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A B S T R A C T

In this work, the contact problem between a preloaded rigid surface against a restrained elastic half-space is
considered under wave excitation. The half-space is assumed to be bonded imperfectly to the rigid surface, and
subjected to external tractions and bulk waves. Under incident bulk wave excitation at the contact, we study the
creeping motion of the preloaded rigid surface. Two possible local regions at the interface are considered,
namely slip region, and region of separation, which are described by the corresponding boundary conditions and
inequalities at the interface. With these considerations, creeping motion characteristics and interface conditions
are obtained analytically and discussed. The effects of interface imperfection, wave parameters, and preload
tractions are studied numerically. The creeping motion is found to be affected significantly by nature of the
imperfection. In addition, creep motion is also analyzed considering friction at the interface. These aspects have
potential applications in ultrasonic devices for micro-positioning and micro-motion control.

1. Introduction

The area of micro-positioning and micro-motion control of objects
and granular materials using propagating waves is of considerable re-
search interest [1–4]. Material handling and transportation in many
industries (such as pharmaceutical and food processing) use vibratory
transport in feeders, conveyors and gravity-driven silos etc. Such de-
vices employ transverse linear or elliptical motion of the base for
transport [5,6]. The application of progressive waves and vibration for
fine manipulation, transport, and segregation of granular materials has
been proposed in the past [7–10]. Under high frequency excitation
(close to ultrasonic frequency), a fundamental problem is to understand
the interaction at the interface of two bodies. In this work, we consider
a flat rigid surface in imperfect contact with an elastic half-space. One
of the interesting application of this work is in wave induced creeping
motion and transport. This motivates the present work.

In the past research, the interface boundary is treated to be either
fixed or free. In some recent studies, wave scattering has been analyzed
in the presence of tangential slip at an interface, and such interface is
commonly known as imperfect or weakly bonded interface. With this
setting, detailed studies of wave responses including its reflection-re-
fraction and dispersion response were presented by the several authors.
In the isotropic and homogeneous elastic media, a study of attenuation
and dispersion of Stoneley wave at an imperfect interface has been

discussed in [11]. Reflection/refraction and attenuation of body waves
and associated energetics at an imperfect interface have been con-
sidered by Murty [12]. The wave motion characteristics in the presence
of such imperfect interface have been analyzed in several contexts, e.g.,
the transmission of waves in a saturated porous solid placed on an
elastic half-space [13], in the piezoelectric/piezomagnetic media
[14–16]. The harmonics generation in the presence of imperfect inter-
face is observed both theoretically and experimentally by Nam et al.
[17], where the authors analyze the reflection and refraction of incident
bulk waves with different interfacial stiffnesses. In practice, in presence
of such contact conditions, the propagating wave with induced shear
traction at the driving interface can develop drift along the propaga-
tion. Therefore, if an object is unrestrained, it can exhibit creeping
motion with respect to the other restrained object. Such motion can
occur with or without preload tractions.

Although previous studies showed that imperfect interface could
strongly affect the wave fields intensity and its behavior, most of this
investigation is based on grounded substrates, and thus, our current
understanding of how this imperfection exhibits a drift along the in-
terface is still limited. Also, under such contact conditions, the in-
vestigated wave interaction systems mostly have a uniform behavior of
the interface. However, the boundary conditions in this situation allow
the unrestrained body to slide and separate locally with partial trans-
mission of the active fields. Such a boundary can exhibit properties of
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sliding interface. The gap formation and its effects on interfacial trac-
tions due to imperfection have not been well analyzed and reported.
The present solution method, therefore, considers such wave induced
separation and examines the creeping motion for understanding the
sliding behavior and the complex interface behavior.

Normally, the sliding interface associated with the wave propaga-
tion problem is modeled considering friction at the interface. The
propagation of elastic wave in the presence of unilateral boundary with
localized gap formation is studied by Comninou and Dundurs [18,19].
They investigated the steady sliding of an unrestrained medium, and
also observed the change in phase of reflected/refracted waves. These
ideas are extended in [20,21] to analyze the excitation of in-plane
waves due to out-of-plane waves, and vice versa, using an iterative
procedure. A similar problem of friction interface in a sandwich
structure is analyzed in [22] using Fourier analysis. The excitation of
body waves in presence of frictional boundary is considered and studied
by Adams [23], and Nosonovsky and Adams [24]. The formulation is
used further in [25] to analyze the reflected/refracted waves without
considering the harmonics generation. The interaction of elastic waves
and its energetics at the frictional boundary with sliding condition has
been analyzed recently by Watanabe [26] considering the Doppler ef-
fect.

