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Abstract
The Maclaurin symmetric mean (MSM) operator has the characteristic of capturing the interrelationship among multi-input
arguments, the probabilistic linguistic terms set (PLTS) can reflect the different degrees of importance or weights of all possible
evaluation values, and the improved operational laws of probabilistic linguistic information (PLI) can not only avoid the opera-
tional values out of bounds for the linguistic terms set (LTS) but also keep the probability information complete after operations;
hence, it is very meaningful to extend the MSM operator to PLTS based on the operational laws. To fully take advantage of the
MSM operator and the improved operational laws of PLI, the MSM operator is extended to PLI. At the same time, two new
aggregated operators are proposed, including the probabilistic linguistic MSM (PLMSM) operator and the weighted probabilistic
linguistic MSM (WPLMSM) operator. Simultaneously, the properties and the special cases of these operators are discussed.
Further, based on the proposed WPLMSM operator, a novel approach for multiple attribute decision-making (MADM) problems
with PLI is proposed.With a given numerical example, the feasibility of the proposedmethod is proven, and a comparison with the
existing methods can show the advantages of the new method in this paper. The developed method adopts the new operational
rules with the accurate operations, and it can overcome some existing weaknesses and capture the interrelationship among the
multi-input PLTSs, which easily express the qualitative information given by the decision-makers’ cognition.
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Introduction

Multiple attribute decision-making (MADM) problems exist
widely in real life, such as venture capital problems [46],
hospital resource allocation problems [4], and green supply
chain selection problems [44]. To solve these problems, peo-
ple used to express the evaluation information by the quanti-
tative value. However, along with the increase in the uncer-
tainty and complexity of the decision environment as well as
the ambiguity of human cognition, it is difficult for people to
provide a quantitative value; sometimes, it may be more con-
venient to give a qualitative description. For example, when
the risk of an investment object is evaluated, decision-makers
(DMs) are more likely to use Bhigh,^ Bmedium,^ Blow,^ and

other similar linguistic terms (LTs) to express their assessment
results [7, 34], i.e., LTs are more consistent with people’s
cognitive behaviors. Furthermore, due to the lack of knowl-
edge of DMs and the complexity of decision-making prob-
lems and so on, DMs are usually unable to use precise num-
bers to describe their preferences. In such a situation, LTs are a
useful and practical form for expressing the cognition and
judgments of DMs. Therefore, decision-making based on
LTs has become an important research direction in the field
of decision analysis. Motivated by this idea, Zadeh [39–41]
first proposed the linguistic variable (LV) which provided the
foundation of later studies on the linguisticMADMbased on a
linguistic terms set (LTS). Furthermore, LVs are extended to
some new types for different fuzzy information, such as
intuitionistic linguistic sets which were produced by combin-
ing intuitionistic fuzzy sets (IFSs) [15] with LVs, intuitionistic
linguistic numbers [32], intuitionistic uncertain LV (IULV)
[19], and interval-valued IULV [14].

Using LVs, DMs express their preferences or assess judg-
ments only by one LT. In practice, however, DMs may have
some hesitations on several possible LTs. To address this sit-
uation, Rodriguez et al. [29] proposed the hesitant fuzzy LTSs
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(HFLTSs). HFLTSs collect some possible LTs provided by the
DMs, and all of these terms have an equal degree of impor-
tance or weight. However, in some practical cases, there are
different degrees of importance among these possible LTs. In
other words, the probabilities of the LTs are not equal. Thus,
the HFLTSs may cause information loss, so Zhu [48] pro-
posed the extended hesitant fuzzy sets to overcome this defect.
Further, Pang et al. [26] extended the HFLTSs to a more gen-
eral concept, probabilistic LTSs (PLTSs), which allow DMs to
provide more than one LT with probability. Based on the ad-
vantages of PLTSs, Pang et al. [26] extended the TOPSIS
method to process PLTSs; Zhang et al. [46] proposed the
probabilistic linguistic preference relationship. However, the
existing operational laws of LTs in PLTSs have some short-
comings whichmay exceed the bounds of LTS. To avoid these
weaknesses, Gou et al. [9, 10] proposed two equivalent trans-
formation functions, g and g−1, and then defined some novel
operational laws of PLTSs, which can not only avoid exceed-
ing the bounds of operational results but also retain the prob-
abilistic information after operations. Based on the novel op-
erational laws [9, 10], Bai et al. [4] developed the possibility
degree formula for PLTSs and applied it to solve the hospital
resource allocation problem. Zhang and Xing [44] combined
the PLTSs with the VIKOR method to solve the green supply
chain selection problems.

In recent years, some extended aggregation operators have
been proposed [13–25, 27, 31, 42, 43] for the different func-
tions. For example, Rong et al. [30] proposed the Hamacher
operators for IFNs, which can provide more general opera-
tions. Baležentis [2] proposed some power aggregation opera-
tors for intuitionistic trapezoidal fuzzy numbers (ITFNs),
which consider the attribute values to provide support for each
other. Liu et al. [17] proposed the prioritized ordered weighted
averaging (POWA) operator for ITFNs, which can consider the
precedence relationship among the attributes. Xu et al. [37]
proposed the Bonferroni mean (BM) operators for
intuitionistic fuzzy numbers (IFNs); He et al. [11], and He
and He [12] proposed the interaction BMs operators for
IFNs; Yu et al. [38] proposed the Heronian mean (HM) oper-
ators for interval-valued IFNs (IVIFNs); these operators can
consider the interrelationships between two aggregating pa-
rameters. However, in real decision problems, there exist inter-
relationships among multi-input parameters; clearly, BM and
HM operators cannot achieve this function. Thus, the MSM
operators were proposed by Maclaurin [24], and they can con-
sider the interrelationships among any number of multi-input
parameters. In the past few years, MSM has received increas-
ing attention; many important results are achieved in theory [1,
3, 5], and some extensions are developed. Zhang [45] proposed
the S-geometric convexity of a function involving Maclaurin’s
elementary symmetric mean. Gao [8] investigated some in-
equalities involved the MSM operator and provided a strictly
monotonic proof of the Maclaurin inequality. Zhang et al. [47]

developed a general family of weighted elementary symmetric
means and discussed some of their mathematical properties.
Detemple and Robertson [6] proposed the generalized MSM
operators in which both the individual importance and their
interactions were considered. Qin and Liu [28] developed
some MSM operators for IFNs and applied them to solve
MADM problems. Because the MSM can consider the inter-
relationships among the multi-input arguments, it can provide
a more flexible way for information fusion, and it is also more
adequate for solving the MADM problems in which the attri-
butes are dependent. Moreover, for a given collection of argu-
ments, the MSM decreases monotonically with its parameter
value, which can reflect DMs’ risk preferences in practical
situations. In addition, the MSM has been applied to solve
practical MADM problems, such as company investment
problems [33].

