) 
/ 

J ∑ 

j=1 

1 l 

(
s j 

i 

)
, (2)

where 1 l ( a ) := 1 if l = a and 0 otherwise, I is the identity matrix,

σ 2 the Gaussian kernel variance, and x̆ N i and s̆ 
j 
N i 

are normalized

patches with mean 0 and variance 1. 

4.3. Prior models on segmentation label images 

Our applications employ three different probabilistic prior mod-

els on label images, i.e., the MRF, the GF, and the SBM. 

4.3.1. Ising/potts MRF prior model 

For voxel i , the prior conditional probability of label y i = k,

given neighborhood labels, is 

P (y i = k | y N i ) ∝ exp 

( ∑ 

j∈N i 
w i j 1 k (y j ) 

)
, (3)

where w ij is the weight (interaction) parameters pre-defined for

the MRF model. 

4.3.2. GF-based MRF prior model 

Unlike the MRF model on discrete labels, we explore a prior

model on real-valued hidden fields ( Figueiredo, 2005 ) where the

real values indicate label probabilities. Consider a collection of

real-valued hidden fields z = { z 1 , z 2 , · · · , z K } that indicate the label

probabilities for K classes, at each voxel. Spatial regularization on

these real-valued fields leads to spatially smooth label probabili-

ties. This approach is akin to the statistical modeling technique of

Gaussian processes and Gauss MRFs. The label probability at voxel

i is given by a multinomial logistic model (softmax) as 

P (y i = k | z i ) = exp (z k i ) 
/ K ∑ 

k =1 

exp 

(
z k i 

)
. (4)

The set of hidden fields are independent, i.e., P (z ) = 

∏ K 
k =1 P (z k ) ,

and each field’s probability model is the Gauss MRF 

P (z k ) ∝ exp 

(
−

∑ 

i 

∑ 

j∈N i 
w i, j 

(
z k j − z k i 

)2 
)
, (5)

where w i, j are pre-defined neighborhood weighting parameters.

The GF model is simpler and more tractable than the MRF model

on discrete label images, but has limited ability to model disconti-

nuities in the image data. 
.3.3. SBM-based MRF prior model 

The SBM model relies on concepts related to the re-

tricted Boltzmann machine (RBM) ( Salakhutdinov et al., 2007 )

nd the deep Boltzmann machine (DBM) ( Salakhutdinov and

arochelle, 2010 ). So, we first describe the RBM and the DBM, and

hen the SBM. Note: we use the SBM prior only for multiatlas seg-

entation of subcortical structures to capture the shape variabil-

ty in the structures. Typical MRF models are good at learning lo-

al conditional dependencies due to the nature of the graph. How-

ver, typical MRF models can fail to model long-range dependen-

ies effectively. For instance, object pose is a “global” feature that

s difficult to capture using a MRF with small neighbourhoods. An

ffective way of modeling long-range dependencies between ran-

om variables is by using a multi-layer MRF model. One such MRF

odel is the RBM. 

A RBM partitions the underlying random variables X into

i) “visible” units V = { V 1 , V 2 , · · · , V m 

} that are the label variables

er voxel, and (ii) “hidden” units H = { H 1 , H 2 , · · · , H n } that cap-

ure long-range dependencies. The visible and hidden units take

alues binary values (0 or 1), and the joint model probability

s given by the Gibbs PMF P (V, H) := (1 /η) exp (−E(V, H)) , where

he Gibbs energy E(V, H) := −V � W H − b � V − c � H, where W is a

eight matrix of size m × n, b is a bias vector for visible units of

ize m × 1, c is a bias vector for hidden units of size n × 1, and η is

he partition function. The form of the Gibbs energy implies MRF-

eighborhood connections between visible and hidden layers, but

ot among units of the same layer. Therefore, the visible units in-

eract indirectly through the hidden layer units, and because all

isible units are connected to any hidden unit (and vice versa),

ll the units can interact with each other indirectly. The Gibbs

nergy also implies that the visible units are independent given

he hidden units, and vice versa. Thus, P (V | H) = 

∏ m 

i =1 P (V i | H) and

 (H| V ) = 

∏ n 
j=1 P (H j | V ) . This factorization enables to efficiently use

lock Gibbs sampling. Also, the Gibbs energy leads to the follow-

ng equations (where S(·) is the sigmoid function): P (V i = 1 | H) =
(W i H + b i ) and P (H j = 1 | V ) = S(W 

� 
j 

V + c j ) . RBM learning uses

he contrastive divergence ( Bishop, 2006 ) method to approximate

aximizing the data likelihood. The limitations of the RBM arise

rom having a single layer of hidden units, which limits its mod-

ling capacity. Also, there are no constraints on local and global

paces. These problems are alleviated by the DBM. 

