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Abstract
Due to the uncertainty and complexity of socioeconomic environments and cognitive diversity of decision makers, the cognitive
information over alternatives provided by decision makers is usually uncertain and fuzzy. Dual hesitant Pythagorean fuzzy sets
(DHPFSs) provide a useful tool to depict the uncertain and fuzzy cognitions of the decision makers over attributes. To effectively
handle such common cases, in this paper, some Bonferroni mean (BM) operators under DHPFS environment are proposed and
some methods for multiple attribute decision-making (MADM) problems based on the BM operators with dual Pythagorean
hesitant fuzzy numbers (DHPFNs) are investigated. Firstly, some new BM operators to aggregate dual Pythagorean hesitant
fuzzy cognitive information are developed, which consider the interrelationship of DHPFNs, and can generate more accurate
results than the existing dual Pythagorean hesitant fuzzy aggregation operators. Then, the developed aggregation operator is
applied to MADM with DHPFNs and two MADM methods are designed, which can be applied to different decision-making
situations. Based on the proposed operators and built models, two methods are developed to solve the MADM problems with
DHPFNs and the validity and advantages of the proposed method are analyzed by comparison with some existing approaches.
The methods proposed in this paper can effectively handle the MADM problems in which the attribute information is expressed
by DHPFNs, the attributes’ weights are completely known, and the attributes are interactive.

Keywords Multiple attribute decision-making (MADM) .Dual hesitant Pythagorean fuzzy sets .Dual hesitant Pythagorean fuzzy
weighted Bonferroni mean (DHPFWBM) operator . Dual hesitant Pythagorean fuzzy weighted geometric Bonferroni mean
(DHPFWGBM) operator . Supplier selection . Supply chainmanagement

Introduction

Atanassov [1, 2] proposed the concept of intuitionistic fuzzy set
(IFS), which is a generalization of fuzzy set [3]. The IFS has
received more and more attention since its appearance [4–10].
Furthermore, Pythagorean fuzzy set (PFS) [11, 12] has ap-
peared as an efficient tool for showing uncertainty of the mul-
tiple attribute decision-making (MADM) problems. The PFS is
also characterized by the membership degree and the non-
membership degree, whose sum of squares is less than or equal
to 1. The PFS is more general than the IFS. Zhang and Xu [13]
proposed the TOPSIS for solving the MADM problem within
PFNs. Peng and Yang [14] mainly defined the division and
subtraction operations of PFNs. Reformat and Yager [15] used

the PFNs to deal with the collaborative-based recommender
system. Peng and Yang [14] developed a Pythagorean fuzzy
superiority and inferiority ranking method to solve MAGDM
with PFNs. Gou et al. [16] investigated the properties of con-
tinuous Pythagorean fuzzy information. Garg [17] proposed the
new generalized Pythagorean fuzzy information aggregation by
using Einstein operations. Wu and Wei [18] utilized Hamacher
operations [19–23] to develop some Pythagorean fuzzy aggre-
gation operators. Zeng et al. [24] developed a hybridmethod for
Pythagorean fuzzy MADM. Ren et al. [25] developed the
Pythagorean fuzzy TODIM approach, which is useful to cope
with the MADM problems that consider the DMs’ psycholog-
ical behaviors in uncertain circumstance. Wei and Lu [26] ex-
tended Maclaurin symmetric mean [27] to Pythagorean fuzzy
environment to propose the Pythagorean fuzzyMaclaurin sym-
metric mean (PFMSM) operator and Pythagorean fuzzy
weighted Maclaurin symmetric mean (PFWMSM) operator.
Wei [28] utilized arithmetic and geometric operations [29–35]
to develop some Pythagorean fuzzy interaction aggregation op-
erators. Wei and Lu [36] utilized power aggregation operators
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[37, 38] to develop some Pythagorean fuzzy power aggregation
operators. Wei and Wei [39] presented ten similarity measures
between Pythagorean fuzzy sets (PFSs) based on the cosine
function. Liang et al. [40] developed the Pythagorean fuzzy
Bonferroni mean (PFBM) operator and weighted Pythagorean
fuzzy Bonferroni mean (WPFBM) operator. Liang et al. [41]
developed the Pythagorean fuzzy geometric Bonferroni mean
(PFGBM) operator and weighted Pythagorean fuzzy geometric
Bonferroni mean (WPFGBM) operators. Wei and Lu [42] pro-
posed the concept and basic operations of the dual hesitant
Pythagorean fuzzy sets (DHPFSs) based on the PFSs [11, 12]
and dual hesitant fuzzy sets [43, 44] and developed some
Hamacher aggregation operators for aggregating dual hesitant
Pythagorean fuzzy information.

All the abovementioned operators and measures are pro-
posed based on the assumption that input arguments which we
want to aggregate are independent, and hence, in sometimes,
they may be unable to justify the decision maker goals. On the
other hand, in our real-life situation, it may be possible that
there are interactions among the different attributes in a
decision-making process. To address such type of issues,
Bonferroni mean (BM) operator [45] and geometric
Bonferroni mean (GBM) operator [46] have prominent char-
acteristics to capture the interrelationship among the multi-
input arguments. In the past few years, the BM andGBMhave
receivedmore and more attentions and many important results
both in theory and application are developed [47–57].

Therefore, by considering the advantages of the DHPFSs
and the BM and GBM operators during the information fusion
process, the present study enhanced the work in that direction.
In it, DHPFSs have been used to handle the uncertainties in
the data in the form of DHPFSswhile BM andGBMoperators
are used to consider the interrelationships between the differ-
ent attributes. As far as authors are aware that there is no
research conducted under this direction, hence it is meaningful
to pay some attention to it. So, to consider the advantages of
interrelationships among any number of the attributes in
DHPFSs environment, in this paper, we propose some
Bonferroni mean aggregation operators for fusing the dual
hesitant Pythagorean fuzzy information. Furthermore, some
of their desirable properties have also been addressed.
Finally, based on these operators, a decision-making approach
has been presented under DHPFS environment and illustrated
with a numerical example to validate the approach through
some comparative studies with the existing approaches.

To do so, the rest of the paper is organized as follows. Some
basic concepts on PFS and DHPFSs have been summarized in
the next section. In BBonferroni Mean,^ we propose the BM
operators under DHPFS environment along with their certain
properties. In BGWBM Operator and GWGBM Operator,^ we
present the generalized weighted Bonferroni mean operator and
generalized weighted geometric Bonferroni mean operator with
DHPFNs. In BDGWBM Operator and DGWGBM Operator,^

we present dual weighted Bonferroni mean operator and dual
weighted geometric Bonferroni mean operator with DHPFNs.
In BMethods of MADM with DHPFNs,^ we present some
methods for MADM problems with DHPFNs. In BCase Study
and Comparative Analysis,^we present a numerical example for
supplier selection with DHPFNs and give a comparative analysis
with existing models. BConclusion^ concludes the paper with
some remarks.

Preliminaries

Pythagorean Fuzzy Set

The basic definitions of PFSs [11, 12] are introduced in this
section.

Definition 1 [11, 12] LetXbe a fix set. A PFS is an object
having the form

P ¼ x; μP xð Þ; νP xð Þð Þh ijx∈Xf g ð1Þ
where the functionμP : X→ [0, 1]defines the degree of mem-
bership and the function νP : X→ [0, 1] defines the degree of
non-membership of the element x ∈ X to P, respectively, and,
for every x ∈ X, it holds that

μp xð Þ
� �2

þ νp xð Þ� �2≤1 ð2Þ

Definition 2 [13] Let~a1 ¼ μ1; ν1ð Þ, ~a2 ¼ μ2; ν2ð Þ, and ~a ¼
μ; νð Þ be three Pythagorean fuzzy numbers, and some basic
operations on them are defined as follows:

1ð Þ~a1⊕~a2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ1ð Þ2 þ μ2ð Þ2− μ1ð Þ2 μ2ð Þ2

q
; ν1ν2

� �
;

2ð Þ~a1⊗~a2 ¼ μ1μ2;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ν1ð Þ2 þ ν2ð Þ2− ν1ð Þ2 ν2ð Þ2

q� �
;

3ð Þπ~a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−μ2ð Þπ

q
; νπ

� �
;π > 0;

4ð Þ ~a
� �π

¼ μπ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−ν2ð Þπ

q� �
;π > 0;

5ð Þ~a
c
¼ ν;μð Þ:

Dual Hesitant Pythagorean Fuzzy Set

Wei and Lu [42] proposed the concept and basic operations of
the dual hesitant Pythagorean fuzzy sets (DHPFSs) based on
the PFSs [11, 12] and dual hesitant fuzzy sets [43, 44].

Definition 3 [42] LetXbe a fixed set, then a dual hesitant
Pythagorean fuzzy set (DHPFS) on Xis described as follows:

D ¼ x; hP xð Þ; gP xð Þh ijx∈Xð Þ ð3Þ
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where hP(x)andgP(x)are two sets of some values in[0, 1] that
denote the possible membership degrees and non-membership
degrees of the elementx ∈ Xto the setDrespectively, with the
following conditions:

γ2 þ η2≤1 ð4Þ
whereγ ∈ hP(x), η ∈ gP(x), for all x ∈ X. For convenience, the
pair d(x) = (hP(x), gP(x))is called a dual hesitant Pythagorean
fuzzy number (DHPFN) denoted byd = (h, g), with the follow-
ing conditions:γ ∈ h, η ∈ g, 0 ≤ γ, η ≤ 1, 0 ≤ γ2 + η2 ≤ 1.

Furthermore, Wei and Lu [42] proposed the comparison
laws between DHPFNs:

Definition 4 [42] Let d = (h, g)be a DHPFN and s dð Þ ¼ 1
2

1þ 1
#h∑γ∈hγ

2− 1
#g∑η∈gη

2
� �

be the score function ofd = (h,

g) and p dð Þ ¼ 1
#h∑γ∈hγ

2 þ 1
#g∑η∈gη

2 be the accuracy func-

tion of d = (h, g), where #h and #gare the numbers of the
elements inhandgrespectively; then, let di = (hi, gi)(i = 1, 2)be
any two DHPFNs; we have the following comparison laws:

& If s(d1) > s(d2), thend1 ≻ d2;
& If s(d1) = s(d2), then

(1) If p(d1) = p(d2), then d1 = d2;
(2) Ifp(d1) > p(d2), thend1 ≻ d2.