As discussed above, we can see that PLTSs allow DMs to
express their preferences on some LTs with different probabil-
ities, and the MSM operator can consider the interrelationship
among the multi-input arguments and also reflect the risk pref-
erences of DMs in practical situations. However, the traditional
MSM operator only considers the case where the arguments
take the form of crisp numbers, and it cannot process the PLI.
Therefore, it is meaningful and necessary to extend the MSM
to aggregate PLI. Motivated by this idea, the goal and contri-
butions of this paper are (1) to extend MSM operator to PLI
and propose some probabilistic linguistic MSM operators; (2)
to explore some desirable properties and special cases of these
proposed operators; (3) to develop a MADMmethod based on
the proposed aggregation operators; and (4) to show the feasi-
bility and advantages of the proposed methods.

To achieve the above goal, the remainder of this paper is set
as follows. BPreliminaries^ provides some basic concepts of
PLI and the MSM operator. In BPLMSM Operators,^ some
probabilistic linguistic MSM (PLMSM) operators are pro-
posed, and their properties and some special cases are
discussed. In BA Decision-Making Method Based on the
WPLMSM Operator,^ a MADM method is developed based
on the proposed operators with PLI. In BNumerical Example,^
an example is given to illustrate the effectiveness of the pro-
posedmethod. BConclusion^ provides the conclusions and the
direction of future studies.

Preliminaries

First, in this part we provide some preliminaries about this
study.

Additive Linguistic Evaluation Scales

An additive linguistic evaluation scale (also called LTS) is one
of the most commonly used linguistic evaluation scales, and it
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is usually given in the following form: S = {sα|α = 0, 1, ...., τ},
where sα represents an LV, and τ is a positive integer.

For example, when two investment projects A and B are
evaluated, the DMs give their evaluation values based on the
LTS S = {s0 = very bad, s1 = bad, s2 =medium, s3 = good, s4 =
very good}. If a DM prefers A to B, he/she will use Bpositive^
linguistic labels, i.e., Bgood^ or Bvery good,^ to express his/
her preference. Different Bpositive^ linguistic labels reflect
different degrees of preference of the DMs.

To avoid information distortion, the discrete LTS is extend-
ed to a continuous one. For LTS S1 = {sα|α = 0, 1, ...., τ}, Xu
[36] introduced two basic operational laws based on its con-

tinuous form S1 ¼ sαjα∈ 0; τ½ �f g: (1) sα ⊕ sβ = sα + β; (2)

λsα = sλα, where sα; sβ∈S1 and λ ∈ [0, 1]. However, in the
process of operations, if s1 = bad and s2 = medium, then
s1⊕ s2 = s3, i.e., the additive operational result of the linguistic
labels Bbad^ and Bmedium^ is Bgood.^ Obviously, this result
does not conform to human intuition. To overcome this short-
coming, Xu [35] extended the discrete LTS to subscript-
symmetric LTS, S2 = {sα| α = − τ, ... − 1, 0, 1, ..., τ}, where
the mid-linguistic label s0 represents the meaning of
Bindifference,^ and the rest are placed symmetrically around
it. Here, we still use the example of evaluating two investment
projects A and B; based on a subscript symmetric LTS
S2 = {sα|α = − 2, −1, 0, 1, 2}, the DMs give their evaluation
values among the LTS {s−2 = very bad, s−1 = bad, s0 =
medium, s1 = good, s2 = very good}. In this case, s−1 + s0 =
s−1, i.e., the additive operational result of the linguistic labels
Bbad^ and Bmedium^ is Bbad.^Clearly, this is more reasonable
than using LTS S1. However, when we calculate s−2 + s−1 =
s−3, this result is still out of bounds, and it is unreasonable.

PLTS

Definition 1 [26] Let S1 = {sα|α = 0, 1, ...., τ} be an LTS, and
PLTS is defined as:

LS pð Þ ¼ LS kð Þ p kð Þ
� �

jLS kð Þ∈S1; p kð Þ≥0; k ¼ 1; 2; :::;#LS pð Þ; ∑
#LS pð Þ

k¼1
p kð Þ≤1

� �

ð1Þ

where LS(k)(p(k)) represents the LT LS(k) with the probability
p(k), and #LS(p) is the number of all different LTs in LS(p).

Clearly, Pang et al. [26] defined the PLTS on the
basis of the LTS S1. In this paper, we use the PLTSs
based on the LTS S2, and the PLTSs can be expressed
as:

LS pð Þ ¼ LS kð Þ p kð Þ
� �

jLS kð Þ∈S2; p kð Þ≥0; k ¼ 1; 2; :::;#LS pð Þ; ∑
#LS pð Þ

k¼1
p kð Þ≤1

� �

ð2Þ

Normalization of PLTS

Definition 2 [26] Given a PLTS LS(p) with ∑
#LS pð Þ

k¼1
p kð Þ < 1, the

associated PLTS L̇S pð Þ ¼ LS kð Þ ṗ kð Þ� �
jk ¼ 1; 2; :::;#LS pð Þ

n o
is

called a normalized PLTS, where ṗ kð Þ ¼ p kð Þ= ∑
#LS pð Þ

k¼1
p kð Þ for

all k = 1, 2, ..., # LS(p). Clearly, in PLTS L̇S pð Þ, there is

∑
#LS pð Þ

k¼1
ṗ kð Þ ¼ 1.

Definition 3 [26] For any two PLTSs LS1(p) = {LS1
(k)(p1

(k))|
k = 1, 2, ..., #LS1(p)} and LS2(p) = {LS2

(k)(p2
(k))| k = 1,

2, ..., #LS2(p)}, suppose #LS1(p) and #LS2(p) are the numbers
of LTs in LS1(p) and LS2(p), respectively. If #LS1(p) > #
LS2(p), then #LS1(p) − # LS2(p) LTs will be added toLS2(p)
such that their numbers of LTs are equal. For detailed infor-
mation, please refer to reference [26].

By Definitions 2 and 3, the normalized PLTS (NPLTS) is
obtained, which is denoted as LSN(p) = {LSN(k)(pN(k))| k = 1,

2, ..., #LS(p)}, where pN kð Þ ¼ p kð Þ= ∑
#LS pð Þ

k¼1
p kð Þ for all k = 1, 2,

..., # LS(p).

Comparison of PLTSs

To compare the PLTSs, Pang et al. [26] presented the concept
of the score for PLTSs:

Definition 4 [26] Suppose LS(p) = {LS(k)(p(k))| k = 1,
2, ..., #LS(p)} is a PLTS, and r(k) is the subscript of the
LT LS(k). Then, the score function E(LS(p)) of LS(p) is
given by

E LS pð Þð Þ ¼ s
α

ð3Þ

where α ¼ ∑
#LS pð Þ

k¼1
r kð Þp kð Þ� �

= ∑
#LS pð Þ

k¼1
p kð Þ.

Apparently, the score function represents the average value
of all LTs of a PLTS. Generally, for a given PLTS LS(p),
E(LS(p)) is an extended LT.