DBM allows us to efficiently model complex long-range depen-

encies between the visible units (voxel labels) with far fewer

umber of units than an equivalent RBM. A DBM comprises at

east two hidden layers. For the simplest form of DBM, let the

wo hidden layers be H 

(1) , and H 

(2) . Then, the probability model

s P (V, H 

1 , H 

2 ) = (1 /η) exp (−E(V, H 

1 , H 

2 )) , where E(V, H 

1 , H 

2 ) =
V � W 

1 H 

1 − (H 

1 ) � W 

2 H 

2 − b T V − (c 1 ) � H 

1 − (c 2 ) � H 

2 . Although the

ulti-layer model makes DBMs more powerful than RBMs, but this

omes at the cost of learning a very large number of parameters.

n the other hand, the SBM helps regularize the DBM through ap-

ropriate constraints in the context of image data. 

The main difference between a DBM and a SBM is that the

BM divides the visible layer into patches and the first layer of

idden units are different for different patches. That reduces the

umber of parameters and encourages the network to learn local

atch structure. The second layer of hidden units is connected to

ll the first hidden layer units. For example, if an image is bro-

en into four patches V 

1 , V 

2 , V 

3 , V 

4 , there would be four patches

f first layer of hidden units H 

11 , H 

12 , H 

13 , H 

14 , and the sec-

nd layer of hidden units is H 

2 as before. SBM’s energy func-

ion is E(V, H 

1 , H 

2 ) = 

∑ 4 
i =1 

[
− V i W 

1 i H 

1 i − H 

1 i W 

2 i H 

2 i − (c 1 i ) � H 

1 i −
(b i ) � V i 

]
− (c 2 ) � H 

2 . SBM training and inference follows variational

nference methods. Initializing the SBM-layer parameters by pre-

raining consecutive pairs of layers as RBMs can make the SBM
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earning faster and more robust against local minima. For segmen-

ation of a subcortical brain structure, we learn a SBM prior model

sing binary ground-truth segmentations of that structure. Unlike

he GF prior, the SBM prior for multiatlas segmentation makes it

asy to calculate the exact marginals for the posterior distribution,

nce we solve for the optimal values of the hidden layers. This is

ecause, given the hidden-layer values, the prior model gets fac-

orized (as per 4 ) just like the likelihood models (as per 1 and 2 ). 

.4. Uncertainty estimation in image segmentation 

Our goal is to compute the uncertainty in segmentation as the

ariance of the per-voxel marginal for the posterior distribution on

he label image. For each application, i.e., EM or multiatlas seg-

entation, we first fit the posterior to the data, optimizing the

nderlying parameters to maximize the posterior, and then evalu-

te the marginal variances underlying the posterior. For some pos-

erior models, when the posterior marginals cannot be evaluated

nalytically, we employ approximation based schemes, to evaluate

he posterior mean and variances, based on (i) fitting a factorized

MF to the true posterior using VB inference, or (ii) sampling, i.e.,

onte Carlo approximation. Sampling approaches are further cat-

gorized into non-perfect sampling and the proposed perfect sam-

ling. 

