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Abstract

In neural networks, the diffusion effect cannot be avoided due to the electrons diffuse from the high region to low region.
However, the spatial temporal dynamic of neural network with diffusion and time delay is not well understood. The goal of this
paper is to study the spatial temporal dynamic of a coupled neural network with diffusion and time delay. Based on the eigenvalue
of the Laplace operator, the characteristic equation is obtained. By analyzing the characteristic equation, some conditions for the
occurrence of Turing instability and Hopf bifurcations are obtained. Moreover, normal form theory and center manifold theorem
of the partial differential equation are used to analyze the period and direction of Hopf bifurcation. It found that the diffusion
coefficients can lead to the diffusion-driven instability, and time delay can give rise to the periodic solution. Near the Turing
instability point, there exist some spatially non-homogeneous patterns such as spike, spiral wave, and zebra-stripe. Near the Hopf
bifurcation point, the spatial temporal dynamic can be divided into four types: the stable zero equilibrium, the two distinct stripe
patterns, and the irregular pattern. The effects of diffusion and time delay on the spatial temporal dynamic of a coupled reaction-
diffusion neural network with time delay are investigated. It is found that the diffusion coefficients have a marked impact on
selection of the type and characteristics of the emerging pattern. The results obtained in this paper are novel and supplement some
existing works.
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Introduction

Recently, the reaction-diffusion neural networks (RDNNs)
have attracted much attention, for it has been applied in
many fields such as diffusion circuit design, signal pro-
cessing, as well as system optimization [1-8]. As is
known to all, time delay is prevalent in RDNNs, for it
takes time to transmit signal in synapse. Time delay
makes the dynamic behaviors of RDNNs more complicat-
ed, e.g., altering the patterns of equilibria, causing
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bifurcations, and chaos. Consequently, studies of dynamic
behaviors of RDNNs with time delay have become inten-
sive. A number of significant results can be found from
the literatures [9—18].

In practical reaction-diffusion systems, the Turing in-
stability is one of famous spatial temporal dynamic phe-
nomena, which is found by Turing in 1952. The Turing
instability means that the steady state of system is stable
without diffusion and becomes unstable when the diffusion
terms are added into the system. The Turing instability can
lead to the diffusion-driven instability and the existence of
spatial non-homogeneous patterns such as spike, spiral wave,
and zebra-stripe. To date, the spatial temporal dynamics based
on the Turing instability have been investigated in many sys-
tems such as chemical systems, ecological systems, and
predator-prey systems [19-23]. However, to best of the au-
thors’ knowledge, few works investigate the spatial temporal
dynamic of neural networks such as Turing instability and
Hopf bifurcation. The observation gives us the motivation to
investigate the spatial temporal dynamic of neural network
with time delay.
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Inspired by the above discussions, in this paper, we
investigate the spatial temporal dynamic for a class of
delayed RDNN with homogeneous Neumann boundary

conditions. The model of the RDNN can be described as
follows:

8u(att,x) = dy Au(t,x)—cru(t,x) + by f [u(t,x)] + arf,[v(t—7,x)],t > 0,xe2,
(1.1)
% = dy Av(t,x)—cyv(t,x) + baf 5 [v(t,x)] + aof 4[u(t—7,x)],t > 0,x€02,
with Turing Instability Analysis
? = ? =0, t > 0,xe052, In this section, the conditions of Turing instability of (1.1)
X X

te[-r,0],xe2,
te[-r,0],xe2,

u(tax) = ¢I(t’x)v
V(tvx) = ¢2(t’x)a

where u, v is the neuron state at time >0, 2=(0, 7) is the
bounded domain, and A is the Laplacian operator; d, d» >0
are the diffusion coefficients, 7is the time delay, ¢;>0( =1, 2)
denote the self-feedback rate of the neuron, a,(i=1,2) is the
connection weight, b,(i = 1, 2) are self-connection weight, and
f(i=1,2,3,4) is the activation functions of neurons with f-
{0)=0 and f ;(0) = 1. There are three contributions of this
paper, which are as follows:

1. The conditions of Turing instability with and without time
delay are obtained. Our conditions show that the diffusion
coefficients can lead to the diffusion-driven instability and
the occurrence of stripe spatial pattern.

2. Comparing with the existing works, some novel condi-
tions where the Hopf bifurcation occurs based on the
Turing instability are obtained. The spatial temporal dy-
namic near the Hopf bifurcation point can be divided into
four types: the stable zero equilibrium, the two distinct
stripe patterns, and the irregular pattern.

3. The numerical results not only validate the obtained the-
orems but also show that the diffusion coefficients have a
marked impact on selection of the type and characteristics
of the emerging pattern. With the diffusion coefficients
increasing, different patterns appear.