Then,Wei and Lu [42] defined some new operations on the
DHPFNs d,d1, andd2:

(1) dπ ¼ ∪γ∈h;η∈g γπf g;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−η2ð Þπ

q	 
	 

;π > 0

(2) πd ¼ ∪γ∈h;η∈g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−γ2ð Þπ

q	 

; ηπf g

	 

;π > 0

d1⊕d2 ¼ ∪γ1∈h1;γ2∈h2;η1∈g1;η2∈g2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ1ð Þ2 þ γ2ð Þ2− γ1ð Þ2 γ2ð Þ2

q	 

; η1η2f g

	 


d1⊗d2 ¼ ∪γ1∈h1;γ2∈h2;η1∈g1;η2∈g2 γ1γ2f g;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η1ð Þ2 þ η2ð Þ2− η1ð Þ2 η2ð Þ2

q	 
	 

:

Bonferroni Mean

Definition 5 [45] Let p, q > 0and ai (i = 1, 2,⋯, n) be a group
of non-negative real numbers with the weights vector
beingω = (ω1, ω2,⋯ωn)

T, thereby satisfyingωi ∈ [0, 1] and

∑
n

i¼1
ωi ¼ 1. The weighted BM (WBM) operator is defined as

follows:

WBMp;q
ω a1; a2;⋯; anð Þ ¼ ∑

n

i; j¼1
ωiω ja

p
i a

q
j

 !1= pþqð Þ
ð5Þ

Definition 6 [46] Let p, q > 0and ai (i = 1, 2,⋯, n) be a group
of non-negative real numbers with the weights vector
beingω = (ω1, ω2,⋯ωn)

T, thereby satisfyingωi ∈ [0, 1] and

∑
n

i¼1
ωi ¼ 1. If

WGBMp;q
ω a1; a2;⋯; anð Þ ¼ 1

pþ q
∏
n

i; j¼1
pai þ qa j
� �ωiω j ð6Þ

then WGBMp;q
ω is called WGBM operator.

GWBM Operator and GWGBM Operator

Zhua et al. [46] proposed the generalized weighted BM
(GWBM) operator and generalized weighted geometric BM
(GWGBM) operator.

Definition 7 [46] Let p, q, r > 0and ai (i = 1, 2,⋯, n) be a group
of non-negative real numbers with the weights vector

beingω = (ω1, ω2,⋯ωn)
T, ωi ∈ [0, 1], and∑

n

i¼1
ωi ¼ 1. The gen-

eralized weighted BM (GWBM) operator is defined as follows:

GWBMp;q;r
ω a1; a2;⋯; anð Þ ¼ ∑

n

i; j;k¼1
ωiω jωka

p
i a

q
ja

r
k

 !1= pþqþrð Þ
ð7Þ

Definition 8 [46] Let p, q, r > 0 and ai (i = 1, 2,⋯, n) be a
group of non-negative real numbers with the weights vector

being ω = (ω1, ω2,⋯ωn)
T, ωi ∈ [0, 1], and∑

n

i¼1
ωi ¼ 1. If

GWGBMp;q;r
ω a1; a2;⋯; anð Þ ¼ 1

pþ qþ r
∏
n

i; j;k¼1
pai þ qaj þ rak
� �ωiω jωk

ð8Þ

then GWGBMp,q,r operator is called the generalized
weighted geometric BM (GWGBM) operator.

DGWBM Operator and DGWGBM Operator

Zhang et al. [58] proposed the dual generalized weighted BM
(DGWBM) operator and dual generalized weighted GBM
(DGWGBM) operator.

Definition 9 [58] Let ai(i= 1, 2,⋯, n) be a group of non-negative
crisp numbers with the weight vector beingω= (ω1,ω2,⋯,ωn)

T,

ωi ∈ [0, 1] (i= 1, 2,⋯, n), and∑
n

i¼1
ωi ¼ 1. If

DGWBMK
ω a1; a2;⋯; anð Þ ¼ ∑

n

i1;i2;…;in¼1
∏
n

j¼1
ωi j a

k j
i j

 ! !1=∑n
j¼1k j

ð9Þ

then K = (k1, k2,⋯kn)
T is parameter vector with ki ≥ 0(i = 1, 2,

⋯, n).
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Definition 10 [58] Let ai(i = 1, 2, 3,⋯, n) be a group of non-
negative numbers with the weight vector beingω = (ω1, ω2,

⋯, ωn)
T, ωi ∈ [0, 1] (i = 1, 2, 3,⋯, n), and∑

n

i¼1
ωi ¼ 1. If

DGWGBMK
ω a1; a2;⋯; anð Þ ¼ 1

∑
n

j¼1
k j

∏
n

i1;i2;⋯;in¼1
∑
n

j¼1
k jpi j

� � !∏n
j¼1ωi j

0
@

1
A ð10Þ

then K = (k1, k2,⋯kn)
T is parameter vector withki ≥ 0(i = 1, 2,

3,⋯, n).

DHPFWBM Operator and DHPFWGBM Operator

In this section, we propose the dual hesitant Pythagorean
fuzzy weighted Bonferroni mean (DHPFWBM) operator
and dual hesitant Pythagorean fuzzy weighted geometric
Bonferroni mean (DHPFWGBM) operator based on the tradi-
tional Bonferroni mean operators.

DHPFWBM Operator

Definition 11 Lett, r > 0,dj = (hj, gj)(j = 1, 2,⋯, n)be a set of
DHPFNs in which hP(x)andgP(x)are two sets of some values
in [0, 1] and weights vector being ω = (ω1,ω2,⋯,ωn)

T,ωj ∈ [0,

1],∑
n

j¼1
ω j ¼ 1, then the DHPFWBM operator is defined as

DHPFWBMt;r
W d1; d2;⋯; dnð Þ ¼ ⊕

n

i; j¼1
ωiω j dti⊗drj

� �� �1= tþrð Þ
ð11Þ

Theorem 1 Let t, r > 0anddj = (hj, gj)(j = 1, 2,⋯, n) be a col-
lection of DHPFNs in whichγj ∈ hj, ηj ∈ gj, then their aggre-
gated value by using the DHPFWBM operator is also a
DHPFN, and

DHPFWBMt;r
ω d1; d2;⋯; dnð Þ ¼ ⊕

n

i; j¼1
ωiω j dti⊗drj

� �� �1= tþrð Þ

¼ ∪γ∈h;η∈g
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− ∏
n

i; j¼1
1−γ2ti γ2rj
� �ωiω j

s !1= tþrð Þ8<
:

9=
;;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i; j¼1
1− 1−η2ið Þt 1−η2j

� �r� �ωiω j

 !1= tþrð Þ
vuut

8><
>:

9>=
>;
o

ð12Þ

Proof According to Definition 4, we can get

dti ¼ ∪γi∈hi;ηi∈gi γti
� �

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−η2ið Þt

q	 
	 

ð13Þ

drj ¼ ∪γ j∈h j;η j∈g j
γrj

n o
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−η2j
� �rr	 
	 


ð14Þ

dti⊗drj ¼ ∪γ j∈h j;η j∈g j
γtiγ

r
j

n o
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−η2ið Þt 1−η2j

� �rr	 
	 

ð15Þ

Thereafter,

ωiω j dti⊗drj
� �

¼ ∪γ j∈h j;η j∈g j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−γ2ti γ2rj
� �ωiω j

r	 

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−η2ið Þt 1−η2j

� �rr� �ωiω j
( )( )

ð16Þ

Furthermore,

⊕
n

i; j¼1
ωiω j dti⊗drj

� �

¼ ∪γ j∈h j;η j∈g j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1−γ2ti γ2rj
� �ωiω j

s( )
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∏
n

i; j¼1
1− 1−η2ið Þt 1−η2j

� �r� �s !ωiω j
( )( )

ð17Þ

Therefore,

DHPFWBMt;r
ω d1; d2;⋯; dnð Þ ¼ ⊕

n

i; j¼1
ωiω j dti⊗drj

� �� �1= tþrð Þ

¼ ∪γ∈h;η∈g
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− ∏
n

i; j¼1
1−γ2ti γ2rj
� �ωiω j

s !1= tþrð Þ8<
:

9=
;;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i; j¼1
1− 1−η2ið Þt 1−η2j

� �r� �ωiω j

 !1= tþrð Þ
vuut

8><
>:

9>=
>;
o

ð18Þ

Thereafter, we can get

0≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1−γ2ti γ2rj
� �ωiω j

s !1= tþrð Þ
≤1 ð19Þ

0≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i; j¼1
1− 1−η2ið Þt 1−η2j

� �r� �ωiω j

 !1= tþrð Þ
vuut ≤1 ð20Þ

And we know γ2 + η2 ≤ 1, so

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1−γ2ti γ2rj
� �ωiω j

s !1= tþrð Þ
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1− 1−η2ið Þt 1−η2j

� �r� �ωiω j

 !1= tþrð Þ
vuut

ð21Þ

Therefore,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1−γ2ti γ2rj
� �ωiω j

s !1= tþrð Þ0
@

1
A

2

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i; j¼1
1− 1−η2ið Þt 1−η2j

� �r� �ωiω j

 !1= tþrð Þ
vuut

0
B@

1
CA

2

≤ 1− ∏
n

i; j¼1
1− 1−η2i
� �t

1−η2j
� �r� �ωiω j

 !1= tþrð Þ
þ 1

− 1− ∏
n

i; j¼1
1− 1−η2i
� �t

1−η2j
� �r� �ωiω j

 !1= tþrð Þ
¼ 1

ð22Þ

So, we complete the proof.
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Example 1 Leta1 = {(0.3, 0.1), (0.4, 0.2)},a2 = {(0.4,
0.6), (0.5, 0.7)}, and a3 = {(0.2, 0.5)}be three DHPFNs with

