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ARTICLE INFO ABSTRACT

Keywords: The Distributed Point Source Method (DPSM) is a modeling technique based on superposition of fundamental
DPSM solutions corresponding to individual pair of source and target points. A collection of source points distributed
Ultrasonic waves over the boundaries and interfaces are responsible for transmission, reflection, and refraction of acoustic waves
in the solution domain. The strength of the source points may not be known a priory. By imposing the prescribed
conditions on the boundaries and interfaces, a system of equations with the source strengths as the unknowns is
obtained. After finding the source strengths as the solution to this system of equation, the amount of the solution
at any target point in the domain is obtained by superimposing the effect of all source points on that target point.
DPSM is an efficient modeling technique for ultrasonic problems since it does not require discretization of the
whole solution domain but only the boundaries and interfaces. The fundamental solution, or the Green’s
function, between a pair of source and target points serves as the building block for DPSM. For an ideal fluid or a
homogeneous isotropic solid the elastodynamic Green’s function is available as closed form algebraic expres-
sions. But for an anisotropic solids, the set of governing equations are considerably more complex and the
elastodynamic Green’s function needs to be evaluated numerically. In this study, an anisotropic half-space
containing a flaw in the form of a circular hole is considered. The solid half-space is in contact with fluid and a
transducer is located in fluid facing the solid half-space. Some efforts have been made to alleviate the compu-
tational intensity of the numerical evaluation of anisotropic Green’s function for this problem. Firstly, a tech-
nique called “windowing” is used to exploit the repetitive pattern of relative positions of the source and target
points in order to considerably reduce the number of Green’s function evaluations. Secondly, the resolution of
the integration for evaluation of the anisotropic Green’s function is changed based on the distance between the
source and target points, and a calibration technique based on an equivalent isotropic stiffness tensor is sug-
gested. This calibrated multi-resolution integration technique is combined with the windowing technique, and
the developed DPSM model is applied to a numerical example containing a transversely isotropic half-space, to
show the applicability and effectiveness of DPSM modeling for this class of problems. Important applications like
non-destructive evaluation of composite materials may benefit from such modeling capability.

Greens function
Anisotropic material

1. Introduction for some applications, particularly when a localized feature in an

otherwise large solution domain in 3D is of interest.

The Distributed Point Source Method (DPSM) is a modeling tech-
nique for computing a field in a solution domain based on superposition
of fundamental solutions corresponding to individual pairs of points
[1]. The collection of these individual points, referred to as source
points, construct the boundaries and interfaces of the solution domain,
and their collective effect on a point of interest, called target point, is
obtained by superposition. DPSM does not need to discretize the whole
problem geometry, but only needs to place sources along the interfaces
and the boundaries. This strategy can be computationally very efficient
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The DPSM can be used for modeling different types of physical
problems involving mechanical, electrical, and magnetic fields. In
particular, DPSM has been proven to be useful for modeling the tra-
veling of acoustic waves in fluid and solid media [1,2]. This modeling
capability is important for Non-Destructive Evaluation (NDE) of mate-
rials by ultrasound. In ultrasonic NDE [3], a mechanical pulse gener-
ated by a transducer travels into the material being examined, and if the
material contains a flaw, then a portion of the pulse is scattered which
can then be detected by a receiving transducer and sent to related
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electrical equipment for analyzing. A pulse generated by a transducer
can be considered as a superposition of harmonic waves, where in most
cases the significant frequency components range roughly from 50 kHz
to 20 MHz. In analyzing the response of the NDE system, the response
functions of individual parts contribute to the overall response of the
system via multiple convolution integrals. These integrals are however
convertible to simple products of response functions, if one takes their
Fourier transform and works in frequency domain instead of the time
domain. Computational acoustic models may be required to obtain the
response functions for propagation and scattering of harmonic waves in
fluid and solid in 3D.

A variety of methods are available for modeling wave propagation
in fluid and solid. Finite Difference Method (FDM) [4,5] and Finite
Element Method (FEM) [6,7] are among the well-established methods
which work by discretizing the differential equations over the volume
of the solution domain. As another domain-based method, Finite In-
tegration Technique (FIT) [8] can be mentioned which starts from in-
tegral form of governing equations. FIT was initially developed in
electromagnetics [9], and later adopted in elastodynamics [10,11]. The
other class of methods applicable to wave propagation problems dis-
cretize the boundary instead of the volume of the solution domain. The
most well-known method in this category is probably the Boundary
Element Method (BEM) [12,13]. Among the methods more specialized
to wave propagation problems are Gaussian beam models [14,15] and
Distributed Point Source Method (DPSM) [1,2]. Also, one may con-
centrate on discretization of the wave front via the ray tracing method
[16]. Another important modeling technique is Local Interaction Si-
mulation Approach (LISA) [17,18] which is combined with FEM in [19]
for modeling damped guided wave in composite structures.

BEM can be used for modeling elastic wave propagation problems.
BEM starts from the boundary integral equation for elastodynamics
which relates the displacement within the volume to displacement and
traction over the boundary [20]. A collection of elements over the
boundary are then responsible for discretizing the governing equations.
Excellent reviews on BEM are given in [20,12,13].

Approximating via Gaussian beams is another way of modeling
wave propagation problems. Ultrasound transducers generate highly
directional beams which can be approximated as a superposition of
Gaussian beams satisfying paraxial wave equation [3]. One can also
consider pulses of finite length in the form of harmonically modulated
Gaussian envelopes, in contrast to Gaussian beams which exhibit in-
finite length. Norris [14] studied the propagation of such finite pulses
for anisotropic elastic solids. Roberts [21] modeled transmission of
ultrasonic beams from an isotropic to transversely isotropic half-space
as an angular spectrum of plane waves. Newberry and Thompson [22]
utilized a Fresnel approximation to formulate an angular spectrum of
plane waves in anisotropic solids.

Another method for modeling wave propagation problems is FEM
[6,7]. FEM is a well-established method for numerical modeling of
engineering problems [23]. A version of FEM called Spectral Element
Method (SEM) has particularly gained attention for wave propagation
modeling [24,25]. In SEM, different types of basis function, including
Fourier series, Chebyshev polynomials, and Legendre polynomials, can
be used in accordance with the requirements of the problem [26].
Polynomial-based SEM with proper choice of integration points may
lead to a diagonal mass matrix which is able to benefit from the con-
venience of a fully explicit solver [27]. SEM has been used for wave
propagation in anisotropic media [28,26,29]. SEM generally provides
higher accuracy and better structured matrices in comparison to stan-
dard FEM, but it is more difficult to program, and also inherits some
drawbacks of spectral methods, including more computational cost per
degree of freedom and heavier loss on irregular grids [26]. Other ad-
vanced variants of FEM have also been considered for wave propaga-
tion problems in anisotropic media [30], and efforts have been made to
reduce the computational burden of FEM [31].

FEM offers several advantages for modeling structural problems. It
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is versatile in terms of constitutive law, available via commercial soft-
wares, and well-studied in different parts. But, FEM is a domain-based
method which requires discretizing the volume of the geometry. In
ultrasonic problems, one is usually interested in linear small-deforma-
tion waves scattered by local features like cracks and inclusions in an
otherwise large domain in 3D, where the waves may propagate far
away from the localized feature. The FEM modeling of such problems
requires meshing a large 3D domain and the use of absorbing bound-
aries. Discretizing a 3D domain may become computationally prohibi-
tive, and the reflection of waves from absorbing boundaries may not be
totally avoided.

In the beginning of the 21st century, Distributed Point Source
Method (DPSM) was developed for solving electrostatic, electro-
magnetic and ultrasonic wave propagation problems [32,33,2]. Later
DPSM was extended to solve other problems such as high frequency
fluid flow machinery problems [34] and fluid mechanics problems in-
volving flow around an obstacle [35].