The rest of the paper is organized as follows. In the
“Turing Instability Analysis” section, the conditions of
Turing instability without time delay are obtained. In the
“Bifurcation Analysis” section, the conditions of Hopf bifur-
cation are obtained. Moreover, we give the conditions of
Turing instability with time delay. In “The Normal Form of
Hopf Bifurcation” section, the normal form and the direction
of Hopf bifurcation are obtained. In the “Numerical
Examples™ section, numerical results not only validate the
obtained theorems but also show that the diffusion coeffi-
cients have a marked impact on pattern formation.

without time delay are presented. As f;(0) =0, one can obtain
that (0, 0)” is the equilibrium of system (1.1). Let U(?) = (u(t,
3,0t )T = (@), v(t))", the linear part of the system (1.1) at
(0, 0)” can be expressed as:

U(t) = DAU(¢) + L(U,), (2.1)
where D = diag {d;,d>}, L : C — R*. The characteristic equa-
tion of (2.1) is

)\y—DAy—L(e’\y) =0, yedom(A). (2.2)

Define —k*(k € Ko, Ko = {1,2,3,...}) as the eigenvalue of
A on X, following the method of [17], (2.2) can be rewritten
as:

F(A) = X + A\ + By + Ce ™7 = 0, keKo, (2:3)

where

bii = b1/, (0), a1 = a1f5(0), by = baf5(0), az = arf, (0),
Ax = (dy + do)K* + ¢ + cr=by1—bn,

By = didok* + ((ca=baa)dy + (c1=b11)da)k* + (c1=bn1) (c2—bnn),
C = —ajaxn.

For 7=0, (2.3) becomes

F(X\) = N + A\ + By + C, keKy, (2.4)
and the roots of (2.4) is given by

~Ay +1\/(A)—4(By + C
)\172 = ( ) ( ) ,kEK(). (25)

2

Let cg=b11 + byy — ¢y, it is easy to see that if ¢, > ¢ and (¢;
—by1)? +a;,a2, <0, we can obtain Ay>0 and B+ C>0,
which means Re{\; >} <0 with k= 0. Thus, the original equi-
librium of system (1.1) without diffusion and time delay is
stable if (¢;—by1)* +a11a22< 0 and ¢, > ¢ are satisfied.
From [19], we know Turing instability may occur if the roots
of (2.4) have positive parts under (c¢; — b, ])2 +a;1a2, <0 and
¢ > ¢, that is, there exists k € K such that A, <0 or B, + C<
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0. As Ay>cy+co— by — by, for any ke K, one can obtain
that A, >0 if ¢, > ¢y. Note that By+ C >0 when ¢, > ¢y and
(c;—b11)? +ay1a2, <0 are satisfied, we can deduce that
Turing instability occurs if there exists k& € K, such that B +
C<O0.

Now, we consider the following function:

G(y) = didoy” + ((ca=bx)d) + (c1=b11)d>)y
+ (c1=b11)(ca—b)—aniaxn
=0,y>0. (2.6)

Differentiating (2.6) with respect to y, one can obtain

G/(V) = 2ddyy + (c2=bp)d) + (c1=b11)d2 = 0. (2.7)
By Gl(y) =0, we have
y= _ L (ex=bn)di + (c1=bun)d> (2.8)

2 did, '

from (2.6) to (2.8), we have if y > 0 and G(y) < 0 hold, there
exists y >0 such that G(y) <0, which means B, + C<0. By
simple calculation, the sufficient conditions for the occurrence
of Turing instability are given by:

(ca=bn)di + (c1=b11)d>
0
did, =
e = ((Cz_bzz)d1 + (Cl_bll)d2)2_4d1d2(30 + Co) > 0.
(2.9)

If ¢; > by, ¢2 > byy, the inequality of (2.9) is not satisfied,
which means the Turing instability in this case does not exist.
Thus, we only consider the case ¢, > by, ¢; < byy and ¢, < by,
c1>byy; by (2.9), we have

d -b

—1< di :_c1 ! (€2 > bx,c1 < byy),

d> by (2.10)
ul >dy = _atbu (¢2 < by, c1 > biy).

d> cr=by

In the following, we investigate the conditions where the
second inequality of (2.9) is satisfied. Let

F(dy) = adj + bd + ¢ =0, (2.11)
where

a = (02_b22)2 > 0,

b =2d,(2ay1an—(c1=b11)(c2—b2)),

c= (Cl—bll)zdg > 0.