.4.1. Model approximation 

An alternative to sampling is to approximate the posterior by

 factorized distribution. Consider the label-image posterior P ( Y | X )

nd an approximated factorized model Q ( Y ) corresponding to the

artition of elements of Y into disjoint groups Y i , for i = 1 , 2 , · · · , N,

uch that 

(Y ) := 

N ∏ 

i =1 

Q i (Y i ) . (6) 

rom the family of distributions modeled by Q ( Y ), the VB ap-

roach ( Bishop, 2006 ) selects the distribution that minimizes the

ullback–Leibler (KL) divergence from Q ( Y ) to P ( Y | X ), which is

quivalent to maximizing the log-posterior-function lower bound 

 (Q ) = 

∑ 

Y 

Q(Y ) log 
P (X, Y ) 

Q(Y ) 
. (7) 

or notation simplicity we refer Q i ( Y i ) as Q i . Substituting (6) in

7) gives 

 (Q ) = 

∑ 

Y 

∏ 

i 

Q i 

(
log P (X, Y ) −

∑ 

i 

log Q i 

)
. (8) 

o optimize the j th factor Q j , we gather terms containing Q j to

ive 

 (Q ) = 

∑ 

Y j 

Q j 

∑ 

Y i : i � = j 

(
log P (X, Y ) 

∏ 

i � = j 
Q i 

)
−

∑ 

Y j 

Q j log Q j + constant 

= 

∑ 

j 

Q j log ̃  P (X, Y j ) −
∑ 

Y j 

Q j log Q j + constant , (9) 

here 

 

 (X, Y j ) = E i � = j [ P (X, Y )] + constant . (10) 

f we keep all factors Q i : i � = j fixed and maximize L (Q ) in (9) with

espect to all possible forms of Q j , then the optimal Q j is 

og Q 

∗
j = E i � = j [ P (X, Y )] + constant . (11) 

he additive constant in (11) gets absorbed in the normalizing con-

tant, such that 

 

∗
j = 

exp (E i � = j [ P (X, Y )]) ∑ 

Y j 
exp (E i � = j [ P (X, Y )]) 

. (12) 
hus, the VB approach finds the optimal factors by first initial-

zing all of the factors Q j and then cycling through the factors.

e use this factored model Q , approximating the true poste-

ior, to estimate the marginals for each voxel and to obtain the

ncertainty. 

.4.2. Sampling (Non-Perfect) 

We evaluate (i) classic Gibbs sampling ( Geman and Ge-

an, 1984 ) and (ii) the recent aGPM ( Alberts et al., 2016 ) for MRF

osterior models on label images. The burn-in for a Gibbs sam-

ler is notoriously difficult to predict, and depends on the spe-

ific MRF model and the dataset. On one hand, choosing a con-

ervative burn-in to maintain the accuracy of the sampler leads

o exorbitant computational cost. On the other hand, choosing a

mall burn-in fails to guarantee samples from the true distribution.

nlike sampling methods which simulate Markov chain to sam-

le from the stationary distribution, Gumbel perturbation sampling

ethods ( Hazan et al., 2013; Papandreou and Yuille, 2011 ) draw

robably-approximate samples from the underlying Gibbs distribu-

ion by solving a MAP assignment problem in the perturbed distri-

utions. Let { γ (y ) } y ∈Y be a collection of Gumbel random variables

ith zero mean and variance c (Euler-Mascheroni constant) associ-

ted with label images y in the label-image space Y . Consider ran-

om MRF-potential functions of the form E(y ) + γ (y ) , where E ( y )

s the Gibbs energy associated with the underlying sampling dis-

ribution and random i.i.d. perturbations γ ( y ) are applied to each

abel image y ∈ Y . Then, Theorem 1 in Hazan et al. (2013) states

hat (1 /Z) exp (E( ̂  y )) = P γ
(

ˆ y ∈ arg max y ∈ Y (E(y ) + γ (y )) 
)
, i.e. solv-

ng the MAP assignment problem in a Gumbel-perturbed Gibbs-

nergy landscape is equivalent to sampling from the MRF associ-

ted with the Gibbs energy. However, for sampling segmentations

n real-world images, this is practically infeasible because the state

pace is huge. Thus, the recent method in Alberts et al. (2016) ap-

roximates the perturbations by perturbing unary potentials of

he underlying graphical model with zero-mean independent an

dentically-distributed Gumbel random variates. 

.4.3. Proposed perfect sampling methods to estimate uncertainty in 

egmentation 

We propose to estimate uncertainty in MRF-based image seg-

entation using perfect sampling from the true MRF-based poste-

ior distribution on the label-image. We propose perfect sampling

sing CFTP-BC and our novel FA-BC samplers. However, we find

hat the advantages of CFTP-BC are subsumed within the advan-

ages of FA-BC. Thus, our evaluation mainly restricts to the FA-BC

ampler. 