The Distributed Point Source Method (DPSM) is a collocation-type
semi-analytical method which discretizes the solution domain over the
boundary. Therefore, DPSM analyzes a 3D domain via its 2D boundary
which results in a considerable reduction in size of the problem. DPSM
is also well-suited for modeling local features in infinite domains since
it does not need absorbing boundaries and does not suffer from nu-
merical dispersion within the volume. However, in contrast to FEM
which connects a chain of overlapping patches of interpolating func-
tions, DPSM superimposes a series of fundamental solutions where each
of them affects the whole volume and interacts with possibly all other
fundamental solutions. Therefore, DPSM generally produces a dense
global matrix with relatively large condition number, in comparison to
the well-conditioned sparse matrix of classical FEM. Therefore, solving
the system of equations may be more demanding for DPSM per degree
of freedom, and requires more attention to the type of solver and the
management of round-off errors. Nevertheless, DPSM has demonstrated
superior performance in comparison to FEM in terms of saving com-
putational time, particularly for modeling ultrasonic and electro-
magnetic wave propagation problems[2,34,36,37]. For example, a
three-dimensional (3D) wave field modeling in a homogeneous fluid in
front of a square transducer could be solved by DPSM order of mag-
nitudes faster than COMSOL Multi-Physics FEM code on the same
computer [2]. Jarvis and Cegla [36] compared DPSM and FEM for
solving ultrasonic wave reflection from a rough surface and concluded,
“[FEM solution is] two orders of magnitude slower than the equivalent
DPSM simulation on the same machine.”

In spite of having this huge advantage in computational speed for
DPSM, its use has been mostly limited to homogeneous and non-
homogeneous media where every material in the problem geometry is
isotropic. Only recently, Fooladi and Kundu [38] extended DPSM
technique to an anisotropic solid containing no defect. Their technique
is extended further in this paper to model scattering of ultrasonic waves
in a defective anisotropic solid. Adding the defect is an important and
necessary step toward making this technique applicable to simulation of
NDE experiment. Also, a technique called “windowing” has been ex-
tended in this work for the case when a regular pattern is partially
disturbed by an abnormality. In addition, a method for automatic ca-
libration of multi-resolution integration technique has been proposed
and developed in this paper.

In NDE applications, it is common to immerse a solid sample in a
fluid, and place a transducer in the fluid facing the solid. The transducer
generates ultrasonic pulses which travel through the fluid and then
penetrates into the solid. The received pulses are then analysed to de-
tect the existence of flaws inside the solid. In this study, DPSM is used to
model the propagation of harmonic waves in an anisotropic solid ex-
hibiting different mechanical stiffness in different directions and con-
taining a defect. Anisotropic Materials, such as composites, have
nowadays found important applications in various fields, and are
heavily being used in industry.
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As mentioned before, DPSM makes use of the fundamental solution
between a pair of source and target points as its building block to
construct the computational model. The fundamental solution, called
the elastodynamic Green’s function, is available as closed form ex-
pression, for some media like ideal fluids and isotropic solids. But,
adding anisotropy to the problem results in a considerably more com-
plex set of equations for which a closed form solution for the Green’s
function seems to be beyond reach. The Green’s function needs to be
evaluated numerically in this scenario, which may increase both
mathematical complexity and computational intensity of the DPSM
model.

The problem of wave propagation in a homogeneous isotropic half-
space being in contact with fluid has been modeled by DPSM [39]. The
same problem but with plate instead of half-space has been also studied
[40]. A finite-size scatterer can be added to this problem by treating the
scatterer surface as an internal interface and placing a collection of
point sources along it [41]. The scatterer can be representative of a flaw
such as a crack, cavity, or inclusion. In [42], the problem of a cylind-
rical hole in an isotropic half-space was considered, whereas the pro-
blem of an elliptical cavity in an isotropic half-space was considered
[43]. By increasing the ratio of the principal axes of the ellipse (major/
minor), the traction-free surface of a crack can be modeled. The inter-
face between fluid and solid is assumed to be planar resembling the
immersion of a planar solid plate in fluid. But, the application of DPSM
is not limited to planar interfaces and the placement of the source
points on the interface is not restricted by the interface curvature. Non-
planar and relatively complex geometries for solid-fluid interface have
been also studied by DPSM [44-46]. In all of the above studies the solid
is assumed to be homogeneous and isotropic. The application of DPSM
for ultrasound modeling was later extended to anisotropic solid plates
immersed in fluid by Fooladi and Kundu [38]. Here, in continuation of
that work, an anisotropic half-space containing a cylindrical hole and in
contact with fluid is considered, and the resulting DPSM model is stu-
died.

As mentioned previously, the elastodynamic Green’s function
should be evaluated numerically for anisotropic solid. The formulation
developed by Wang and Achenbach[47] for computation of elastody-
namic time-harmonic Green’s functions for anisotropic solids is adopted
here. The governing equations are in the form of a system of coupled
PDEs which are reduced to ODEs by applying the Radon transform.
Then, the coordinates are rotated in order to uncouple the ODEs. After
finding the solution of the governing equations in the transformed ro-
tated state, they are rotated back, and inverse Radon transform is ap-
plied to bring them back to the spatial coordinates. During this trans-
formation process, two integrals are generated; one of them contains
singular terms and is in the form of a 1D integral over an inclined circle
on a unit sphere, while the other one contains non-singular terms and is
in the form of a 2D integral over the surface of a hemi-sphere.

The non-singular or regular part, being in the form of a 2D integral,
is responsible for the lion share of the computational time in evaluating
the elastodynamic Green’s function for anisotropic solids. In this regard,
any effort in reducing its computational cost may have a tangible effect
on computational adequacy of the whole DPSM model. Composites
with transversely isotropic structure can be understood as one of the
main classes of anisotropic materials which have extensive industrial
applications. For these materials, the integration domain of the regular
part can be reduced from a hemi-sphere to a quarter sphere, as was
shown by Fooladi and Kundu [48,38]. The same technique is used here.
In addition, a technique called “windowing” was suggested in [38]
which made use of the regular pattern of relative positions of the source
and target points in order to avoid repetitive evaluation of the Green’s
function. This technique is very effective in reducing the number of
evaluations of the Green’s function, and is extended here to the case of a
domain with a hole for which only a portion of the domain remains
regular. As another attempt to further reduce the computational cost, a
calibration strategy is suggested here to optimize the number of
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integration points for the regular part of the Green’s function in terms of
the distance between the source and target points. This calibration is
based on an equivalent isotropic stiffness tensor, and results in a multi-
resolution integration technique which sets automatically an optimum
number of integration points for a finite number of distance intervals
between the source and target points.

The remainder of this paper is organized in the following manner. In
Section 2, the DPSM model of an anisotropic half-space containing a
hole and in contact with fluid is presented. In Section 3, the windowing
technique is described. In Section 4 the elastodynamic Green’s function
for an ideal fluid, and in Section 5 the elastodynamic Green’s function
for an anisotropic solid are addressed. In Section 6, the multi-resolution
calibration technique is formulated. In Section 7, the numerical results
for a sample problem containing transversely isotropic half-space are
presented. Lastly, in Section 8 the conclusion is given.

2. DPSM for a solid half-space containing a hole

In this section the formulation of DPSM for a solid half-space con-
taining a hole and being in contact with a fluid half-space at its
boundary will be presented. The formulation of DPSM for this config-
uration has been considered in [1,41].

The problem configuration is schematically shown in Fig. 1. In this
figure, a solid half-space containing a cylindrical hole is located at the
top, and is in contact with the fluid half-space which is located at the
bottom. A flat circular transducer is placed inside the fluid at an in-
clination with respect to the horizontal plane (x3—x, plane). The trans-
ducer generates the ultrasonic wave, and the fluid transmits the wave to
the solid half-space where the wave is scattered by the hole.