It is easy to see that (2.11) has two positive real roots when
(b1 —¢1)* +a11a2, <0 and ¢, > ¢ are satisfied; by calcula-
tion, we have

@ Springer

(611> - _ _(2anan—(bn—c)(bu—c))
d2 (Cz—bz)z
+ 2\/611 12an’—anaxn (bzz—cz)(bl 1_61)
2
(c2=b2)

(2.12)

Let

—(2anan—(bn—c)(bii—c1)) - 2v/a12a?=ar an(bn—c>)(bi—c1)

")/ —
b2 (c2=bn)’ (cr=bn)’

)

since a, ¢ > 0; by (2.12), we can obtain the parameter space of
6 >0 as follows

D (0,,)0(33, +40). (2.13)

d,

Combine with (2.10), we have

dy =2 anan=(bn—c)(bn—c) + \/0112112222*1111tlzz(b22*62)(b11*61) <o,
(c2=b2)

> 0.

ydyy = 2 anan—(byn—cy)(bu—c1)—y/anan’—aiian(byn—c)(bii—c1)
2 (c2-bn)’

(2.14)

since a;1as, — (bas — ¢2)(by; — ¢;) < 0; from (2.14), we can ob-
tain

71 < dii(da) < 7, (2.15)

From the above discussion, we have the following
conclusion:

Theorem 1 For 7=0, suppose (b — )’ +anan<0 and
cy > cohold.

(1) Ifca>by, ¢y > by, the system (1.1) is locally stable at
zero equilibrium;

(2) If ¢y> by, c1 <byy and Z—;e(ﬁy]ﬂ—w), the system (1.1) is
locally stable at zero equilibrium;

(3) If ca>byy, i <byjand %E(O, 1), the system (1.1) with-
out diffusion is local stable at zero equilibrium. It be-
comes unstable with diffusion at zero equilibrium. That
is, the zero equilibrium is Turing unstable.

(4) If ca<by, cy>byand g—;e(O, Y,), the system (1.1) is lo-
cally stable at zero equilibrium;

(5) If ca<byy, ¢;>byand Z—;e(%, +0), the system (1.1)
without diffusion is local stable at zero equilibrium. It
becomes unstable with diffusion at zero equilibrium.
That is, the zero equilibrium is Turing unstable.

Remark 1 In [18], the stability conditions of system (1.1) with
7=0 18 ¢ > by, ¢; > by;. From theorem 1, we can see the
stability condition of [18] is a subset of our results.
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Bifurcation Analysis

From Theorem 1, we can see that if one of the following

conditions is satisfied, the system (1.1) is local stable with

7=0.

(H1) (by—c1)* +anan < 0,¢3 > by, c1 < bij, ey > ¢y,
Z—;E (’71 ) +O())

2
(H2) (bi1—c1)” + anaxn < 0,¢; < by, e1 > bii,ea > co, 4

E( 03 72)
(H3) ¢3> by, €1 > by

Now, we check the existence of Hopf bifurcation, which
means (2.3) has +iw roots. Suppose Fiw(w>0) is a root of
(2.3), we have

—w? + Ajiw + By + Ce ™ =0 (3.1)

Separating the real and imaginary parts of (3.1), one can
obtain

{ —w? + By + Ccos2wr = 0, (32)

Apw—Csin2wr = 0,
from (3.2), we can obtain

wz—Bk
C )
Akw
C )

cos2wT =
(3.3)

sin2wr =

from (3.3), we have

w* + (A?2By)w* + B;—C* =0, (3.4)

where

A2By = (dF + )k +2(d) (e1=bn) + da(e2b)E + (e1=b1)” + (erbn)?,
B-C? = &d3k® + 2dvd>((cr=ba)dy + (c1=b11)da)k°
+ (((Cz—bzz)dl + (e1=bin)da)* + 2d|d2(01—bn)(Cz—bzz))k4
+ 2(c1=b11)(c2=bn) ((cr=bn)dy + (c1=bi1)d2)k>
P

+ (crb”)z(crbzz —a},d%,.

Then, the roots of (3.4) are

—(A2-2B,) + \/ (A2-2B,)*-4(B>—C?)
. .

+ _
Wy =

(3.5)
Thus, if

A7-2B; > 0andB;—C* > 0,
(H4) 2 2 22
(A7—2Bi)" < 4(B;—C?),

holds for any k € Ky, then (3.4) has no positive root. Therefore,
(2.3) has no +iw roots. Since (H1)-(H3) ensure system, (1.1) is

locally asymptotically stable at zero equilibrium when 7=0,
and following the Corollary 2.4 in [19], we have:

Lemma 1 Suppose (H1)—(H3) holds

1. If (H4) holds for arbitrary ke K, then all the roots of
(2.3) have negative real parts for any 7> 0.
2. Ifthere exists k € Kosuch that
(H5) Bi—C2 < 0, then (3.4) has one positive root w}f.
3. If'there exists k € Kosuch that
(H6) AI-2B; < 0,B1—C* >0 and
(A7-2By)724(B}-C?).
then (3.4) has two positive roots w,f.

