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Abstract

Due to the uncertainty and complexity of socioeconomic environments and cognitive diversity of decision makers, the cognitive
information over alternatives provided by decision makers is usually uncertain and fuzzy. Dual hesitant Pythagorean fuzzy sets
(DHPFSs) provide a useful tool to depict the uncertain and fuzzy cognitions of the decision makers over attributes. To effectively
handle such common cases, in this paper, some Bonferroni mean (BM) operators under DHPFS environment are proposed and
some methods for multiple attribute decision-making (MADM) problems based on the BM operators with dual Pythagorean
hesitant fuzzy numbers (DHPFNSs) are investigated. Firstly, some new BM operators to aggregate dual Pythagorean hesitant
fuzzy cognitive information are developed, which consider the interrelationship of DHPFNs, and can generate more accurate
results than the existing dual Pythagorean hesitant fuzzy aggregation operators. Then, the developed aggregation operator is
applied to MADM with DHPFNs and two MADM methods are designed, which can be applied to different decision-making
situations. Based on the proposed operators and built models, two methods are developed to solve the MADM problems with
DHPFNs and the validity and advantages of the proposed method are analyzed by comparison with some existing approaches.
The methods proposed in this paper can effectively handle the MADM problems in which the attribute information is expressed
by DHPFNS, the attributes’ weights are completely known, and the attributes are interactive.

Keywords Multiple attribute decision-making (MADM) - Dual hesitant Pythagorean fuzzy sets - Dual hesitant Pythagorean fuzzy
weighted Bonferroni mean (DHPFWBM) operator - Dual hesitant Pythagorean fuzzy weighted geometric Bonferroni mean

(DHPFWGBM) operator - Supplier selection - Supply chain management

Introduction

Atanassov [1, 2] proposed the concept of intuitionistic fuzzy set
(IFS), which is a generalization of fuzzy set [3]. The IFS has
received more and more attention since its appearance [4—10].
Furthermore, Pythagorean fuzzy set (PFS) [11, 12] has ap-
peared as an efficient tool for showing uncertainty of the mul-
tiple attribute decision-making (MADM) problems. The PFS is
also characterized by the membership degree and the non-
membership degree, whose sum of squares is less than or equal
to 1. The PFS is more general than the IFS. Zhang and Xu [13]
proposed the TOPSIS for solving the MADM problem within
PFNs. Peng and Yang [14] mainly defined the division and
subtraction operations of PFNs. Reformat and Yager [15] used
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the PFNs to deal with the collaborative-based recommender
system. Peng and Yang [14] developed a Pythagorean fuzzy
superiority and inferiority ranking method to solve MAGDM
with PFNs. Gou et al. [16] investigated the properties of con-
tinuous Pythagorean fuzzy information. Garg [17] proposed the
new generalized Pythagorean fuzzy information aggregation by
using Einstein operations. Wu and Wei [18] utilized Hamacher
operations [19-23] to develop some Pythagorean fuzzy aggre-
gation operators. Zeng et al. [24] developed a hybrid method for
Pythagorean fuzzy MADM. Ren et al. [25] developed the
Pythagorean fuzzy TODIM approach, which is useful to cope
with the MADM problems that consider the DMs’ psycholog-
ical behaviors in uncertain circumstance. Wei and Lu [26] ex-
tended Maclaurin symmetric mean [27] to Pythagorean fuzzy
environment to propose the Pythagorean fuzzy Maclaurin sym-
metric mean (PFMSM) operator and Pythagorean fuzzy
weighted Maclaurin symmetric mean (PFWMSM) operator.
Wei [28] utilized arithmetic and geometric operations [29-35]
to develop some Pythagorean fuzzy interaction aggregation op-
erators. Wei and Lu [36] utilized power aggregation operators

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12559-018-9610-9&domain=pdf
mailto:weiguiwu@163.com

194

Cogn Comput (2019) 11:193-211

[37, 38] to develop some Pythagorean fuzzy power aggregation
operators. Wei and Wei [39] presented ten similarity measures
between Pythagorean fuzzy sets (PFSs) based on the cosine
function. Liang et al. [40] developed the Pythagorean fuzzy
Bonferroni mean (PFBM) operator and weighted Pythagorean
fuzzy Bonferroni mean (WPFBM) operator. Liang et al. [41]
developed the Pythagorean fuzzy geometric Bonferroni mean
(PFGBM) operator and weighted Pythagorean fuzzy geometric
Bonferroni mean (WPFGBM) operators. Wei and Lu [42] pro-
posed the concept and basic operations of the dual hesitant
Pythagorean fuzzy sets (DHPFSs) based on the PFSs [11, 12]
and dual hesitant fuzzy sets [43, 44] and developed some
Hamacher aggregation operators for aggregating dual hesitant
Pythagorean fuzzy information.

All the abovementioned operators and measures are pro-
posed based on the assumption that input arguments which we
want to aggregate are independent, and hence, in sometimes,
they may be unable to justify the decision maker goals. On the
other hand, in our real-life situation, it may be possible that
there are interactions among the different attributes in a
decision-making process. To address such type of issues,
Bonferroni mean (BM) operator [45] and geometric
Bonferroni mean (GBM) operator [46] have prominent char-
acteristics to capture the interrelationship among the multi-
input arguments. In the past few years, the BM and GBM have
received more and more attentions and many important results
both in theory and application are developed [47-57].

Therefore, by considering the advantages of the DHPFSs
and the BM and GBM operators during the information fusion
process, the present study enhanced the work in that direction.
In it, DHPFSs have been used to handle the uncertainties in
the data in the form of DHPFSs while BM and GBM operators
are used to consider the interrelationships between the differ-
ent attributes. As far as authors are aware that there is no
research conducted under this direction, hence it is meaningful
to pay some attention to it. So, to consider the advantages of
interrelationships among any number of the attributes in
DHPFSs environment, in this paper, we propose some
Bonferroni mean aggregation operators for fusing the dual
hesitant Pythagorean fuzzy information. Furthermore, some
of their desirable properties have also been addressed.
Finally, based on these operators, a decision-making approach
has been presented under DHPFS environment and illustrated
with a numerical example to validate the approach through
some comparative studies with the existing approaches.

To do so, the rest of the paper is organized as follows. Some
basic concepts on PFS and DHPFSs have been summarized in
the next section. In “Bonferroni Mean,” we propose the BM
operators under DHPFS environment along with their certain
propetties. In “GWBM Operator and GWGBM Operator,” we
present the generalized weighted Bonferroni mean operator and
generalized weighted geometric Bonferroni mean operator with
DHPFNs. In “DGWBM Operator and DGWGBM Operator,”
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we present dual weighted Bonferroni mean operator and dual
weighted geometric Bonferroni mean operator with DHPFNs.
In “Methods of MADM with DHPFNs,” we present some
methods for MADM problems with DHPFNs. In “Case Study
and Comparative Analysis,” we present a numerical example for
supplier selection with DHPFNs and give a comparative analysis
with existing models. “Conclusion” concludes the paper with
some remarks.

Preliminaries
Pythagorean Fuzzy Set

The basic definitions of PFSs [11, 12] are introduced in this
section.