In DPSM, a collection of source points generate the ultrasonic field
at the target points. In other words, the Green’s function of source
points is computed at the location of the target points. To formulate the
DPSM problem, we start by defining the sets of target points and then
the source points. Three sets of target points are shown in Fig. 1: the set
Ry which represents the points on the transducer surface, the set R;
which represents the points distributed over the fluid-solid interface,
and the set Ry which represents the points distributed over the surface
of the hole. These 3 sets of target points are listed in Table 1.

Next, the source points will be defined. The target points, defined

i Transducer

X2 X
Fig. 1. Problem configuration: the target points Ry are located on the surface of
transducer, the target points R; are located on the interface between fluid and
solid, and the target points Ry are located on the surface of the hole.
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Table 1
Sets of target points.
Set Location
Rr Located on the surface of transducer
Ry Located on the interface between fluid and solid
Ry Located on the surface of the hole

previously, were placed exactly on the transducer surface, fluid-solid
interface, and hole surface. But for the source points, placing them at
such locations generates singularity due to 1/r term in the Green’s
function. Therefore, in order to avoid the singularity, the location of the
source points is shifted from the location of the target points by a small
value 6. This small value is equal to the radius of the spheres assigned to
the points. In other words, a source point will be in contact with its
corresponding surface (e.g. transducer surface, fluid-solid interface, or
hole surface) via a sphere of radius § whose center is at the source
point.

The radius § is obtained by requiring that the area of the hemi-
sphere around the source point be equal to the corresponding area on
the surface which is represented by the source point. Therefore, if a
surface with total area S is represented by a collection of n source
points, then each source point represents an area of S/n and the radius §
is [1]

_[1s
“Nozn €}

By increasing the resolution of the DPSM model, the number n in-
creases in the above equation and the radius 6 decreases. This means
the location of the source points becomes closer to the location of target
points when the resolution is increased, and the two sets coincide when
n goes to infinity.

From the three sets of target points for this problem, and the value
of the parameter &, four sets of source points are defined which are
listed in Table 2. The set R;° contains active source points representing
the direct effect of the transducer on the fluid. The set RY contains
passive source points representing the effect of reflected waves from
solid to the fluid. The set R;° contains passive source points re-
presenting the effect of transmitted waves from the fluid to the solid.
Finally, the set R;° contains the passive source points representing the
scattered field due to the traction-free surface of the hole.

The locations of source and target points are shown in Fig. 2 where
the three sets of target points Ry, Ry, and R; are shown in Fig. 2(a),
while the four sets of source points R;°, R?, Ri®, and R° are shown in
Fig. 2(b).

A scalar source strength A;(x) is assigned to each source point x
located in the fluid. This source strength is proportional to the pressure
at that point. To be more specific, assume the Green’s function for
pressure in the fluid is given by Gf(x,y) where the subscript f re-
presents fluid, the superscript p represents the pressure, and the vectors
x and y represent the locations of source and target points in the
Green’s function, respectively. Then, the amount of pressure at the
target point y due to a source of strength A (x) at point x with a source
strength Ay(x) is equal to As(x) Gf (x,y). Other quantities like dis-
placement and velocity are also proportional to source strength Ay (x) in

Table 2
Sets of source points.
Set Location
RT—5 Shifted from Ry by x3 = —§
Rfé Shifted from R; by x3 = —6
R}S Shifted from R; by x3 =68
R Shifted from Ry by —& along the radial direction
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linear problems.

Now from the linearity assumption, the solution at an arbitrary
target point in the fluid can be obtained by superposition of the influ-
ence of all individual source points affecting the fluid. A target point in
the fluid is affected by the source points in sets R;° and R, as is shown
schematically in Fig. 3.

Let us define the new set Ry as

Ry =R°UR! 2)

where the subscript f refers to the fluid, and U is the union symbol. The
source points in Ry are responsible for the solution at any point in the
fluid.

Assume that we are interested in a quantity q(x) at location x in the
fluid. This quantity can be pressure, displacement, velocity, etc. This
quantity can be obtained by superimposing the effect of all the source
points in Ry on the target point x as

qx) = Y. Glx,»)A®)

yeRs

3)

where Gqf refers to the Green’s function of the quantity q in the fluid
denoted by f. The above relation can be rewritten in vector form as

q(x) = M} (x)-Ar 4
where

M} (x) = {G}(x,y),y € Ry} 5)
A ={4 ).y € R} )

and the vectors qu (x) and Ay have the same size as R;.
If there are n points in the set Ry shown by y|, ¥,, ..., J,, then the
vectors Mj‘l (x) and Ay can be written in expanded form as

M}(x) = (GI(x, ). GI(x, ,).... GI(x, 3}

A = A1), A0, Ar (3} (8)

The vector M} (x) will be later used to assemble the global system of
equations from which the source strengths are obtained.

The attention is now turned to the solid and a procedure similar to
that of fluid is followed in this case. For the solid, a vector of source
strength A;(x) with 3 components is assigned to each source point x
where those 3 components correspond to the 3 components of a force
vector in an orthonormal basis of 3D space. An arbitrary target point in
the solid is affected by the source points in R;® and RS, as shown
schematically in Fig. 4.

The new set Ry is defined as

)

Ry=R°URS 9

Then, a quantity g(x) at point x in the solid can be obtained as

g = ), GIx,»)AW)

YERs (l O)

where the vector G; refers to the Green’s function of the quantity q in
the solid denoted by s. Note that for a scalar quantity g there are 3
components for the vector of the Green’s function G; and also the vector
of the source strength A. These vectors can be written in expanded
form as

qu(xs .Y) = {Ggl(x’ .Y)’ GSqZ(x’ .Y)’ qu3(xs J’)}

As(y) = {Asl(y)’ Asz(y)’ As3(y)}

where the subscripts 1, 2, and 3 correspond to the 3 main directions in
an orthonormal coordinate system in 3D space.
Eq. (10) can be rewritten as

q(x) = M (x)-A,

an
12

13)

where
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Solid

Fluid
h G ¥
X1 Transducer
(a)

Fluid

5

X1 Transducer

(b)

Fig. 2. Problem configuration: (a) target points, (b) source points.

Solid

Fluid
XSL /
X1 Transducer

Fig. 4. A point P in the solid is affected by the source points in sets R;® and R7°.

M{(x) ={G!(x,y).y € R} 14)

A = {As(y),y € Ry} (15)

and the vectors M{ (x) and A; have 3n components where n = size(R;).
If there are n points in the set Ry denoted by y,, ¥,, ..., 3}, then the
vectors MJ(x) and A; can be written in expanded form as

qu(x)= {031 (x, y]), quz (x, y1)a Gg3(x’ yl);
Gi(x,¥,), GL(x, »,), GLx, »),...,
Gi(x,y,), GL(x,¥), GL(x, )} (16)

and

A&~ {Asl (yl), As (y]), Ag ()’1),
Asl (yz)’ AsZ ()’2), As3(yz)’~~~:
Asl (y,,), As2 (yn), ASS (yyz)} (17)

respectively. The vector MJ (x) will be later used to assemble the global
system of equations from which the source strengths are obtained.

Now, the boundary and interface conditions are defined and applied
based on Egs. (4) and (13). They construct a system of equations whose
solution gives the amount of source strength for the source points in
fluid and solid. Let us denote the source strength by Ay for the set Ry,
and by A for the set R;.

