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Abstract
In real decision-making, because of the particularity of human cognition activity, it is difficult to depict the decision
information by exact numbers, especially, for complex decision information, how to express and aggregate them is an
important work for solving these decision-making problems. In order to express the complex fuzzy information accurately,
we proposed the concept of interval-valued linguistic intuitionistic fuzzy numbers (IVLIFNs), where their membership
function and non-membership function are represented by interval-valued linguistic terms, and then we developed the
operational rules, score function, accuracy function, and comparison method of them. Considering that the Maclaurin
symmetric mean (MSM) operator has a good characteristic in dealing with the interrelationships among multi-parameters,
and it also is a generalization of arithmetic aggregation operator, Bonferroni mean (BM) operator, and geometric aggre-
gation operator, we further proposed the interval-valued linguistic intuitionistic fuzzy MSM (IVLIFMSM) operator, the
weighted interval-valued linguistic intuitionistic fuzzy MSM (WIVLIFMSM) operator, and proved some related properties
of them. We gave an illustrative example to demonstrate the steps and the effectiveness of the proposed method by the
comparison with existing methods. IVLIFNs can more conveniently express the complex fuzzy information in qualitative
environment by considering the cognition of decision-makers, and the proposed method can consider the interrelationship
among multiple input arguments, so it can make the decision-making results more reasonable. In a word, the proposed
method is more scientific and flexible in solving multiple attribute decision-making (MADM) problems than some existing
methods.

Keywords Multiple attribute decision-making . Interval-valued linguistic intuitionistic fuzzy numbers . Maclaurin symmetric
mean

Introduction

Multiple attribute decision-making (MADM) problems
have gotten more and more attentions by researchers.
Because of the particularity of human cognition activity,
how to depict the complex fuzzy information and make the
decision more scientific and accurate is an important work
to solve the MADM problems [13, 36, 48]. Since the con-
cept of fuzzy set (FS) was proposed by Zadeh [45], the

fuzzy MADM has been a hot research topic, and a lot of
achievements have been made. Because the FS only has
one membership function, sometimes, it is difficult to ex-
press the fuzzy information efficiently, such as the voting
problem in which there exist some oppositions. In order to
solve this problem, Atanassov [2, 3] proposed some new
concepts called intuitionistic fuzzy set (IFS) and
intuitionistic fuzzy numbers (IFNs), in which the non-
membership function is added. However, in IFNs, both
membership function and non-membership function can
only be depicted by crisp numbers, and sometimes, it is
still difficult to express the decision-making information
due to the complexity of decision-makers’ cognition [37].
Further, Atanassov [4], Atanassov and Gargov [5] extend-
ed the membership function and non-membership function
of IFS to interval numbers and defined the concept and
some operational rules of interval-valued IFNs (IVIFNs).
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Now, the IVIFNs have gotten lots of research achieve-
ments, and Chen et al. [9] proposed one new ranking meth-
od for IVIFNs. Based on IVIFNs, some researchers pro-
posed a lot of relevant aggregation operators for IVIFNs
[18–29, 41, 44, 47]. For example, Yu et al. [44] developed
some prioritized aggregation operators for IVIFNs; Zhao
et al. [47] proposed some new generalized operators with
arithmetic mean and geometric mean for IVIFNs,
respectively.

However, in real decision-making, because of the par-
ticularity of human cognition activity [43], decision-
makers cannot give the evaluation by the numerical value
but can give the fuzzy qualitative information easily. So, it
is still necessary to give the quantitative value for member-
ship function and non-membership function in IVIFNs. For
example, about the evaluation on the quality for a car,
people can give a result such as Bgood,^ Bvery good,^
Bbad,^ or Bvery bad^ easily. Of course, for some attributes,
we may get an exact value by some scientific methods on
the basis of spending a great deal of cost; however, people
can only give the qualitative value because of the particu-
larity of human cognition activity. For example, about the
speed of a car in highway, we can measure it by GPS and
give an exact speed B130 km/h^; however, people can only
give the result such as Bvery fast^ and Bfast.^ Generally, in
a quantitative setting, we use the numerical values to ex-
press the information and can get an effective result. In a
qualitative setting, it is very feasible by linguistic terms
instead of numerical values [16, 46]. Considering the de-
cision maker’s cognition, in order to easily express the
membership function and non-membership function in a
qualitative setting, Chen and Liu [10] proposed the linguis-
tic IFNs (LIFNs), in which the membership function and
non-membership function are expressed by linguistic vari-
ables. LIFNs can more easily deal with the fuzzy informa-
tion in quantitative setting and can combine the advantages
of both IFNs and linguistic variables.