Definition 5 [26] For given any two PLTSs LS1(p) and LS2(p),
if E(LS1(p)) > E(LS2(p)), then the PLTS LS1(p) is greater than
LS2(p).

However, when E(LS1(p)) = E(LS2(p)), we cannot compare
the PLTSs LS1(p) and LS2(p). Further, to process this situation,
we give the following definition.

Definition 6 [26] For a given PLTS LS(p) = {LS(k)(p(k))| k = 1,
2, ..., #LS(p)}, suppose r(k) is the subscript of LT LS(k), and
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E LS pð Þð Þ ¼ sα, where α ¼ ∑
#LS pð Þ

k¼1
r kð Þp kð Þ� �

= ∑
#LS pð Þ

k¼1
p kð Þ. Then, the

degree of deviation of LS(p) is:

σ LS pð Þð Þ ¼ ∑
#LS pð Þ

k¼1
p kð Þ r kð Þ−α
� �� �2� 	1

2

= ∑
#LS pð Þ

k¼1
p kð Þ ð4Þ

For any two PLTSs LS1(p) and LS2(p) with E(LS1(p)) =
E(LS2(p)), if σ LS1 pð Þð Þ > σ LS2 pð Þð Þ, then LS1(p) < LS2(p);
if σ LS1 pð Þð Þ ¼ σ LS2 pð Þð Þ, then LS1(p) is indifferent to
LS2(p), denoted by LS1(p) ≈ LS2(p).

Definition 7 [26] For given any two PLTSs LS1(p) and LS2(p),
suppose ~LS1 pð Þ and ~LS2 pð Þ are the corresponding normalized
PLTSs, respectively. Then

(1) If E ~LS1 pð Þ� �
> E ~LS2 pð Þ� �

; then LS1 pð Þ > LS2 pð Þ
(2) if E ~LS1 pð Þ� �

< E ~LS2 pð Þ� �
; then LS1 pð Þ < LS2 pð Þ

(3) if E ~LS1 pð Þ� � ¼ E ~LS2 pð Þ� �
; then

(i) if σ ~LS1 pð Þ� �
> σ ~LS2 pð Þ� �

; then LS1 pð Þ < LS2 pð Þ
(ii) if σ ~LS1 pð Þ� � ¼ σ ~LS2 pð Þ� �

; then LS1 pð Þ≈LS2 pð Þ
(iii) if σ ~LS1 pð Þ� �

< σ ~LS2 pð Þ� �
; then LS1 pð Þ > LS2 pð Þ

Some Basic Operations of PLTSs

Definition 8 [26] Let S = {sα|α = − τ, ... − 1, 0, 1, ..., τ} be an
LTS, LS(p), LS1(p), and LS2(p) be three PLTSs, and λ be a
positive real numbers; then

LS1 pð Þ⊕LS2 pð Þ ¼ ∪
LS kð Þ

1 ∈LS1 pð Þ;LS kð Þ
2 ∈LS2 pð Þ

p kð Þ
1 LS kð Þ

1 ⊕p kð Þ
2 LS kð Þ

2

n o
ð5Þ

LS1 pð Þ⊗LS2 pð Þ ¼ ∪
LS kð Þ

1 ∈LS1 pð Þ;LS kð Þ
2 ∈LS2 pð Þ

LS kð Þ
1

� �p kð Þ
1 ⊕ LS kð Þ

2

� �p kð Þ
2

( )

ð6Þ

λLS pð Þ ¼ ∪
LS kð Þ∈LS pð Þ

λp kð ÞLS kð Þ;λ≥0 ð7Þ

LS pð Þð Þλ ¼ ∪
LS kð Þ∈LS pð Þ

LS kð Þ
� �λp kð Þ� �

ð8Þ

However, the above operational laws have some
shortcomings in processing the LTs. To overcome these
weaknesses, Gou et al. [9, 10] proposed two equivalent
transformation functions g and g−1 and developed new
operational laws, which can not only avoid the

operational results exceeding the bounds of LTSs but
also keep the probability information complete after
operations.

Definition 9 [9, 10] Let S = {sα|α = − τ, ... − 1, 0, 1, ..., τ} be
an LTS, LS(p), LS1(p), and LS2(p) be three PLTSs, and λ be a

positive real numbers. η(k) ∈ g(LS(p)), η ið Þ
1 ∈g LS1 pð Þð Þ, η ið Þ

1 ∈g
LS2 pð Þð Þ and k = 1, 2, ..., # LS(p), i = 1, 2, ..., # LS1(p), j = 1, 2,
..., # LS2(p) where g is the equivalent transformation function
[10].

g : −τ ; τ½ �→ 0; 1½ �; g LS pð Þð Þ ¼ r kð Þ

2τ
þ 1

2


 �
p kð Þ
� �� �

¼ LSγ pð Þ; γ∈ 0; 1½ �;

g−1 : 0; 1½ �→ −τ ; τ½ �; g−1 LSγ pð Þ� � ¼ s 2γ−1ð Þτ p kð Þ
� �

jγ∈ 0; 1½ �
n o

¼ LS pð Þ:

LS1 pð Þ⊕LS2 pð Þ

¼ g−1 ∪
η ið Þ
1 ∈g LS1 pð Þð Þ;η jð Þ

2 ∈g LS2 pð Þð Þ
η ið Þ
1 þ η jð Þ

2 −η ið Þ
1 η jð Þ

2

� �
p ið Þ
1 p jð Þ

2

� �n o !ð9Þ

LS1 pð Þ⊗LS2 pð Þ ¼ g−1 ∪
η ið Þ
1 ∈g LS1 pð Þð Þ;η jð Þ

2 ∈g LS2 pð Þð Þ
η ið Þ
1 η jð Þ

2

� �
p ið Þ
1 p jð Þ

2

� �n o !

ð10Þ

λLS pð Þ ¼ g−1 ∪
η kð Þ∈g LS pð Þð Þ

1− 1−η kð Þ
� �λ� 	

p kð Þ
� �� �� 	

ð11Þ

LS pð Þð Þλ ¼ g−1 ∪
η kð Þ∈g LS pð Þð Þ

η kð Þ
� �λ

p kð Þ
� �� �� 	

ð12Þ

Let LS1(p) and LS2(p) be any two PLTSs, λ, λ1, λ2 ≥ 0,
where LS1

(k) and LS2
(k) are the kth LTs in LS1(p) and LS2(p),

respectively, and p kð Þ
1 and p kð Þ

1 are the probabilities of the kth
LTs in LS1(p) and LS2(p), respectively. Then

LS1 pð Þ⊕LS2 pð Þ ¼ LS2 pð Þ⊕LS1 pð Þ ð13Þ

λ LS1 pð Þ⊕LS2 pð Þð Þ ¼ λLS2 pð Þ⊕λLS1 pð Þ ð14Þ

λ1 þ λ2ð ÞLS1 pð Þ ¼ λ1LS1 pð Þ⊕λ2LS1 pð Þ ð15Þ

LS1 pð Þ⊗LS2 pð Þ ¼ LS2 pð Þ⊗LS1 pð Þ ð16Þ

LS1 pð Þ⊗LS2 pð Þð Þλ ¼ LS2 pð Þλ⊗LS1 pð Þλ ð17Þ

LS1 pð Þ λ1þλ2ð Þ ¼ LS1 pð Þλ1⊗LS1 pð Þλ2 ð18Þ
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MSM Operator