The first condition is related to the surface of the transducer. We
assume the transducer vibrates with a constant velocity amplitude vy.
Therefore, for any point in the fluid adjacent to the transducer surface
the normal velocity is equal to vy. This condition can be written as

v,,(x) =V, XERr (18)

Using Eq. (4), the above condition can be written as

7 (x)-Af =v), XERp 19)

The fluid is assumed to be non-viscous. Therefore, there is no constraint
on the components of the velocity which are tangential to the trans-
ducer surface.

Next, the conditions at the fluid-solid interface are considered. At
the interface, the normal displacement and the normal stress are con-
tinuous, and the shear stress is zero due to the assumption of having
non-viscous fluid. The continuity of the displacement at the interface

can be written as
U3 (%) |in fluid = Us(X)linsolia» X € Ry (20)

Using Eq. (4) for fluid and Eq. (13) for solid, the above relation can
be written as

M}‘3(x)-Af—MS“3(x)-AS =0, X€ER 21)

The continuity of normal stress at the interface can be written as
—P ) linfiuid = 033(X) linsolia, X € Ry (22)

Using Eq. (4) for fluid and Eq. (13) for solid, the above relation can
be written as
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X3

/>

X1

Fig. 5. The local coordinate system constructed at point x.

Mf(x)-Ar + M{P(x)A; =0, x€R (23)
The shear stress is zero at the interface due to non-viscosity.

03(x)=0, x€R; 249

o3(x)=0, X€ER (25)
Using Eq. (13), the above relations can be written as

M3(x)A; =0, x€R (26)

M2 (x)-A; =0, XER @7)

Next, the traction-free condition on the hole surface is considered.
At each point x a local coordinate system on the hole surface is con-
structed as shown in Fig. 5. This local coordinate system consists of n
being the normal to the hole surface, t being the tangent to the hole
surface in x;x; plane, and X, being the other tangential direction. The
traction-free condition on the hole surface can be written in this local
coordinate system as

om@x)=0, Xx€Ry (28)

Oun(*) =0, XERy (29)

ox(x) =0, Xx€ERy (30)
Using Eq. (13), the above relations can be written as

MJm(x)-A; =0, x€E€Ry (31)

M"(x)-A; =0, X€Ry (32)

M (x)-A; =0, X€E€Ry (33)

The stress tensor in the rotated coordinate system can be obtained as

el = [QI (o] [Q] 34)
where [Q] is the rotation matrix.

cos6 0 —sinb
[@l=] 0 1 o0

sin6 0 cos6 (35)

Simultaneous solution of Egs. (19), (21), (23), (26), (27), (31), (32),
and (33) gives the values of source strengths at all source points in the
fluid and in the solid.

To construct the global system of equations, let us define the fol-
lowing notation

(M} (R) = {M}(x), x € Ri} (36)

The notation M}’ (x) represents a vector with the same size as Ry,
while the notation [M ]} (R;) represents an n by m matrix with
n = size(R;) and m = size(Ry). Other sets can replace R; in [M ]qf (Rp) and
the same definition applies.
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If the points in the set R; are denoted by x;, X;, ..., X, and the points
in the set Ry by y;, ¥,, ..., 3., then the matrix [M ]} (R;) can be written in
expanded form as

Gl(x,») Gl(x,y) .. Gi(x,y,)

[M]qf(RI)= G}?(xz,yl) G}](xz,J’z) Gf(xz,ym)

qu(xn’ yl) G;(xm)é) G;(xm ym) (37)

Similarly, for solid, the notation MJ(x) represents a vector with m
components where m = 3 X size(R;), while the notation [M]I(R;) re-
presents an n by m matrix with n = size(R;) and m = 3 X size(Ry).
Again, other sets can replace R; in [M]{(R;) and the same definition
applies.

If the points in the set R; are denoted by x;, X;, ..., X, and the points
in the set R; by y;, ¥,, ..., Y}, then the matrix [M]{(R;) can be written in
expanded form as

Gli(x1.y) GhexLy) GE(xLy) .. GiGxLym) GL&L Y, GEGL Ym)
qpy _ | ChG2, 31) Gh(x2, 1) Ghxa, y1) .. Gh(x2, ¥m) G, ¥n) Gh(x2, ym)
[M]S(RI)7 M M M . M M M

qul(xn»yl) quz(xm)ﬁ) qu3(xn.y1) Gfl(Xn.ym) sz(x,z.ym) Gs%(x,;,ym)

(38)
Now, the global system of equations can be written as
[ (M1} (Rr) [0]
MIFR) — [MIPRD) Vo
[MIR) M1 (R)) v
0] [MERR) | {Af} _Jo
o] IMEu®y | AS D
(0] M]3 (Ry) 0
[0]  [MI™"(Ru) 0
| [0] [M]™(Ry) | (39)

The above system of equations contains n equations in terms of n
unknowns where n = size(Rr) + 4 X size(R;) + 3 X size(Ry).

3. The windowing technique

The DPSM model presented in Section 2 requires evaluation of the
Green’s function between many pairs of source and target points. Let us
consider the configuration shown in Fig. 6 where a collection of source
points located on the upper plane are generating the field at a collection
of target points located on the lower plane. Then, in order to build the
DPSM model, the Green’s function between each pair of source and
target points needs to be evaluated. If for each plane shown in Fig. 6 the
number of points along the two sides or edges of the plane are n; and n,,
then the total number of points on each plane is n; n,, and a total
number of (n; ny)? evaluations for the Green’s function are required.
When increasing the resolution of the model in terms of n; and n,, the
number of evaluations for the Green’s function can rapidly grow, and
make DPSM model computationally very expensive. This is particularly

Source points

Target points

Fig. 6. Planes of source and target points in parallel.



S. Fooladi, T. Kundu

important for anisotropic solids where each evaluation of the Green’s
function requires a numerical integration.

In an effort to reduce this computational cost, an improvement
called “windowing technique” has been recently suggested by Fooladi
and Kundu [38]. The main idea behind the windowing technique is to
exploit the repetitive pattern of relative positions of target and source
points in a structured grid, in order to reduce the number of evaluations
for the Green’s function. In [38], the windowing technique was pre-
sented in the absence of a hole. It was mentioned that for the config-
uration of two parallel planes shown in Fig. 6 the windowing technique
reduces the number of evaluations for the Green’s function from (n, n,)?
to (2m—1)(2n,—1) which is considerable reduction (e.g. from 160000 to
1521 for n; = n, = 20). In the case when an inclusion like a hole is
present in the domain, the repetitive pattern of the grid is disturbed, but
a considerable portion of domain may remain intact, and the use of the
windowing technique can still be very beneficial.

In the following the use of windowing technique in the presence of
an inclusion (e.g. a hole) is described. Let us assume the points in planes
of Fig. 6 are distanced from their neighbors by Ax; and Ax, along the
two orthogonal directions parallel to the two edges of the plane, and the
distance between the two planes is Ax;. Then similar to the case without
a hole, a larger plane of target points is constructed by placing (2n;—1)
and (2n,—1) points along each edge of the plane with distances Ax; and
Ax, respectively. This extended plane is shown in Fig. 7. Since the
number of divisions are odd, there is a point exactly at the center of this
plane. A source point is defined at distance Ax; above the center of this
plane. The Green’s function between this individual source point and all
the target points on the extended plane are computed and stored in
table.

Next, when the Green’s function between the sets of source and
target points in the original configuration shown in Fig. 6 are required,
it is first checked if they are already computed and stored in the table. If
there is no disturbance (e.g. a hole) in the structured grid, all Green’s
functions should be available in the stored table. Otherwise, a portion
of them are available, and the rest should be evaluated. This corre-
spondence is verified in the following manner.