Definition 1 [11, 12] LetXbe a fix set. A PFS is an object
having the form

P = {{x, (up(x), vp(x)))|xeX'} (1)

where the functionyp : X — [0, 1]defines the degree of mem-
bership and the function vp: X — [0, 1] defines the degree of
non-membership of the element x € X to P, respectively, and,
for every x € X, it holds that

(15,0)" + () <1 )

Definition 2 [13] LetZzl = (LLI,V|), (~12 = (/J,z,l/z), and a =
(14, V) be three Pythagorean fuzzy numbers, and some basic
operations on them are defined as follows:

()& = (V (0 + (a2 )

Dual Hesitant Pythagorean Fuzzy Set

Wei and Lu [42] proposed the concept and basic operations of
the dual hesitant Pythagorean fuzzy sets (DHPFSs) based on
the PFSs [11, 12] and dual hesitant fuzzy sets [43, 44].

Definition 3 [42] LetXbe a fixed set, then a dual hesitant
Pythagorean fuzzy set (DHPFS) on Xis described as follows:

D = ({x, hp(x), gp(x))|xeX) (3)
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where hp(x)andgp(x)are two sets of some values in[0, 1] that
denote the possible membership degrees and non-membership
degrees of the elementx € Xto the setDrespectively, with the
following conditions:

¥+ <1 (4)

wherey € ip(x), n € gp(x), for all xe X. For convenience, the
pair d(x) = (hp(x), gp(x))is called a dual hesitant Pythagorean
fuzzy number (DHPFN) denoted byd = (%, g), with the follow-
ing conditions:yeh, neg, 0<~, n<1,0<y +1°<1.

Furthermore, Wei and Lu [42] proposed the comparison
laws between DHPFNSs:

Definition 4 [42] Let d=(h, g)be a DHPFN and s(d) :%

(1 + # Zﬂl,eh’yz— #ig Znegn2> be the score function ofd = (4,

@) and p(d) = 33 ¥,yV* + 55 Xeg'T” be the accuracy func-
tion of d=(h,g), where #h and #gare the numbers of the
elements inkandgrespectively; then, let d;= (h;, g)(i=1,2)be
any two DHPFNSs; we have the following comparison laws:

M IfS(dl) > S(dz), thendl > dz,
° IfS(d]):S(dz), then

(1) If pdy) = p(d>), then d, = d;
(2) lip(dy)>p(d>), thend, > d>.

Then, Wei and Lu [42] defined some new operations on the
DHPFNSs d.d,, andd,:

) g Uq,gh,neg{{’yﬁ}’ { 1—(1—772)7T}},7T >0

(2) d = U/yghvngg{{ 1_(1_72)77}7 {77”}}»77 >0

B04s = s {V 01+ (027010 | (e

d\®dy = Un,leh..,wzs/n.msgl,r/zegz{{7172}7 {\/(771)2 + (772)2*(771)2(772)2} }

Bonferroni Mean

Definition 5 [45] Let p, ¢ >0and a; (i=1,2, -, n) be a group
of non-negative real numbers with the weights vector
beingw = (wy, w, ***w,)’, thereby satisfyingw; € [0, 1] and
> w; = 1. The weighted BM (WBM) operator is defined as
i=1

follows:

) 1/(p+4)
WBMivq(alﬂab.”’a”) - ( 2 wiwfa‘?a?> (5)

ij=1

Definition 6 [46] Let p, ¢>0and a; (i=1,2, **, n) be a group
of non-negative real numbers with the weights vector

beingw=(w1,w2,"'w,,)r, thereby satisfyingw; € [0, 1] and

Y wi=11If

i=1

1
WGBM: (ay,az,*+, a,)

_ n + \wiw; 6
p+gq i.gl (pa qaj) (6)

then WGBM? is called WGBM operator.

GWBM Operator and GWGBM Operator

Zhua et al. [46] proposed the generalized weighted BM
(GWBM) operator and generalized weighted geometric BM
(GWGBM) operator.

Definition 7 [46] Letp, ¢, ¥ >0and a; (i=1, 2, -**, n) be a group

of non-negative real numbers with the weights vector

beingw = (wy, wy, ~w)h wielo, 1], and ) w; = 1. The gen-
i=1

eralized weighted BM (GWBM) operator is defined as follows:

. 1/(p+q+7)
GWBM?" (ay,az, ", a,) = ( ) Wf@f”“?“?“/i) (7)
ijk=1 ’

Definition 8 [46] Let p, ¢, ¥>0 and a,;(i=1,2,:",n) be a
group of non-negative real numbers with the weights vector

being w = (wy, wo, w)h wiel0,1], and) w; = 1. If
=1

_ 1 " _ ) Wi jwi
T ptqtr i.j.lk_l:l (pa, taat rak)
(8)

then GWGBM?”*?" operator is called the generalized
weighted geometric BM (GWGBM) operator.

GWGBMZ" (a1, a2, ay)

DGWBM Operator and DGWGBM Operator

Zhang et al. [58] proposed the dual generalized weighted BM
(DGWBM) operator and dual generalized weighted GBM
(DGWGBM) operator.

Definition 9 [58] Let a,(i=1, 2, **, n) be a group of non-negative
crisp numbers with the weight vector beingw = (wy, w, **-, wn)T,

n
we[0,11G=1,2, ", n), and ¥ w; = 1. If
i=1

1Sk
DGWBM,’;(al,ag7 eay) = ( > <H w,-]af’)) (9)
i insnig=1 \ j=1 /

then K = (ky, ky, =k, is parameter vector with &;>0(i=1, 2,
e n)
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Definition 10 [58] Let a(i=1,2,3, -, n) be a group of non-
negative numbers with the weight vector beingw = (wy, w»,

[0,1]G=1,2,3, -, n),andy w; = 1. If
i=1

]'[’;:]w,,
Z k/. iy, =1\ j=1
j=1
then K = (ky, ky, -k,

)is parameter vector withk; >0 =1, 2,
3, }’l)

T
W), wi €

DGWGBMf(al,az, eay) =

DHPFWBM Operator and DHPFWGBM Operator

In this section, we propose the dual hesitant Pythagorean
fuzzy weighted Bonferroni mean (DHPFWBM) operator
and dual hesitant Pythagorean fuzzy weighted geometric
Bonferroni mean (DHPFWGBM) operator based on the tradi-
tional Bonferroni mean operators.

DHPFWBM Operator

Definition 11 Lett, »> 0.d;=(h;, g)j=1,2, ", n)be a set of
DHPFNs in which /p(x)andgp(x)are two sets of some values
in [0, 1] and weights vector being w = w,) ' w; €0,

11,3 w; = 1, then the DHPFWBM operator is defined as
=1

(CL)], W, ",

DHPFWBMY; (dy,d>, -+, d, ( N
w\d1,42, 5 ) @ WwiW; d®d ( )

ij=1
Theorem 1 Let ¢, r>0andd,; = (h;, g)(j=1,2, ", n) be a col-
lection of DHPFNs in whichy; € 4, 7;€ g;, then their aggre-
gated value by using the DHPFWBM operator is also a
DHPFN, and

1/(t+r)
DHPFWBMY (dy,ds, ", d,) = ( D wiw; <d ®d’>)
i,j=1

- —\ V()
- U“*Eh”'eg{{ \/ 1_,;,,-111 (1_%%?) | ) } (12)

1/(t+r)

Proof According to Definition 4, we can get

d—unehn,eg,{{m}{ 1—<1—n%)’}} (13)
d;:uweh,,nﬁg/{{y;},{ 1(1n§)r}} (14)
ded, = uwehﬁ,,,Eg,{{ygyg}, { 1—(1—7712)’(1—73)”}} (15)
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Thereafter,
(404
g )
(16)
Furthermore,

é wiw; (d;@d;)
ij=1

el B (R )

(17)