ω = (0.3, 0.5, 0.2), andt = r = 2, the aggregation result is as
follows:

DHPFWBMt;r
ω a1; a2; a3ð Þ

¼ DHPFWBMt;r
ω 0:3; 0:1ð Þ; 0:4; 0:2ð Þf g; 0:4; 0:6ð Þ; 0:5; 0:7ð Þf g; 0:2; 0:5ð Þf gf g

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−0:32�2 � 0:32�2
� �0:3�0:3�

1−0:32�2 � 0:42�2
� �0:3�0:5�
1−0:32�2 � 0:22�2
� �0:3�0:2�
1−0:42�2 � 0:32�2
� �0:5�0:3�
1−0:42�2 � 0:42�2
� �0:5�0:5�
1−0:42�2 � 0:22�2
� �0:5�0:2�
1−0:22�2 � 0:32�2
� �0:2�0:3�
1−0:22�2 � 0:42�2
� �0:2�0:5�
1−0:22�2 � 0:22�2
� �0:2�0:2

vuuuuuuuuuuuuuuuuuuuut

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

1= 2þ2ð Þ

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−

1− 1−0:992 � 0:992
� �0:3�0:3�

1−0:992 � 0:642
� �0:3�0:5�
1−0:992 � 0:752
� �0:3�0:2�
1−0:642 � 0:992
� �0:5�0:3�
1−0:642 � 0:642
� �0:5�0:5�
1−0:642 � 0:752
� �0:5�0:3�
1−0:752 � 0:992
� �0:2�0:3�
1−0:752 � 0:642
� �0:2�0:5�
1−0:752 � 0:752
� �0:2�0:2

0
BBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCA

1= 2þ2ð Þ
vuuuuuuuuuuuuuuuuuuuut

0
BBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCA

;⋯

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>;

¼ 0:3531; 0:4092ð Þ; 0:4295; 0:4431ð Þ; 0:3798; 0:4515ð Þ; 0:4451; 0:4094ð Þf g

Then, we introduce three kinds of property of DHPFWBM.

Property 1 (Idempotency) Let t, r > 0 and di = (hi, gi)(i = 1, 2,
⋯, n) be two sets of DHPFNs. If (i = 1, 2,⋯, n)are equal, that
is, then

DHPFWBMt;r
ω d1; d2;⋯; dnð Þ ¼ d ð23Þ

Proof

DHPFWBMt;r
ω d1; d2;⋯; dnð Þ

¼ ⊕
n

i; j¼1
ωiω j dt⊗drð Þ

� �1= tþrð Þ

¼ d ⊕
n

i; j¼1
ωiω j

� �1= tþrð Þ

¼ d

ð24Þ

Property 2 (Monotonicity) Let d j ¼ hd j ; gd j

� �
and bj ¼

hb j ; gb j

� �
(j = 1, 2, 3, ⋯, n) be two sets of DHPFNs.

I f ∀ γd j

� �2
≤∀ γb j

� �2
; γd j

∈hd j ; γb j
∈hb j a n d

∀ ηd j

� �2
≥∀ ηb j

� �2
; ηd j

∈gd j
; ηb j

∈gb j
, then

DHPFWBMt;r
ω d1; d2;⋯; dnð Þ≤DHPFWBMt;r

ω b1; b2;⋯; bnð Þ
ð25Þ

Proof We also can obtain,

γ2tdiγ
2r
d j
≤γ2tbiγ

2r
b j

ð26Þ

∏
n

i; j¼1
1−γ2tdiγ

2r
d j

� �
≥ ∏

n

i; j¼1
1−γ2tbiγ

2r
b j

� �
ð27Þ

1− ∏
n

i; j¼1
1−γ2tdiγ

2r
d j

� �
≤1− ∏

n

i; j¼1
1−γ2tbiγ

2r
b j

� �
ð28Þ

Therefore,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1−γ2tdiγ

2r
d j

� �s !1= tþrð Þ
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1−γ2tbiγ

2r
b j

� �s !1= tþrð Þ
ð29Þ

Thus,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1−γ2tdiγ

2r
d j

� �s !1= tþrð Þ0
@

1
A

2

≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1−γ2tbiγ

2r
b j

� �s !1= tþrð Þ0
@

1
A

2

ð30Þ

which meansγ2d ≤γ2b, similarly, we can obtainη2d ≥η2b.
If ∀γ2d j

< ∀γ2b j
and∀η2d j

> ∀η2b j
, then

DHPFWBMt;r
ω d1; d2;⋯; dnð Þ

< DHPFWBMt;r
ω b1; b2;⋯; bnð Þ;

If∀γ2d j
< ∀γ2b j

and∀η2d j
¼ ∀η2b j

, then

DHPFWBMt;r
ω d1; d2;⋯; dnð Þ < DHPFWBMt;r

ω b1; b2;⋯; bnð Þ;

If ∀γ2d j
¼ ∀γ2b j

and∀η2d j
> ∀η2b j

, then

DHPFWBMt;r
ω d1; d2;⋯; dnð Þ < DHPFWBMt;r

ω b1; b2;⋯; bnð Þ;

If ∀γ2d j
¼ ∀γ2b j

and∀η2d j
¼ ∀η2b j

, then

DHPFWBMt;r
ω d1; d2;⋯; dnð Þ ¼ DHPFWBMt;r

ω b1; b2;⋯; bnð Þ;
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Therefore, the proof of Property 2 is completed.

P r o p e r t y 3 ( B o u n d e d n e s s ) L e t t , r > 0 a n d

d j ¼ hd j ; gd j

� �
j ¼ 1; 2;⋯; nð Þ be a collection of DHPFNs.

I f dþ ¼ ∪γ j∈hd j ;η j∈gd j
maxi γið Þf g; mini ηið Þf gf g a n d

d− ¼ ∪γ j∈hd j ;η j∈gd j
mini γið Þf g; maxi ηið Þf gf g, then

d− ≤DHPFWBMt;r
ω d1; d2;⋯dnð Þ≤dþ ð31Þ

Proof From Property 1, we can obtain the following:

DHPFWBMt;r
ω dþ; dþ;⋯dþð Þ

¼ dþ;DHPFWBMt;r
ω d−; d−;⋯d−ð Þ ¼ d− ð32Þ

So, from Property 2, we can obtain the following:

d− ¼ DHPFWBMt;r
ω d−; d−;⋯; d−ð Þ≤

DHPFWBMt;r
ω d1; d2;⋯; dnð Þ≤

DHPFWBMt;r
ω dþ; dþ;⋯; dþð Þ ¼ dþ

ð33Þ

DHPFWGBM Operator

In this section, we extend WGBM to DHPFN and introduced
the dual hesitant Pythagorean fuzzy weighted geometric
Bonferroni mean (DHPFWGBM) operator.

Definition 12 Lett, r > 0,dj = (hj, gj)(j = 1, 2,⋯, n)be a set of
DHPFN in which hP(x)andgP(x)are two sets of some values
in [0, 1] and weights vector beingω = (ω1, ω2,⋯, ωn)

T,ωj ∈ [0,

1], ∑
n

j¼1
ω j ¼ 1, then the DHPFWGBM operator is defined as

DHPFWGBMt;r
ω d1; d2;⋯dnð Þ

¼ 1

t þ r
⊗
n

i; j¼1
tdi⊕rd j
� �ωiω j ð34Þ

Theorem 2 Let t, r > 0anddj = (hj, gj)(j = 1, 2,⋯, n) be a col-
lection of DHPFNs in whichγj ∈ hj, ηj ∈ gj, then their aggre-
gated value by using the DHPFWGBM operator is also a
DHPFN, and

DHPFWGBMt;r
ω d1; d2;⋯dnð Þ

¼ ∪γ∈h;η∈g
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− 1− ∏
n

i; j¼1
1− 1−γ2ið Þt 1−γ2j

� �r� �ωiω j

 !1= tþrð Þ
vuut

8><
>:

9>=
>;;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1−η2ti η2rj
� �ωiω j

s !1= tþrð Þ8<
:

9=
;
o8><

>:
ð35Þ

Proof

tdi ¼ ∪γi∈hi;ηi∈gi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−γ2ið Þt

q	 

; ηti
� �	 


ð36Þ

rd j ¼ ∪γ j∈h j;η j∈g j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−γ2j
� �rr	 


; ηrj

n o	 

ð37Þ

Thereafter,

tdi⊕rd j ¼ ∪γ∈h;η∈g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−γ2ið Þt 1−γ2j

� �rr	 

; ηtiη

r
j

n o	 

ð38Þ

tdi⊕rd j
� �ωiω j ¼ ∪γ∈h;η∈g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−γ2ið Þt 1−γ2j

� �rr� �ωiω j
( )

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−η2ti η2rj
� �ωiω j

r	 
( )

ð39Þ

Therefore,

⊗
n

i; j¼1
tdi⊕rd j
� �ωiω j ¼ ∪γ∈h;η∈g

n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∏
n

i; j¼1
1− 1−γ2ið Þt 1−γ2j

� �r� �s !ωiω j
( )

;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1−γ2ti γ2rj
� �ωiω j

s( )o

ð40Þ

Thus,

DHPFWGBMt;r
ω d1; d2;⋯dnð Þ ¼ ∪γ∈h;η∈g

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i; j¼1
1− 1−γ2ið Þt 1−γ2j

� �r� �ωiω j

 !1= tþrð Þ
vuut

8><
>:

9>=
>;;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1−η2ti η2rj
� �ωiω j

s !1= tþrð Þ8<
:

9=
;
o8><

>: ð41Þ
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Thereafter,

0≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i; j¼1
1− 1−γ2ið Þt 1−γ2j

� �r� �ωiω j

 !1= tþrð Þ
vuut ≤1 ð42Þ

0≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1−η2ti η2rj
� �ωiω j

s !1= tþrð Þ
≤1 ð43Þ

Because ofγ2 + η2 ≤ 1,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1−η2ti η2rj
� �ωiω j

s !1= tþrð Þ
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1− 1−γ2ið Þt 1−γ2j

� �r� �ωiω j

 !1= tþrð Þ
vuut

ð44Þ

Therefore,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i; j¼1
1− 1−γ2ið Þt 1−γ2j

� �r� �ωiω j

 !1= tþrð Þ
vuut

0
B@

1
CA

2

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j¼1
1−η2ti η2rj
� �ωiω j

s !1= tþrð Þ0
@

1
A

2

≤

1− 1− ∏
n

i; j¼1
1− 1−γ2i
� �t

1−γ2j
� �r� �ωiω j

 !1= tþrð Þ

þ 1− ∏
n

i; j¼1
1− 1−γ2i
� �t

1−γ2j
� �r� �ωiω j

 !1= tþrð Þ
¼ 1

ð45Þ

thereby completing the proof.