We apply our FA-BC perfect-MCMC sampler to estimate un-

ertainty and compare it with the aforementioned (baseline) ap-

roaches that either approximate the model or approximate the

ampling. We use FA-BC (i) during parameter estimation via EM,

n the E step for Monte Carlo sampling label image X from its pos-

erior, and (ii) after parameter estimation, to estimate uncertainty

y sampling label maps from the posterior, given optimal parame-

ers, and measuring their variability per voxel. 

. Results and discussion 

We show results on simulated data and on four classic brain-

RI analyses, i.e., segmenting subcortical structures, tumor, tis-

ues, and lobes. We evaluate several classes of methods: (A) perfect

ampling on the true posterior, i.e., our method using FA-BC from

ection 3 ; (B) approximate sampling on the posterior that includes

B.1) the recent aGPM ( Alberts et al., 2016 ) and (B.2) the traditional

ibbs sampler; (C) approximate factorized modeling of the poste-

ior using the VB approach in Section 4.4 ; (D) simpler tractable
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Fig. 1. Validation on simulated data. (a) Our FA-BC and our CFTP-BC: convergence time for sampling label images from a standard Potts MRF model. (b)–(d) Differences 

between ideal Gumbel perturbations γ in Papandreou and Yuille (2011) (intractable for label-image sampling) and their tractable approximations ̂  γ in aGPM ( Alberts et al., 

2016 ): (b) For a label image l , empirical histogram for ̂  γ l := 

∑ 128 
i =1 γ

l i 
i 

, as per aGPM’s notation, is almost Gaussian (central limit theorem), deviating significantly from Gumbel. 

(c)–(d) For label images l 1 and l 2 , scatter between aGPM draws ̂ γ l 1 and ̂ γ l 2 (both using same sample for γ •
i 

) deviates from that between Gumbel draws γ l 1 and γ l 2 . 

(e) Simulated 26-voxel 1D input images, each representing the same image edge with a different noise instance. (f)-(g) Label-image-posterior mean and SD (voxelwise) of 

label images underlying the hidden-MRF posterior for various methods, averaged over the 70 simulated image instances as in (e). 
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prior model including the GF model in Section 4.3 , which has lim-

ited ability to capture discontinuities in image data. Methods in

classes (C) and (D) work without the need for sampling because,

after the simplification, the variation in the label probabilities can

be obtained analytically. For the specific application of multiatlas

segmentation, we also include results using the SBM model that is

a more complex hierarchical MRF prior model on label images, as

described in Section 4.3 . For the SBM prior, we show results using

all methods in classes (A), (B), and (C). 

For all sampling-based approaches, we use a large sample size

of 200 for the label images; we found that sample sizes larger than

200 left the estimates virtually unchanged. From the sampled set

of label images, we compute the mean and variation of the object

label per voxel. For the two-class case, we use the standard devi-

ation (SD) as a measure of variation; for the multi-category case,

we generalize SD by square-root of unalikeability ( Perry and Kader,

2005; Kader and Perry, 2007 ). 

For all sampling methods, we initialize the Markov chain by

sampling at random and uniformly from the space of label images.

For our method using FA-BC, we choose T in increasing progres-

sion as 1, 2, 4, 8, ���, and so on. We generate one sampled state

from a single run of Markov chain. To obtain multiple independent

sampled states, we repeat the entire process. For Gibbs sampling,

we run the Markov chain for 5 iterations to obtain a sample. For

all applications with Ising/Potts MRF prior model, we tune and fix

the smoothness prior apriori. Because our focus in this work is not

on image segmentation, but rather uncertainty estimation, we did

not focus on fine-tuning and selecting the best possible prior mod-

els for specific application tasks. On the other hand, our proposed

methods of uncertainty estimation are generic enough to apply to

a variety of modeling paradigms. 