In the presence of the frictional/imperfect interface, the previous
studies mostly concentrate on the determination of amplitude and en-
ergy ratios; such as the effects of wave parameters and friction coeffi-
cient on reflection/refraction coefficients and energy partition.
Relatively fewer studies have investigated the induced motion assisted
by an incoming wave and its beneficial outcomes. A correction tech-
nique based on the superposition of the secondary solution is used in
this work. The analysis of such system having a frictional/imperfect
interface is of importance in both theoretical and practical studies of
ultrasonics.

In this work, we consider the wave induced motion of a preloaded
rigid surface, i.e., the rigid surface is driven by the strong incident bulk
wave against the grounded half-space. We assume the half-space to be a
homogeneous and isotropic elastic solid, and subjected to an incidence
wave field at the interface. Further, we consider that the rigid surface is
having infinite elastic moduli, and hence, it doesn’t deform under wave
excitation and preload tractions. Also, the thickness is unimportant in
describing such surface. We solve the elastodynamic problem through a
solution correction technique, as proposed by Comninou and Dundurs
[18,19], taking into account both imperfect and frictional interface. The
creeping motions are analytically analyzed for the case of imperfect
interface. In this case, a displacement jump is considered at the inter-
face with an assumption that the slip and interface shear traction are
linearly dependent. The frictional interface problem is considered as a
second case of this formulation. In the analysis, the frequency shift and
harmonics generation in the reflected waves are neglected. The varia-
tions of the drift velocity with the incidence wave, interface impedance
parameter and preloads are determined and studied. It is observed that,
the rigid surface creeps with respect to the half-space with possible slip/
stick bands at the interface. In both the cases, an interfacial gap may
form which depends mainly upon the preloads.

2. Problem formulation

Consider an elastic half-space having density ρ, with longitudinal
and transverse wave velocities as cL and cT , respectively. The half-space
is connected to a rigid base at its flat horizontal boundary as shown
schematically in Fig. 1. In the initial bilateral problem, the common
boundary is assumed to be rigidly fixed. Hence, the system of waves in
the half-space must satisfy the condition of vanishing displacements at
the boundary initially. At =x 02 , the incoming P-wave is reflected as P-
and SV-wave in the half-space. Also, we assume that the incidence P-
wave is having an angular frequency ω, and is making an angle θ with
the boundary normal. The displacement fields in the half-space

comprising the longitudinal and transverse fields are given by

= + +− − −u A ke A ke B kβe e[ ] ,ikαx ikαx ikβx ik x ct
1 1 2 2

( )2 2 2 1 (1a)

= − +− − −u A kαe A kαe B ke e[ ] ,ikαx ikαx ikβx ik x ct
2 1 2 2

( )2 2 2 1 (1b)

where k is horizontal wave number of incoming wave. The phase ve-
locity is =c ω k/ , and A A,1 2 and B2 are the incident P-wave, reflected P-
and SV-wave amplitude, respectively, and
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Using Eqs. (1a) and (1b), the stress fields are obtained from Hooke’s law
as
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where λ and μ are the Lamé coefficients. For bilateral interface, i.e., the
vanishing displacement boundary ==u| 0x 02 , the reflected wave am-
plitudes are obtained from Eqs. (1a) and (1b) as
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Substituting above in Eqs. (2a) and (2b), one can rewrite the stress
fields at =x 02 by taking the real part as
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A convenient approach to establish the solution of the present
problem is to correct the wave fields in initially assumed bilateral
problem. For corrected solutions, the wave amplitudes are, in general,
complex to begin with. Hence, the amplitudes A2 and B2 in displace-
ment and stress fields Eqs. (1) and (2) are replaced with complex am-
plitudes ′ = ′ + ′A C iD( )2 1 1 and ′ = ′ + ′B C iD( )2 2 2 , respectively, without loss
of generality. Further, the primed notations ′ ′σu , 12 and ′σ22 refer to
corresponding displacement and stress fields. Here, the frequency shift
and harmonics generation in the reflected waves are neglected. Now,
both the solutions are superimposed in order to meet the boundary
conditions at the interface of actual problem. Therefore, the total stress