Example 2 Leta1 = {(0.3, 0.1), (0.4, 0.2)},a2 = {(0.4,
0.6), (0.5, 0.7)},anda3 = {(0.2, 0.5)}be three DHPFNs with
ω = (0.3, 0.5, 0.2), andt = r = 2, the aggregation result as
follows:

DHPFWGBMt;r
ω a1; a2; a3ð Þ

¼ DHPFWGBMt;r
ω 0:3; 0:1ð Þ; 0:4; 0:2ð Þf g; 0:4; 0:6ð Þ; 0:5; 0:7ð Þf g; 0:2; 0:5ð Þf g

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−

1− 1−0:912 � 0:912
� �0:3�0:3�

1−0:912 � 0:842
� �0:3�0:5�
1−0:912 � 0:962
� �0:3�0:2�
1−0:842 � 0:912
� �0:5�0:3�
1−0:842 � 0:842
� �0:5�0:5�
1−0:842 � 0:962
� �0:5�0:2�
1−0:962 � 0:912
� �0:2�0:3�
1−0:962 � 0:842
� �0:2�0:5�
1−0:962 � 0:962
� �0:2�0:2

0
BBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCA

1= 2þ2ð Þ
vuuuuuuuuuuuuuuuuuuuut

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−0:12�2 � 0:12�2
� �0:3�0:3�

1−0:12�2 � 0:62�2
� �0:3�0:5�
1−0:12�2 � 0:52�2
� �0:3�0:2�
1−0:62�2 � 0:12�2
� �0:5�0:3�
1−0:62�2 � 0:62�2
� �0:5�0:5�
1−0:62�2 � 0:52�2
� �0:5�0:2�
1−0:52�2 � 0:12�2
� �0:2�0:3�
1−0:52�2 � 0:62�2
� �0:2�0:5�
1−0:52�2 � 0:52�2
� �0:2�0:2

vuuuuuuuuuuuuuuuuuuuut

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

1= 2þ2ð Þ0
BBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCA

;⋯

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>;

¼ 0:3295; 0:5276ð Þ; 0:3765; 0:6047ð Þ; 0:3601; 0:5284ð Þ; 0:4087; 0:6052ð Þf g

Similar to DHPFWBM, the DHPFWGBM has the same
properties. The proofs of these properties are similar to that
of the properties of DHPFWGBM. Accordingly, the proofs
are omitted to save space.

Property 4 (Idempotency) Let t, r > 0and di = (hi, gi)(i = 1, 2,
⋯, n) be two sets of DHPFNs, if di(i = 1, 2,⋯, n)are equal,
that isdi = d = (h, g), then

DHPFWGBMt;r
ω d1; d2;⋯; dnð Þ ¼ d ð46Þ

Property 5 (Monotonicity) Let d j ¼ hd j ; gd j

� �
and bj ¼

hb j ; gb j

� �
( j = 1, 2, ⋯ , n) be two sets of DHPFNs,

I f ∀ γd j

� �2
≤∀ γb j

� �2
; γd j

∈hd j ; γb j
∈hb j a n d

∀ ηd j

� �2
≥∀ ηb j

� �2
; ηd j

∈gd j
; ηb j

∈gb j
then

DHPFWGBMt;r
ω d1; d2;⋯; dnð Þ≤DHPFWGBMt;r

ω d1; d2;⋯; dnð Þ ð47Þ

Property 6 (Boundedness) Let t, r > 0andd j ¼ hd j ; gd j

� �
j ¼ 1; 2; 3;⋯; nð Þ be a collection of DHPFNs. If dþ ¼
∪γ j∈hd j ;η j∈gd j

maxi γið Þf g; mini ηið Þf gf g andd− ¼ ∪γ j∈hd j ;η j∈gd j
mini γið Þf g; maxi ηið Þf gf g, then

d− ≤DHPFWGBMt;r
ω d1; d2;⋯dnð Þ≤dþ ð48Þ
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DHPFGWBM Operator and DHPFGWGBM Operator

In this section, we combine DHPFNs with generalized
Bonferroni mean operators to propose the dual hesitant
Pythagorean fuzzy generalized weighted Bonferroni mean
(DHPFGWBM) operator and dual hesitant Pythagorean fuzzy
generalized weighted geometric Bonferroni mean
(DHPFGWGBM) operator.

DHPFGWBM Operator

Definition 13 Lett, r > 0,dj = (hj, gj)(j = 1, 2,⋯, n)be a set of
DHPFN in which hP(x)andgP(x)are two sets of some values
in [0, 1] and weights vector beingω = (ω1, ω2,⋯, ωn)

T,ωj ∈ [0,

1], ∑
n

j¼1
ω j ¼ 1. If

DHPFGWBMs;t;r
ω d1; d2;⋯; dnð Þ ¼ ⊕

n

i; j;k¼1
ωiω jωkdαi ⊗dβj⊗dγk

� �1= αþβþγð Þ
ð49Þ

Theorem 3 Lets, t, r > 0and dj = (hj, gj)(j = 1, 2,⋯, n) be a col-
lection of DHPFNs. The aggregated value byDHPFGWBM is
also a DHPFN and

DHPFGWBMs;t;r
ω d1; d2;⋯; dnð Þ

¼ ⊕
n

i; j;k¼1
ωiω jωkdsi⊗dtj⊗drk

� �1= αþβþγð Þ

¼ ∪γ∈h;η∈g
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− ∏
n

i; j;k¼1
1−γ2si γ2tj γ2rk
� �ωiω jωk

s !1= sþtþrð Þ8<
:

9=
;;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i; j;k¼1
1− 1−η2ið Þs 1−η2j

� �t
1−η2k
� �r� �ωiω jωk

 !1= sþtþrð Þ
vuut

8><
>:

9>=
>;
o

ð50Þ

Proof According to Definition 4, we can obtain

dsi ¼ ∪γi∈hi;ηi∈gi γsi
� �

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−η2ið Þs

q	 
	 

ð51Þ

dtj ¼ ∪γ j∈h j;η j∈g j
γtj

n o
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−η2j
� �tr( )( )

ð52Þ

drk ¼ ∪γk∈hk ;ηk∈gk γrk
� �

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−η2k
� �rq	 
	 


ð53Þ

Thus,

dsi⊗dtj⊗drk ¼ ∪γ∈h;η∈g γsiγ
t
jγ

r
k

n o
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−η2ið Þs 1−η2j

� �t
1−η2k
� �rr( )( )

ð54Þ

Thereafter,

ωiω jωk dsi⊗dtj⊗drk
� �

¼ ∪γ∈h;η∈g
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− 1−γ2si γ2tj γ2rk
� �ωiω jωk

r	 

;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− 1−η2ið Þs 1−η2j
� �t

1−η2k
� �rr !ωiω jωk

( )o ð55Þ

Furthermore,

⊕
n

i; j;k¼1
ωiω jωk dsi⊗dtj⊗drk

� �

¼ ∪γ∈h;η∈g
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− ∏
n

i; j;k¼1
1−γ2si γ2tj γ2rk
� �ωiω jωk

s( )
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∏
n

i; j;k¼1
1− 1−η2ið Þs 1−η2j

� �t
1−η2k
� �r� �s !ωiω jωk

( )o
ð56Þ

Therefore,

DHPFGWBMs;t;r
ω d1; d2;⋯; dnð Þ

¼ ⊕
n

i; j;k¼1
ωiω jωkdsi⊗dtj⊗drk

� �1= αþβþγð Þ

¼ ∪γ∈h;η∈g
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− ∏
n

i; j;k¼1
1−γ2si γ2tj γ2rk
� �ωiω jωk

s !1= sþtþrð Þ8<
:

9=
;;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i; j;k¼1
1− 1−η2ið Þs 1−η2j

� �t
1−η2k
� �r� �ωiω jωk

 !1= sþtþrð Þ
vuut

8><
>:

9>=
>;
o

ð57Þ

Hence, (50) is maintained. Thereafter,

0≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j;k¼1
1−γ2si γ2tj γ2rk
� �ωiω jωk

s !1= sþtþrð Þ
≤1 ð58Þ

0≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i; j;k¼1
1− 1−η2ið Þs 1−η2j

� �t
1−η2k
� �r� �ωiω jωk

 !1= sþtþrð Þ
vuut ≤1 ð59Þ

Because γ2 + η2 ≤ 1,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j;k¼1
1−γ2si γ2tj γ2rk
� �ωiω jωk

s !1= sþtþrð Þ
≤ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− ∏
n

i; j;k¼1
1− 1−η2ið Þs 1−η2j

� �t
1−η2k
� �r� �ωiω jωk

 !1= sþtþrð Þ
vuut

ð60Þ

Therefore,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j;k¼1
1−γ2si γ2tj γ2rk
� �ωiω jωk

s !1= sþtþrð Þ0
@

1
A

2

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i; j;k¼1
1− 1−η2ið Þs 1−η2j

� �t
1−η2k
� �r� �ωiω jωk

 !1= sþtþrð Þ
vuut

0
B@

1
CA

2

≤ 1− ∏
n

i; j;k¼1
1− 1−η2i
� �s

1−η2j
� �t

1−η2k
� �r� �ωiω jωk

 !1= sþtþrð Þ
þ 1

− 1− ∏
n

i; j;k¼1
1− 1−η2i
� �s

1−η2j
� �t

1−η2k
� �r� �ωiω jωk

 !1= sþtþrð Þ
¼ 1

ð61Þ

thereby completing the proof.
Furthermore, DHPFGWBM has the following properties.
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Property 7 (Idempotency) If di(i = 1, 2,⋯, n)are equal, that
isdi = d = (h, g), then

DHPFGWBMs;t;r
ω d1; d2;⋯; dnð Þ ¼ d ð62Þ

Proof

DHPFGWBMs;t;r
ω d1; d2;⋯; dnð Þ

¼ ⊕
n

i; j;k¼1
ωiω jωk dsi⊗dtj⊗drk

� �� �1= sþtþrð Þ

¼ d ⊕
n

i; j;k¼1
ωiω jωk

� �1= sþtþrð Þ

¼ d

ð63Þ

Property 8 (Monotonicity) Let d j ¼ hd j ; gd j

� �
and bj ¼

hb j ; gb j

� �
( j = 1, 2, ⋯ , n) be two sets of DHPFNs.