Therefore,

1/(t+r)
DHPEWBM (dy, da, -+, d,)) = ( & wiw, <d ®df))
ij=

- —\ /()
= U«,’ehweg{{ <\/1—J‘_[1 <1—%2[’Y3’) , I) }> (18)

1/(t+r)

J-( i o))

Thereafter, we can get

- —\ /()
0< <\/1—_H (1—%”73’) I j) <1 (19)

i,j=1

0< 1—(1— 1 (1—(1—n%)’(1—n§)r)w‘w’>

1/(t+r)
<1 (20)
i,j=1

And we know 7> + 17 <1, so

wiw 1/(t+r) n ) 1/(t+7)
> S\J (1_,:}'11 (1_(1_77,2)/(1—77§> ) )
(21)

1- ﬁ (1_,\/2t 2/)

ij=1

Therefore,

- — J(t+7)
(i)
0 i /(t+r) 2
(i <1 0 ’)

s(l—fl (1 (1-2)' 1 n, “’) "

i,j=1
(t4r)
ww,)

_<1—.ﬁ (l—(l—n, 1 771

i,j=1

So, we complete the proof.
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Example 1 Leta; = {(0.3,0.1),(0.4,0.2)},a, = {(0.4,
0.6),(0.5,0.7)}, and a3 ={(0.2,0.5)}be three DHPFNs with

DHPFWBM'/ (ay, az, a3)

w=1(0.3,0.5,0.2), andt=r=2, the aggregation result is as
follows:

— DHPFWBM/ {{(0.3,0.1), (0.4,0.2)}, {(0.4,0.6), (0.5,0.7)}, {(0.2,0.5)}}

1/(242)

1- (1 0.32%2 % 0. 32><2)0-3><0-3>< 1- (1 ~0.99% % 0. 992>0.3x0.3X 1/(2+2)
(1 —0.32%2 % 0. 42><2)°3><05>< (1 ~0.99% % 0. 642)03x05><
(1 —0.32%2 % 0. 22><2)03><02>< (1 ~0.99% % 0. 752)03><02><
(1 —0.42%2 % 0. 32><2)05><0~3>< (1 —0.64% % 0.99 )05><0.3><
= (104772 x 0.4222) "0 » 1| (1-0.64% x 0.64%) 7 x :
(1 —0.42%2 % 0. 22x2)0~5x0»2>< (1 —0.642 % 0. 752)05x03><
(1 —0.22%2 % 0. 32x2)0«2x03>< (1 0752 % 0. 992)02><0,3><
(1 —0.22%2 % 0. 42><2)042><0»5>< (1 0752 % 0. 642)02><0.5><
( 1-0.22%2 « 0.22><2)0-2><0>2 ( —0.75% % 0. 752)02x0.2
= {(0.3531,0.4092), (0.4295,0.4431), (0.3798,0.4515), (0.4451,0.4094) }
Then, we introduce three kinds of property of DHPFWBM. ‘ﬁl (1_7?%2{) H ( _713172') (27)
ij= ij=1
Property 1 (Idempotency) Let z, » > 0 and d; = (h;, g)(i= 1,2, n n
-, n) be two sets of DHPFNs. If (i=1, 2, -+, n)are equal, that = LJQI (1 ’Y¢21t731r> =1- ; El (1 ’y%’tﬁ’r) (28)
is, then
Therefore,
DHPFWBMff(dl,dz, ceody)=d (23)
- 1/(t+r) " 1/(t+r)
< - 11 (l—vﬁfv§7)> << - 11 (1 7%’%’)) (29)
Proof ij=1 ij=1

DHPFWBM'' (d;,d>, ", d,,)

., 1/(t+r)
- ( ? ‘*’iw/'(d[‘g’dr))

1/(t+r)
= d( ® w,w,)
i,j=1

(24)

Property 2 (Monotonicity) Let d; = (hdj,gd/_) and b; =
(hbl,,g,,/) (G=1,2,3,-,n) be two sets of DHPFN .

2 2
If V(%«/) SV(%J +Yd,€ha; Vb, €N,

2 2
V(Ud,-) ZV(%,) +11d,€84,+ b, €8, then

and

DHPFWBM! (d;,d», -+, d,) <DHPFWBM/ (b, by, -, b,,)

(25)

Proof We also can obtain,

’Y ,_yzr <72[,YZV (26)

2

- 1 (t47)
- 0ee) )
(30)

which meansy2<~7, similarly, we can obtainn’>7?.

If V'yf,j < V'yf,j ananflj > Vnz/_, then
DHPFWBM'/ (d\,d», "+, d,)

< DHPFWBM! (by, by, ", b,);

ItV < V7;, andVng = Vn; , then
DHPFWBM/ (d,,d,, """, d,) < DHPFWBM’J(bl,bz7 o by);
If Vyfll = nyi/ ananczil_ > Vnﬁ/, then
DHPFWBMY (dy,d>, **,d,) < DHPFWBM (by, by, ", b,):
If V'yfij = V'Vi, ananﬁj = \7’77%/,, then

DHPFWBM (dy,d>, **,d,) = DHPFWBM (by, by, -, b,);
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Therefore, the proof of Property 2 is completed.

Property 3 (Boundedness) Let ¢, > 0and
d;= (hd/.,gdj) (j=1,2,--,n) be a collection of DHPFNSs.
Lf d =0, e {{max(y)}. {min(r)}} and
d = U“/,Ehc/,-n,vEgd/{{mini(%)}7 {max;(1;)}}, then

d <DHPFWBM'/(d,,d, *d,)<d* (31)

Proof From Property 1, we can obtain the following:
DHPFWBM'/ (d",d*,--d")
=d",DHPFWBM" (d ,d ,d )=d (32)
So, from Property 2, we can obtain the following:

d =DHPFWBM'/(d ,d ,",d )<

DHPEWBMY (d},d, ", d,) < (33)
DHPFWBM'/ (d*,d", -+, d*) = d*

DHPFWGBMY/ (dy, dy, *+d,)

DHPFWGBM Operator

In this section, we extend WGBM to DHPFN and introduced
the dual hesitant Pythagorean fuzzy weighted geometric
Bonferroni mean (DHPFWGBM) operator.

Definition 12 Lett, r>0.d;=(h;, g)(j=1,2, ", n)be a set of
DHPFN in which 4p(x)andgp(x)are two sets of some values
in [0, 1] and weights vector beingw = (wy, wa, **", w,,)T,wj [0,

1], w; = 1, then the DHPFWGBM operator is defined as
=1

DHPFWGBMY/ (d,, d5, -*d,)

1 n i
= td;®rd;)™ 34
+r i7_§1 ( Dr J) (34)

Theorem 2 Let ¢, r>0andd,; = (h;, g)(j=1,2, ", n) be a col-
lection of DHPFNs in whichy; € i, 7;€ g;, then their aggre-
gated value by using the DHPFWGBM operator is also a
DHPFN, and

i,j=1

L]=

) e 1/(t+r) - o 1/(t+r) (35)
s L (A 00 (o)) (e e T) )

Proof

tdi:UA,,eh,,r]iegi{{ 1—(1—7?)’},{775}} (36)
rd_,-_uﬁ,jeh/,njegl_{{ 1—(1—7§)r},{n;}} (37)

Thereafter,

{0} )

(38)

(tdi@rd))™ = uvreh,,gg{ { ( (12 (H@)") o } {

Therefore,

["él (tdie)rdj)w‘% = U?'Eh-,neg{{ <\/i}"}1 (17(1*"/12)1 (1,‘6)"))%% }’

Thus,

" , ) ) - o\ Ve
oo a0 (- (00 ) (G )
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Thereafter, Therefore,
n r\ wiwj 1/(f+V) n r\ Wiw; 1/(e+n) ’
0< 1—(1— I (1—(1—7%)’(1—75) ) ) <1 (42) 1(1 1 (-9 (13) )" ) +
i,j=1 ’ ij=1
- 1/(t+)\ 2
— 2l 21 (]
- o\ e ((\/1 I_‘j]'[:1 (1 i ﬂf) ) ) < 45)
0< \/ =11 (1—77?77?’) ) <1 (43) 1/(e+)
11‘1:1 K B _ n _ -~ 2 t _ P r \'JJiLdj
1 (1 ::,/H:1<1 (-2 (12) ) >

Because 0f72 + 172 <1,

DHPFWGBM (ay, ay, a3)

1/(t+r)
=1

n

I1

ij=1

+<1 (1(17§)’(17§>r)w'w")

thereby completing the proof.