The traditional MSM operator is given as follows:

Definition 10 [24] Suppose ai(i = 1, 2,⋯, n) is a collection of
nonnegative real numbers; then, the MSM operator is defined
as

MSM kð Þ a1; a2;⋯; anð Þ ¼
∑

1≤ i1<⋯< ik ≤n
∏
k

j¼1
ai j

Ck
n

0
BBB@

1
CCCA

1=k

ð19Þ

where k ∈ (1, 2,⋯, n), (i1, i2,⋯, ik) traverses all k − tuple
combinations of (1, 2, ⋯, n) and Ck

n is the binomial
coefficient.

It is clear that the MSM operator has some properties as
follows.

(1) MSM(k)(0, 0,⋯, 0) = 0, MSM(k)(a, a,⋯, a) = a;
(2) MSM(k)(a1, a2,⋯, an) ≤MSM(k)(b1, b2,⋯, bn), if ai ≤ bi

for all i;

min
i

aif g≤MSM kð Þ a1; a2;⋯; anð Þ≤ max
i

aif g:

PLMSM Operators

In this section, based on the new operational rules of PLTSs,
we propose the PLMSM operator and WPLMSM operator,
and then we will explore their properties and special cases.

PLMSM Operator

Definition 11 Let LSi pð Þ ¼ LS tð Þ
i p tð Þ

i

� �n
jt ¼ 1; 2; :::;#LSi

pð Þg i ¼ 1; 2;⋯; nð Þ be n PLTSs, where LS kð Þ
i and p kð Þ

i are
the kth LT and its probability, respectively, in LSi(p), and

PLMSM kð Þ LS1 pð Þ; LS2 pð Þ; ::::;LSn pð Þð Þ ¼
⊕

1≤ i1<⋯< ik ≤n
⊗
k

j¼1
LS pð Þi j

� 	
Ck

n

0
BB@

1
CCA

1
k

ð20Þ
where k ∈ (1, 2,⋯, n), (i1, i2,⋯, ik) traverses all k − tuple
combinations of (1, 2,⋯, n) and Ck

n is the binomial coeffi-
cient; the PLMSM(k) is called the PLMSM operator.

Theorem 1 Let LSi pð Þ ¼ LS tð Þ
i p tð Þ

i

� �
jt ¼ 1; 2; :::;#LSi pð Þ

n o
i ¼ 1; 2;⋯; nð Þ be n PLTSs; then, the aggregated result by
Definition 11 is expressed as

PLMSM kð Þ LS1 pð Þ; LS2 pð Þ; ::::; LSn pð Þð Þ ¼
⊕

1≤ i1<⋯< ik ≤n
⊗
k

j¼1
LS pð Þi j

� 	
Ck

n

0
BB@

1
CCA

1
k

¼ ∪
η tð Þ
1 ∈g LS1 pð Þð Þ;η tð Þ

2 ∈g LS2 pð Þð Þ;:::;η tð Þ
n ∈g LSn pð Þð Þ

g−1 1− ∏
1≤ i1<⋯< ik ≤n

1− ∏
k

j¼1
η tð Þ
i j

 ! ! 1
Ckn

0
@

1
A

1
k

∏
1≤ i1<⋯< ik ≤n

∏
k

j¼1
p tð Þ
i j

 !8><
>:

9>=
>;

0
B@

1
CA

ð21Þ

Proof According to the operational rules of the PLTSs, we
have

⊗
k

j¼1
LS pð Þi j ¼ ∪

η tð Þ
1 ∈g LS1 pð Þð Þ;η tð Þ

2 ∈g LS2 pð Þð Þ;:::;η tð Þ
n ∈g LSn pð Þð Þ

g−1 ∏
k

j¼1
η tð Þ
i j

 !
∏
k

j¼1
p tð Þ
i j

 !( ) !
;

and

⊕
1≤ i1<⋯< ik ≤n

⊗
k

j¼1
LS pð Þi j

� 	
¼ ∪

η tð Þ
1 ∈g LS1 pð Þð Þ;η tð Þ

2 ∈g LS2 pð Þð Þ;:::;η tð Þ
n ∈g LSn pð Þð Þ

g−1 1− ∏
1≤ i1<⋯< ik ≤n

1− ∏
k

j¼1
η tð Þ
i j

 ! !
∏

1≤ i1<⋯< ik ≤n
∏
k

j¼1
p tð Þ
i j

 !( ) !
:

Then, we obtain

1

Ck
n

⊕
1≤ i1<⋯< ik ≤n

⊗
k

j¼1
LS pð Þi j

� 	� 	
¼ ∪

η tð Þ
1 ∈g LS1 pð Þð Þ;η tð Þ
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Therefore,

PLMSM kð Þ LS1 pð Þ; LS2 pð Þ; ::::; LSn pð Þð Þ ¼
⊕

1≤ i1<⋯< ik ≤n
⊗
k
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LS pð Þi j

� 	
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n
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1
k
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Q.E.D.

Example 1 Let LS1 = {s0(1)}, LS2 = {s−2(0.8)} and
LS3 = {s1(0.4), s2(0.6)} be three PLTSs; by the function g,
we can obtain g(LS1) = {0.5(1)}, g(LS2) = {0(0.8)} and

g(LS3) = {0.75(0.4), 1(0.6)}, and then we can obtain the
aggregation result by the PLMSM operator shown as
follows.

Without loss of generality, suppose k = 2; then, according
to (21), we obtain

PLMSM 2ð Þ LS1; LS2; LS3ð Þ ¼
⊕

1≤ i1<⋯< i2 ≤3
⊗
2

j¼1
LSi j

� 	
C2

3

0
BB@

1
CCA

1
2

¼ ∪
η tð Þ
1 ∈g LS1ð Þ;η tð Þ

2 ∈g LS2ð Þ;:η tð Þ
3 ∈g LS3ð Þ

g−1 1− ∏
1≤ i1<⋯< ik ≤n
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η tð Þ
i j
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1
CA ¼ s−0:48 0:256ð Þ; s−0:18 0:384ð Þf g:

Thus, PLMSM (2)(LS1, LS2, LS3) = {s−0.48(0.256),
s−0.18(0.384)}.

Further, we shall investigate some desirable properties of
the PLMSM operator.