I f ∀ γd j

� �2
≤∀ γb j

� �2
; γd j

∈hd j ; γb j
∈hb j a n d

∀ ηd j

� �2
≥∀ ηb j

� �2
; ηd j

∈gd j
; ηb j

∈gb j
, then

DHPFGWBMs;t;r
ω d1; d2;⋯; dnð Þ≤DHPFGWBMs;t;r

ω b1; b2;⋯; bnð Þ
ð64Þ

Proof We can obtain

γ2sdi γ
2t
d j
γ2rdk ≤γ

2s
bi γ

2t
b j
γ2rbk ð65Þ

∏
n

i; j;k¼1
1−γ2sdi γ

2t
d j
γ2rdk

� �
≥ ∏

n

i; j;k¼1
1−γ2sbi γ

2t
b j
γ2rbk

� �
ð66Þ

1− ∏
n

i; j;k¼1
1−γ2sdi γ

2t
d j
γ2rdk

� �
≤1− ∏

n

i; j;k¼1
1−γ2sbi γ

2t
b j
γ2rbk

� �
ð67Þ

Therefore,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j;k¼1
1−γ2sdi γ

2t
d j
γ2rdk

� �s !1= sþtþrð Þ
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j;k¼1
1−γ2sbi γ

2t
b j
γ2rbk

� �s !1= sþtþrð Þ

ð68Þ

Thus,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j;k¼1
1−γ2sdi γ

2t
d j
γ2rdk

� �s !1= sþtþrð Þ0
@

1
A

2

≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j;k¼1
1−γ2sbi γ

2t
b j
γ2rbk

� �s !1= sþtþrð Þ0
@

1
A

2

ð69Þ

which means∀γ2d ≤∀γ2b, similarly, we can obtain∀η2d ≥∀η2b.
If ∀γ2d j

< ∀γ2b j
and∀η2d j

> ∀η2b j
, then

DHPFGWBMs;t;r
ω d1; d2;⋯; dnð Þ

< DHPFGWBMs;t;r
ω b1; b2;⋯; bnð Þ;

If∀γ2d j
< ∀γ2b j

and∀η2d j
¼ ∀η2b j

, then

DHPFGWBMs;t;r
ω d1; d2;⋯; dnð Þ

< DHPFGWBMs;t;r
ω b1; b2;⋯; bnð Þ;

If ∀γ2d j
¼ ∀γ2b j

and∀η2d j
> ∀η2b j

, then

DHPFGWBMs;t;r
ω d1; d2;⋯; dnð Þ

< DHPFGWBMs;t;r
ω b1; b2;⋯; bnð Þ;

If ∀γ2d j
¼ ∀γ2b j

and∀η2d j
¼ ∀η2b j

, then

DHPFGWBMs;t;r
ω d1; d2;⋯; dnð Þ

¼ DHPFGWBMs;t;r
ω b1; b2;⋯; bnð Þ;

Therefore, the proof of Property 8 is completed.

P r o p e r t y 9 ( B o u n d e d n e s s ) L e t t , r > 0 a n d

d j ¼ hd j ; gd j

� �
j ¼ 1; 2;⋯; nð Þ be a collection of DHPFNs.

I f dþ ¼ ∪γ j∈hd j ;η j∈gd j
maxi γið Þf g; mini ηið Þf gf g a n d

d− ¼ ∪γ j∈hd j ;η j∈gd j
mini γið Þf g; maxi ηið Þf gf g, then

d− ≤DHPFGWBMs;t;r
ω d1; d2;⋯; dnð Þ≤dþ ð70Þ

Proof From Property 7, we can obtain

DHPFGWBMs;t;r
ω dþ; dþ;⋯; dþð Þ

¼ dþDHPFGWBMs;t;r
ω d−; d−;⋯; d−ð Þ ¼ d− ð71Þ

From Property 8, we can obtain

d− ¼ DHPFGWBMs;t;r
ω d−; d−;⋯; d−ð Þ≤

DHPFGWBMs;t;r
ω d1; d2;⋯; dnð Þ≤

DHPFGWBMs;t;r
ω dþ; dþ;⋯; dþð Þ ¼ pþ

ð72Þ

Therefore,

d− ≤DHPFGWBMs;t;r
ω d1; d2;⋯; dnð Þ≤dþ ð73Þ

DHPFGWGBM Operator

Thereafter, we extend GWGBM operator [46] to DHPFN and
propose the dual hesitant Pythagorean fuzzy generalized weight-
ed geometric Bonferroni mean (DHPFGWGBM) operator.

Definition 14 Lets, t, r > 0,dj = (hj, gj)(j = 1, 2,⋯, n)be a set of
DHPFN in which hP(x)andgP(x)are two sets of some values in
[0, 1] and weights vector beingω = (ω1, ω2,⋯, ωn)

T,ωj ∈ [0,

1], ∑
n

j¼1
ω j ¼ 1. If
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DHPFGWGBMs;t;r
ω d1; d2;⋯; dnð Þ

¼ 1

sþ t þ r
⊗
n

i; j;k¼1
sdi⊕td j⊕rdk
� �ωiω jωk ð74Þ

Theorem 4 Lets, t, r > 0anddj = (hj, gj)(j = 1, 2,⋯, n) be a col-
lection of DHPFNs. The aggregated value byDHPFGWGBM
is also a DHPFN and

DHPFGWGBMs;t;r
ω d1; d2;⋯; dnð Þ

¼ 1

sþ t þ r
⊗
n

i; j;k¼1
sdi⊕td j⊕rdk
� �ωiω jωk

¼ ∪γ∈h;η∈g
n� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− 1− ∏
n

i; j;k¼1
1− 1−γ2ið Þs 1−γ2j

� �t
1−γ2k
� �r� �ωiω jωk

 !1= sþtþrð Þ
vuut ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j;k¼1
1−η2αi η2βj η

2γ
k

� �ωiω jωk

s !1= sþtþrð Þ8<
:

9=
;
o

ð75Þ

Proof Through Definition 4, we can obtain

sdi ¼ ∪γi∈hi;ηi∈gi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−γ2ið Þs

q	 

; ηsi
� �	 


ð76Þ

td j ¼ ∪γ j∈h j;η j∈g j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−γ2j
� �tr( )

; ηtj

n o( )
ð77Þ

rdk ¼ ∪γk∈hk ;ηk∈gk
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−γ2k
� �rq	 


; ηrk
� �	 


ð78Þ

Thereafter,

sdi⊕td j⊕rdk ¼ ∪γ∈h;η∈g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−γ2ið Þs 1−γ2j

� �t
1−γ2k
� �rr( )

; ηsiη
t
jη

r
k

n o( )

ð79Þ

Thereafter,

sdi⊕td j⊕rdk
� �ωiω jωk

¼ ∪γ∈h;η∈g
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− 1−γ2ið Þs 1−γ2j
� �t

1−γ2k
� �rr !ωiω jωk

( )
;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− 1−η2si η2tj η2rk
� �ωiω jωk

r	 
o
ð80Þ

Therefore,

⊗
n

i; j;k¼1
sdi⊕td j⊕rdk
� �ωiω jωk

¼ ∪γ∈h;η∈g
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

∏
n

i; j;k¼1
1− 1−γ2ið Þs 1−γ2j

� �t
1−γ2k
� �r� �s !ωiω jωk

( )
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j;k¼1
1−η2si η2tj η2rk
� �ωiω jωk

s( )o
ð81Þ

Thus,

DHPFGWGBMs;t;r
ω d1; d2;⋯; dnð Þ

¼ 1

sþ t þ r
⊗
n

i; j;k¼1
sdi⊕td j⊕rdk
� �ωiω jωk

¼ ∪γ∈h;η∈g
n� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− 1− ∏
n

i; j;k¼1
1− 1−γ2ið Þs 1−γ2j

� �t
1−γ2k
� �r� �ωiω jωk

 !1= sþtþrð Þ
vuut ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j;k¼1
1−η2αi η2βj η2γk

� �ωiω jωk

s !1= sþtþrð Þ8<
:

9=
;
o

ð82Þ

Hence, (75) is maintained. Thereafter,

0≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i; j;k¼1
1− 1−γ2ið Þs 1−γ2j

� �t
1−γ2k
� �r� �ωiω jωk

 !1= sþtþrð Þ
vuut ≤1 ð83Þ

0≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j;k¼1
1−η2si η2tj η2rk
� �ωiω jωk

s !1= sþtþrð Þ
≤1 ð84Þ

Becauseγ2 + η2 ≤ 1,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j;k¼1
1−η2si η2tj η2rk
� �ωiω jωk

s !1= sþtþrð Þ
≤ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− ∏
n

i; j;k¼1
1− 1−γ2ið Þs 1−γ2j

� �t
1−γ2k
� �r� �ωiω jωk

 !1= sþtþrð Þ
vuut

ð85Þ

Therefore,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i; j;k¼1
1− 1−γ2ið Þs 1−γ2j

� �t
1−γ2k
� �r� �ωiω jωk

 !1= sþtþrð Þ
vuut

0
B@

1
CA

2

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i; j;k¼1
1−η2si η2tj η2rk
� �ωiω jωk

s !1= sþtþrð Þ0
@

1
A

2

≤

1− 1− ∏
n

i; j;k¼1
1− 1−γ2i
� �s

1−γ2j
� �t

1−γ2k
� �r� �ωiω jωk

 !1= sþtþrð Þ

þ 1− ∏
n

i; j;k¼1
1− 1−γ2i
� �s

1−γ2j
� �t

1−γ2k
� �r� �ωiω jωk

 !1= sþtþrð Þ
¼ 1

ð86Þ

thereby completing the proof.
Similar to DHPFGWBMoperator, the DHPFGWGBMop-

erator has the same properties. The proofs of these properties
are similar to that of the properties of DHPFGWGBM.
Accordingly, the proofs are omitted to save space.