5.1. Validation on simulated data 

The advantage of our FA-BC approach over our CFTP-BC ap-

proach is clear from the empirical analysis of the sampler conver-
ence time for sampling label images from a standard Potts MRF

odel ( Fig. 1 (a)). As the model parameter (say, β) changes to en-

orce higher spatial regularity, the convergence of CFTP-BC takes

ar too many transition steps T and computation times, or virtually

ails to terminate (for β > 0.66), becoming intractable far sooner

han those for FA-BC. As described before, CFTP-BC risks biases in

ampling arising from user impatience, as described in Section 3 .

hus, all further evaluation uses our FA-BC method. 

Sampling from the label-image posterior using the GPM scheme

n Papandreou and Yuille (2011) is intractable for image sizes in

linical practice. Hence, aGPM ( Alberts et al., 2016 ) introduces

pproximation to make this tractable. The aGPM approximation

n Alberts et al. (2016) leads to perturbations that are actually

trongly Gaussian, thereby deviating significantly from the true

umbel perturbations ( Fig. 1 (b)), for an Ising model on 128-voxel

D image. Moreover, the aGPM approximation introduces correla-

ions ( Fig. 1 (d)) between the perturbations associated with two dif-

erent label images, unlike GPM ( Fig. 1 (c)). 

We compare methods on binary segmentation task on a sim-

lated 26-voxel 1D image that represents an edge across an ob-

ect’s boundary, i.e., low intensities on left outside the object and

igh intensities on right inside object. We choose the image small

nough to enable the brute-force computation of the normalizing

onstant of the MRF. This allows us to analytically evaluate the

ean (segmentation) of the posterior and the associated per-voxel

D. We corrupt the input image with noise, compute the poste-

ior mean and SD, and repeat this on 70 different noisy image in-

tances. We then compute, for all methods, the average of the pos-

erior mean and SD over all the 70 cases. Our FA-BC based em-

irical estimates of the mean and SD ( Fig. 1 (e)–(f)) almost per-

ectly match the ground truth. All other methods lead to mean and

D estimates that deviate significantly from the ground truth. This

learly demonstrates the potential of our FA-BC in generating esti-

ates of the empirical mean and SD far more accurately than all

ther methods, which we believe to carry forward in the analyses

n clinical brain MRI that we describe next. 



S.P. Awate, S. Garg and R. Jena / Medical Image Analysis 55 (2019) 181–196 189 

Fig. 2. Clinical brain MRI: multiatlas segmentation with ising-MRF prior, subcortical structures (Hippocampus). (a1) MRI data. (a2) MAP-MRF segmentation. (b1,b2)–

(f1,f2) Voxelwise empirical label-image mean and SD (uncertainty) estimates produced from the posterior label-image distribution, using perfect sampling (our FA-BC), 

approximate sampling (aGPM, Gibbs), and approximate modeling (VB, GF) schemes. 
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.2. Results on clinical brain MRI 

We evaluate our method, and other methods, on four different

inds of applications. We use the following datasets. 

1. For multiatlas segmentation of subcortical structures in brain

MRI, we use data from the National Alliance for Medical

Image Computing (NAMIC; http://www.na-mic.org ) compris-

ing N = 186 T1-weighted MRI brain images (dimensions ≈
256 × 256 × 240; voxel sizes ≈ 1 mm 

3 isotropic) with expert

segmentations for the caudate, putamen, thalamus, hippocam-

pus, and globus pallidus in both hemispheres. 

2. For multimodal brain-MRI tumor segmentation, we use the

BRATS-17 ( Menze et al., 2015 ) dataset. 
3. For brain-MRI tissue segmentation, with a simulated lesion, we

use the BrainWeb repository ( http://www.bic.mni.mcgill.ca ). 