Let us first consider the case where there is no disturbance (e.g. a
hole) and all source and target points are placed in a completely
structured grid. Assume a pair of integer numbers (ij, i) is assigned to a
point on a plane where i, and i, are the number of points measured
along the plane edges from a corner chosen as (1, 1) to the point with
(i1, ). In other words, (i;, i) is an integer coordinate for which the unit
lengths are Ax; and Ax. Now, the Green’s function between a source
point with coordinate (i;, i) and a target point with coordinate (j;, j,)
in the original configuration shown in Fig. 6 is identical to the Green’s
function for a target point with coordinate (n; + j, =i, n, + j,—i,) on the
extended plane shown in Fig. 7. This correspondence reduces the
number of evaluations for the Green’s function from (mn,)? to
(2m—1)(2n,—1) which can be a considerable reduction for large n; and
n.
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In the above description it was assumed that the grid is perfectly
structured. When an inclusion like a hole disturbs this structured grid,
some of the point pairs may not have a correspondence on the extended
plane shown in Fig. 7. In that case, for each pair of points in the original
configuration, it should first be checked if it has integer coordinates
(i1, i), so that it can be associated to the extended plane. Therefore, the
following algorithm is implemented.

1. Get the coordinates of the the source and target points on the two
parallel planes in the original configuration, shown in Fig. 6.

. Compute the distances Ax; and Ax, between neighboring points on a
plane, and the distance Ax; between the two parallel planes.

. Construct the extended plane of target points shown in Fig. 7. Place
a source point above the center of the plane with distance Ax; from
the plane. Compute the Green’s function between this source point
and all target points on the extended plane and store them in an
array named A.

. Loop over the pairs of source and target points in the original con-
figuration shown in Fig. 6. For each pair, get the real coordinates
(31, ) of the source and (y,, y,) of the target points. Compute the
relative coordinate (y,—x;, ¥,—%), and then the scaled coordinate
(le—lxl’ sz—zxz)' Check if the scaled coordinate is close enough to an
integer coordinate (ij, i,) within a pre-specified tolerance. If the
answer is yes, pick the Green’s function from the array A at location
(m + j,—h, my + j,—b). Otherwise, compute the Green’s function.

As can be seen from the above algorithm, when the grid is not
completely structured, an extra amount of computation is required to
see whether a pair of points in the original configuration matches with
the extended plane of target points. Also, some of the points on the
extended plane may never be used while their Green’s functions are
already evaluated. These may add an extra amount of computational
burden to the problem. However, our experiment with windowing
technique confirmed that the windowing technique is still very effective
in reducing the computational time and is well worth to use even in the
presence of an inclusion. It should also be mentioned that some pairs of
points outside of the truncated structured grid (e.g. new points on hole
surface) may find correspondence on the extended plane once they are
automatically tested for having an integer coordinate. In any case, it
may be helpful to have this capability included in the code, and then
add a control key to be able to turn it on and off for different parts of the
solution domain based on requirements of the problem configuration
and type of the Green’s function.

4. The Green’s function for an ideal fluid

In Eq. (4) of Section 2, the vector qu was defined based on the
Green’s function in fluid G}J. In this section the Green’s function in fluid
for a number of quantities g will be briefly presented from [1]. These
quantities are displacement, velocity and pressure in the fluid.

Fig. 7. The extended plane of target points used for windowing technique.
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—— e¢=€:C:e
e=€:C(Ay,up):€
----- -e=e:C(A,u):e

Fig. 8. Analogy of surface defined by a constant strain energy density function to elliptical curves. C is the original anisotropic stiffness tensor, C (4, y) is an isotropic
stiffness tensor defined based on the Lame constants A and y, and C (4o, 4,) is the isotropic stiffness tensor best representing the original anisotropic stiffness tensor.
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Fig. 9. Distribution of pressure for fluid and the stress component o33 for solid on central x;—x; plane for a transversely isotropic half-space containing no hole: (a) x;

as the axisymmetric direction, (b) x, as the axisymmetric direction.

The fluid is assumed to be perfect. A perfect fluid is an isotropic and
homogeneous medium which cannot bear any shear stress and the
normal stress is the same in all directions.

The Green's function for pressure due to a time harmonic unit
source point at f = §(x—y)exp(—iwt) can be written as

ik
G (x,y) = explik;r)

Azr (40)

where k; = 3 is the wave number and r = ||x—y||.

Green’s function for displacement components in i direction is
given as

exp(iksr)

Gl y) = =

o (ks r=1)(xi—y,)

(41)

Considering the harmonic time variation of the quantities, the
Green’s function for the velocity is obtained from the above expression
as

exp(iksr)

Gl(x,y) =
9 47ipor3

(ikpr—1)(x;—y) 42)

Egs. (40)—(42) can be used in constructing the fluid part of the
DPSM model described previously.

5. The Green’s function for anisotropic solid

In Eq. (10) of the Section 2, the vector M was defined based on the
Green’s function in solid GJ. In this section the construction of the
Green’s function for anisotropic solid done by Wang and Achenbach
[47] will be briefly reviewed.

The equations of motion for small deformation in an anisotropic
homogeneous medium can be written in terms of displacement com-
ponents as

62u,-
or?

azuk
Cijjg—— +
" 0x;0x

fi=p 43)

where Cy; are components of stiffness tensor, u; are components of
displacement vector, f, are components of the body force density vector,
and p is the mass density.

The elastodynamic Green’s function G} (x, y) is the solution to the
above equation for displacement component u; at point X when a point
force is applied at point y. For simplicity, this Green’s function is shown
by Gjj(x, ¥). The time harmonic force and displacement vectors can be
written as

fitx, t) = A;d (x—y)exp(—iwt) 44)
u;(x, t) = Gy(x, y)Ajexp(—iwt) (45)

Substituting from Egs. (44) and (45) into Eq. (43) and canceling out
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Fig. 10. A transversely isotropic half-space with x; as the axisymmetric direction (no hole): the results on the central x;—x; plane for (a) gy, (b) 02,, (¢) g33, (d) T31.

the time dependence from both sides of the equation give for K(n) can be written as
%G, (x, y) KiEjn = AmEim, m = 1, 2, 3 (no sum on m) (51)
Ci— 22 Ap + pwGip(x, Y)Ay = A3 (x-y) e = S Eim
g7 (46) The integration domain for the regular part of the solution can be re-
The above set of 3 equations holds for any value of the vector A,. duced into a hemisphere due to symmetry properties of the integral.
Therefore, we choose A, = 6p; and derive 3 sets of 3 equations for 3
g=123 Ghy) = [ > BB e Gt - e-y) S ()
» kp 87[2 Hemi-sphere = . m
0°Gy(x, ¥) B
Cijkla;T + pw?Giy(x, ¥) = —8;48 (x—y) . (52)
j0X;
! In Eq. (51) and in the remainder of this paper whenever the index m
The above system of equations has been solved by Wang and refers to the number of eigenvalues or eigenvectors or a parameter
Achenbach [47] using Radon transform. The final solution consists of derived from them, the summation convention does not apply.
two parts: the singular part shown by G,gJ (x,y) and the regular (non-
singular) part shown by Gk’f, (x,y). The singular part can be written as 5.1. Residue method

s -1 -1
Gip (%, ) = 82r -/; Kig (§)d5($) (48) Residue method was used by Sales and Gray [49] to evaluate the

singular part of the solution shown in Eq. (48). To do so, they converted

where Ky (§) = cijklglgj and S is an oblique circular path in 3D defined the integral into an integral from —oo to + co shown below.

by
={eRIE =1, &(x—y) =0} (49) Gi (6, ¥) =

The regular part can be written as an integral over a unit sphere as

2)
4712r /:m Q@) (53)

where P(Z) and Q(Z) are the cofactor and the determinant of the

. 3 . . . . .
R i % Ejon Epm . o matrix K, respectively. Next, the above integral is evaluated by residue
Gooen=s— [ | m}f)l e explian-Ge=) dS ()

method as
m
(50) 7 . 3
. GJ 6, 9) = - Z Residue| V) | L5y PG

where Ky (n) = Cyumnj, 4, (m=1,2,3) are eigenvalues of Q) 27r = Qu(An) (54)
K, ¢y = \JAm/p and a,, = w/c, are the phase velocity and the wave
number associated with eigenvalue 4,,, respectively. Also, E is a matrix where 1,,, n = 1, 2, 3 represent the three roots of Q(Z) in the upper half
with columns representing eigenvectors of K. The eigenvalue problem plane, and
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Fig. 11. A transversely isotropic half-space with x, as the axisymmetric direction (no hole): the results on the central x;—x; plane for (a) gy, (b) 022, (¢) 033, (d) 031
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Fig. 12. Distribution of pressure for fluid and the stress component o33 for solid on central x;—x; plane for a transversely isotropic half-space containing a hole of
radius r = 0.5 mm: (a) x; as the axisymmetric direction, (b) x; as the axisymmetric direction.