Theorem 2 (Commutativity) If LS
0
1 pð Þ; LS 0

2 pð Þ; :::;LS 0
n pð Þ� 


is any permutation of {LS1(p), LS2(p), ..., LSn(p)}, then

PLMSM kð Þ LS
0
1 pð Þ; LS 0

2 pð Þ; :::;LS 0
n pð Þ

� �
¼ PLMSM kð Þ LS1 pð Þ; LS2 pð Þ; :::;LSn pð Þð Þ ð22Þ

Proof

PLMSM kð Þ LS1 pð Þ;LS2 pð Þ; :::;LSn pð Þð Þ ¼
⊕

1≤ i1<⋯< ik ≤n
⊗
k

j¼1
LS pð Þi j

� 	
Ck

n

0
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1
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2 pð Þ; :::;LS 0
n pð Þ

� �
;

which completes the proof of the Theorem 2. Q.E.D.

Then, we will explore some special properties of the
PLMSM operator regarding parameter k.

(1) When k = 1, the PLMSM operator will reduce to the PLA
(probabilistic linguistic averaging) operator, i.e.,

PLMSM 1ð Þ LS1 pð Þ; LS2 pð Þ; ::::;LSn pð Þð Þ
¼ ∪

η tð Þ
1 ∈g LS1 pð Þð Þ;η tð Þ

2 ∈g LS2 pð Þð Þ;:::;η tð Þ
n ∈g LSn pð Þð Þ

g−1 1− ∏
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i¼1
1−η tð Þ

i j

� �� 	1
n

 !
∏
n

i¼1
p tð Þ
i j

� 	( ) ! ð23Þ

(2) When k = 2, the PLMSM operator will reduce to the
PLBM (probabilistic linguistic Bonferroni mean) opera-
tor (p = 1, q = 1), i.e.,

PLMSM 2ð Þ LS1 pð Þ; LS2 pð Þ; ::::; LSn pð Þð Þ ¼ ∪
η tð Þ
1 ∈g LS1 pð Þð Þ;η tð Þ

2 ∈g LS2 pð Þð Þ;:::;η tð Þ
n ∈g LSn pð Þð Þ

g−1 1− ∏
1≤ i1<⋯< ik ≤n
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2
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ð24Þ
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(3) When k = n, the PLMSM operator will reduce to the PLG
(probabilistic linguistic geometric) operator, i.e.,

PLMSM nð Þ LS1 pð Þ; LS2 pð Þ;…; LSn pð Þð Þ

¼ ∪
η tð Þ
1 ∈g LS1 pð Þð Þ;η tð Þ

2 ∈g LS2 pð Þð Þ;:::;η tð Þ
n ∈g LSn pð Þð Þ

g−1 ∏
n

j¼1
η tð Þ
i j

 !1
n

∏
n

j¼1
p tð Þ
i j

 !8<
:

9=
;

0
@

1
A

ð25Þ

The WPLMSM Operator

Definition 12 Let LSi pð Þ ¼ LS tð Þ
i p tð Þ

i

� �n
jt ¼ 1; 2; :::;#LSi pð Þg

i ¼ 1; 2; ::::; nð Þ be n PLTSs and ω = (ω1, ω2, ...., ωn)
T be the

weight vector of LSi(p) with ωi ∈ [0, 1], i = 1, 2, ...., n, and
∑n

i¼1ωi ¼ 1. If

WPLMSM kð Þ LS1 pð Þ; LS2 pð Þ; ::::; LSn pð Þð Þ

¼
⊕

1≤ i1<⋯< ik ≤n
⊗
k

j¼1
ωi j⊗LS pð Þi j
� �� 	

Ck
n

0
BB@

1
CCA

1
k

ð26Þ

then WPLMSM is called the WPLMSM operator, where
k ∈ (1, 2,⋯, n), (i1, i2, ...., ik) traverses all k − tuple combina-

tions of (1, 2, ...., n), and Ck
n is the binomial coefficient.

Further, we can derive the following theorem.

Theorem 3 Let LSi pð Þ ¼ LS tð Þ
i p tð Þ

i

� �n
jt ¼ 1; 2; :::;#LSi pð Þg

i ¼ 1; 2; ::::; nð Þ be n PLTSs and ω = (ω1, ω2, ...., ωn)
T be the

weight vector of LSi(p) with ωi ∈ [0, 1], i = 1, 2, ...., n, and
∑n

i¼1ωi ¼ 1. Then

WPLMSM kð Þ LS1 pð Þ; LS2 pð Þ;…; LSn pð Þð Þ

¼ ∪
η tð Þ
1 ∈g LS1 pð Þð Þ;η tð Þ
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The proof of this theorem is similar to Theorem 1, so it is
omitted here.

Example 2 Let LS1 = {s0(1)}, LS2 = {s−2(0.8)}, and
LS3 = {s1(0.4), s2(0.6)} be three PLTSs; by the function g,

we can obtain g(LS1(p)) = {0.5(1)}, g(LS2(p)) = {0(0.8)}, and
g(LS3(p)) = {0.75(0.4), 1(0.6)}. Suppose ω = (0.4, 0.32,
0.28)T is the weight vector of LSi(i = 1, 2, 3); then, we can
use the WPLMSM operator to aggregate three PLTSs and ob-
tain (without loss of generality, suppose k = 2)

Table 1 The decision matrix with PLTSs

C1 C2 C3 C4 C5

A1 LS11(p) LS12(p) LS13(p) LS14(p) LS15(p)

A2 LS21(p) LS22(p) LS23(p) LS24(p) LS25(p)

A3 LS31(p) LS32(p) LS33(p) LS34(p) LS35(p)

A4 LS41(p) LS42(p) LS43(p) LS44(p) LS45(p)