For the last two cases, (2.3) has purely imaginary roots as long
as 7 takes some critical values T; \7e))s which is as follows:

1 wi Z—Bk . .
T,j;j =57 (arccos (% +2ir )| k0. (3.6)

k

Now, we only analyze the case of k=0 to illustrate the
existence of positive root of (3.4). When k=0, (3.4) becomes

w* + (A§—2Bo)w’ + B{—C* = 0, (3.7)

where

A32By = (c1=b11)’ + (crbm)’,
BI—C? = (c1=bu1) (b)) a3 a5y

Obviously, it is easy to see Aé—ZBo > 0. From the (H1) and
(H2), we have (¢;—by1)* + a11a22<0,¢; > by, and ¢2> ¢,
which can deduce that By>—(C><0; combining with
A%*ZBO > 0, one can obtain that (3.7) has at least one positive
root. Besides, from (H3), we have ¢, > b,,, ¢ > by;; thus, if
(c1 = b11)(cy — bya) + ay1a2; < 0 is satisfied, we can obtain By’
— % <0.1f(3.7) has at least one positive root, the positive root
can be defined as wy. On the other hand, if (H3) and (¢; —
b11)(¢2 — bys) + ay1a25 >0 hold, one can obtain By,> — C2 >0,
which means (3.7) has no positive root.

Corollary 1 (1) If (H1)—(H2) hold, then, there exists ke
Kosuch that (3.4) has at least one positive
root.

(2) TIf(H3) hold, here exists k € K such that (3.4) has at least
one positive root when (c; — by1)(c; — byo) + aj1a, <0 is
satisfied, and (3.4) has no positive root with (¢; — by1)(c;
—by)+ayax>0.

Lemma 2 Suppose that (H1)—~(H3) holds.

1. If(H5) holds for some k € K, then Re)\ (T]:—_j) > 0,j>0.
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2. If (H6) holds for some k € Ky, then for j >0, we have

() ReX () = 0 when (43-28,)*~4(B}-C?) = 0.
(2) ReX (T;;_J.) >0, Re) (7;7 j) < 0 when

(A2-2B,)*~4(B2~C?) > 0.

Proof From (2.3), we have

d d
2\ + Ap) A + C<—2T—>\—2/\> e P =0. (3.8)
dr dr
Then,
A\ A+ A)S T
(E) T 2XC A (3.9)
By (3.9), one can obtain
2
A\ +1/ (A7-2B;) 4 (B:—C*
@) - Vi DHEC)
r) | 2C

k)
As  (A2-2B,)’-4(B2-C) >0, one can obtain
Re(%)|___. #0. The proof is complete.
k)
Denote A1 = {k>0:(HS) holds}, A, ={k>0:(H6)
holds). It is obvious from (3.3) that {Tfl} N

o is increasing
J=

on j for the fixed keA,. So, for the fixed k&, we have
T]jéo = minjzo{T;:j}. For all ke A UA,, we define the

smallest critical value, which is as follows:

: +
def mm{rkﬁo},

TO = . + —
mm{Tk.m Tk }

From (3.3), as y =arccos(+) is a decreasing function, thus,
for w, < wj, we can obtain 7, > 7, for any k€A, when
(H6) holds. Define 7o = 7/, = min{T,jO , keAz}, by [19],
we can obtain that all the roots of (2.3) have negative real parts
when 7€ [0, 7). For 7 = T]tj (T = T;ﬁj), the (2.3) has a pair

of purely imaginary roots +iw; (j:iw;).
From lemmas 1-2 and corollary 1, the following conclu-
sion can be obtained.

Theorem 2 (1) If(H1) or (H2) hold, then the system (1.1) is
locally asymptotically stable at zero equilib-
rium when 1€ [0, 79); and system (1.1) un-
dergoes a Hopf bifurcation at the origin
when T=y.

@ Springer

(2) If (H3) holds,

1) if (c1—b11)(ca — byy) + aj1axy <0, then the system (1.1) is
locally asymptotically stable at zero equilibrium when
T€ [0, 70); and system (1.1) undergoes a Hopf bifurcation
at the origin when T=Ty.

2) if(c;—by)(ca—byy) + ayjax >0, then the system (1.1) is
locally asymptotically stable at zero equilibrium for any
7>0.

Theorem 3 Suppose (b — )’ +a11a2, <0, ¢r>co,
7€ [0, 19) hold, then we have:

(1) If ¢2> b2y, c1>byy, (c1 = bi1)(c2 = ba) +a11a2, <0, the
system (1.1) is locally stable at zero equilibrium;

(2) If cu> byy, ¢y <byjand d,/d, € (7, +), then the system
(1.1) is locally asymptotically stable at zero equilibrium;

() If ca>bsy, c1 <byiand d\/d, (0, 7,), then the system
(1.1) without diffusion is local stable, and become
Turing unstable with diffusion.