Property 10 (Idempotency) If di(i = 1, 2,⋯, n)are equal, that
isdi = d = (h, g), then

DHPFGWGBMs;t;r
ω d1; d2;⋯; dnð Þ ¼ d ð87Þ
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Property 11 (Monotonicity) Let d j ¼ hd j ; gd j

� �
and bj ¼

hb j ; gb j

� �
(j = 1, 2, 3, ⋯, n) be two sets of DHPFNs.

I f ∀ γd j

� �2
≤∀ γb j

� �2
; γd j

∈hd j ; γb j
∈hb j a n d

∀ ηd j

� �2
≥∀ ηb j

� �2
; ηd j

∈gd j
; ηb j

∈gb j
, then

DHPFGWGBMs;t;r
ω d1; d2;⋯; dnð Þ≤DHPFGWGBMs;t;r

ω d1; d2;⋯; dnð Þ
ð88Þ

Property 12 (Boundedness) Let t, r > 0andd j ¼ hd j ; gd j

� �
j ¼ 1; 2; 3;⋯; nð Þ be a collection of DHPFNs. If dþ ¼
∪γ j∈hd j ;η j∈gd j

maxi γið Þf g; mini ηið Þf gf g a n d

d− ¼ ∪γ j∈hd j ;η j∈gd j
mini γið Þf g; maxi ηið Þf gf g, then

d− ≤DHPFGWGBMs;t;r
ω d1; d2;⋯; dnð Þ≤dþ ð89Þ

DHPFDWBM Operator and DHPFDWGBM Operator

In this section, we go on with deriving the dual hesitant
Pythagorean fuzzy dual weighted Bonferroni mean
(DHPFDWBM) operator and dual hesitant Pythagorean fuzzy
dual weighted geometric Bonferroni mean (DHPFDWGBM)
operator.

DHPFDWBM Operator

Definition 15 Letlj > 0and dj = (hj, gj)(j = 1, 2,⋯, n) be a set of
DHPFNs in which hP(x)andgP(x)are two sets of some values
in [0 , 1] and weights vec tor be ing W = (ω1 , ω2 ,

⋯, ωn)
T,ωj ∈ [0, 1], ∑

n

j¼1
ω j ¼ 1. If

DHPFDWBMl
ω d1; d2;⋯; dnð Þ

¼ ⊕
n

i1;i2;⋯;in¼1
⊗
n

j¼1
ωi jd

l j
i j

� �� �1= ∑
n

i¼1
l j

ð90Þ

Theorem 5 Letlj > 0anddj = (hj, gj)(j = 1, 2,⋯, n) be a collec-
tion of DHPFNs. The aggregated result of DHPFDWBM op-
erator is a DHPFN.

DHPFDWBMl
ω d1; d2;⋯; dnð Þ ¼ ⊕

n

i1;i2;⋯;in¼1
⊗
n

j¼1
ωi j d

l j
i j

� �� �1=∑
n

i¼1
l j

¼ ∪γ∈h;η∈g
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− ∏
n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1− 1−γ2l ji j

� �ωi j
� � !vuut

0
@

1
A

1=∑
n

j¼1
l j

8>>><
>>>:

9>>>=
>>>;
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1− 1− 1−η2i j

� �l j� �ωi j
� � ! !1=∑

n

j¼1
l j

vuuut
8>><
>>:

9>>=
>>;
o

ð91Þ

Proof

dl ji j ¼ ∪γi j∈hi j ;ηi j∈gi j γi j

� �l j	 

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−η2i j
� �l jr( )( )

ð92Þ

ωi j d
l j
i j ¼ ∪γi j∈hi j ;ηi j∈gi j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−γ2l ji j

� �ωi j

r	 

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−η2i j
� �l jr !ωi j

( )( )

ð93Þ

Thus,

⊗
n

j¼1
ωi jd

l j
i j ¼ ∪γi j∈hi j ;ηi j∈gi j

∏
n

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−γ2l ji j

� �ωi j

r( )
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

j¼1
1− 1− 1−η2i j

� �l j� �ωi j
� �s !( )

ð94Þ

Thereafter,

⊕
n

i1;i2;⋯;in¼1
⊗
n

j¼1
ωi j d

l j
i j

� �

¼ ∪γi j∈hi j ;ηi j∈gi j
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− ∏
n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1− 1−γ2l ji j

� �ωi j
� � !vuut

8<
:

9=
;;

∏
n

i1;i2;⋯;in¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

j¼1
1− 1− 1−η2i j

� �l j� �ωi j
� �s( !oo

ð95Þ

Therefore,

DHPFDWBMl
ω d1; d2;⋯; dnð Þ ¼ ⊕

n

i1;i2;⋯;in¼1
⊗
n

j¼1
ωi j d

l j
i j

� �� �1=∑
n

i¼1
l j

¼ ∪γi j∈hi j ;ηi j∈gi j
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− ∏
n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1− 1−γ2l ji j

� �ωi j
� � !vuut

0
@

1
A

1=∑
n

j¼1
l j

8>>><
>>>:

9>>>=
>>>;
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1− 1− 1−η2i j

� �l j� �ωi j
� � ! !1=∑

n

j¼1
l j

vuuut
8>><
>>:

9>>=
>>;
o

ð96Þ

Hence, (91) is maintained. Thereafter,

0≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1− 1−γ2l ji j

� �ωi j
� � !vuut

0
@

1
A

1= ∑
n

j¼1
l j

≤1

ð97Þ

0≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1− 1− 1−η2i j

� �l j� �ωi j
� � ! !1= ∑

n

j¼1
l j

vuuut ≤1

ð98Þ
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Because γ2 + η2 ≤ 1,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1− 1−γ2l ji j

� �ωi j
� � !vuut

0
@

1
A

1=∑
n

j¼1
l j

0
BBB@

1
CCCA

2

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1− 1− 1−η2i j

� �l j� �ωi j
� � ! !1=∑

n

j¼1
l j

vuuut
0
BB@

1
CCA

2

≤

1− ∏
n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1− 1−γ2l ji j

� �ωi j
� � ! !1=∑

n

j¼1
l j

þ

1− 1− ∏
n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1− 1−γ2l ji j

� �ωi j
� � ! !1=∑

n

j¼1
l j

0
BB@

1
CCA ¼ 1

ð99Þ

Property 13 (Idempotency) If di(i = 1, 2,⋯, n)are equal, that
isdi = d = (h, g), then

DHPFDWBMl
ω d1; d2;⋯; dnð Þ ¼ d ð100Þ

Proof

DHPFDWBMl
ω d1; d2;⋯; dnð Þ

¼ ⊕
n

i1;i2;⋯;in¼1
⊗
n

j¼1
ωi j d

l j

� �� �1=∑
n

i¼1
l j

¼ ⊕
n

i1;i2;⋯;in¼1
⊗
n

j¼1
ωi j

� �
⋅d
∑
n

i¼1
l j

0
@

1
A

0
@

1
A

1=∑
n

i¼1
l j

¼ ⊕
n

i1;i2;⋯;in¼1
⊗
n

j¼1
ωi j

� �� �1=∑
n

i¼1
l j

⋅d

¼ d

ð101Þ

Property 14 (Monotonicity) Let d j ¼ hd j ; gd j

� �
and bj ¼

hb j ; gb j

� �
( j = 1, 2, ⋯ , n) be two sets of DHPFNs.

I f ∀ γd j

� �2
≤∀ γb j

� �2
; γd j

∈hd j ; γb j
∈hb j a n d

∀ ηd j

� �2
≥∀ ηb j

� �2
; ηd j

∈gd j
; ηb j

∈gb j
, then

DHPFDWBMl
ω d1; d2;⋯; dnð Þ≤DHPFDWBMl

ω b1; b2;⋯; qnð Þ ð102Þ

Proof

γdi j ≤γbi j ð103Þ

1−γ2l jdi j

� �ωi j ≥ 1−γ2l jbi j

� �ωi j ð104Þ

∏
n

j¼1
1− 1−γ2l jpi j

� �ωi j
� �

≤ ∏
n

j¼1
1− 1−γ2l jbi j

� �ωi j
� �

ð105Þ

Therefore,

∏
n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1− 1−γ2l jdi j

� �ωi j
� � !

≥ ∏
n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1− 1−γ2l jbi j

� �ωi j
� � !

ð106Þ

Thus,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1− 1−γ2l jdi j

� �ωi j
� � !vuut

0
@

1
A

1=∑
n

j¼1
l j

≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1− 1−γ2l jbi j

� �ωi j
� � !vuut

0
@

1
A

1=∑
n

j¼1
l j

ð107Þ

which means∀γ2d ≤∀γ2b; similarly, we can obtain∀η2d ≥∀η2b.
If ∀γ2d j

< ∀γ2b j
and∀η2d j

> ∀η2b j
, then

DHPFDWBMl
ω d1; d2;⋯; dnð Þ

< DHPFDWBMl
ω b1; b2;⋯; bnð Þ;

If∀γ2d j
< ∀γ2b j

and∀η2d j
¼ ∀η2b j

, then

DHPFDWBMl
ω d1; d2;⋯; dnð Þ

< DHPFDWBMl
ω b1; b2;⋯; bnð Þ;

If ∀γ2d j
¼ ∀γ2b j

and∀η2d j
> ∀η2b j

, then

DHPFDWBMl
ω d1; d2;⋯; dnð Þ

< DHPFDWBMl
ω b1; b2;⋯; bnð Þ;

If ∀γ2d j
¼ ∀γ2b j

and∀η2d j
¼ ∀η2b j

, then

DHPFDWBMl
ω d1; d2;⋯; dnð Þ

¼ DHPFDWBMl
ω b1; b2;⋯; bnð Þ;

Therefore, the proof of Property 14 is completed.