IVIFNs are more convenient to express the imprecise
fuzzy information than IFNs; however, their membership
function and non-membership function are expressed by
interval numbers. Similarly, in qualitative setting, consid-
ering the cognition of decision-makers is more subjective,
it is flexible to express the membership function and non-
membership function by interval-valued linguistic vari-
ables than interval numbers. So, one of our goals in this
paper is to propose the interval-valued LIFNs (IVLIFNs),
in which the membership function and non-membership
function are presented by interval-valued linguistic vari-
ables, and then to establish their operational rules and com-
parison method.

In addition, in actual MADM problems, sometimes, it
is very important to consider the interrelationship among
multi-attributes; there are some aggregation operators

which can capture the interrelationship among the aggre-
gated attributes, such as BM [8, 21, 23, 24, 30] and the
Heronian mean (HM) [17, 25, 27], which consider inter-
relationships between two aggregated arguments.
However, maybe we need to consider the interrelation-
ships among any number of aggregated arguments. In or-
der to achieve this function, Maclaurin [31] proposed
Maclaurin symmetric mean (MSM) which is an important
aggregation operator with capturing the interrelationships
among multiple input arguments. Because it has one ad-
justable parameter, this operator can simplify to some
other existing operators, such as arithmetic aggregation
operator, BM operator, and geometric aggregation opera-
tor. Compared with some aggregation operators which can
capture the interrelationship among the aggregated attri-
butes, the MSM operator is more flexible and effective. In
the past years, MSM was developed not only in theories
but also in applications of inequality fields [12], and a lot
of research results based on MSM [1, 6, 14, 33] were
obtained. Qin and Liu [33, 34] developed MSM operator
to aggregate information under multiple-attribute fuzzy
environment. Qin and Liu [35] proposed the conception
of the dual Maclaurin symmetric mean (DMSM) operator
on the basis of MSM. Although MSM has the significant
advantages in capturing the interrelationships among any
number of input arguments, now, it cannot process the
IVLIFNs. Obviously, it is necessary to extend the MSM
to process the IVLIFNs. So, the second goal of this paper
is to propose some MSM operators for IVLIFNs, and then
use them to solve MADM problems with IVLIFNs.

The remainder of the paper is arranged as follows: In
part 2, we review some basic concepts of IVIFNs and
LIFNs. In part 3, we propose the notion of IVLIFNs and
give the operational laws and their properties. In part 4, we
propose a MSM operator for IVLIFNs and proved some
properties of this operator. In part 5, we develop the
MADM method with IVLIFNs. In part 6, we give one
example and compare with some existing MADM method.
In part 7, we give summary and further research of this
paper.

Preliminaries

The LIFNs

In some qualitative environments, in order to conveniently
express fuzzy information, linguistic variables are adopted
because they are a good tool to depict the qualitative informa-
tion [11, 15, 39, 40].

Suppose that S = {si| i = 0, 1, ..., τ} is a linguistic term set
(LTS), where τ + 1 is an odd cardinality, si is one possible
value from LTS S, and we call it a linguistic variable. The
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number and semantics of LTS are determined according to
real decision-making problems. For instance, S is one LTS

with nine terms for evaluating the production quality,
which is given as follows [10]:

S ¼
n
s0 ¼ extremely bad; s1 ¼ very bad; s2 ¼ bad; s3 ¼ slightly bad; s4 ¼ fair; s5 ¼ slightly good; s6 ¼ good;

s7 ¼ very good; s8 ¼ extremely good
o

For convenience, we use the S[0, τ] to express the LTS
S = {si| i = 0, 1, ..., τ}.