(4) If c2<byy, c1>byiand, then the system (1.1) is locally
asymptotically stable;

(5) If ca<byy, ¢y >byiand d,/d, € (7y,, +), then the system
(1.1) without diffusion is local stable, and become Turing
unstable with diffusion.

Remark 2 As is known to all, the Turing instability is one
of the famous phenomenon in the reaction-diffusion sys-
tem. However, very few works investigate the Turing
bifurcation of RDNNS. In this paper, we give the condi-
tions of the Turing bifurcation of RDNNs with and with-
out time delay.

Remark 3 In [14], the authors give the Hopf conditions of
system (1.1) which are ¢, > by, ¢1 > by and (¢; — byy) (¢,
—bsy) +ay1az < 0. From Theorem 2, it is easy to see that
the Hopf conditions of [14] are also a subset of our
results.

Remark 4 As known to all, the diffusion coefficients play
a key role on the dynamic behaviors of RDNN such as
stability and bifurcations. However, the condition of sta-
bility and Hopf bifurcation of the existing works [14—16]
does not contain the diffusion coefficient. In this paper,
our results show the diffusion can lead the dynamic be-
haviors of RDNNs change.

The Normal Form of Hopf Bifurcation

Let ¥ =7— 79 and ¢t — #/7, (1.1) can be rewritten as:

R(f) = ToDR(t) + L(70)(R(£)) + F(R(t), ) (4.1)
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where
D= diag(dl,dg),
L(70) () = T0(Bow(0) + Bip(=7)),

| +bu 0 | 0 an
BO_{ 0 —Cz+b22] Bl_[azz 0}

F(p,9) = 9DAp(0) + L(0)(¢) + 1" (10, 9),

1 (@,9) = (o +19)(1uso?(0) + 1123031(8) +mugy(-1) +m12<r’3(‘1)"'>.,

L193(0) + a3 (0) + may o7 (=1) + maapy (-1)....

For o= (p1,2)" €¢,

p D) by (0), baf3(0)
n=To = 30 =i
byfy (0)
3! ’
_ alfz//(o) _ alfzw(o) _ azf4//(0)
mi 21 , M2 30 , M2 21 , M2
_arfy (0)
3!

It is not hard to see that Ag(—iwgTo, iwgTy) are the eigen-
values of the linear part of (4.1):

R(t) = 7DR(t) + L(10)(R(?)) (4.2)
and
2(1) = L(70)(z) (4.3)

where L(7y) is linear operator in C:= C([—1, 0]9?2) into 9%,
By [24-26], we define (0, 7) for 8 € [-1, 0], such that

L(70) () = [2,dn(0, 70)(8), peC
where

n(0,70) = (0 + I)[Bod(0) + B16(0 + 1)],

(4.4)

6(0) is Drac-delta function.

Let A(7p) be the infinitesimal generator of the semigroup
induce by the solution of (4.3) and A* denotes the formal
adjoint of A(7o) under the bilinear pairing

0 0
(Wr0) = 0(0)0(0)= I T w(&0)dn(O)s(S)d,  (4.5)

for p € C, e C* = ([0, 1], R).

It is easy to see that iTow is an eigenvalue of A(7y) and
—iTowy is an eigenvalue of A*. Define ¢, () = (1, ;)" e070?
and ¢, (6) = g,(0), then one can obtain:

Aq,(0) = iwoTog; (0) (4.6)

By calculation, we have
o) = aqy + i,

where
(Cl_bll)COSWOTO + woToSINWyTo

o)) = , (12

ar

u.)()ToCOSu)()T()_(Cl _b1 1 )SilleT()

ap

Define p, (07) = (1,4,) e ™™ and p,(6") = p, (87) is
a basis of P* associated with (,, then we have:
A*Pl (O) = ~iWoTop) (0)

By calculation, we have

By = B + B,

(4.7)

where
an ((Cz_bzz)COSW()’T() + onosinono)
Bn = B 5 5 )
(Cz—bzg) + wyTo
al (OJ()T()COSUJ()TO_(CQ_I)ZZ)Sinon())
12 = .

(Cz_bzz)z + W%T%
Let u(0) = (u1(8), ux(0)) and v*(67) = (v} (67),v3(67))"
with
u (0)
_4:1(0) +95(6)

2
— (Re{eionOQ}, Re{aleionOQ})
coswoTol
- a”costTO@—algsinonO@) ’
uy(6)
_ q1(0)—4,(0)
2i
_ (Im{emoroe}, Im{aleionnH})
sinwy 7ol
a”sinonOG + Oé]zCOS(U()T()9> ’

for # €[-1,0] and

ue)
_D (9*) +D (9)

2
_ (Re{e*iw(]m@* }7 Re{ﬁle*iwomf })

_ coswyTol”
B11coswoTof) + Basinwerold” )
A% (9*)
_D (0*)_1?2 (9*)

2i
_ (Im{e*ingof)*}7]m{ﬁle*iwo7'ol9* })
Sil’laj()7’()9>|<
—B;sinweTol” + Bacoswood )’

for 0" € [-1,0].
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In the following, define (u,v") = (u;,v;)j,k = 1,2, then
we have

V= (vl,vz)T = (v*,u)flv*.