Fig. 1. Schematic of present investigation, an elastic half-space held im-
perfectly/frictionally against a rigid surface, a system of waves along with the
coordinates.
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fields at the interface =x 02 can be written as

= + + ′= = =S x t s σ σ( , )| | | ,x x x12 1 0 12 12 0 12 02 2 2 (4a)

= − + + ′= = =S x t s σ σ( , )| | | ,x x x22 1 0 22 22 0 22 02 2 2 (4b)

where the first terms in Eqs. (4a) and (4b) are the distributed preloads,
applied externally (see Fig. 1). The preloads are considered small in
comparison to the stress fields in bilateral solution. Writing the pro-
pagator term as = −ξ k x ct( )1 , and using (3) in (4) yields on simplifi-
cation the interfacial stress fields
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It is considered that the incoming wave is strong enough so that in-
terfacial slip can occur at the common boundary due to velocity mis-
match. The interfacial slip fields we used are given by the difference in
velocity between the rigid surface and the elastic half-space both in
longitudinal and transverse directions. Here, the slip fields at the in-
terface are obtained by differentiating the displacement fields for the
corrected solution as
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where v0 is the rigid body drift velocity in positive x1 direction, and
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One can combine the Eqs. (5) and (6) by eliminating the summation
terms as
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are the components of matrix E .

2.1. Solution for imperfect interface

This case considers a basic assumption that the interface stress fields
are linearly dependent to the slip fields. The different proportionality
constants in the assumption refer to the measure of imperfection.
Hence, in deriving the drift velocity characteristics, we will require the

following boundary condition at the interface

=S ξ K V ξ( ) [ ( )],12 1

where K is the parameter representing the imperfection in the long-
itudinal direction, and is known as surface flow impedance. Further, we
rearrange and rewrite the above boundary condition using a mapped
constant = −ϕ ϕ Kc μ(1 )( / ) as follows

=
−

★S ξ
ϕ

ϕ
k μ V ξ( )

1
[ ( )].12

2
1 (8)

For the condition =ϕ 0, the shear stress vanishes, and similarly, the
condition =ϕ 1 leads to zero tangential slip field at the interface. The
interfacial gap is developed at the boundary due to the assumed strong
incoming wave. The gap is defined as the difference in transverse dis-
placements between the two bodies. The magnitude and extension of
the gap are controlled by the normal preload. Now, for such a local gap,
the half-space looses contact with the base, and hence, the stress fields
vanish. Then, the condition =ϕ 0 yields

= =S ξ S ξ( ) 0, ( ) 0.12 22 (9)

The gap ≥g ξ( ) 0 and its variation with moving coordinate ξ can be
obtained by choosing the weaker form as

∫= − ★g ξ k V ξ dξ( ) ( ) .2 (10)

Using (9) in (7), we solve for ★V2 . Substituting the expression of ★V2 in
Eq. (10) and integrating, we obtain
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11 22 12 21

12 21 22 11 21 11

(11)

where C is the constant of integration. The gap extended in the region
∈ξ g g( , )l r , and the right interfacial gap boundary >g π( /2)r can be

found using (9) in (7) and substituting =★V ξ( ) 02 as

= +
−

g s E s E
bE aE

sin .r
12 21 22 11

11 21 (12)

The left boundary gl is determined by vanishing gap condition and
using the constant C in Eq. (11). Further, the gap is confirmed by a
resulting negative normal traction in the slip region. This is discussed
numerically in Section 3. Now we consider the slip condition at the
interface. The stress field S ξ( )12 must satisfy the linear relationship Eq.
(8) in the slip region along with the following conditions

= ⩽g ξ S ξ( ) 0, ( ) 0.22 (13)

Now, the tangential slip fields in the two regions are calculated as
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where the matrix F is calculated as
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It may be noted that the problem is periodic in ξ . Hence, we consider
∈ −ξ π π[ , ]. The drift velocity is hence calculated by integrating Eq.