0,(2) = 2) slightly perturb the coordinates of the point with the repeated roots in

A-Z, (55) different directions, and then take the average of the solutions at the
perturbed points. For an anisotropic material repeated roots may
happen only at few isolated points. But for an isotropic materials, roots
are repeated at any point and the above algorithm is not applicable any
more. However, for isotropic materials the closed form solution is

In the above formulation it is assumed that three roots are distinct
and simple poles. In the case of higher order poles either the above
formulation needs to be modified or as mentioned in [49] one can
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Fig. 13. A transversely isotropic half-space with x; as the axisymmetric direction containing a hole with radius r = 0.5 mm: the results on the central x;—x; plane for

(@) a11, (b) 022, () 033, (d) 021

available and there is no need to perform integration.

Applications of the Green’s function, such as BEM and DPSM, re-
quire the derivatives of the displacement Green’s function to calculate
strain and stress tensors. First, the derivatives of the singular part of the
solution with respect to the spherical coordinates are taken, then the
results are transformed back to the Cartesian coordinate system. The
derivative of the Eq. (54) with respect to the radial coordinate r is

3

G = L gio_ i 3 PG
v 822 Y 27r? ) Qn(ln) (56)
The derivative of Eq. (53) with respect to the polar angle 8 is
1 po Be(2)Q(Z2)-F;(2)Q0(2)
GS, = J: J . dz
WO amr L. Qzy (57)
The application of the residue theorem gives
6= -1 23: a3 (By,e(Z)Q(Z)—Hé(Z)Q,s(Z))
an’r 0z Q(2) .y (58)

Substituting Z = 1,, and considering that Q(4,) = 0, the above ex-
pression is reduced to

[(zon,z(/ln>Q,e(/1n>—Qn (An)Qez(An)

)ij (An)

Y — Qn(/ln)3
Qz(A) Qo)
> Py o(Ap)—— P; An
Qu e o= G P )] (59)

The derivative with respect to the azimuthal angle ¢ is taken in a
similar way which gives the same result as the above expression with &

being replaced by 1. There is a typo in Eq. (20) of the paper by Sales
and Gray [49], which has been corrected in the above equation [Eq.
(59)] by Fooladi and Kundu [38].

5.2. Reduction of integration domain for transversely isotropic materials

Unlike the singular part of the solution the regular part is a two
dimensional integral on the surface of a unit sphere. Thus, the majority
of the computational cost is related to the integration of the regular
part. The integration domain can be reduced to a hemi sphere, as was
shown in Eq. (52), due to symmetry property of the integrand. For a
general anisotropic material no more simplification seems to be pos-
sible. But, for transversely isotropic materials, Fooladi and Kundu [38]
developed a technique to reduce the integration domain into a quarter
sphere which is very effective in reducing computational cost. In this
section, this formulation is briefly presented.

First, the original coordinate system x;%x; is rotated by transfor-
mation matrix Q to a new coordinate system x,x,x;, such that x; is the
principal direction of the transversely isotropic material and the pro-
jection of the vector x—y on x{x, plane lies along the x; axis. The
components of vector x—y in the rotated coordinate system can be
written as
x'=y' = Q(x-y) (60)

The regular part of elastodynamic Green’s function can be written as
an integral over a quarter-sphere in the rotated coordinate system,
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Fig. 14. A transversely isotropic half-space with x, as the axisymmetric direction containing a hole with radius r = 0.5 mm: the results on the central x;—x; plane for
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Fig. 15. Distribution of pressure for fluid and the stress component o3 for solid on central x;—x; plane for a transversely isotropic half-space containing a hole of

0.01

radius r = 0.75 mm: (a) x; as the axisymmetric direction, (b) x, as the axisymmetric direction.
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Fig. 16. A transversely isotropic half-space with x; as the axisymmetric direction containing a hole with radius R = 0.75 mm: the results on the central x;—x; plane for

(@) a11, (b) 022, () 033, (d) 021

/ i 2 o7 oan X L AV
Grey =5 [ ) pc,ﬁ%.: (6, $)exp(ict In'-(x'~y")|)singdbdg
(61)
where 6 and ¢ are polar and azimuthal angles respectively, and
m E{n)* O, ¢) 0 (B E32) (6, ¢)
D 6. =2 0 (E3)*(6, ¢) 0
y (E{mE3n)(6, ¢) 0 (E5n)(6, ¢) (62)

Similarly, the derivative of the regular part of the solution can be
written in the rotated coordinates system as

aGHR (x,y) 72 pr RGAE
]dxlé = _$£) 5 :c,%, A6, ¢)
sign(n’-(x'=y"))exp (it |n'-(x'=y")|)sing d6 dgp (63)
where
" 2y fork=1,3
v Iy fork=2 (64)
and
0 (El{nEmm) 6, ¢) 0
0 (E3nE3m)(6, ¢) 0 (65)

The back transformation of the regular part and its derivatives from
the rotated coordinate system to the original coordinate system can be
written as
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Gf = QmQinGry (66)
and

3Gy 3G

6xk = le th Q}n?{ (67)

Once, the regular part and its derivatives are computed on the
quarter-sphere in the rotated coordinate system, they can be trans-
formed back to the original coordinate system using Eqgs. (66) and (67).

6. Calibration of integration resolution

In DPSM method, the geometrical features (e.g. traducer surface,
fluid-solid interface, etc.) are modeled as a collection of relatively large
number of discrete points. The interaction between these features is
then evaluated by superimposing the effect of each source point on each
target point via computation of the Green’s function. Such modeling
strategy requires repetitive evaluation of the Green’s function for a
relatively large number of times, and may become computationally
intensive in the case when the Green’s function needs to be evaluated
numerically (e.g. for anisotropic solids).

The elastodynamic Greens function consists of singular and regular
parts. The singular part is in the form of a 1D integral and can be
converted to algebraic terms. But the regular part is in the form of a 2D
integral, and requires a relatively large number of integration points in
each direction. The regular part is the main cause of increasing the time
of computations.

On one hand the numerical integration of regular part should be fine
enough to uphold the overall accuracy of the DPSM model, but on the
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Fig. 17. A transversely isotropic half-space with x, as the axisymmetric direction containing a hole with radius R = 0.75 mm: the results on the central x;—x; plane for

(@) o1, (b) 02, (€) 033, (d) 031.

other hand it should be coarse enough to keep the computational time
affordable and convenient.

In order to achieve a balance between time and accuracy, a strategy
for calibrating the numerical integration of the regular part of the
elastodynamic Green’s function is suggested here. This calibration
technique is devised based on the following observation obtained from
experimenting and also from intuitive analysis of the equations: the
accuracy of the integration decreases by increasing the distance be-
tween the pair of source and target points, and also by decreasing the
stiffness of the system while all other properties are held constant.
Based on this observation, a multi-resolution integration technique is
planned which sets automatically an optimum number of integration
points for a finite number of distance intervals between the source and
target points. Different steps of this algorithm are listed below:

1. Compute an isotropic equivalent of the original anisotropic stiffness

matrix

Identify the maximum distance r,,,, between the source and target

points in the DPSM model.