Let £, = (B B;) and c-fy = 1By + c1 85 for c=(cy,
o)le ¢, one can obtain:

PonG = u(v, < @, fr >)fr 9 (4.8)

and (" = PcyC* @ Q, where Q is the complement subspace of
P, CNC* in C*
According to the definition of A(7y), we can rewrite (4.1) as

R(t) = ATOR(t) +X0F(Ut7’l9) (49)

where

0, -1<6<0
Xo(e):{l =0 '

By using the decompositions (" =Pcpy¢* @ Q and (4.8),
(4.2) can be written as

R(?) :u<28>-fk+h(x1,xz,19) (4.10)

where (x1(£), x2(1))" = (v, (R(), fi9) and h(x1, x5, 9) € Q, h(0, 0,
0)=Dh(0,0,0)=0. Using center manifold, one can obtain:

t
R(t)u<2§t;>-fk+h(x1,xz,0). (4.11)
Let z=x; —ix, and q; = u; + iu,, from (34), we can obtain:
1 o _
R(t) = E (qlz + Q1Z)‘<fk + W(Z, Z) (412)

where

_ z2+7% i(z‘z> 2 _
W(Z,Z) =h A aO éVVZO*'i“/VllZZ

2 2 2
2
Z
+W02?+.... (4.13)
From [24-26], we have
7= iweToz + g(z, Z), (4.14)
where
A2
g(2:2) = )/ (R(1),0). 1) 2 5 + €122
2
Z

@ Springer

for v(0) = (v1(0), v»(0))".
By calculation, from (4.15), we have

7ﬂlﬁ 3 dyy i TOlf 3 dio\ -
(f(R(2),0),fr) = 47rfocos kxdx<d21> + 7rJ“Jcos fxdx dy )&

where

dyy =201 + 2myafe 2T dyy = 20y + 2myoq @, dis

2
_ — 2iTw
—2111+2m11ale 00!

dis = 2< (21,|wIl T 1 Wao + 2my o0 Wi e 70 + myya wzoe'm‘o)cos/a, COS/D(>

3 P 1 n
+ <5m12(ﬁale oo +5112) ;focos4kxdx

2 2 —2iTow,
d21 = 21210[1 + 2m21041€ 0 07d22
= 2Ly + 2my @y, dos
2 2 20
_ — Tow
= 2121041 +2my e oo

dry = 2< (2121a1W11 + Loy Wy + 2”121&1W1187ﬁ°w° + mg151W20€WW°)COSkx, COS/OC>

3, 3 . 1
+ by =aja; += mowo ) — [T costkdx
( 22 2 (}.1(,1/1 2 mpe ) Trjo

1
(Wy(6), cosk) = —[Wy(O)(x)dv. i+ =2,

=1,2,3,4.

Notice that %fgcos%xdx =0 when k#0. Let (p1, po) =
v1(0) — iv»(0), compare the coefficients with (4.15), we can
obtain

0, kekK
0
20 = {*O(d11m+dzmz)7 k=0

4
0, kekK
To
gn = {Z(dupl +dnp,)), k=0’
07 keK To
T _To
S = { Zo(dnpl +dxup,), k=0 821 ) (d1apy + daap,).

(4.16)

Since Wy; and W in g5 for 6 € [—1, 0] are uncertainty, we
need to further determine them. It follows from (4.13) that

W(Z,Z) = Waozz + W2+ W2z + Wayzz+ -, (4.17)
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And , We derive from (4.14), (4.19), and (4.20) that
2 _
AW = ATOWZO% +A Wiizz +A70W02% +..., (4.18)
(ATU_ZiTowo)Wzo(e) = _Hzo(e), "‘ATO W]] (9)
By using center manifold, we have
. =—H(0). (4.21)
W=A,W+H(z2), (4.19)
where 5 By a straightforward calculation and then by (4.20), we
-2\ — o a Hos 4 | Z obtain that
(Z,Z)— 2074— 122 + 027+
=Xof (U, 0)~®(, (Xof (U, 0), f1)f+)-
(4.20)
H( ) Xof " (R(2),0)=u(v, (Xof " (R(t),0), f1)-f%)
q,(0) +q,(0) q,(0)—q,(0 .
- (2 w0 OO 4, (0).0,(0)) (" (R0.0). 1) 1,
1
= =50O) (1 (0)=v2(0){/(R(2), 0), i)+ i~ 2612( )v1(0) + w2 (0) (" (R(2), 0), /1)
1 2 1 _ ,
E[ 0)g20 + 92 ( )goz}'fk? 5[611(9)&1 +¢,(0 )g11:|'szz'