(14) over the indicative period of ξ . Using Eq. (14b) in Eq. (7), and
vanishing normal slip condition =★V 02 , one can obtain the interfacial
traction fields as
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2.2. Solution for frictional interface

Let us consider the half-space interacting frictionally with the rigid
base. Assume, for simplicity, that both the kinetic and static friction
coefficients are to be equal. One can then write the frictional interface
boundary conditions in the following form

= ⎧
⎨⎩

− >
<

S ξ
νS ξ S ξ

νS ξ S ξ
( )

( ), ( ) 0
( ), ( ) 0

,12
22 12

22 12 (16)

where ν is the friction coefficient. The calculation of gap and its ex-
tension can be performed similarly as discussed in the previous case.
The normal slip field V ξ( )2 is zero everywhere except over the gap re-
gion, and hence the boundary conditions (16) can be rearranged and
written using Eq. (7) as

+ + − =
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Let the slip region in the interface be denoted by s s( , )li ri with =i 1 and 2
for left and right slip regions, respectively. The tangential slip field

★V ξ( )1 is zero at the slip boundaries for the gap isolated with a slip
region. Then, using the above conditions, one can calculate the
boundaries of slip regions from Eq. (16) as

+ = − + + + ★a νb s s νs E νE v( )sin ( ) ,l2 12 22 11 21 0 (18a)

− = − − + − ★a νb s s νs E νE v( )sin ( ) ,r1 12 22 11 21 0 (18b)

followed by the following periodic conditions

+ = + = −s s π s s π, .l r l r2 2 1 1

The region outside the slip and gap region is known as the stick region.
Also, the field ★V ξ( )1 vanishes in the stick region. Finally, after some
algebra, the slip field ★V ξ( )1 for frictional interface case is obtained as
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Integrating Eq. (19) over ξ in the interval −π π[ , ] yields the corre-
sponding drift velocity in this case. It may be noted that the different
regions mentioned above can also disappear depending on the values of
the different parameters. The traction fields are obtained using Eqs. (7)
and (19) as

Fig. 2. The drift velocity variation as function of normal preload s22 for im-
perfect interface condition: (a) for selected values of parameter ϕ and at shear
preload value =s 0.112 ; (b) for selected values of preload s12 and at interface
impedance parameter value =ϕ 0.7.

Fig. 3. The drift velocity variation as function of shear preload s12 for imperfect
interface condition for selected values of preload s22 and parameter ϕ.

Table 1
Extent of different regions at the imperfect interface for the one period of ξ .

No. Parameters values (s s ϕ, ,12 22 ) gl gr v0

1 0.10, 0.60, 0.60 − 0.3702 2.4932 0.2986
2 0.10, 0.60, 0.80 − 0.3702 2.4932 0.2220
3 0.10, 0.80, 0.80 0.2728 2.2058 0.1563
4 0.00, 0.80, 0.80 0.2708 2.2067 0.1070
5 − 0.10, 0.80, 0.80 0.2687 2.2077 0.0577
6 0.10, 2.00, 0.60 … … 0.0667
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3. Results and discussion

The creep motion derived above is now calculated numerically and
demonstrated, and the effects of the different parameters of the in-
cidence wave and interface are studied. The creep motion is measured
through the drift velocity. With respect to an observer situated on the
rigid surface, the elastic half-space will appear to be moving in the
opposite direction with the same speed. The present analysis considers
an incoming P-wave within its sub-critical incidence. We consider a
half-space made of steel having density = −ρ 7800 kg m 3, and wave
speeds = =− −c c6020.18 m s , 3217.92 m sL T

1 1, which is extended in-
finitely in negative x2 direction (see Fig. 1). A speed independent in-
terface impedance parameter and friction is considered [25]. The fol-
lowing dimensionless quantities, = = =★v v k μ a s s a s s b/ , / , /0 0

2
12 12 22 22 ,

are introduced.

