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Comments on “Larmor frequency in heteroge- n
neous media”

A recent theoretical paper by Kiselev [1] sheds some new lights
on the Larmor frequency shift calculations from magnetized inclu-
sions with a constant susceptibility tensor in a porous media and
in the pure diffusion regime. The paper is interesting and it is also
heavily mathematical oriented. Following the derivations in [1], it
appears that Eq. (10) can be re-derived more rigorously, with a
re-defined correlation function in Eq. (11) and its Fourier trans-
form in Eq. (13). This short communication is meant to show these
different and subtle derivations.

Starting with Eq. (7) in [1], which is repeated here, the local
Larmor frequency offset within the mesoscopic sphere is given
by the longitudinal projection of the susceptibility-induced
magnetic field, B™“°(r),

Q(r) = ynaB; " (r) )

where y = 27 -42.58 MHz/T and n = By /By is the unit vector in
the direction of the main magnetic field By.

The measured Larmor frequency, Q, is obtained from averaging
the complex signals within a spherical volume V over the space
occupied by water and magnetic inclusions,

Q- arg <% / FrM(r) exp{iQ(r)t}> It
~ arg <\17 / drM(r)(1 + iQ(r)t)) Jt

\1—//d3rQ(r)

if M(r) is a constant

in order to be consistent with Eq. (8) of [1]. If magnitude signals
inside and outside inclusions are the same, but the induced mag-
netic fields inside inclusions are zero, both formulas derived in
the above Eq. (2) will have 1 — »(r) in the integrands but the nor-
malized volume in the denominator becomes V without the 1 — ¢
factor. An application of this situation will be briefly discussed at
the end of this comment.

In addition, under the diffusion narrowing regime, if its time
scale is much shorter than the sampling time during MRI data
acquisition, it may be more appropriate to estimate Q directly from
the induced local Larmor frequency Q(r). This is because when a
subject is placed inside an MRI machine, even without turning
on any sequence, magnetic field B"*°(r) will already be induced
inside the subject. Again, if the induced magnetic fields inside
inclusions are zero, which is true for spherical inclusions regard-

less of their magnitude signals, Q will be fd3r Qr)/V =
[d’r Q(r)[1 — v(r)]/V.
By plugging Eq. (1) into Eq. (2) and with

B;ﬂacm(r) _ /d3r0 WY b (T — l‘o)}{bcy(ro)ncBO (3)

described in [1], where %, is the Green’s function or the dipole
fields provided by [1]| (although a factor of 1/(4m) should be

ﬁ / d’rQ(r)[1 — v(r)] if M(r) = 0 inside inclusions but a constant outside

where M(r) represents the magnitude signal from spins at each
spatial point, { is the volume fraction of inclusions inside the vol-
ume V, and »(r) is an indicator function, which is unity inside any
magnetic inclusion and zero otherwise. The integrals are per-
formed over volume V, which can be considered as the size of a
voxel for the purpose of measurements, and the induced local
phase needs to be small enough for a valid expansion. The magni-
tude signals inside inclusions have been assumed to be zero in [1]
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multiplied if SI system is used) and y,, is the susceptibility tensor
of inclusions, Eq. (9) in [1] is derived:
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o | Vg el — e -ttt (4

where Q, = yBy is the nominal Larmor frequency. The limits of
the two integrals over ro and r; are within the same spherical
volume V.

As the author of [1] has stated, the integral result of the first
term is zero. After that, this outcome allows the limits of the two
integrals to be extended to infinity, because the function v only
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defines inclusions inside the volume V and v is zero outside V.
Thus, we now change the variable in Eq. (4) and rewrite Eq. (10)
to be

- Crd’r
S= — [ G v + 1) V(X)W oy (F) e

0 (] - S) (5)

1
= 1 /d3r Mo (1) 1T (T)

3
I'(r) = /% v(ro +1)0(10) (6)

and the limits of all integrals are from minus infinity to plus infin-
ity, rather than within finite mesoscopic volumes. This will enable
the proper Fourier transform of I'(r) and a recalculation of I'(k) at
k = 0. If the limits of integrals in the original Eq. (10) are finite, it
is unclear whether the original Eq. (10) can be rewritten to
Eq. (14) still with definitions given by Eq. (11) and Eq. (13) in
[1]. In addition, physics requires I'(r) to vanish when [r| is longer
than the diameter of the spherical volume V (i.e., outside V). The
above Eq. (6) satisfies this physics requirement, but the original
Eq. (11) does not.

Finally, the Fourier transform of Eq. (6) is still Eq. (13) in [1], but
with T'(k = 0) = £?V. This now makes I'(k) a continuous function
over the k=0 point. In addition, based on Eq. (6), the result of
Eq. (C.2), T®(r = 0), will become ¢ instead of (1 — ¢). This elimi-
nation of the factor 1 — { unfortunately will lead to the same factor
offset in relevant results shown in Sections 3.2 and 3.3 of [1].
However, that should not be seen as a critical drawback of the
work presented in [1]. The combination of all these subtle revisions
above leads to a more general derivation of the original equations

without using any statistical arguments. On the other hand, if
inclusions have zero frequencies under aforementioned certain
scenarios, the above Eq. (2) will also drop the factor 1 — ¢ in the
denominator. In the scenario that inclusions have magnitude sig-
nals but zero frequencies, which may be closer to the presence
of magnitude signals in white matter microstructures [2] and optic
nerves [3], results shown in Sections 3.2 and 3.3 of [1] and its con-
clusion actually remain the same.
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