LS11 pð Þ ¼ s−2 0:03ð Þ; s−1 0:1ð Þ; s0 0:37ð Þ; s1 0:18ð Þ; s2 0:32ð Þf g; LS12 pð Þ ¼ s−2 0:02ð Þ; s−1 0:03ð Þ; s0 0:17ð Þ; s1 0:21ð Þ; s2 0:58ð Þf g;
LS13 pð Þ ¼ s−2 0:04ð Þ; s−1 0:04ð Þ; s0 0:13ð Þ; s1 0:22ð Þ; s2 0:57ð Þf g; LS14 pð Þ ¼ s−2 0:02ð Þ; s−1 0:04ð Þ; s0 0:24ð Þ; s1 0:17ð Þ; s2 0:53ð Þf g;
LS15 pð Þ ¼ s−2 0:15ð Þ; s−1 0:12ð Þ; s0 0:22ð Þ; s1 0:18ð Þ; s2 0:33ð Þf g; LS21 pð Þ ¼ s0 0:12ð Þ; s1 0:3ð Þ; s2 0:58ð Þf g;
LS22 pð Þ ¼ s0 0:03ð Þ; s1 0:21ð Þ; s2 0:76ð Þf g; LS23 pð Þ ¼ s−1 0:03ð Þ; s1 0:52ð Þ; s2 0:45ð Þf g;
LS24 pð Þ ¼ s−2 0:06ð Þ; s0 0:03ð Þ; s1 0:24ð Þ; s2 0:67ð Þf g; LS25 pð Þ ¼ s−1 0:06ð Þ; s0 0:15ð Þ; s1 0:39ð Þ; s2 0:39ð Þf g;
LS31 pð Þ ¼ s−2 0:05ð Þ; s−1 0:11ð Þ; s0 0:16ð Þ; s1 0:35ð Þ; s2 0:32ð Þf g; LS32 pð Þ;¼ s0 0:08ð Þ; s1 0:27ð Þ; s2 0:65ð Þf g;
LS33 pð Þ ¼ s−1 0:03ð Þ; s0 0:11ð Þ; s1 0:19ð Þ; s2 0:68ð Þf g; LS34 pð Þ ¼ s0 0:03ð Þ; s1 0:35ð Þ; s2 0:62ð Þf g
LS35 pð Þ ¼ s−2 0:08ð Þ; s−1 0:16ð Þ; s0 0:19ð Þ; s1 0:35ð Þ; s2 0:22ð Þf g; LS41 pð Þ ¼ s−2 0:05ð Þ; s−1 0:05ð Þ; s0 0:14ð Þ; s1 0:33ð Þ; s2 0:44ð Þf g;
LS42 pð Þ ¼ s−2 0:05ð Þ; s−1 0:07ð Þ; s0 0:14ð Þ; s1 0:26ð Þ; s2 0:49ð Þf g; LS43 pð Þ ¼ s−2 0:02ð Þ; s0 0:12ð Þ; s1 0:07ð Þ; s2 0:79ð Þf g;
LS44 pð Þ ¼ s−2 0:05ð Þ; s−1 0:07ð Þ; s0 0:14ð Þ; s1 0:19ð Þ; s2 0:56ð Þf g; LS45 pð Þ ¼ s−2 0:02ð Þ; s−1 0:05ð Þ; s0 0:12ð Þ; s1 0:21ð Þ; s2 0:6ð Þf g
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WPLMSM 2ð Þ LS1; LS2; LS3ð Þ ¼
⊕
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:

Based on the operational rules of the PLTSs, the
WPLMSM operator has also the property of commutativity
described as follows:

Theorem 4 (Commutativity) Let LS
0
1 pð Þ; LS 0

2 pð Þ; :::;LS 0
n pð Þ� 


be any permutation of {LS1(p), LS2(p), ..., LSn(p)}; then

WPLMSM kð Þ LS
0
1 pð Þ; LS 0

2 pð Þ; :::;LS 0
n pð Þ

� �
¼ WPLMSM kð Þ LS1 pð Þ; LS2 pð Þ; :::;LSn pð Þð Þ ð28Þ

Then, we will discuss some special properties of the
WPLMSM operator regarding parameter k.

(1) When k = 1, the WPLMSM operator will reduce to the
PLWA (probabilistic linguistic weighted averaging) op-
erator, i.e.,

WPLMSM 1ð Þ LS1 pð Þ; LS2 pð Þ; ::::; LSn pð Þð Þ
¼ ∪
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(2) When k = 2, the WPLMSM operator will reduce to the
PLWBM (probabilistic linguistic weighted Bonferroni
mean) operator (p = 1, q = 1), i.e.,

WPLMSM 2ð Þ LS1 pð Þ; LS2 pð Þ; ::::;LSn pð Þð Þ

¼ ∪
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(3) When k = n, the WPLMSM operator will reduce to the
PLWG (probabilistic linguistic weighted geometric) op-
erator, i.e.,

WPLMSM nð Þ LS1 pð Þ; LS2 pð Þ; ::::;LSn pð Þð Þ
¼ ∪

η tð Þ
1 ∈g LS1 pð Þð Þ;η tð Þ

2 ∈g LS2 pð Þð Þ;:::;η tð Þ
n ∈g LSn pð Þð Þ
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j¼1
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To show how to obtain the PLI and use the WPLMSM
operator, we can provide an example.

Example 3 Recently, a friend wants to buy a new smart phone
from a website, and he hesitates with four alternatives, includ-
ing the APPLE iPhone X (A1), HUAWEI P20 (A2), Samsung
GALAXY S9 (A3), and XIAOMI MIX 2S (A4). To make a
better decision, the online comment information on the

website needs to be considered. By browsing the online com-
ment information of the four alternatives above from the Zol
website (Zol.com.cn), the following five attributes associated
with the alternatives are considered: endurance (C1),
photography (C2), performance (C3), appearance (C4), and
cost performance (C5). According to my friend’s request, the
attribute weight vector is set as ω = (0.05,0.15,0.25, 0.2, 0.
35)T. In addition, the scale of the rating on the website is
B = {2, 4, 6, 8, 10} = {low, slightly lower, medium, slightly
higher, high}. For the sake of convenience, we change the
scale of the rating in the website into S = {s−2, s−1, s0, s1, s2}
= {low, slightly lower, medium, slightly higher, high}.

From this real decision problem, we can see that the five
attributes mentioned are related to each other. Hence, we need
to use a decision method that can consider the interrelation-
ship between the attributes, and the probabilistic linguistic can
accurately express the online comment information.
Therefore, the method we proposed in this paper can solve
this decision problem properly (Table 1).

Cogn Comput (2019) 11:735–747742

http://zol.com.cn


We convert the original online comment data into the form
of PLTSs. Then, we obtain the probabilistic linguistic decision
matrix of four alternatives, shown as follows:

Then, we calculate the aggregated value for all attributes of
each alternative by the WPLMSM operator (suppose k = 5)
and obtain

LSi ¼ WPLMSM 5ð Þ LSi1 pð Þ;LSi2 pð Þ;LSi3 pð Þ; LSi4 pð Þ; LSi5 pð Þð Þ ¼ ∪
η tð Þ
i1 ∈g LSi1 pð Þð Þ;η tð Þ

i2 ∈g LSi2 pð Þð Þ;:::;η tð Þ
i5 ∈g LSi5 pð Þð Þ

g−1 ∏
5

j¼1
1− 1−η tð Þ

i j

� �ωi j
� � !1

5

∏
5

j¼1
p tð Þ
i j

 !8<
:

9=
;

0
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1
A:

Based on the aggregated values, we calculate the score
functions for each Ai(i = 1, 2, 3, 4) by Formula (3) and obtain

E LS1ð Þ ¼ s−0:87;E LS2ð Þ ¼ s0:005;E LS3ð Þ ¼ s−0:538;E LS4ð Þ ¼ s−0:433:

According to the Definitions 5–7, the ranking is A2 ≻ A4 ≻
A3 ≻ A1; thus, the best choice is HUAWEI P20.