Example 2 Leta; ={(0.3,0.1),(0.4,0.2)},a, = {(0.4,
0.6), (0.5,0.7)},andaz = {(0.2, 0.5)}be three DHPFNs with
w=1(0.3,0.5,0.2), and?=r=2, the aggregation result as
follows:

= DHPFWGBM*/{(0.3,0.1),(0.4,0.2)},{(0.4,0.6), (0.5,0.7)},{(0.2,0.5)}

0.3x0.3 1/(2+2)
) x

—(1-0.91% x 0.91°
1-0.912 x 0.842)%77%?
1-0.91 x 0.96%)" "
1-0.84 x 0.912)*°%7
1-0.84% x 0.84?
1-0.84% x 0.96°
1-0.96% x 0.91?
1-0.96% x 0.84°
(1-0.96 x 0.96

0.5x0.5

0.5x0.2

0.2x0.3

X X X X X X X

0.2x0.5

1
(
(
( )
( )
( )
( )
( )

)0.2><0‘2

0.3x0.3 1/@+2)
—(170.17% x 0.17%) " x
% 0.62X2 0.3x0.5

0.3x0.2
x 0.52%2

0.5%0.3
x 0.12%2

x 0.62*2
x 0.52%2
x 0.12%2
x 0.62%2

x 0.52%2

0.5x0.5
0.5x0.2

0.2x0.3

X X X X X X X

0.2x0.5

0.2x0.2

)
)
)
)
)
)

= {(0.3295,0.5276), (0.3765,0.6047), (0.3601, 0.5284), (0.4087,0.6052) }

Similar to DHPFWBM, the DHPFWGBM has the same
properties. The proofs of these properties are similar to that
of the properties of DHPFWGBM. Accordingly, the proofs
are omitted to save space.

Property 4 (Idempotency) Let ¢, > 0and d;= (h,, g)(i=1, 2,
-+, n) be two sets of DHPFNS, if d(i=1,2, -+, n)are equal,
that isd; =d = (h, g), then

DHPFWGBMY/ (dy,d,, -+, d,) = d (46)

Property 5 (Monotonicity) Let d; = (hdﬂgd,.) and b; =
(hbj,gb/) (Gj=1,2,,n) be two sets of DHPFNs,

2 2
If V(’}/d,) Sv(7b1> ’Vdehdw’Yb,Ehb_, and
2 2
V(Ud/) EV(%J.) s14,€84,> b, €8, then
DHPFWGBM!/(dy,d>, ***,d,)<DHPFWGBM// (d\,d>, """, d,) (47)

Property 6 (Boundedness) Let ¢, »>0andd; = (hd,.,gdl_
(j=1,2,3,-"",n) be a collection of DHPFNs. If d" =

Yy eha; miega, {{max;(v;)}, {min;(;) }} andd™ = Y€ha; e84,
{{min;(7;) }, {max;(n,) } }, then

d <DHPFWGBM" (d,,d,, "*d,)<d* (48)
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DHPFGWBM Operator and DHPFGWGBM Operator

In this section, we combine DHPFNs with generalized
Bonferroni mean operators to propose the dual hesitant
Pythagorean fuzzy generalized weighted Bonferroni mean
(DHPFGWBM) operator and dual hesitant Pythagorean fuzzy
generalized weighted geometric Bonferroni mean
(DHPFGWGBM) operator.

DHPFGWBM Operator

Definition 13 Lett, r>0.d;=(h;, g)(j=1,2, ", n)be a set of
DHPFEN in which Zp(x)andgp(x)are two sets of some values
in [0, 1] and weights vector beingw = (wy, wa, ", w,,)r,wj €0,

113 w = 1If

J=1

1/(a+B+7)
DHPFGWBM'' (dy,d>, ", d,,) = ( O wiwwid! @d; ®aﬂ> (49)

ijk=1

Theorem 3 Lets, £, ¥>0and d;= (h;, g)(j= 1,2, ***, n) be a col-
lection of DHPFN . The aggregated value byDHPFGWBM is
also a DHPFN and

DHPFGWBM“'r(d] dy, o dy)
1/(a+6+7)
= ( EB w‘uJ wied; ®d'®dr>

) 1/ (s+t+7)
= Unqep, neg{{ (\'/I*L/_i[:1 ( 72‘7 ) witw ) }4’ (50)
Wiw Wk 1/ (s+t+7)
N 1_<1_1-/.1’j:1 (1) (1) (1-)") ) }}

Proof According to Definition 4, we can obtain

@ =vanneed 01 {10070} (51)
d = Uy e s, { (%} { 1—(1—7,5)’}} (52)

&= nnes (13- {070 } )

Thus,

&ed\ed, = uw,e/,,,eg{ {”@73-72}7 { w*(l*n?)s (177§)[(177i)'} } (54)

Thereafter,

W i (df. ®d;®d;)
= U neg{{\/ 1—(1—%%’“/%’)%’:1}; (55)
{(Vro-pr sy o) 1)

@ Springer

Furthermore,

679 Wit (df@d;@d;)

i,j k=

& 21,20\ Ik
= UryehJ/Eg{{\/l‘ 1;[ | (1 ’Yl ’Yj 'Yk ) }7 (56)
L]k=

{ (\/1.},}:]_1 (1_(1—77?)S (1_77%)'(1_772](),,))%% } }

Therefore,

DHPFGWBM'”(dy, d, """, d,)

” 1/(a+3+7)
= < b lw,-w‘,-wkdf®d3-®d’>
k=

- - 1/(s+t+r)
= Uwehweg{{ (\/l_i,j!;ll ( _7,25'73I'Y%V> ) }7 (57)

woyor\ /)
e B

Hence, (50) is maintained. Thereafter,

1/(s+t+r)
n WiW jWi
os<\/1— M (1) ) <1 (s8)
ijk=1

; , i 1/(s+t+r)
o<\j1<1l¥j§1_1 (17(1*77?) (17775) (Hﬁ)) ) <1 (59)

Because v +1° <1,

- — 1/(s+t4r)
<\/1— 1 (1—7, 75’72’) - k) <
i,j,k=1
n s ) t o\ Wil jWi
= I (1= (1) (1))
ij k=

1/(s+t+r)

(60)
Therefore,
j Wi W) 1/ (s+t+r)\ 2
(<\/l_ﬂ_/£[_1 (1_7?73’7%’) ) ) .
2
n ! Wiw jwi 1/(s+t+r)
- 1= L (1Y
(|- g vty =) )

1/(s+t+7)

(1 1, (o (o) o))
o ‘ ‘ wpoor | O
(1“ (1= (1) (=) ) _

thereby completing the proof.
Furthermore, DHPFGWBM has the following properties.
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Property 7 (Idempotency) If d(i=1,2, -+, n)are equal, that IfV42 < V~2 andViy = Vi , then
isd;=d = (h, g), then ' ' ' ’
, DHPFGWBM' (dy,d>, "+, d,)

DHPFGWBM' (dy,d>,+,d,) = d (62)

< DHPFGWBM’"(by, by, ***, by);
Proof If V73, = V3, andVi > Vg | then
DHPFGWBM{"" (d1, da, "+, dy) S DHPFGWBM;," (d\,d3, "+, d,,)

S r
= <ij?_lwiijk (d§®d;®d; ) < DHPFGWBM®"" (by, ba, ***, by);
n 1/(s+t+r) (63) 5 5
_ d( ? wiijk) IV =V, andvnﬁ/_ = anz)j, then
i,j,k=1 !