. Divide the distance range to a number of intervals
0=1r<n<n<..<Fk =y where n is a user provided number.

. For each r; wherei = 1, ..., n find an optimum resolution for the 2D
integration {p,, g;}, by comparing the analytical and numerical so-
lutions for the equivalent isotropic stiffness, and requiring that the
error in the numerical solution falls below a threshold specified by
the user.

2.

5. Deliver the calibration results {1, p;, g} where i =1, ..,n to the
DPSM model.
6. In computing the Green’s function for a pair of source and target
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points with distance r, find the interval where r belongs
(r_1 < r < 1), and use the corresponding resolution for it, {p;, g;}.

The step one above requires computation of an equivalent isotropic
stiffness matrix from the original stiffness matrix which is anisotropic.
This step is explained in more details in the following. As mentioned
before, it was observed that the accuracy of integration decreases when
the components of the stiffness matrix are made smaller. In order to
quantify this observation, we make the assumption that having a less
stiff system is equivalent to having a smaller energy density function for
a fixed amount of strain. The strain energy density function e for a
linear anisotropic solid can be written as

e== T.C

1
2 (68)
where and C are 6 X 1 strain vector and 6 X 6 stiffness matrix in Voigt
notation, respectively.

An isotropic stiffness matrix can be written as a function of two
independent constants. Let us denote an isotropic stiffness matrix by
C (2, u) where A and u are the Lame constants. We are looking for
particular values of Lame constants 1, and y, for which the isotropic
stiffness matrix C (4o, 1,) best represents the original anisotropic stiff-
ness matrix C.

Let us define the set S** as
S ={A,w: (T-CA w- )< (TC )Y €S} (69
where the set S represents the space of 6 X 1 vectors. Then, the Lame
constants Ao, u, of equivalent isotropic stiffness matrix C (4o, u,) are
determined based on the following two conditions
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(T-Couy)- )S(TC ), ¥V €8 (70)

(T-Co, ftp)- )2 (TCA - ), ¥V €85, V(@Anuest

(71)

The first condition, Eq. (70), means that the strain energy density
function for C (4, y,) is less than or equal to that of C. This ensures that
the error in the numerical integration for C (A, u,) provides an upper
bound for that of C. The second condition, Eq. (71), means that the
strain energy density function for C (4, 4,) is as close as possible to the
anisotropic one, and ensures the upper bound to be as small as possible.

In the following, a visual interpretation of the conditions (70) and
(71) are presented. First, let us normalize strain vector . It can be
verified that if conditions (70) and (71) hold for every € S, then they
also hold for every € S for which || || = 1, and vice versa. Therefore
the conditions for finding the equivalent isotropic stiffness matrix can
be rewritten as

(T-Clo, ip)- )S(T-C )Y es: | =1 (72)
(T-CQo ) )2 (TCA - ), V €S| [I=1, V(@A uesh
(73)

The constraint || || = 1 defines a sphere in S, and the above condi-

tions are comparing the strain energy density function on the surface of
this sphere. In order to have a visual plot of this interpretation on a 2D
surface, let us replace C and with a2 X 2 matrix B and a 2 X 1 vector
x, respectively. Then, we are dealing with elliptical curves in 2D space
(some restrictions apply on B). We may also assume that reduction of
an ellipse to a simple circle corresponds to the reduction of anisotropic
stiffness matrix to an isotropic one. Now, in analogy with || || = 1, we
assume ||x|| = 1, and plot the curves (x"-B-x)x on a 2D plot, as shown in
Fig. 8. In this figure, the equivalent isotropic stiffness matrix corre-
sponds to the circle which is as close as possible to the non-circular
curve corresponding to the anisotropic stiffness matrix, while not
crossing it.

Now, let us use the inequalities (70) and (71) to determine the Lame
constants 1o and u, for the equivalent isotropic stiffness matrix
C (Ao, ). The first condition, Eq. (70), can be seen as a requirement to
ensure convergence of the numerical integration for the anisotropic
Green’s function within the pre-specified tolerance. Therefore, in the
following the first condition will be enforced in a strict manner. The
second condition, Eq. (71), however is only defined to maintain the
computational efficiency of numerical integration. Therefore, in the
following the second condition will be satisfied only in an approximate
manner by choosing the Lame constants 4, and y, as large as possible.

The first condition, Eq. (70), can be rewritten as

(TAQo, ) ) 20

where ALy, uy) = C—C (Ao, uy)-

Eq. (74) means A (4o, ) is a positive semi-definite matrix. In order
for a matrix to be positive semi-definite, all upper left sub-matrices
whitin this matrix should have non-negative determinants [50]. By
applying this condition to the matrix A(4o, y,), the values of Lame
constants 4, and y, can be computed.

The details of such procedure is shown below for an orthotropic
material in which the normal and shear stresses are decoupled. The
stiffness matrix of an orthotropic material has the the following general
structure.

(74)

C12 €13
Cn €23
C23 (33

C12

C13
C=

Css

Cé6 (75)

The matrix A (4o, u,) inherits the same structure of zero entries from
the above matrix. This allows to break down the requirement for the
positive semi-definiteness of A(4o, y,) into requiring positive semi-
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definiteness for the following two sub-matrices where one accounts for
normal deformations and the other one for shear deformations.

[en—(o + 2u,) c12—4o c13—o
A = cip—4 c—(Ao + 2uy) c3—Ao
c13—Ao c23—Ao css—(Ao + 21y) (76)
[ Cas—tty
A = Cs5—Ho
| Co6—HMg (77)

The matrix A (4o, y,) is positive semi-definite if and only if matrices
A; and A, shown above, are positive semi-definite. The matrix A, is a
diagonal matrix and is positive semi-definite if all diagonal entries are
non-negative. Therefore,

Mo < Cyg (78)
Ho < Cs5 (79)
Mo < Co (80)

The matrix A4, is positive semi-definite if all upper left sub-matrices
of A; have non-negative determinants. This can be written as

cii—(do + 2uy) = 0 (81)
ci—(Ao + 2uy) ci2—4o
>0

c1—4o c—(Ao + 21y) (82)
en—o + 2uy) c1—4o ci3—Ao

c12—4o c—(Ao + 2uy) c3—Ao =0

c13—4o c23—Ao e3—(Ao + 2u,) (83)

The conditions (81)-(83) can be rewritten as

Ao < en—24, (84)
Clll() < b1 (85)
azﬂ.o < b2 (86)
where
a1 = ¢11 + Cp—201—44, (87)
by = criep—ch—2(ci1 + )ty + g (88)
@y = C11Cx + C11C33 + €22C33—C12(2C33 + C12—C13—C23)

—c13(2c2; + c13—C1a—C23)—C23(2c11 + Cp3—C12—C13)

—4(cn + e + c—cp—ciz—Ca)Uy + 1247 (89)

_ 2 2 2
by = c11C2C33 + 2€12€13C23—C11C33—C22C13—C33C15 + 2(—C11€20—C11C33—C22C33

+ oy + ofy + eR)ug + 4(en + e + C3)g—8ug (90)

The Lame constants 1, and yu, are determined so that they are as
large as possible while satisfying all conditions (78), (79), (80), (84),
(85), (86). The algorithm to compute the equivalent isotropic stiffness
matrix can then be written as

1. Compute y, as u, = min{csu, Css, Ceo}
2. Compute Ay as 1o = c11—24,,
3. Compute a;, by, a,, and b, from Egs. (87)—(90), respectively. If the

computed value for 4, in the previous step satisfies the conditions
mAg < by and ax A < by, then exit. Otherwise, reduce 4, accordingly.