P r o p e r t y 1 5 ( B o u n d e d n e s s ) L e t t , r > 0 a n d

d j ¼ hd j ; gd j

� �
j ¼ 1; 2; 3;⋯; nð Þ b e a c o l l e c t i o n o f

DHPFNs. If dþ ¼ ∪γ j∈hd j ;η j∈gd j
maxi γið Þf g; mini ηið Þf gf g and

d− ¼ ∪γ j∈hd j ;η j∈gd j
mini γið Þf g; maxi ηið Þf gf g, according to the

property, there is

d− ≤DHPFDWBMl
ω d1; d2;⋯; dnð Þ≤dþ ð108Þ
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Proof From Property 13, we can obtain the following:

DHPFDWBMl
ω dþ; dþ;⋯dþð Þ

¼ dþ;DHPFDWBMl
ω d−; d−;⋯; d−ð Þ ¼ d− ð109Þ

From Property 14, we can obtain

d− ¼ DHPFDWBMl
ω d−; d−;⋯; d−ð Þ≤

DHPFDWBMl
ω d1; d2;⋯; dnð Þ≤

DHPFDWBMl
ω dþ; dþ;⋯; dþð Þ ¼ dþ

ð110Þ

Therefore,

d− ≤DHPFDWBMl
ω d1; d2;⋯; dnð Þ≤dþ ð111Þ

DHPFDWGBM Operator

Thereafter, we extend DWGBM to DHPFN and introduce the
dual hesitant Pythagorean fuzzy DWGBM (DHPFDWGBM)
operator.

Definition 16 Letlj > 0and dj = (hj, gj)(j = 1, 2,⋯, n) be a set of
DHPFN in which hP(x)andgP(x)are two sets of some values in
[0, 1] and weights vector being W = (ω1, ω2,⋯, ωn)

T,ωj ∈ [0,

1], ∑
n

j¼1
ω j ¼ 1. Then,

DHPFDWGBMl
ω d1; d2;⋯; dnð Þ

¼ 1

∑
n

i¼1
l j

⊗
n

i1;i2;⋯;in¼1
⊕
n

j¼1
l jdi j
� �� �∏

n

j¼1
ωi j

0
@

1
A ð112Þ

Theorem 6 Letlj > 0anddj = (hj, gj)(j = 1, 2,⋯, n) be a collec-
tion of DHPFNs. The aggregated result of DHPFDWGBM is
also a DHPFN

DHPFDWGBMl
ω d1; d2;⋯; dnð Þ ¼ 1

∑
n

i¼1
l j

⊗
n

i1;i2;⋯;in¼1
⊕
n

j¼1
l jdi j
� �� �∏n

j¼1
ωi j

0
B@

1
CA

¼ ∪γi j∈hi j ;ηi j∈gi j
n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1−γ2i j
� �l j !∏n

j¼1
ωi j

0
BB@

1
CCA

1=∑
n

i¼1
l j

vuuuuuut

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
η
2l j
i j

 !∏n
j¼1

ωi j

vuuut
0
BB@

1
CCA

1=∑
n

i¼1
l j

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
o

ð113Þ

Proof Through Definition 4, we can obtain

l jdi j ¼ ∪γi j∈hi j ;ηi j∈gi j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−γ2i j
� �l jr( )

; η
l j
i j

n o( )
ð114Þ

Thereafter,

⊕
n

j¼1
l jdi j ¼ ∪γi j∈hi j ;ηi j∈gi j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

j¼1
1−γ2i j
� �l js( )

; ∏
n

j¼1
η
l j
i j

( )( )

ð115Þ

And,

⊕
n

j¼1
l jdi j

� �∏
n

j¼1
ωi j

¼ ∪γi j∈hi j ;ηi j∈gi j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

j¼1
1−γ2i j
� �l js !∏n

j¼1
ωi j

8>><
>>:

9>>=
>>;;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

j¼1
η
2l j
i j

 !∏n
j¼1

ωi j

vuuut
8>><
>>:

9>>=
>>;

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;
ð116Þ

Therefore,

⊗
n

i1;i2;⋯;in¼1
⊕
n

j¼1
l jdi j

� �∏n
j¼1

ωi j

¼ ∪γi j∈hi j ;ηi j∈gi j
n

∏
n

i1;i2;⋯;in¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

j¼1
1−γ2i j
� �l js !∏n

j¼1
ωi j

8>><
>>:

9>>=
>>;;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
η
2l j
i j

 !∏n
j¼1

ωi j

vuuut
8>><
>>:

9>>=
>>;
o

ð117Þ

Thus,

DHPFDWGBMl
ω d1; d2;⋯; dnð Þ ¼ 1

∑
n

i¼1
l j

⊗
n

i1;i2;⋯;in¼1
⊕
n

j¼1
l jdi j
� �� �∏n

j¼1
ωi j

0
B@

1
CA

¼ ∪γi j∈hi j ;ηi j∈gi j
n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1−γ2i j
� �l j !∏n

j¼1
ωi j

0
BB@

1
CCA

1=∑
n

i¼1
l j

vuuuuuut

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
η
2l j
i j

 !∏n
j¼1

ωi j

vuuut
0
BB@

1
CCA

1=∑
n

i¼1
l j

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
o

ð118Þ
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Hence, (113) is maintained. Thereafter,

1≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1−γ2i j
� �l j !∏

n

j¼1
ωi j

0
B@

1
CA

1= ∑
n

i¼1
l j

vuuuuut ≤0 ð119Þ

1≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
η
2l j
i j

 !∏
n

j¼1
ωi j

vuuut
0
BB@

1
CCA

1= ∑
n

i¼1
l j

≤0 ð120Þ

Because ofγ2 + η2 ≤ 1,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
η
2l j
i j

 !∏n
j¼1

ωi j

vuuut
0
BB@

1
CCA

1=∑
n

i¼1
l j

≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ∏

n

i1;i2;⋯;in¼1
1− ∏

n

j¼1
1−γ2i j
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Therefore,
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thereby completing the proof.
Similar to DHPFDWBM, the DHPFDWGBM has the

same properties. The proofs of these properties are similar to
that of the properties of DHPFDWGBM. Accordingly, the
proofs are omitted to save space.

Property 16 (Idempotency) If di(i = 1, 2,⋯, n)are equal, that
isdi = d = (h, g), then

DHPFDWGBMl
ω d1; d2;⋯; dnð Þ ¼ d ð123Þ

Property 17 (Monotonicity) Let d j ¼ hd j ; gd j

� �
and bj ¼

hb j ; gb j

� �
(j = 1, 2, 3, ⋯, n) be two sets of DHPFNs.

I f ∀ γd j

� �2
≤∀ γb j

� �2
; γd j

∈hd j ; γb j
∈hb j a n d

∀ ηd j

� �2
≥∀ ηb j

� �2
; ηd j

∈gd j
; ηb j

∈gb j
, then

DHPFDWGBMl
ω d1; d2;⋯; dnð Þ≤DHPFDWGBMl

ω b1; b2;⋯; bnð Þ
ð124Þ

P r ope r t y 1 8 ( Boundedne s s ) I f dþ ¼ ∪γ j∈hd j ;η j∈gd j
maxi γið Þf g; mini ηið Þf gf g a n d

d− ¼ ∪γ j∈hd j ;η j∈gd j
mini γið Þf g; maxi ηið Þf gf g, according to

the property, there is

d− ≤DHPFDWGBMl
ω d1; d2;⋯; dnð Þ≤dþ ð125Þ

Methods for MADM with DHPFNs

Based on the DHPFWBM and DHPFWGBM operators,
we shall propose the model for MADM with DHPFNs.
Let A = {A1, A2,⋯, Am} be a discrete set of alternatives
and G = {G1, G2, ⋯ , Gn}be the set of attributes,
ω = (ω1, ω2, ⋯, ωn) is the weighting vector of the

attributeGj(j = 1, 2, ⋯, n), whereω j ∈ [0, 1], ∑
n

j¼1
ω j ¼ 1.

Suppose tha t d = (dc j )m × n = (hc j , gc j )m × n i s the
Pythagorean fuzzy decision matrix, wherehcjset indicates
the degree that the alternative Ac satisfies the attribute
Gj given by the decision maker, gcjset indicates the de-
gree that the alternative Ac does not satisfy the attribute
Gj given by the decision maker, γcj ∈ hcj ⊂ [0, 1], ηcj ∈ g-
cj ⊂ [0, 1],(γcj)

2 + (ηcj)
2 ≤ 1, c = 1, 2, ⋯, m, and j = 1, 2,

⋯, n.
I n t h e fo l l ow ing , we app ly t he DHPFWBM

(DHPFWGBM) operator to the MADM problems with
DHPFNs.

Step 1. We utilize the DHPFNs given in matrix~R, and the
DHPFWBM operator

dc ¼ DHPFWBMt;r
ω dc1; dc2;⋯; dcnð Þ ¼ ⊕

n

i; j¼1
ωiω j dtci⊗drcj

� �� �1= tþrð Þ

¼ ∪γ∈h;η∈g
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8><
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>;
o

c ¼ 1; 2;⋯;m:

ð126Þ

206 Cogn Comput (2019) 11:193–211



or

dc ¼ DHPFWGBMt;r
ω dc1; dc2;⋯dcnð Þ

¼ ∪γ∈h;η∈g
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to derive thedc(c = 1, 2,⋯,m)of the alternative Ac.

Step 2. Calculate the scores S(dc) (c = 1, 2,⋯,m) of the
overall DHPFNs dc(c = 1, 2,⋯,m)to rank all the
alternatives Ac(c = 1, 2,⋯,m) and then to select
the best one(s). If there is no difference between
two scores S(dc) andS(ds), then we need to calculate
the accuracy degrees H(dc) and H(ds) of the overall
DHPFNsdcandds, respectively, and then rank the al-
ternatives Ac and As in accordance with the accuracy
degrees H(dc) and H(ds).