=d DHPFGWBMS," (d\, dy, -+, d,)

= DHPFGWBM®"" (b1, by, """, by);
Property 8 (Monotonicity) Let d; = (hdﬂgdf) and b; =
(hb,,gb,) (j=1,2,,n) be two sets of DHPFNs. Therefore, the proof of Property 8 is completed.

2 2

va(%//) §V<%/> s Va,€ha;s R, and Property 9 (Boundedness) Let 7, r>0and

2 2
V(Ud,-) zv(ﬂb_,) s14,€84, b, €85, then

DHPFGWBM’;"” (d,, d,, -+

(64)
Proof We can obtain
Vi Va Ve SV e (65)
n n
1 (1 foﬁvﬁi) 11 (1—% %2,’7%,’) (66)
i,j,k=1 i,j,k=1
= 01 (13303 ) <= 11 (13da%)  (67)
i.j.k=1 i,j k=1
Therefore,
B 1/(s+t+7) p; /(s+t+r)
(i (m)) =( L, Gwnd)
(68)
Thus,
- 1(ste4r)\ 2 - (st 2
(( =L (l—vff‘,‘df/,"/i{)) )5(( = (l—wm,y/m)) )
(69)

which meansV~3<V~2, similarly, we can obtainVr?3 >V,
If V'yfij < nyi/_ ananﬁ/_ > Vnz/_, then

DHPFGWBM:"" (d},dy, """, d,)

< DHPFGWBM';"" (by, by, ***, by);

,dy) SDHPFGWBM( ' (by, by,

d;= (hdﬂgd)(j =1,2,-",n) be a collection of DHPFNs.

Lf d" =0, e, {{max;(y,)}, {mini(n)}} and
bl = ey g, {{mini(7:)}, {max;(n;)}}. then

d <DHPFGWBM’'’(d,,d,,"**,d,)<d"* (70)

Proof From Property 7, we can obtain

DHPFGWBM” (d",d",-+,d")
= d"DHPFGWBM"'""(d",d ", d ) =d (71)
From Property 8, we can obtain

d = DHPFGWBMY(d ,d ,--,d )<
DHPFGWBM”r(dl,dz,“ ,d )< (72)
DHPFGWBM’"" (d*,d", -, d") =p*
Therefore,

d <DHPFGWBM’'’(d,,d,,"**,d,)<d"* (73)

DHPFGWGBM Operator

Thereafter, we extend GWGBM operator [46] to DHPFN and
propose the dual hesitant Pythagorean fuzzy generalized weight-
ed geometric Bonferroni mean (DHPFGWGBM) operator.

Definition 14 Lets, £, > 0,d;,= (h;, g)(j=1,2, ***, n)be a set of
DHPFN in which /p(x)andgp(x)are two sets of some values in
[0, 1] and weights vector beingw = (wy, w, """, wn)T,agie [0,

1,5 w = 1LIf

=1
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DHPFGWGBM (d;,ds, -+, d,,)

1 n Wi Wk
= d;®td ;®rd, )"’ 74
S+t+r i,.if%:l (S D1 @r k) ( )

Theorem 4 Lets, ¢, > Oandd; = (h;, g)(j=1,2, ***, n) be a col-
lection of DHPFNSs. The aggregated value by DHPFGWGBM
is also a DHPFN and

DHPFGWGBM:™ (dy,dy, **, dy)
WiW Wk

1 n ’
=3 T i,jf%:l (Sdi@ldj@rdk)

n . o 1/(s+t+r)
. W 1<1,.,_1;1, -y () o))

P 1/ (s+1+r)
(- eera ™))

(75)

Proof Through Definition 4, we can obtain

st = 0 anead {17020} )} (76)
d; = uq,js,,j,,,l,egl{ { 1—(1—73)}, {n} } (77)
rdy = Uy e neg, {{ 1—(1—7,3)’}, {77;}} (78)

Thereafter,

sdi@td ®rdy —uweh,n&g{{\/ 1*(1*%2)5(1 v,) (1) } {7f77 }}

(79)

Thereafter,

(sd;@td rd;) "

- Uq/eh,nGg{{ <\/1—(1—%2)S (1—73)’(1_7”) wo }
{ \/l_ (1_77[2"'77§f 77/%’) witw Wi } }

Therefore,

(80)

,%7 (Sd[@ldj@rdk)w'w]wk

ijk=1

Wi jWi

el ([ G0 Coe) ) e
{\/1”: 1(1 ) }}
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Thus,

DHPFGWGBM®:"" (dy, dy, ", d,,)

1 n
=— d;®td ;®rd,
s+t+r Lj.él?:l (S 1®1d,@r k)

j s ‘ N 1/(s+t+7)
= Un,ah.l/eg{(\j 1_<1_1\j.1;[] (1—(1_%2). (1_75) (12) ) > |

| 20, 2v Wi 1/(s+t+r)
<\/1f-j,k (1 772 n; ) ) }

Hence, (75) is maintained. Thereafter,

Wit jWk

(82)

; , o 1/ (s+t+r)
o<\jl<1ij1‘[ (=02 (1=3) =3)) ) <1 (83)

1/(s+t+7)
n wiw W)
OS(\/I— 1 (knfsnﬁfngr) ”) <1 (84)
ijk=1

Becausew/2 + n2 <1,

- i ok 1/(s+t+r)
()
(1= i, (- () (7)™

1/(s+t+r)

(85)

Therefore,

2
Wil jWk 1/(s+t+r)
(Jl<]i'j’lf[1 (17(1*%2)3(17“5)!(17"/%)’) ) ) +

P A 2
(<\/1 o < R ’Tir) R ) ) <

) . g 1/(s+t+r)
1<1 1 (1—(17“/?)%1*“/?) (Fviy) )

ijk=1

1/(s+t+r)
n o\ s 5 t o\ T Wil jWi
+<‘A I (1= (1) (1=2)) > =1
i,j k=

(86)

thereby completing the proof.

Similar to DHPFGWBM operator, the DHPFGWGBM op-
erator has the same properties. The proofs of these properties
are similar to that of the properties of DHPFGWGBM.
Accordingly, the proofs are omitted to save space.

Property 10 (Idempotency) If d,(i=1,2, ",
isd;=d=(h, g), then

n)are equal, that

DHPFGWGBM®” (d,d5, ***,d,) = d (87)
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Property 11 (Monotonicity) Let d; = (hdj,gdj) and b; =
(hb_,,gbj) G=1,2,3,,n) be two sets of DHPFNs.