It should be noted that in the step 3 of the above algorithm, one may
adjust both values 1, and y, in order to satisfy the conditions ;1 < by
and a,1y < b,. But, since those conditions are first order in terms of 1,
and higher order in terms of u,, we choose to keep u, fixed and de-
termine A, conveniently via linear equations. In this regard, the
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condition (71) defined initially is satisfied only in an approximate
manner.

7. Numerical results

The problem geometry consists of a transversely isotropic half-space
containing a cylindrical hole and in contact with a fluid half-space,
while a transducer is placed in the fluid facing the anisotropic half-
space. The problem configuration is the same as the one shown in
Fig. 1. The length of the modeled half-space in x; direction is assumed to
be 10 mm. The thicknesses of both the fluid and the solid in x; direction
are 5mm. The number of points placed along x direction is 101. This
resolution satisfies the convergence criterion that the distance between
two adjacent points should be less than the wavelength in the fluid
divided by 7 [1]. Along x, direction, 9 points are placed, and the length
is chosen such that the distance between two adjacent points is equal in
both x; and x, directions.

The transducer has a circular shape with a radius of 1 mm, and is
oriented so that its face is parallel to the fluid-solid interface. The
transducer vibrates with a frequency of 1 MHz, and generates time-
harmonic waves transmitting through the fluid and hitting the aniso-
tropic solid where it is reflected and refracted at the interface. Due to
the high intensity of the generated wave around the transducer, a re-
latively large resolution is considered in this region and 300 points are
used to model the transducer surface.

The fluid is assumed to be water with density p = 1000 kg/m? and
the P-wave speed C, = 1480m/s. The solid half-space is assumed to
have a density of p = 1600 kg/m?. The stiffness tensor for the solid half-
space with x; as the axisymmetric direction is assumed to be

150 18.75 18.75
18.75 45 21

_|1875 21 45
[c]= 12

22.5

22.5 o1

First, a transversely isotropic half-space with no hole is considered.
The axisymmetric direction of the transversely isotropic material is
assumed to be aligned with either x; or x, direction. The distribution of
pressure inside the fluid and the stress component o33 inside the solid
are considered, and plotted on the central x;—x; plane in Fig. 9. In
Fig. 9(a) the axisymmetric direction is x; while in Fig. 9(b) this direction
is %;. The wave propagates from fluid into the solid, with the pressure in
fluid being equal to the stress component o33 in solid at the interface.
One can see that the amount of wave penetration in solid is maximum
on the center line (x; = 5mm) where the length of wave beam ema-
nating from the transducer is minimum and the wave strikes normal to
the interface at this point. As one moves away from this line, the wave
amplitude decreases, as is expected. The rate of reduction of reduction
of energy penetration is not the same when the fibers run in x; direction
in Fig. 9(a) and in x, direction in Fig. 9(b). This shows that the or-
ientation of the anisotropy has a noticeable effect on the distribution of
stress in the solid. The results suggest that the wave tends to stretch
more along the fiber direction which is the direction with higher wave
velocity.

Next, it is assumed that the axisymmetric direction is the x direc-
tion, and the distribution of different stress components are shown in
Fig. 10 where the fluid is not plotted to have a clearer view inside the
solid. As can be seen, the maximum normal stress o33 is on the central
line x; = 0.005 m while the shear stress o3, is zero on this line due to
symmetry. Please note that the distribution and the maximum ampli-
tude of the stress values are different for different stress components.
Since the fluid is non-viscous, only the normal component of stress,
which is o33 here, is transmitted from the fluid to the solid across the
interface. This component shows the highest level of amplitude among
all stress components shown in Fig. 10. The other normal components
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of stress, o;; and o,;, show relatively smaller amplitudes. The shear
stress o3, is zero at the interface since the fluid non-viscous. Inside the
solid, the shear stress is generated due to non-zero values of normal
stress components. The peak value for shear stress is smaller than those
of normal stress components.

Then, the axisymmetric direction is assumed to be aligned with the
X, direction, and the same stress components are plotted in Fig. 11. By
comparing Figs. 10 and 11, one can see that the direction of material
symmetry has a noticeable effect on the stress field distribution inside
the solid. Again, it is observed that the wave tends to stretch more along
the fiber direction which exhibits higher wave velocity.

Then, a cylindrical hole of radius r = 0.5 mm is considered where
the cylinder axis is along x, direction. Again, the axisymmetric direction
of the transversely isotropic material is assumed to be aligned with
either x; or x, direction, and the same figures as in the case for no hole
are plotted. The distribution of pressure inside the fluid and the stress
component o3; inside the solid are plotted on central x3—x3 plane in
Fig. 12. In Fig. 11(a) the material symmetry axis is x; while in Fig. 11(b)
it is in x, direction. As can be seen, the propagation of wave into the
solid is interrupted by the hole. The component o33 should be zero on
the bottom and top of the hole surface, because of the traction free
boundary conditions. This is evident in Fig. 12.

Assuming the symmetry axis oriented in x; direction, the distribu-
tion of different stress components in solid are shown in Fig. 13. For
symmetry axis in X, direction, the same stress components are shown in
Fig. 14. Comparing these figures with those corresponding to half-space
without hole (Figs. 10 and 11) one can see the effect of hole on dis-
turbing the stress field inside the solid. For stress components o3; and
031, the hole mostly acts as an obstacle on the path of wave propagation,
while for the stress components oj; and o, the blocking of the wave
path by the hole is not that obvious.

Lastly, the radius of cylindrical hole is increased from r = 0.5 mm to
r=0.75mm, and the same results are plotted. The distribution of
pressure inside the fluid and the stress component o33 inside the solid
are plotted on central x3—x; plane in Fig. 15. The effect of hole on the
wave field is noticeable. The stress pattern generated by the larger and
smaller holes in Figs. 12 and 15 are not significantly different.

The distribution of different stress components in solid are shown in
Fig. 16 with symmetric axis in x direction, and in Fig. 17 with the
symmetric axis in x, direction. Comparing these figures with those for
the smaller hole (Figs. 13 and 14) one can see the effect of hole size on
the distribution of stress field inside the solid.

8. Conclusion

The DPSM technique is extended to ultrasonic wave modeling in an
anisotropic half-space containing a hole. The time-harmonic elastody-
namic Green’s function for anisotropic half-space was evaluated nu-
merically based on the formulation of [47]. For the case of transversely
isotropic material, an improved formulation which reduces the in-
tegration domain from the hemi-sphere to a quarter-sphere [38] was
employed. In addition, a technique called “windowing” previously
suggested in [38] was extended here to the case of a half-space with a
hole for which only a portion of the domain remains regular. The
windowing technique considerably reduces the number of evaluations
of Green’s function. In order to further reduce the computational cost, a
calibration strategy was suggested here to optimize the number of in-
tegration points for the regular part of the anisotropic Green’s function
in terms of the distance between the source and target points. This
calibration technique uses an equivalent isotropic stiffness close to the
anisotropic one, and results in different resolutions for numerical in-
tegration for different distances between source and target points. The
developed anisotropic DPSM code was used to simulate ultrasonic wave
propagation in a transversely isotropic half-space being in contact with
a fluid at its boundary. The results were obtained for different cases.
The effect of existence of the holes of different sizes were studied. The
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results demonstrate the applicability and effectiveness of the DPSM for
modeling ultrasonic wave propagation in an anisotropic medium with
an internal anomaly.

Appendix A. Supplementary material

Supplementary data associated with this article can be found, in the
online version, at https://doi.org/10.1016/j.ultras.2018.09.002.
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