4. For brain-MRI parcellation, we use the NAMIC dataset. 

For many segmentation tasks, MAP segmentations produced

y typical methods can be very misleading by failing to expose

egions with high uncertainty. The uncertainty in the segmen-

ation of a specific part of the object can stem from the lack

f information in the image data, e.g., because of low contrast,

oise, and artifacts. For registration based segmentation, the un-

ertainty in segmentation can also arise from the difficulty in reg-

stering parts of the object reliably. These phenomena occur typ-

cally in several image segmentation problems. The hippocampus

ail ( Fig. 2 ) is a small structure with a complex shape that poses

http://www.na-mic.org
http://www.bic.mni.mcgill.ca
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Fig. 3. Clinical brain MRI: multiatlas segmentation with ising-MRF prior, subcortical structures (Thalamus, Putamen). (a1) MRI data. (a2) MAP-MRF segmentation. (b1,b2)–

(f1,f2) Voxelwise empirical label-image mean and SD (uncertainty) estimates produced from the posterior label-image distribution, using perfect sampling (our FA-BC), 

approximate sampling (aGPM, Gibbs), and approximate modeling (VB, GF) schemes. 
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Fig. 4. Clinical brain MRI: multiatlas segmentation with SBM-MRF prior, subcortical structures (Hippocampus, Thalamus, Putamen). For the same data as in Figs. 2 (a1) and 

3 (a1), (a1,a2)–(f1,f2) Voxelwise empirical label-image mean and SD (uncertainty) estimates produced from the posterior label-image distribution, using perfect sampling (our 

FA-BC) and approximate sampling (aGPM, Gibbs) schemes. 
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 challenge to registration methods. Several other brain subcorti-

al structures exhibit low contrast between the intensities inside

he structure and those outside, e.g., the head of the hippocam-

us, parts of the thalamus, and the putamen ( Fig. 2 ). In brain tu-

or segmentation, the intensity contrast between the edema re-

ion and its surrounding region ( Fig. 5 ) can be low. For brain

issue segmentation, regions with mild lesions in white matter

 Fig. 6 ) may exhibit intensity variation leading to misclassifica-

ion. In these cases, instead of the posterior mode as the out-

ut of the segmentation method, the empirical means and SDs

esulting from posterior-sampled label images can be far more

nformative. 
In multiatlas hippocampus segmentation ( Fig. 2 ), the mean seg-

entation produced by our FA-BC ( Fig. 2 (b1)) captures the (chal-

enging) tail portion far more accurately than all other methods

 Fig. 2 (c1)–(f1)), while the MAP segmentation ( Fig. 2 (a2)) entirely

isses the tail. Our FA-BC ( Fig. 2 (b2)) also correctly exhibits a

ignificant uncertainty in the tail labeling, compared to all other

ethods ( Fig. 2 (c2)–(f2)) where the low uncertainty undesirably

ndicates a greater confidence in a poorer result. 

For multiatlas segmentation of thalamus and putamen ( Fig. 3 ),

ll methods produce a reasonable labeling. However, the approx-

mate modeling in VB and GF approaches significantly underesti-

ates the uncertainty ( Fig. 3 (e2)–(f2)) compared to FA-BC. 
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Fig. 5. Clinical multimodal brain MRI: tumor segmentation using MRF prior, GMM likelihood, and EM optimization. (a),(b) Multimodal MRI data. (c) MAP segmentation. 

(d1,d2)–(h1,h2) Voxelwise empirical label-image mean and SD (uncertainty) estimates produced from the posterior label-image distribution, using perfect sampling (our 

FA-BC), approximate sampling (aGPM, Gibbs), and approximate modeling (VB, GF) schemes. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1 

Comparison of average dice scores for clinical brain MRI multiatlas segmentation of 

five subcortical structures with a Ising-MRF prior. 

Hippocampus Thalamus Putamen Caudate Globus pallidus 

MAP 0.6720 0.8207 0.8505 0.7745 0.8064 

Ours 0.7146 0.8468 0.8701 0.8230 0.8297 

aGPM 0.6881 0.8267 0.8602 0.8086 0.8102 

Gibbs 0.6885 0.8287 0.8612 0.8089 0.8116 

VB 0.6811 0.8256 0.8615 0.8054 0.8087 

GF 0.6769 0.8190 0.8594 0.8036 0.8093 
One way to generate ground-truth uncertainty in the chosen