2 2
Lt V(’Yd,f) Sv(’yb,z) Y, Eha;, 1, €,

2 2
V(Ud,) EV(%J-) +114,€84, My, €85, then

and

DHPFGWGBM'"” (d\,d>, **, d,,) <SDHPFGWGBM (d1, dy, -+, d,,)
(88)

Property 12 (Boundedness) Let ¢, > 0andd; = (hd/.,gd/>
(j=1,2,3,-",n) be a collection of DHPFNs. If d™ =

Vs ey, ez, {{maxi(y;) b, {min; () } } and
d = Uy seha; mjega, {{min;(;)}, {max;(n,)} }, then
d <DHPFGWGBM*""(d},dy,**,d,)<d" (89)

DHPFDWBM Operator and DHPFDWGBM Operator

In this section, we go on with deriving the dual hesitant
Pythagorean fuzzy dual weighted Bonferroni mean
(DHPFDWBM) operator and dual hesitant Pythagorean fuzzy
dual weighted geometric Bonferroni mean (DHPFDWGBM)
operator.

DHPFDWBM Operator

Definition 15 Let/;>0and d; = (h;, g)(j= 1,2, ***, n) be a set of
DHPFNSs in which %p(x)andgp(x)are two sets of some values
in [0, 1] and weights vector being W= (w;, w»,

n
L w)wel0,11,Y wy = L If
J=1

DHPFDWBM' (d,,d, -+, d,,)

C VR
= @ & w,-jdlf
i, i =1 \J=1 J

Theorem 5 Let/;>Oandd,; = (;, g)(j=1,2, ", n) be a collec-
tion of DHPFNs. The aggregated result of DHPFDWBM op-
erator is a DHPFN.

. , 0
DHPFDWBM' (dy,d>, *,d,) = ( ) l<élwi,d§;)> o
i, = J=

(90)

Proof

s {(PHTTY o
= (= (o)) )

(93)
Thus,
WAV (R C0) )y
Thereafter,

EnD <é w,/dff>

i, =1 \yj=1 =
o\ (R 0-02))
(AR -C-eon ) )

Therefore,

R Ny
DHPFDWBML(dl,dz,m,dn):(‘ 3 <_® w,»/d’-’)) -
2

Y
n n AR =1
= Uﬁ',,ehy,-,mjég,,{ 1= IT ! =11 <l_<1_%, ) )
11502, 5 In=

(96)
Hence, (91) is maintained. Thereafter,
/3 L
n n Wi . J=1
o=( 1= 11 (=11 (1-(1=7")") <1
itinyin=1 j=1 /
(97)
n n . l/il/
o<, [1-[ 1- =11 (1-(1=(1=2)") "<
= ( i i l—1< Jl;[1< ( < 77[/>> >>> =
(98)
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Because * + 177 <1, ﬁ (1*(17712711’)“[")5 1 (1*(1*7?{')%) (105)
, j=1 g j=1 Y
] " L 81 (1 () V& Therefore,
Ip,i l_[i,,:l jl;[] ( < %, ) > +
n n 215 Wi n B n e 21; Wi
- 2 i,,iz,Hi,,:l <l_jl_[l (1_<1_7d’f) )>>i.,iz,~n,i,,1 (l jl;ll(l (1 "/;,,/) ))
“ 21
Jl—(l— il (1— <1—<1—(1—n,2>l’> >>> = (106)
I, i=1 j=1 !
Thus,
120
n n 21\ “is i= )
(1_" " H’ =1 <1_1H1 <1_(1_%/ ) >)) ’ n n 21\ Wi l/;l/
e = I (1_ I (1_(1_%’";) j)) =
(e n . AT = _ i1, = Jj=
(- 0 (o 002)) 7 | ,,
/21
j=1
(99) - 10 (=11 (1—(1—7,2,“) )
l[,iz, l,,fl j:1 Y

(107)

Property 13 (Idempotency) If d,(i=1,2, -,
isd;=d=(h, g), then

n)are equal, that

DHPFDWBM. (d,,d,, ", d,) = d (100)
Proof
DHPFDWBM' (d,,d,, ", d,)
n n l/
- <® >> i
z] gy 1,,71 =1
]/Zlf
o (101)

/N N
f
/\
\®=
§

Property 14 (Monotonicity) Let d; = (hdj,gd/_) and b; =
(h;,l,,gbj) (j=1,2,,n) be two sets of DHPFNs.

If V(Vd/_)zﬁv(%/)27’Yd,Ehd,-»’Yb,ehb,- and
v (nd,) “ov (nb,,) 27 Na, S84, b, 85,» then

DHPFDWBM! (d|, dy, -+, d,) <DHPFDWBM., (b;, b, ", ¢,) (102)
Proof

Yoy S, (103)
(1) "= (1)) (104

@ Springer

which meansV~3<V~?; similarly, we can obtainV2>Vn?.
If V'yf,/ < ‘v"y%/ ananf,i > Vnﬁ/, then

DHPFDWBM' (dy,d>, ", d,,)

< DHPFDWBM! (b;, by, ", b,);

va'yﬁj < Vyﬁj ananﬁj = Vni/_, then
DHPFDWBM! (d;,d>, -+, d,,)

< DHPEDWBM! (by, by, ", b,);

If V73, = V3, and¥r > Vo , then

DHPFDWBM' (d},d>, ", d,,)

< DHPFDWBM! (by, by, ", b,);

If V43 = V43 and¥r} = Vi , then
DHPFDWBM! (d,,d,, ", d,)
= DHPFDWBM (b, by, -+, b,);

Therefore, the proof of Property 14 is completed.

Property 15 (Boundedness) Let #, r>0and

d;= (hdj,gd)(jz 1,2,3,
DHPFNs. Ifd" = u, jehay g, {{max;(~;)}, {min;(n;)} } and

d = Uscha, g, {{mm, (7))}, {max;(n;) } }, according to the
property, there is

,n) be a collection of

d <DHPFDWBM. (d,,d,, -, d,)<d"* (108)
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Proof From Property 13, we can obtain the following:

DHPFDWBM' (d*,d", --d")

=d",DHPFDWBM/ (d ,d","",d ) =d (109)
From Property 14, we can obtain

d~ = DHPFDWBM! (d",d",,d )<
DHPFDWBM! (d,,d,, ", d,)< (110)
DHPFDWBM' (d*,d",-,d") = d"
Therefore,

d <DHPFDWBM! (d,d,, ", d,)<d"* (111)

DHPFDWGBM Operator

Thereafter, we extend DWGBM to DHPFN and introduce the
dual hesitant Pythagorean fuzzy DWGBM (DHPFDWGBM)
operator.