Step 3. Rank all the alternatives Ac(c = 1, 2,⋯,m) and select
the best one(s) in accordance withS(dc) (c = 1, 2,⋯,
m).

Step 4. End.

Case Study and Comparative Analysis

Case Study

Nowadays, the ecological environment around the world
is deteriorating and human survival is threatened. As a
result of it, the development of circular economy has
become a hot topic. In 2015, the government proposed
to actively promote economic restructuring and
upgrading, and the manufacturing sector is the focus
of rectification and reform. In the same year, our coun-
try also implemented a new environmental law. It means

that the government will seriously treat the environmen-
tal pollution problems. In order to control the total en-
ergy consumption, the manufacturing sector is one of
the key targets of strengthening energy conservation.
Faced with government regulation, legal constraints,
and public opinion pressure, manufacturing enterprises
have to take necessary measures to achieve BGreen
Development^. One of these measures is to implement
green supply chain management. GSCM emphasis on
the joint development of the socioeconomic and ecolog-
ical environment, requiring companies to consider envi-
ronmental factors in product design, packaging, procure-
ment, production, sales, logistics, waste, recycling and
other aspects. Supplier is the BSource^ of the whole
supply chain, and the green supplier selection is the
foundation of green supply chain management. The
quality of suppliers will directly affect the environmen-
tal performance of enterprises. First, the green supply
chain management and the traditional supply chain man-
agement were compared. Then, the characteristics of
green supplier partnerships were analyzed from various
aspects. Then, we shall give an application to select
green suppliers in GSCM with DHPFNs. There are five
possible green suppliers in GSCM Ai(i = 1, 2, 3, 4, 5) to
select. The experts select four attribute to assess the five
possible green suppliers: (1) G1 is the product quality
factor, (2) G2 is environmental factors, (3) G3 is deliv-
ery factor, and (4) G4 is price factor. Five green
suppliersAi(i = 1, 2, 3, 4, 5) are to be evaluated with
DHPFNs according to four attributes (whose weighting

Table 1 DHPFN decision matrix
G1 G2 G3 G4

A1 {(0.4,0.2),
(0.4,0.3)}

{(0.4,0.6),(0.5,0.4),
(0.6,0.1)}

{(0.3,0.5), (0.4,0.3)} {(0.6,0.3),(0.7,0.4)}

A2 {(0.5,0.1),
(0.6,0.2)}

{(0.5,0.6), (0.6,0.4)} {(0.5,0.3), (0.5,0.4)} {(0.4,0.5),(0.5,0.2),(0.6,0.4)}

A3 {(0.5,0.4),
(0.7,0.4)}

{(0.6,0.3), (0.6,0.5)} {(0.5,0.2), (0.6,0.4),
(0.7,0.2)}

{(0.5,0.3), (0.6,0.4)}

A4 {(0.5,0.3),
(0.5,0.4)}

{(0.6,0.5), (0.6,0.7)} {(0.4,0.3), (0.5,0.3)} {(0.4,0.6), (0.5,0.4)}

A5 {(0.5,0.3),
(0.6,0.5)}

{(0.6,0.4), (0.6,0.5)} {(0.5,0.4), (0.6,0.4)} {(0.2,0.3), (0.3,0.4)}
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vectorsω = (0.2, 0.4, 0.1, 0.3),t = r = 3,s = t = r = 3, li = 3,
i = 1, ⋯, 4, are as shown in Table 1.

Step 1 We utilize the DHPFNs given in matrix~R and the
DHPFWBM operator to get aggregating result.
We illustrate one of alternative for save space.

d1 ¼ DHPFWBMt;r
ω G1;G2;G3;G4ð Þ

¼
n

0:4; 0:2ð Þ; 0:4; 0:3ð Þf g; 0:4; 0:6ð Þ; 0:5; 0:4ð Þ; 0:6; 0:1ð Þf g;
0:3; 0:5ð Þ; 0:4; 0:3ð Þf g; 0:6; 0:3ð Þ; 0:7; 0:4ð Þf g

o
¼
n

0:5047; 0:4016ð Þ; 0:5796; 0:4364ð Þ; 0:5064; 0:3809ð Þ; 0:5805; 0:4148ð Þ;
0:5259; 0:3367ð Þ; 0:5908; 0:3676ð Þ; 0:5272; 0:3182ð Þ; 0:5916; 0:3484ð Þ;
0:5679; 0:2103ð Þ; 0:6165; 0:2350ð Þ; 0:5689; 0:1965ð Þ; 0:6172; 0:2203ð Þ;
0:5047; 0:4256ð Þ; 0:5796; 0:4600ð Þ; 0:5064; 0:4045ð Þ; 0:5805; 0:4383ð Þ;
0:5259; 0:3578ð Þ; 0:5908; 0:3887ð Þ; 0:5272; 0:3390ð Þ; 0:5916; 0:3693ð Þ;
0:5679; 0:2310ð Þ; 0:6165; 0:2570ð Þ; 0:5689; 0:2163ð Þ; 0:6172; 0:2414ð Þ

o

Step 2 The aggregating results and the score functions of the
green suppliers are shown in Table 2.

Influence of the Parameter on the Final Result

The aggregation method of extend DHPFS with BM operator
has two advantages, one is that it can reduce the bad effects of
the unduly high and low assessments on the final result, and
the other is that it can capture the interrelationship between
dual hesitate Pythagorean fuzzy numbers. These aggregation
operators have a parameter vector, which make extended op-
erator more flexible, so the different vectors lead to different
aggregation results, different scores, and ranking results. In
order to illustrate the influence of the parameter vector li on

Table 2 The rank and score of
green suppliers by using DHPF
operators

A1 A2 A3 A4 A5 Order

DHPFWBM 0.6012 0.5810 0.6104 0.5336 0.5702 A3 > A1 > A2 >A5 > A4
DHPFWGBM 0.5362 0.5327 0.5883 0.4785 0.5154 A3 > A1 > A2 >A5 > A4
DHPFGWBM 0.5987 0.5763 0.6094 0.5310 0.5695 A3 > A1 > A2 >A5 > A4
DHPFGWGBM 0.2264 0.2349 0.2547 0.2307 0.2176 A3 > A2 > A4 >A1 > A5
DHPFDWBM 0.5974 0.5743 0.6090 0.5300 0.5691 A3 > A1 > A2 >A5 > A4
DHPFDWGBM 0.2040 0.2131 0.2349 0.2085 0.1949 A3 > A2 > A4 >A1 > A5

According to the result of green suppliers’ order, we can know that the best choice is supplier A3; we get the same
result by different aggregations, which proved the effectiveness of result

Table 3 Ranking results by
utilizing different parameter
vector li in the DHPFDWBM
operator

li, i = 1,⋯, 6 Scores Order

A1 A2 A3 A4 A5

(1,1,1,1) 0.5714 0.5633 0.6014 0.5107 0.5437 A3 > A1 > A2 > A5 >A4

(2,2,2,2) 0.5853 0.5688 0.6052 0.5205 0.5598 A3 > A1 > A2 > A5 >A4

(3,3,3,3) 0.5974 0.5743 0.6090 0.5300 0.5691 A3 > A1 > A2 > A5 >A4

(4,4,4,4) 0.6074 0.5795 0.6128 0.5387 0.5752 A3 > A1 > A2 > A5 >A4

(5,5,5,5) 0.6153 0.5844 0.6165 0.5464 0.5796 A3 > A1 > A2 > A5 >A4

(6,6,6,6) 0.6218 0.5872 0.6199 0.5531 0.5830 A1 > A3 > A2 > A5 >A4

Table 4 Ranking results by
utilizing different parameter
vector li in the DHPFDWGBM
operator

li, i = 1,⋯, 6 Scores Order

O1 O2 O3 O4 O5

(1,1,1,1) 0.3268 0.3293 0.3424 0.3271 0.3223 A3 > A2 > A4 > A1 >A5

(2,2,2,2) 0.2402 0.2461 0.2653 0.2425 0.2331 A3 > A2 > A4 > A1 >A5

(3,3,3,3) 0.2040 0.2131 0.2349 0.2085 0.1949 A3 > A2 > A4 > A1 >A5

(4,4,4,4) 0.1830 0.1951 0.2182 0.1897 0.1720 A3 > A2 > A4 > A1 >A5

(5,5,5,5) 0.1687 0.1836 0.2073 0.1774 0.1559 A3 > A2 > A4 > A1 >A5

(6,6,6,6) 0.1580 0.1754 0.1996 0.1685 0.1434 A3 > A2 > A4 > A1 >A5
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the ranking result, we discuss the influence with several pa-
rameter vectors; you can find the results in Tables 3 and 4.

We can see that the different parameters lead to different
results and different ranking orders. The more attributes we
consider, the bigger the scores; the bigger the attribute value,
the lower the scores. Therefore, the parameter vector can be
considered as decision maker’s risk preference.

Comparative Analysis

In this section, we get aggregation result by some existing
methods, such as DHPFWA operator and DHPFWG operator
[42], and we can find the results in Table 5.

From the scores and order result overall, we can see that
these result differently with the novel method we proposed; it
is because that these methods in Table 5 do not consider the
interrelationship of DHPFNs.

Conclusion

In this paper, we investigate the MADM problems based on
the BM operators with DHPFNs. Firstly, we introduce the
concept and basic operations of the DHPFSs. Then, motivated
by the idea of Bonferroni mean operators, we have developed
some BM operators for aggregating the DHPFNs. The main
characteristics of these proposed operators are also analyzed.
Then, we have used these operators to solve theMADMprob-
lems with DHPFNs. Finally, a practical example for supplier
selection in GSCM is given to verify the developed approach
and comparative analysis is analyzed with existing models. In
the future, we shall continue studying the MADM problems
with the application and extension of the developed operators
to other fuzzy environments [22, 59–70] and uncertain
MADM problems [71–78].
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