A Decision-Making Method Based
on the WPLMSM Operator

For a MADM problem with PLI, let A = {A1, A2, ...., Am} be a
finite set of alternatives, C = {C1, C2, ....,Cn} be the set of
attributes and ω = (ω1, ω2, ...., ωn)

T `be the weight vector of
attributes Cj(j = 1, 2, ...., n), with ωj ∈ [0, 1]j = 1, 2, ...., n and
∑n

j¼1ω j ¼ 1. Suppose that R = [LS(p)ij]m × n is the decision

matrix, where LS pð Þij ¼ LS tð Þ
ij p tð Þ

ij

� �
jt ¼ 1; 2; :::;#LS pð Þij

n o
is a PLTS, which is an evaluation value of alternative Ai re-
garding attribute Cj. The goal of this MADM problem is to
rank the alternatives and select the best one.

In the following, we will use the WPLMSM operator to
rank the alternatives, and the steps are shown as follows.

Step 1. Normalize the attribute values

In real decision-making, the attribute values have two
types, i.e., cost type and benefit type. To eliminate the
difference in types, we need to convert them to the same
type.

We can convert the cost type into a benefit type, and the
transformed decision matrix is expressed by R = [LS(p)ij]m × n,
where

LS pð Þij ¼
LS tð Þ

ij p tð Þ
ij

� �
jt ¼ 1; 2; :::;#LS pð Þij

n o
for benefit attribute C j

−LS tð Þ
ij p tð Þ

ij

� �
jt ¼ 1; 2; :::;#LS pð Þij

n o
for cost attribute C j

8<
:

ð32Þ

Step 2. Calculate the aggregated value for all attributes of
each alternative as follows.

LSi ¼ WPLMSM LS pð Þi1; LS pð Þi2; ::::; LS pð Þin
� � ð33Þ

where i = 1, 2, ...., m.

Step 3. Rank LSi(i = 1, 2, ....,m) according to Definition 7.
Step 4. End.

Table 3 The transformed
decision matrix by g function for
Example 4

C1 C2 C3 C4

A1 {0.5(1)} {0(0.6)} {0.75(0.4), 1(0.4)} {0.75(0.8)}

A2 {0.5(0.8)} {0.25(0.8)} {0(0.6), 0.25(0.2)} {0.5(0.6)}

A3 {0.25(0.4), 0(0.6)} {1(0.6), 0.75(0.2)} {0.5(0.8)} {0(0.5), 0.25(0.5)}

A4 {0.25(0.8)} {0(0.6)} {1(0.5), 0.75(0.5)} {0.5(1)}

Table 2 The decision matrix with
PLTSs for Example 4 C1 C2 C3 C4

A1 {s0(1)} {s−2(0.6)} {s1(0.4), s2(0.4)} {s1(0.8)}

A2 {s0(0.8)} {s−1(0.8)} {s−2(0.6), s−1(0.2)} {s0(0.6)}

A3 {s−1(0.4), s−2(0.6)} {s2(0.6), s1(0.2)} {s0(0.8)} {s−2(0.5), s−1(0.5)}

A4 {s−1(0.8)} {s−2(0.6)} {s2(0.5), s1(0.5)} {s0(1)}
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Numerical Example

This section presents a risk assessment example about the hot
topic BBelt and Road^ to illustrate the proposed method
(adapted from [46]).

Example 4 In the China-Central Asia-West Asia economic cor-
ridor, because China advocates for the BB&R^ strategy, the
Central and West Asian countries strengthen the investment
cooperation with Chinese companies in energy, infrastructure,
and other fields. This brings opportunity but also increases risk.
A Chinese company is planning to invest in a country along the
China-Central Asia-West Asia economic corridor. It aims to
choose a country of the lowest risk from the four alternative
countries: United Arab Emirates (UAE), Saudi Arabia, Qatar,
and Israel. A group of experts (including five experts) were
invited to provide their preference information over the alter-
native countries by comparing each pair of them. Because of
the complexity of the evaluation problem, the experts cannot
give specific risk assessment values in crisp numbers but rather
in the form of LTs. Furthermore, the experts may be hesitant
among many LTs, and they may have different degrees of
preference for these countries because their knowledge and
the information are not equivalent. Therefore, using PLTSs to
express preference information is reasonable and necessary.

For this decision-making problem, let xi(i = 1, 2, 3, 4) rep-
resent UAE, Saudi Arabia, Qatar, and Israel, respectively. The
experts compare each pair of countries using the linguistic
evaluation scale S = {s−2, s−1, s0, s1, s2} = {low, slightly lower,
medium, slightly higher, high}. The preference information
given by the experts is shown in Tables 2 and 3.

The Decision Steps

Step 1: Because all attributes are of the benefit type, there is
no need to normalize the attribute values.

Step 2: Calculate the aggregated value for all attributes of
each alternative by Formula (33) and suppose k = 2.

Because there are too much data, they are omitted here
(please refer to the Excel data file).

Step 3: Calculate the score function for each LSi(i = 1, 2, 3,
4) based on the Formula (3), and we have

E LS1ð Þ ¼ s−0:9799;E LS2ð Þ ¼ s−1:0034;E LS3ð Þ
¼ s−1:4571;E LS4ð Þ ¼ s−1:3488:

Step 4: Rank the alternatives. According to Definition 4, the
ranking is A1 ≻ A2 ≻ A4 ≻ A3.

Then, we explain the influence on the ranking results for
the different values of parameter k, and the ranking results are
shown in Table 4.

From Table 4, we can see that the rankings of the alterna-
tives vary with parameter k. When k = 1, the ranking result is
different from the others. Clearly, this is reasonable because
the situation of k = 1 does not consider the interrelationship
among the attributes while the others consider the interrela-
tionships between two attributes or among three or four attri-
butes. In addition, from Table 4, we also know the score func-
tions are becoming increasingly smaller as parameter k in-
creases, so we can regard parameter k as a decision-maker’s
risk preference. The smaller parameter k is, the more the
decision-maker is risk-seeking; the bigger parameter k is, the
greater the risk aversion.

Discussion

To demonstrate the validity of the proposed method, we can
compare it with the method proposed byBai et al. [4], which is

Table 4 The ranking results for the different values of parameter k for Example 4

E(LS1) E(LS2) E(LS3) E(LS4) Ranking

k = 1
k = 2
k = 3
k = 4

s0.7116
s−0.9799
s−1.5635
s−1.7228

s0.7079
s−1.0034
s−1.6982
s−1.7407

s0.2474
s−1.4571
s−1.8091
s−2.0766

s0.2350
s−1.3488
s−1.8326
s−2.1078

A1 ≻ A2 ≻ A3 ≻ A4
A1 ≻ A2 ≻ A4 ≻ A3
A1 ≻ A2 ≻ A4 ≻ A3
A1 ≻ A2 ≻ A4 ≻ A3

Table 5 Comparison using two methods

Method Aggregation operator Score functions E(LHi) Ranking

Bai et al. [4] PLWA E LH1ð Þ ¼ s1:924;E LH2ð Þ ¼ s2:744;
E LH3ð Þ ¼ s2:743;E LH4ð Þ ¼ s2:656

H2 ≻H3 ≻H4 ≻H1

Proposed method WPLMSM(k = 1) E LH1ð Þ ¼ s1:924;E LH2ð Þ ¼ s2:744;
E LH3ð Þ ¼ s2:743;E LH4ð Þ ¼ s2:656

H2 ≻H3 ≻H4 ≻H1
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based on the PLWA operator. Because the PLWA operator
does not consider the interrelationship among the attributes,
we can compare it with our method when k = 1.