MRI-based clinical applications could be to get manual segmenta-

tions from, say, more than twenty radiologists. Such data is typi-

cally unavailable, yet. Owing to the unavailability of ground-truth

uncertainty values, we cannot quantify the performance of meth-

ods in uncertainty estimation in clinical applications. Instead, we

compute Dice overlap scores between the thresholded probabilis-

tic mean segmentation produced by each method and the ground

truth. Table 1 summarizes the Dice scores (mean across subjects)

for multiatlas segmentation of subcortical structures. For all struc-

tures, we see improvements from about 1% (for the putamen) to

2.5% (for the hippocampus) in average Dice score for our FA-BC

compared to the next best method. Dice scores corresponding to
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Fig. 6. Clinical brain MRI, simulated mild lesion: tissue segmentation using MRF prior, GMM likelihood, and EM optimization. (a1) MRI data with the simulated lesion 

outlined in red color. (a2) MAP segmentation. (b1,b2)–(f1,f2) Voxelwise empirical label-image mean and SD (uncertainty) estimates produced from the posterior label-image 

distribution, using perfect sampling (our FA-BC), approximate sampling (aGPM, Gibbs), and approximate modeling (VB, GF) schemes. (For interpretation of the references to 

color in this figure legend, the reader is referred to the web version of this article.) 
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Fig. 7. Clinical brain MRI: multiatlas segmentation, Lobes. (a1) MRI data. (a2) MAP segmentation. (b1,b2)–(f1,f2) Voxelwise empirical label-image mean and SD (uncertainty) 

estimates produced from the posterior label-image distribution, using perfect sampling (our FA-BC), approximate sampling (aGPM, Gibbs), and approximate modeling (VB, 

GF) schemes. 
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the MAP estimates are significantly less (specifically for the hip-

pocampus and caudate) indicating that MAP estimates alone can

be highly misleading. 

The SBM model ( Fig. 4 ), compared to the MRF-models ( Figs. 2

and 3 ), captures the tail better. This is probably because the mul-

tilayer SBM model captures the long-range correlations represent-

ing the hippocampus tail shape better than the local-neighborhood

MRF model. FA-BC continues to avoid underestimating the uncer-

tainty ( Fig. 4 (a2)), unlike other methods ( Fig. 4 (b2)–(c2)). For the

thalamus and putamen, the SBM model leads to comparable re-

sults across FA-BC, aGPM, and Gibbs. 

For multimodal-MRI tumor segmentation ( Fig. 5 ), the uncer-

tainty in the segmentation is severely underestimated by VB and

GF ( Fig. 5 (g2)–(h2)) and moderately underestimated by aGPM

( Fig. 5 (e2)) and Gibbs ( Fig. 5 (f2)). For tissue segmentation ( Fig. 6 ),

within the mild white-matter lesion (at the top left part of im-

age) having intensities midway between those of gray and white

matter, our label mean ( Fig. 6 (b1)) is desirably halfway between

the label values of gray and white matter. This is consistent with

a greater uncertainty estimated by FA-BC ( Fig. 6 (b2)). While aGPM

( Fig. 6 (c1)) and GF ( Fig. 6 (f1)) label the lesion more confidently as

gray matter, the VB approach ( Fig. 6 (e1)) labels the lesion more

confidently as white matter; both these outcomes are undesirable.
B and GF significantly underestimate the uncertainty ( Fig. 6 (e1)-

f1)) within the lesion, while aGPM and Gibbs slightly underesti-

ate the uncertainty. For multiatlas segmentation of lobes ( Fig. 7 ),

hile GF severely underestimates the label SDs, the methods using

GPM, Gibbs, and VB underestimate SD to some extent, unlike our

ethod that theoretically and practically guarantees sampled label

mages from the true posterior. 

.3. Computation-time analysis 

We run all experiments on a standard workstation using an

ntel Xeon processor running at 2.5 GHz (base frequency) and 64

B RAM. Table 2 compares computation time to sample one la-

el image from the posterior distribution, for all sampling-based

ethods, i.e., our FA-BC, Gibbs sampling, and aGPM. The computa-

ion times for posterior-approximation based non-sampling meth-

ds, i.e., GF and VB, are comparatively lower (about 2–4 times), be-

ause they approximate the posterior directly. Gibbs sampling con-

ergence time varies severely with the MRF model and the data,

aking it very difficult to predict burn-in. The results in this paper

se a typical burn-in of 5 iterations. With a safer burn-in value of

bout 150 iterations, where the Gibbs-sampling method gives bet-

er results, our FA-BC is roughly 8–10 times faster. 
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Table 2 

Comparison of average time (in seconds) to obtain (i) one label-image sample for sampling-based 

methods (aGPM, Gibbs) and (ii) the uncertainty estimate for posterior-approximation based meth- 

ods (VB, GF), for multiatlas segmentation of five subcortical structures in clinical brain MRI. 