About the operational rules and properties of linguistic var-
iables, please refer to references [11, 15].

Definition 1 [10]. Let sm, sn ∈ S[0, τ] and γ = (sm, sn), where
m + n ∈ [0, τ], then we call γ a LIFN.

Definition 2 [10]. If γ1 ¼ sm1 ; sn1ð Þ and γ2 ¼ sm2 ; sn2ð Þ∈
S 0;τ½ � are two LIFNs, then

γ1⊕γ2 ¼ sm1; sn1ð Þ⊕ sm2; sm2ð Þ ¼ sm1þm2−m1m2
τ
; sn1n2

τ

� �
; ð1Þ

γ1⊗γ2 ¼ sm1; sn1ð Þ⊗ sm2; sn2ð Þ ¼ sm1m2
τ
; sn1þn2−n1n2

τ

� �
; ð2Þ

λγ ¼ λ sm; snð Þ ¼ s
τ−τ 1−m

τð Þλ ; sτ n
τð Þλ

� �
; ð3Þ

γλ ¼ sm; snð Þλ ¼ s
τ m

τð Þλ ; sτ−τ 1−n
τð Þλ

� �
: ð4Þ

Definition 3 [10]. If γ = (sm, sn) is a LIFN, the score value
and the accuracy value are defined as
follows:

1ð Þ the score value is Ls γð Þ ¼ m−n; ð5Þ

2ð Þ the accuracy value is Lh γð Þ ¼ mþ n: ð6Þ

where Ls(γ) ∈ [−τ, τ] and Lh(γ) ∈ [0, τ].

Definition 4 [10] Let γ1 ¼ sm1 ; sn1ð Þ and γ2 ¼ sm2 ; sn2ð Þ
be two LIFNs, Ls(γ1) and Ls(γ2) be the score
values of γ1 and γ2, respectively, Lh(γ1) and
Lh(γ2) be the accuracy values of γ1 and γ2,
respectively. Then,

(1) If Ls(γ1) > Ls(γ2), we get γ1 > γ2;
(2) If Ls(γ1) = Ls(γ2), we get

If Lh(γ1) > Lh(γ2), we get γ1 > γ2;
If Lh(γ1) = Lh(γ2), we getγ1 = γ2.

The IVIFNs

Definition 5 [3, 4]. Suppose X̂ ¼ x̂1; x̂2; :::; x̂nf g is a uni-

verse of discourse, an IVIFS D̂ in X̂ can be
expressed by

D̂ ¼ < x̂; û
~D

x̂
� �

; v̂
~D

x̂
� �

> x̂∈X̂
� �

ð7Þ

where ûD̂ x̂ð Þ⊆ 0; 1½ � and v̂D̂ x̂ð Þ⊆ 0; 1½ � are interval numbers,

with the condition 0≤sup ûD̂ x̂ð Þ� 	 þsup v̂D̂ x̂ð Þ� 	
≤1, ∀x̂∈X̂ .

The numbers ûD̂ x̂ð Þ and v̂D̂ x̂ð Þ represent the membership func-
tion and non-membership function of the element x to the set
D̂ respectively. For convenience, let ûD̂ x̂ið Þ ¼ e; f½ �,
v̂D̂ x̂ið Þ ¼ g; h½ �, then d̂ ¼ e; f½ �ð ; g; h½ �Þ is called an IVIFN.