Example 5 Because of limited medical resources and the in-
creasingly serious environmental pollution in China, it is nec-
essary to evaluate large domestic hospitals to search for the
optimal hospital with appropriate resource allocation and rea-
sonable resource input and output. Three attributes are adopted:
the hospital environmental status (C1), personalized diagnosis
and treatment optimization (C2), and social resource allocation
optimization (C3). The weight vector of these attributes is
ω = (0.2, 0.1, 0.7)T. The four hospitals to be evaluated are the
West China Hospital of Sichuan University (H1), the Huashan
Hospital of Fudan University (H2), the Union Medical College
Hospital (H3), and the Chinese PLAGeneral Hospital (H4). The
ranking results are shown in Table 5.

FromTable 5, we can find not only the same ranking results
but also the same score functions for the same hospital by the
two methods. The reason is that when k = 1, the proposed
method reduces to the PLWA operator, and the two methods
use the same operational laws. Therefore, the ranking results
are exactly the same. Hence, the method proposed in this
paper is effective and feasible.

To demonstrate the advantages of the proposed method in
this paper, we use the same example to provide a new com-
parison listed in Table 6.

From Table 6, we find different ranking results using the
two methods. From Example 5, we can see that the attributes
are intrinsically related, but the method of Bai et al. [4] does
not take this interrelationship into account, which will lead to
an unreasonable result. To clarify, we further provide a de-
tailed comparison.

Compared with the method based on the PLWA operator
proposed by Bai et al. [4], the proposed method adopts the
same new operational rules. However, the proposed method

integrates theMSM operator which has the remarkable feature
of capturing the interrelationships among multiple attributes.
Thus, the proposed method can better handle the relationship
among input variables. The method of Bai et al. [4] uses the
WA operator that does not take account the relationship be-
tween the input arguments, so when the relationship of the
inputs needs to be considered, it will produce an unreasonable
ranking result. In addition, the parameter k in the proposed
method can be regarded as the risk preference of decision-
makers. Clearly, the proposed method is more flexible and
general for solving MADM problems than the method pro-
posed by Bai et al. [4].

Further, we can provide another a comparison based on the
PLWA operator proposed by Zhang et al. [46]. The operation-
al rules adopted by the PLWA operator proposed by Zhang
et al. [46] are different from those used in our proposed meth-
od. The ranking results are shown in Table 7.

From Table 7, we find different ranking results using the
two methods.When k = 1, the proposed method reduces to the
PLWA operator, but in this example the two methods use the
different operational laws. The method of Zhang et al. [46]
adopts the operational laws proposed by Pang et al. [26], and
the method in this paper adopts the operational laws proposed
by Gou [9]. In summary, the comparison results can be briefly
summed up as follows.

Compared with the method based on the PLWA proposed
by Zhang et al. [46], the proposed method adopts the new
operational rules with the accurate operations, while the meth-
od proposed by Zhang et al. [46] only adopts the simple tra-
ditional operational rules. However, the traditional operational
laws have some shortcomings in processing the LTs.
Furthermore, the new operational laws can not only avoid
the operational results exceeding the bounds of LTSs but also
retain the complete probability information after operations.
This aspect supports the proposed method as being more rea-
sonable and accurate than the method of Zhang et al. [46].

Table 7 Ranking results by different methods

Method by Aggregation operator Expected values E(LSi) Ranking

Zhang et al. [46] PLWA E LS1ð Þ ¼ s0:0413;E LS2ð Þ ¼ s0:2195;
E LS3ð Þ ¼ s−0:1176;E LS4ð Þ ¼ s−0:1176

A2 ≻ A1 ≻ A3 ≻ A4

Proposed method WPLMSM(k = 1) E LS1ð Þ ¼ s0:7116;E LS2ð Þ ¼ s0:7079;
E LS3ð Þ ¼ s0:2474;E LS4ð Þ ¼ s0:2350

A1 ≻ A2 ≻ A3 ≻ A4

Table 6 Ranking results by different methods

Method Aggregation operator Expected values E(LHi) Ranking

Bai et al. [4] PLWA E LH1ð Þ ¼ s1:924;E LH2ð Þ ¼ s2:744;
E LH3ð Þ ¼ s2:743;E LH4ð Þ ¼ s2:656

H2 ≻H3 ≻H4 ≻H1

Proposed method WPLMSM(k = 2) E LH1ð Þ ¼ s−1:672;E LH2ð Þ ¼ s−0:859;
E LH3ð Þ ¼ s−1:085;E LH4ð Þ ¼ s−0:683

H4 ≻H2 ≻H3 ≻H1

Cogn Comput (2019) 11:735–747 745



Finally, we make a comparison of our proposed method
with the method based on the HFLWA operator proposed by
Gou [9]. When we set k = 1 and use the same operational rules
proposed by Gou [9], the ranking results of the two methods
are shown in Table 8.

From Table 8, we find different ranking results by using the
two methods. We will discuss the reason for these results.

Compared with the method based on the HFLWA pro-
posed by Gou [9], the proposed method expressed the eval-
uation information with the PLTS, whereas the method
proposed by Gou [9] expressed the evaluation information
with the HFLTSs. HFLTSs can collect some possible LTs
provided by the DMs, but these LTs have equal probability;
thus, they ignore the effect of the probability. The PLTS
can not only contain all the possible LTs such as the
HFLTSs but also express the degree of importance or
weight of each LT. Thus, the PLTSs can express the eval-
uation information more accurately than HFLTSs in prac-
tical problems.

Conclusion

The MADM problems based on the PLI have been applied
to a range of areas. Because PLI can reflect different de-
grees of importance or weights of all possible evaluation
values, and the MSM operator has the remarkable feature
of capturing the interrelationships among multiple attri-
butes, in this paper, we extended the MSM operator to
the environment of PLI and proposed some MSM aggre-
gation operators for the PLI, such as the PLMSM operator
and WPLMSM operator; some desirable properties and
special cases of these operators are illustrated. Finally, a
MADM method with the PLI based on the WPLMSM
operator is proposed. This method is more flexible and
general for solving MADM problems with PLI than the
existing methods.

In further research, it is necessary to use the proposedmeth-
od for some real decision-making problems, or the proposed
operators should be extended to some new fuzzy information.
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