Hippocampus Thalamus Putamen Caudate Globus pallidus 

Our FA-BC 2.38 2.13 2.08 1.84 1.52 

aGPM 0.41 0.41 0.40 0.38 0.31 

Gibbs (burn-in 5) 0.53 0.54 0.52 0.52 0.45 

Gibbs (burn-in 150) 16.82 17.36 16.31 16.08 15.10 

VB 1.03 0.92 0.87 0.88 0.80 

GF 0.42 0.43 0.41 0.36 0.38 
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. Conclusion 

We introduced a new paradigm for uncertainty estimation in

egmentation relying on perfect MCMC sampling of label images

rom their posterior distribution. We demonstrated applicability,

heoretical and practical, on (i) several MRF modeling schemes,

.g., Ising, Potts, SBM, GF, and VB, (ii) different likelihood model-

ng schemes, e.g., GMM and multiatlas. Our approach theoretically

uarantees sampled label images to be drawn from the true pos-

erior distribution, in finite time. This offers a significant improve-

ent over typical approximate MCMC sampling schemes, e.g., tra-

itional Gibbs sampling, where it is virtually impossible to predict

he burn-in period, as well as the modern aGPM approach that ap-

roximates the practically intractable GPM approach. We propose

o estimate uncertainty in segmentation using two perfect MCMC

ampling algorithms, i.e., (i) CFTP-BC and (ii) FA-BC, where we ex-

end the theory underlying Fill’s algorithm to generic MRF models

y proposing a novel BC algorithm. We show that our sampling-

ased approach to estimate uncertainty actually performs superior

o Bayesian modeling schemes that either simplify the prior model,

.g., GF, or perform approximate variational inference, e.g., VB,

ven though the simplified / approximate models lead to analyt-

cal estimates of the uncertainty. We include validation using care-

ully designed simulated data for which we exactly know the true

ncertainty, where our FA-BC outperforms all other approaches.

n several classic problems in medical image analysis (seg-

enting tissues, subcortical structures, tumor, lobes), and several

odeling and inference schemes, our results on simulated data

nd clinical brain MRI clearly demonstrate that our uncertainty

stimates gain accuracy over several state-of-the-art inference

ethods. 

Our approach has clear similarities to the Gibbs sampling ap-

roach. Our FA-BC is essentially tracking all possible Gibbs-sampler

nstances, each started from a unique state in the state space. The

isk of loss in performance in the Gibbs sampler stems from im-

roper estimation of burn-in period because of which the Gibbs

ampler might return a sample that is not from the steady state

istribution. As the burn-in for Gibbs increases, the results from

he Gibbs sampler become progressively closer to the results from

ur FA-BC sampler. However, while estimating the burn-in of Gibbs

amplers is very difficult across models, applications, and datasets,

A-BC performs that crucial task automatically and relieves that re-

ponsibility off the end-user to improve performance. 

On a side note, the tracking strategy in FA-BC inflates the car-

inality of the set X̊ v of possible label values. This inflation in the

umber of tracked states in our FA-BC is analogous to the inflation

n CFTP-BC that we describe in Section 3.1.3 . This has the poten-

ial to reduce FA-BC’s efficiency by making coalescence to occur for

arger T . Nevertheless, we can view this phenomenon as sampling

rom the Markov chain at a later point in time. 

While our method typically yields favorable results in uncer-

ainty estimation (and segmentation), both qualitatively and quan-

itatively over other methods, it is computationally slower than
osterior-approximation based methods (GF and VB) as well as the

pproximate-sampling based method of aGPM. Our method is also

lower than Gibbs sampling when a very limited burn-in is used.

hen the Gibbs burn-in is increased conservatively to ensure sam-

led states to be very likely from the posterior, then our FA-BC can

e significantly faster because it automatically determines termi-

ation while guaranteeing the sampled state from the stationary

MF. 
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