Fig. 4. The variation of shear traction S12 (blue solid line), and normal traction S22 (orange dashed line) for one period of ξ , the selected parameters are listed in Table 1,
and corresponding row numbers are displayed in sub-caption. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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3.1. Half-space connected imperfectly to a rigid base

We begin with the calculation of the gap and its extension, as dis-
cussed in Section 2.1. A similar approach is presented by Comninou and
Dundurs in [18] for a loosely bonded interface between two half-spaces.
Figure 2 shows the variation of the dimensionless drift velocity v0 with
the applied normal preload s22 for incidence angle = °θ 30 under im-
perfect interface condition. In Fig. 2a the variations are plotted for a
constant shear preload =s 0.112 , and for certain values of interface
impedance parameter ϕ in the range [0, 1]. The variation of drift velo-
city is found to be monotonic with the applied normal preload s22. Also,
the velocity decreases as the parameter ϕ increases for fixed preload
values s22. In order to interpret the sliding behavior with external shear,
we presented the velocity variation for certain shear preload values in
Fig. 2b. The drift velocity is found to increase with the increase in shear
preload. An increase of the interface impedance parameter ϕ implies a
reduction in the tangential displacement mismatch. Using this aspect,
one can explain why the velocity decreases with increase in the

parameter ϕ. For the situation when gap vanishes, the velocities are
expected to have constant amplitudes. This can be described by the
condition of zero normal slip field at the interface.

The drift velocity response with the shear preload for the imperfect
interface is plotted in Fig. 3 for three different cases. The velocity in-
creases almost linearly with s12. It is observed that a positive drift is
possible even for negative or zero shear preload. This corresponds to the
pure wave excited drift motion. The increase in shear in the opposite
direction causes an increase in velocity in the negative direction. It can
also be observed that, at certain values of shear preload, creep motion is
completely arrested.

Table 1 lists the some possible coordinates of gap and slip regions at
the interface for couple of sets of parameters. The incidence angle is
considered to be fixed at °30 . Since the bonding get always stronger
when the parameter ϕ increases, the drift velocity of the rigid surface
always decreases (see rows 1 and 2 in Table 1). Also, it is observed that
the gap region extension is free from interface impedance parameter ϕ.
Further, for the higher normal preloads the gap region shrinks and the
drift velocity decreases (see rows 2 and 3 in Table 1). In the above
analysis, a positive velocity is observed without being subjected to
shear preloads and even for negative shear preloads, and is presented in
rows 4 and 5 in Table 1. Then, as discussed previously, a positive ve-
locity is observed in row 6 in Table 1 for condition ≥s 122 , for which the
gap is not present.

The non-dimensional interface tractions =S S ξ a( )/12 12 , and
=S S ξ b( )/22 22 are computed and plotted in Fig. 4. The sub-caption

numbers in the figures are the corresponding row numbers of Table 1. It
is evident that the shear fields can have variations in both positive and
negative directions. However, the normal fields vary in the negative
direction only. Also, the traction fields are zero valued at the gap region
in all the cases. For normal traction fields, there is a discontinuity in
traction occurs at the left boundary of the gap =ξ gl. In a similar
manner, the shear fields show discontinuity at both the boundaries of
the gap at =ξ gl and gr (see Fig. 4). The primary reason for the left
discontinuity is the normal preload, while the right discontinuity con-
tribution in shear field variations is due to the parameter ϕ. In the
absence of shear preload s12, and for =ϕ 0, we observe from Eq. (8) that

=S ξ( ) 012 , i.e., the net shear field will disappear, and the slip fieldV ξ( )2
at the interface will vanish if the gap is vanished. This implies that the
interface becomes perfectly smooth, and the drift velocity tends to in-
finity.

In comparison with the previous results, in this case, the dis-
continuity in the shear fields are observed at the right end of the se-
paration region. This is caused due to the nature of surface flow im-
pedance parameter ϕ. Also, in the particular cases when =ϕ 0, or

=ϕ 1, the present results reduce to the results obtained previously for
limiting cases of smooth or adhesive interface in [20,21].