Definition 16 Let/;>0and d;= (h,, g)(j= 1,2, ***, n) be a set of
DHPFN in which 4 p(x)andgp(x)are two sets of some values in
[0, 1] and weights vector being W= (wi, wa, ", w,) w; € [0,

1],> w; = 1. Then,
j=1

DHPFDWGBM, (d,,d>, ", d,,)

n

1 n n .l;llw’/

i =1 \ =1
I 11512, "5In J
J

(112)

Tt

Theorem 6 Let/;>0andd, = (;, g)(j=1,2, ", n) be a collec-
tion of DHPFNs. The aggregated result of DHPFDWGBM is
also a DHPFN

1 n Hu.',,
DHPFDWGBM.,(d/,dy, ", d,) = — ® (e’a (1,-d,,)>/*‘
N7 iy, =1 \y=1 "’
i=1 /
l/il/
w i=1
n 1\ =1 4
= Yy i e { =1 1= 1I 1-11 (1_’7,2,>
/ s i1yia, =1 j=1
1y
i=1
n n 21[ 1 /
J 1= II <1_ I1 i, > }
ity iy =1 J=1
(113)

Proof Through Definition 4, we can obtain

L .
ljdi, = UA/i/ehi/,r],jegi/_{{ 1_(1_7,21) }7 {nf:}} (114)

Thereafter,
n n l; noo.
b ljdij = Uy, el eg; {{ 1-T1 (1_%2/) }7 { I1 Th/’}}
j=1 jo =S =1 =1
(115)
And,
n ﬁl Wi
(34)
J=1
= U"/[/,Eh,vj,'r/[j <gi n
LY ./lZ[lwii
I={ =[] n;’
=1
(116)

Therefore,

”Aizﬁéi‘”:l (/él l,d,‘/) = U—»,/eh,j ;€81 { {i,_i,_»li[_i”1 < 1- ,‘l:[l (1*7%/)”) }!

(117)
Thus,
DHPFDWGBM. (dy. dy, . d,) = 5 ( ® (e"a (1,d,~/)>"w‘j)
$ g, \ =t sl
=
I/Z”;[/
- N n o BPAYAY \m’
_UW’rEh’/'U’/Eg’/{ =l il‘iz.'lj,i,,:l <] _fl;[l (] 7”) )
l/il/'
Jl i (=) }
itia =1 J=1
(118)
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. . ) )
Hence, (113) is maintained. Thereafter, If V(’Yd,-) SV<71,].> 7’Ydf€hdj,’}/b,6hbj and

2 2
V(Ud/) EV(%) s114,€84d,+ ", €85, then

1/%1,

e,
e ()] s s
inyiy, i = Jj=

DHPFDWGBM! (d,,d,, -+, d,) <DHPFDWGBM (b, by, -

—\ VL0 (124)
n n ,l:llw" N
1< Jl— 1 <1—[1nf,’f) <0 (120)
it g, =1 J=1
Property 18 (Boundedness) If d" = Uy e, ee,
o {{max,(+)} {min,(n,)}} and
Because ofy” +7" <1, d" = Uy eny meg, {{mini(7;)}, {max;(n;)}}, according to
uS the property, there is
[IEATE.
il_ 4 <1_ 4 n?,”)” d <DHPFDWGBM. (d,,d>, **, d,)<d* (125)
itz in=1 =1
' ” (121)
120
n n 1 Hw" h .
S f <1— fi (1) ) Methods for MADM with DHPFNs
i1 g =1 J=1
Therefore Based on the DHPFWBM and DHPFWGBM operators,
' we shall propose the model for MADM with DHPFNs.
Yy 2 Let A={A,A,,"",A,,} be a discrete set of alternatives
, ., . [Ilw, & and G={Gy, Gy, ", G,}be the set of attributes,
I=11= II 1 <1 l_[1 (1*%2,> j) + w=(wy,wy, ",w,) is the weighting vector of the
1,027 = J= n
attributeG;(j =1, 2, -**, n), wherew;€[0,1],) w; = 1.
n 2 Jj=1
(1 e Suppose that d=(dc)mxn=(lcj, &cj)m=n is the
- <1 i 77;1/> < Pythagorean fuzzy decision matrix, where#set indicates
i b=l\ =L (122) the degree that the alternative A. satisfies the attribute
G; given by the decision maker, g.set indicates the de-
1/21, gree that the alternative A. does not satisfy the attribute
n AV G, given by the decision maker, ~y,; € h,; [0, 1], 1, € g-
- 1- 1= 1 (12 J g~ "g 7
l-ljz.n,v”( ,-13]< V') > * GC[0,11,(v)* + > <1, ¢=1, 2, -, m, and j=1, 2,
[1e, V2l In the following, we apply the DHPFWBM
- ﬁ <1f[ (17‘2)/’)” - (DHPFWGBM) operator to the MADM problems with
R N DHPFNs.
thereby completing the proof. Step 1. We utilize the DHPFN’s given in matrixR, and the
Similar to DHPFDWBM, the DHPFDWGBM has the DHPFWBM operator

same properties. The proofs of these properties are similar to
that of the properties of DHPFDWGBM. Accordingly, the
proofs are omitted to save space.

n 1/(t4r)
d. = DHPFWBM (d,1,dsa, """, doy) = (_@ ww; (dﬁ.i®dfj>>
Property 16 (Idempotency) If d,(i=1,2, -, n)are equal, that ’{/:(1 )
iSdi =d= (h, g)’ then = U“,'Eh,neg{{ <\/1_ ﬁ (1_75573;) wru/) }7
ij=1
DHPFDWGBM! (d),ds, +,d,) = d (123) T
1-(1= 11 (1-0=-) (1=2) )"
V(o))

Property 17 (Monotonicity) Let d; = (hd,.,gdj) and b= . _ o,
(hb,,gbj) (G=1,2,3,,n) be two sets of DHPFNs. (126)
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or

d. = DHPFWGBM" (d,1,d, - *d.y)

o 1/(t+r) — 1/(t+r)
= Ujehneg ( 1—(1—_111 (17(1775[)’(1775) ) ) , <\/1_H1 (knggngjr) ) }c = 1,2, m.
i ij=

J=

(127)

to derive thed (c =1, 2, -+, m)of the alternative A..
Step 2. Calculate the scores S(d.) (c=1, 2, ---, m) of the
overall DHPFNs d.(c=1,2, -+, m)to rank all the
alternatives A.(c=1,2, ---, m) and then to select
the best one(s). If there is no difference between
two scores S(d..) andS(dy), then we need to calculate
the accuracy degrees H(d,.) and H(d,) of the overall
DHPFNsd andd,, respectively, and then rank the al-
ternatives A.. and A, in accordance with the accuracy
degrees H(d,) and H(d,).

Step 3. Rank all the alternatives A.(c=1, 2, ---, m) and select
the best one(s) in accordance withS(d,) (c=1,2, -+-,
m).

Step 4. End.

Case Study and Comparative Analysis
Case Study

Nowadays, the ecological environment around the world
is deteriorating and human survival is threatened. As a
result of it, the development of circular economy has
become a hot topic. In 2015, the government proposed
to actively promote economic restructuring and
upgrading, and the manufacturing sector is the focus
of rectification and reform. In the same year, our coun-
try also implemented a new environmental law. It means

that the government will seriously treat the environmen-
tal pollution problems. In order to control the total en-
ergy consumption, the manufacturing sector is one of
the key targets of strengthening energy conservation.
Faced with government regulation, legal constraints,
and public opinion pressure, manufacturing enterprises
have to take necessary measures to achieve “Green
Development”. One of these measures is to implement
green supply chain management. GSCM emphasis on
the joint development of the socioeconomic and ecolog-
ical environment, requiring companies to consider envi-
ronmental factors in product design, packaging, procure-
ment, production, sales, logistics, waste, recycling and
other aspects. Supplier is the “Source” of the whole
supply chain, and the green supplier selection is the
foundation of green supply chain management. The
quality of suppliers will directly affect the environmen-
tal performance of enterprises. First, the green supply
chain management and the traditional supply chain man-
agement were compared. Then, the characteristics of
green supplier partnerships were analyzed from various
aspects. Then, we shall give an application to select
green suppliers in GSCM with DHPFNs. There are five
possible green suppliers in GSCM Af(i=1,2,3,4,5) to
select. The experts select four attribute to assess the five
possible green suppliers: (1) Gy is the product quality
factor, (2) G, is environmental factors, (3) G5 is deliv-
ery factor, and (4) G4 is price factor. Five green
suppliersA;(i=1,2,3,4,5) are to be evaluated with
DHPFNs according to four attributes (whose weighting

Table 1 DHPFN decision matrix

G, G, Gs Gy

A {04,02), {(0.4,0.6),(0.5,0.4), {(0.3,0.5), (0.4,0.3)} £(0.6,0.3),(0.7,0.4)}
(0.4,0.3)} (0.6,0.1)}

A, {(05,0.1), {(0.5,0.6), (0.6,0.4)} {(0.5,0.3), (0.5,0.4)} £(0.4,0.5),(0.5,0.2),(0.6,0.4)}
(0.6,0.2)}

A {(0.5,0.4), {(0.6,0.3), (0.6,0.5)} {(0.5,0.2), (0.6,0.4), £(0.5,0.3), (0.6,0.4)}
(0.7,0.4)} (0.7,0.2)!