Then, we have

0, kek,
Hyy = 1 _ 4.22
20 ) [611(9)&0 +q2(0)g02 | S0, k=0, (422)
and
0, kek,
H = 1 _ 4.23
! ) [41(9)811+q2(9)gn fo, k=0. (423)

From (4.21), (4.22), and the definition of A,,, we have
Wz()(e) = 2iT0w0W20(9)

—+ ! [QI (0)g20 + 92 (e)goz} S (4.24)

2

Notice that g, (6) = ¢, (0)e“*™, we therefore obtain that

1
Wao(0) = 5

Towo 3Towo

820 4,(0) + 222 qzwﬂ S

+ E,ePimowol (4.25)

where E; = (E<11>7E§2>) eR?.
From (4.21) and (4.23), we have

Wi (0) = ! [—ig” q,(0) + lgno 00)|-fr +E2 (4.26)

2 ToWo Tow,

where £, = ( (1) E? )) €R? is also a constant vector.

From (4.21), one can obtain:

H20 (0) = 2l"7'0u)0 Wzo(O)_TODAWZO(O)_L(TO)W20(0)a
H11 (0) = _T()DAWH (0)—L(70)W11 (9),

(4.27)

where

-

I(dn,dn) coskx, keK,

— 1
H20 (O> - %(dmdﬂ) ) [%(mgzo + ‘12(0)§02} fo, k=0,
(d117d2l) CoSs kx kEK,

Hy1(0) =

1
Z(dn,dzl) ) [‘h(o)gu +92(0)§11}‘f07 k=0.
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We derive from (4.25) and (4.27) that

1| igy ig20
2 — —=—q,(0) |- E
iTowo lz lmwo 1 ( )+3T0w0 7:(0)|-fo + E
1| gy ig0
—ToDA | = 0 0)]- E
ToDA |5 | 01 (0) 3 (0) S o + By
1| igy ig50 Dirowod
~L(ry) |~ 0 0)|-fo + Eye¥moen
(70) lz lTowo q( )+3T0w0 ¢(0)|fo + Ere

7o 1 _
= T(dn, dzl)T_E [41 (0)gy0 + Q2(0)goz} fo-
(4.28)
Note that

70D A[g,(0)-f ] + L(70)[g1(0)-f o] = iTowoq,(0)-f o,
T0DA[g;(0)-f o] + L(70)[92(0)-f o] = —iTowoq,(0)-f -

Then for k € K, it follows from (4.28) that

_ —2iwoTo -1 d
ape 11 2
kx =0
2iwg + dzkz + c2—by ) (dzl )COS ’

(4.29)

Ey = —2iwgTo

1 2iw0+d1k2+6’1*b11
4 —dane

By a similar analysis, we obtain

—ap

1 (dl* + c1—by - d 2
Ey——
: ( d2k2 + b da coshx

4 —an

(4.29)

Thus, by (4.25) and (4.26), we can obtain W,,(f) and
W11(6). Hence, g»1 can be expressed. Therefore, the following
important parameters can be obtained:

t
Fig. 1 The equilibrium (0, 0) is stable when d,/d, =0.08 >~; at 7=0

@ Springer

C1(0) = %,
—— Re{C,(0)}
2 Re{)\/(To)} ’ (4.30)

ﬂz = 2Re{C1 (0)},
I {C1(0)} + I { X (o)}

WoTo

T, =

Theorem 4 (1) The sign(u,) can determine the direction of
Hopf bifurcation: if 1, > 0(u, < 0), the Hopf’
bifurcation is supercritical (subcritical) and
the bifurcating periodic solution exists for
7> T0(T< Tp);

(2) The sign(/3,) determines the stability of the bifurcating
periodic solutions: if 3, <0, (6, > 0), the bifurcation pe-
riodic solutions are stable(unstable);

(3) The sign(T,) determine the period of the bifurcating pe-
riodic solutions: if Tr > 0(T, <0), the period increases
(decreases).

Numerical Examples

In the section, four examples are given to validate the obtained
results. Let fi(x) = tanh(x),a; = —2, a» =2, b, =2, b, =2, £/(0)-
=tan h(O) =1, and bll = blZ = b21 = b22 =2, the initial condi-
tions of system (1.1) are as follows:

u(t,x) = 0.5(1 + ¢/m)sin(0.1*mx),
{ v(t,x) = 0.5(1 + ¢/m)sin(0.1*mx),

with

Ou/ox = 0v/ox =0, t > 0,xe0(2.
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Fig. 2 The equilibrium (0, 0) is unstable when d,/d, =0.06 <~y at 7=0