3.2. Half-space connected frictionally to a rigid base

In the second problem with a frictional interface, the drift velocities
are obtained for an incidence angle of °30 . A partially similar problem
has been analyzed by somewhat different approach in Comninou and
Dundurs [19]. Fig. 5a and b show the velocity variation with the normal
and shear preload, respectively. In Fig. 5a, the variation is presented
graphically for different frictional coefficients ν at =s 0.112 . It is ob-
served that the velocity decreases with the increase in coefficient ν for
any arbitrary fixed preload values s12 and s22. Also, the variation is less
sensitive to the coefficient ν for small normal preload values. We have
plotted the distribution of drift velocity with the shear preload s12 in
Fig. 5b. It is observed that the velocity increases approximate linearly
with s12. Here, the trend behaves oppositely to the previous variation.
The dimensionless velocity v0 is observed to stay positive even for small
negative shear preload. Also, the velocities are tend to have negative
direction for large negative s12 and for smaller ν values.

The data in Table 2 presented some possible arrangements of

Fig. 5. The drift velocity variation for frictional interface: (a) as function of
normal preload s22 for selected values of coefficient ν and at shear preload value

=s 0.112 ; (b) as function of shear preload s12 for selected values of preload s22

and coefficient ν.

Table 2
Extent of different regions at the frictional interface for the one period of ξ .

No. Parameters values
(s s ν, ,12 22 )

sl2 gl gr sr2 v0

1. 0.10, 0.60, 0.20 − 0.2760 − 0.3702 2.4932 − 2.8656 0.2386
2. 0.10, 0.80, 0.30 0.0959 0.2728 2.2058 3.0457 0.1681
3. − 0.10, 0.80, 0.30 0.2712 0.2687 2.2077 2.8704 0.1211
4. 0.10, 2.00, 0.20 0.8322 … … 2.3094 0.0207
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coordinates of local interfacial regions in this case. It is noted that the
left slip regions s s( , )l r1 1 are not observed for the selected parameters and
wave type, and hence it is excluded. As in the previous case, here also
the separation region is independent of coefficient ν. Further, the ne-
gative values of sr2 in few cases mean that the right slip region is
continued outside the right boundary of ξ . Here, the quantities

=S ξ S ξ a( ) ( )/12 12 , and =ν S ξ ν S ξ a( ) ( )/22 22 are computed and de-
picted in Fig. 6. The sub-caption numbers are same as the corre-
sponding rows of Table 2. The tractions are zero valued in the gap re-
gion similar to the case of imperfect interface discussed previously.
Unlike the previous case, here both the traction fields show dis-
continuity only at the boundary =ξ gl. Further, it can easily observed
from Fig. 6 that the solution satisfying the interfacial boundary condi-
tions =S ξ ν S ξ( ) ( )12 22 at slip region, and similarly <S ξ ν S ξ( ) ( )12 22

at stick region, which are quite evident.
In the absence of friction, somewhat similar trends of interfacial

tractions at the interface of two elastic half-space has been noticed, as
studied by Comninou and Dundurs [18]. Some results and observations
are partly reflected in their study.

4. Conclusions

In this analytical study, we have introduce a surface flow impedance
parameter to study the effect of an incidence elastic wave on an im-
perfect interface. The closed-form solution for drift velocity is obtained
using the solution correction method. The effects of external preloads
and interface impedance parameter on the creeping motion character-
istics are analytically explored and discussed. The drift motion is ob-
served to reduce with increase in the interface impedance parameter
due to decrease in the displacement mismatch. The limiting case of a
smooth interface is easily achieved when the net shear traction is made
to vanish. To compare the different conditions and inequalities at the
interface, the results are also obtained under variation of interface

tractions.
For the specific case of frictional interface, the effects of frictional

coefficients on drift velocity and interface tractions are also examined
analytically and discussed. It is found that the velocity increases almost
linearly with shear preload. In addition, it is also possible to obtain a
negative drift velocity with higher negative shear preload along with
higher friction coefficient or with lower interface impedance para-
meter.

The present work addresses the drift motion actuated by bulk
waves. Localized loss of contact, and stick-slip behavior have been
considered. The study is relevant for understanding the creeping motion
characteristics induced at such sliding interfaces. The analysis can be
extended further with consideration of surface waves. Also, the fre-
quency shift and harmonics generation in the reflected waves can be
examined.
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