As {(05,03), {(0.6,0.5), (0.6,0.7)} {(0.4,0.3), (0.5,0.3)} {(0.4,0.6), (0.5,0.4)}
(0.5,0.4)}

As  {(0.5,03), {(0.6,0.4), (0.6,0.5)} £(0.5,0.4), (0.6,0.4)} £(0.2,0.3), (0.3,0.4)}
(0.6,0.5)}
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Table 2 The rank and score of

green suppliers by using DHPF A A, A; Ay As Order

operators
DHPFWBM 06012 05810 06104 05336 05702  As>A >Ary>As>A,
DHPFWGBM 05362 05327 05883 04785 05154  As>A >Ay>As>A,
DHPFGWBM 05987 05763  0.6094 05310 05695  Ay>A;>Ary>As>A,
DHPFGWGBM 0.2264 0.2349 0.2547 0.2307 0.2176 A3>Ay>A4>A > As
DHPFDWBM 0.5974 0.5743 0.6090 0.5300 0.5691 A3>A1>A;>As> Ay

DHPFDWGBM 0.2040 0.2131 0.2349 0.2085 0.1949 A3>Ay>A4>A>As

According to the result of green suppliers’ order, we can know that the best choice is supplier A;; we get the same
result by different aggregations, which proved the effectiveness of result

vectorsw=(0.2,0.4,0.1,0.3),t=r=3,s=t=r=3, [;=3, Step2 The aggregating results and the score functions of the
i=1, -+, 4, are as shown in Table 1. green suppliers are shown in Table 2.
Step 1 We utilize the DHPFNs given in matrixR and the
DHPFWBM operator to get aggregating result.
We illustrate one of alternative for save space.

Influence of the Parameter on the Final Result

d, = DHPFWBMY (G, , G,, Gs, Gs)

The aggregation method of extend DHPFS with BM operator
= {{(04, 0.2),(0.4,0.3)},{(0.4,0.6),(0.5,0.4), (0.6,0.1)},

has two advantages, one is that it can reduce the bad effects of

{(0.3,0.5),(0.4,0.3)},{(0.6,0.3), (0-770-4)}} the unduly high and low assessments on the final result, and

= {(0.5047,0.4016)7 (0.5796,0.4364), (0.5064, 0.3809), (0.5805,0.4148),  the other is that it can capture the interrelationship between

(0.5259,0.3367), (0.5908,0.3676), (0.5272,0.3182), (0.5916,0.3484), dual hesitate Pythagorean fuzzy numbers. These aggregation

(0:3047,0.4256) (05796.0.4600), (0306404043 (03805 0.azg3),  OPErLors have a parameter vector, which make extended op-

(0.5259,0.3578), (0.5908, 0.3887), (0.5272,0.3390), (0.5916, 0.3693), erator more flexible, so the different vectors lead to different
( ) ( ) ( )

aggregation results, different scores, and ranking results. In
order to illustrate the influence of the parameter vector /; on

(0.5679,0.2310), (0.6165,0.2570), (0.5689,0.2163 0.6172,0.2414}

Table 3 Ranking results by

utilizing different parameter li=1,,6 Scores Order

vector /; in the DHPFDWBM

operator A Az As Ay As
(1,1,1,1) 0.5714 0.5633 0.6014 0.5107 0.5437 A3>A1>A>A5> Ay
2222) 0.5853 0.5688 0.6052 0.5205 0.5598 A3>A1>A>A5> A,
(3.3.3.3) 0.5974 0.5743 0.6090 0.5300 0.5691 A3>A1>A>A5> A,
(4,4,4,4) 0.6074 0.5795 0.6128 0.5387 0.5752 Ay>A > A >As> Ay
(5,5,5.,5) 0.6153 0.5844 0.6165 0.5464 0.5796 Ay>A > Ay >As> Ay
(6,6,6,6) 0.6218 0.5872 0.6199 0.5531 0.5830 Ay > A > Ay >As> A,

Table 4 Ranking results by

utilizing different parameter Lyi=1,,6 Scores Order

vector /; in the DHPFDWGBM

operator 0, 0, 0 Oy Os
(1,1,1,1) 0.3268 0.3293 0.3424 0.3271 0.3223 A3>A>AL>A > As
(2,22.2) 0.2402 0.2461 0.2653 0.2425 0.2331 A3>Ay>A4>A1>As
(3.3.3.3) 0.2040 0.2131 0.2349 0.2085 0.1949 A3 >A>AL>A > As
(4444) 0.1830 0.1951 0.2182 0.1897 0.1720 A3>Ay>A4>A > As
(5,5.5.5) 0.1687 0.1836 0.2073 0.1774 0.1559 A3>Ay>A4>A1>As
(6,6,6,6) 0.1580 0.1754 0.1996 0.1685 0.1434 A3>A,>A4>A1>As
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Table 5 The aggregating result of

existing method Method name Scores Order
Al A2 A3 A4 AS
DHPFWA 0.5651 0.5874 0.6206 0.5440 0.5603 A3>Ar> A1 >As5> A
DHPFWG 0.5284 0.5582 0.6056 0.5109 0.5385 A3>Ar>As>A > A

the ranking result, we discuss the influence with several pa-
rameter vectors; you can find the results in Tables 3 and 4.

We can see that the different parameters lead to different
results and different ranking orders. The more attributes we
consider, the bigger the scores; the bigger the attribute value,
the lower the scores. Therefore, the parameter vector can be
considered as decision maker’s risk preference.

Comparative Analysis

In this section, we get aggregation result by some existing
methods, such as DHPFWA operator and DHPFWG operator
[42], and we can find the results in Table 5.

From the scores and order result overall, we can see that
these result differently with the novel method we proposed; it
is because that these methods in Table 5 do not consider the
interrelationship of DHPFNs.

Conclusion

In this paper, we investigate the MADM problems based on
the BM operators with DHPFNSs. Firstly, we introduce the
concept and basic operations of the DHPFSs. Then, motivated
by the idea of Bonferroni mean operators, we have developed
some BM operators for aggregating the DHPFNs. The main
characteristics of these proposed operators are also analyzed.
Then, we have used these operators to solve the MADM prob-
lems with DHPFNSs. Finally, a practical example for supplier
selection in GSCM is given to verify the developed approach
and comparative analysis is analyzed with existing models. In
the future, we shall continue studying the MADM problems
with the application and extension of the developed operators
to other fuzzy environments [22, 59—70] and uncertain
MADM problems [71-78].
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