Fig. 3 The equilibrium (0, 0) is stable when d,/d, =50<~, at 7=0

t
Fig. 4 The equilibrium (0, 0) is unstable when d,/d, =70>~, at 7=0

Example 1 The example is used to verify Theorem 1.
Firstly, let ¢; =1, by calculating, we can obtain ¢y =3.
Considering ¢, =4 > ¢, it is easy to see (b -’ +
a11a,2<0, ¢3>by,, c1<by1, and ¢, > ¢ are satisfied.
From (2.10) and (2.12), we can obtain d,,=0.5, v, =
0.0858, and v, =2.9142. Considering d, =0.009, d,=0.1

and d,/d, =0.09 > v; by Theorem 1, one can obtain system
(1.1) is locally asymptotically stable, which is shown in
Fig. 1. Considering d; =0.006, d, =0.1 such that d,/d, =
0.06 <, by Theorem 1, one can obtain system (1.1) is
Turing unstable, see Fig. 2. The stripe pattern, which is
caused by the Turing instable, is shown in Fig. 11a.
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0o
X t

Fig. 6 The equilibrium (0, 0) is unstable when 7=0.13 > 7,

Fig. 7 The equilibrium (0, 0) is stable at d1/d, =0.08 >~; and 7=0.11 <79

Secondly, let ¢; =3, similarly, we can obtain c¢o= 1. Then,
considering ¢, =1.5> ¢y satisfy (b1 — 1) +ay1an<0, ¢y <
by, ¢; > by1, and ¢, > ¢y. From (2.10) and (2.12), we can obtain
di1=2, 71 =0.0667, and v, =59.93. Considering d; =0.5 and
d>=0.01 such that d,/d, = 50 < ~,, by Theorem 1, one can ob-
tain system (1.1) is locally asymptotically stable, see Fig. 3.
Considering d, =0.7 and d, =0.01 such that d,/d,=70>,,

@ Springer

50

by Theorem 1, one can obtain system (1.1) becomes Turing
unstable, see Fig. 4. The stripe pattern, which is caused by the
Turing instable, is shown in Fig. 11b.

Example 2 The example is used to verify Theorem 2. Firstly, let
c1=1, =4, dy=0.1, d,=0.1, which satisfy the first set of
conditions of (H1), and from (3.5) to (3.6), we can obtain w;



Cogn Comput (2019) 11:212-226

223

x t

0.6

0.4 401

06

0 20
X t

Fig. 10 Periodic solutions of system (1.1) at origin when d;=1.5

= 1.331 and 79 =0.127. Considering 7= 0.12 < 7y, by Theorem
2, one can obtain system (1.1) is locally asymptotically stable,
see Fig. 5. Consider 7=0.13 > 79, by Theorem 2, one can obtain
that the Hopf bifurcation occurs, which is shown in Fig. 6.

Example 3 The example is used to verify Theorem 3.
Considering 7=0.11 <7y, d;=0.008, and d,=0.1 such

40 50 80 100

A
L=

40 60 80 100

that d,/d>,=0.08 >~,, by Theorem 3, one can obtain
system (1.1) is stable, see Fig. 7. Considering 7=0.11
<70, d1 0.004, and d2—0 1 such that dl/dz—o 04<’Y],
by Theorem 1, one can obtain system (1.1) is Turing
unstable, see Fig. 8. The stripe pattern, which is cause
by the Turing instable, is shown in Fig. 1lc.
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0.6

0.4

0.2

0

.....

() ®

Fig. 11 Spatial pattern appears in system (1.1)
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Example 4 This example is used to study the impact of diffu-
sion in the pattern formation of system (1.1). Letc; =1, ¢, =4,
and 7=0.13> 7, we choose d;=0.1, 1, 1.5, respectively.
When d;=0.1, there exists a stable periodic solution (Fig. 6)
and a stripe pattern (Fig. 11d). When d; = 1, the periodic solu-
tion becomes unstable (Fig. 9), and there exist irregular pat-
terns (Fig. 11e). When d; = 1.5, the unstable periodic solution
becomes stable (Fig. 10) and the stripe patterns (Fig. 11f) are
different from the stripe patterns with d;=0.1.

Conclusion

In this paper, a class of delayed reaction-diffusion neural
networks under homogeneous Neumann boundary condi-
tions is considered. First, the conditions of Turing instabil-
ity of the zero equilibrium are obtained. Then, based on the
Turing instability conditions, some sufficient conditions of
Hopf bifurcations are obtained. Comparing with the
existing works, our results give the novel conditions where
the Hopf bifurcation occurs. From the numerical simula-
tion, the spatial temporal dynamic near the Turing instabil-
ity point can be divided into two types: the stable zero
equilibrium and the stripe pattern. The spatial temporal
dynamic near the Hopf bifurcation point can be divided
into four types: the stable zero equilibrium, the two distinct
stripe patterns, and the irregular pattern.
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