Definition 6 [38]. If d̂ ¼ e; f½ �ð ; g; h½ �Þ and d̂0 ¼
e0; f 0½ �ð ; g0; h0½ �Þ are two IVIFNs, and

λ > 0, then the operational rules are de-
fined as follows:

1ð Þ d̂ þ d̂0 ¼ eþ e0−e e0; f þ f 0− f f 0½ �; g g0; h h0½ �ð Þ; ð8Þ
2ð Þ d̂ � d̂0 ¼ e e0; f f 0½ �; g þ g0−g g0; hþ h0−h h0½ �ð Þ; ð9Þ
3ð Þ λd̂ ¼ 1− 1−eð Þλ; 1− 1− fð Þλ

h i
; gλ; hλ

 �� �

; ð10Þ

4ð Þ d̂
λ
¼ eλ; f λ


 �
; 1− 1−gð Þλ; 1− 1−hð Þλ
h i� �

: ð11Þ

Definition 7 [9]. Let d̂ ¼ e; f½ �ð ; g; h½ �Þ be an IVIFN; the
score value sf of the IVIFN d̂ can be repre-
sented as follows:

sf d̂
� �

¼ eþ f −g−h
2

ð12Þ

Definition 8 [9]. Let d̂ ¼ e; f½ �ð ; g; h½ �Þ be an IVIFN; the
accuracy value hf of the IVIFN d̂ can be
represented as follows:

hf d̂
� �

¼ eþ f þ g þ h
2

ð13Þ
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Definition 9 [9]. If d̂ ¼ e; f½ �ð ; g; h½ �Þ and d̂1 ¼ e1; f 1½ �ð
; g1; h1½ �Þ are any two IVIFNs, then we have

(1) If sf d̂1
� �

> sf d̂2
� �

, then d̂1 > d̂2;
(2) If sf d̂1

� �
¼ sf d̂2

� �
, then

If hf d̂1
� �

> hf d̂2
� �

, then d̂1 > d̂2;

If hf d̂1
� �

¼ hf d̂2
� �

, then d̂1 ¼ d̂2.

The MSM Operator

Definition 10 [31]. Let (β1, β2, ..., βn) be a group of pos-
itive numbers, and x = 1, 2, 3, ..., n. If

MSM xð Þ β1;β2;β3; :::;βnð Þ ¼
⊕

1≤ i1≺:::≺ix ≤n
⊗
x

j¼1
βi j

Cx
n

0
B@

1
CA

1
x

ð14Þ

Then, we call MSM(x) as the MSM operator, where Cx
n is

the coefficient of binomial and (i1, i2, ..., in) includes all the x-
tuple combination of (1, 2, 3, ..., n).

The MSM operator has the following properties:

1ð Þ MSM xð Þ 0; 0; 0; :::; 0ð Þ ¼ 0 ð15Þ
2ð Þ MSM xð Þ β;β;β; :::;βð Þ ¼ β ð16Þ
3ð Þ MSM xð Þ β1;β2; :::;βnð Þ≤MSM xð Þ δ1; δ2; :::; δnð Þ ð17Þ

If βi ≤ δi for all i, i = 1, 2, ..., n;

4ð Þ min βif g≤MSM xð Þ β1;β2; :::;βnð Þ≤max βif g: ð18Þ

The IVLIFNs

In this part, we propose the concept of IVLIFNs in which the
membership function and non-membership function are pre-
sented by interval-valued linguistic variables, and we also
discuss some properties about IVLIFNs.

Definition 11 Let γ̂ ¼ sα̂; sβ̂
� �

, where α̂ ¼ k; l½ �⊆ 0; τ½ �;
β̂ ¼ p; q½ �⊆ 0; τ½ � are interval numbers, if
0 ≤ l + q ≤ τ , then the γ̂ can call an
IVLIFN, where sα̂ expresses the member-
ship function and sβ̂ expresses the non-

membership function. s[k, l] is equivalent
to uncertain linguistic variable [sk, sl], and
we c a n e x p r e s s t h e IVL IFN a s
γ̂ ¼ s k;l½ �; s p;q½ �

� 	
.

In addition, for convenience, we use Γ[0, τ] to express the set
of all IVLIFNs.

Definition 12 Let γ̂ ¼ s k;l½ �; s p;q½ �
� 	

; γ̂1 ¼ s k1;l1½ �; s p1;q1½ �
� 	

and γ̂2 ¼ s k2;l2½ �; s p2;q2½ �
� 	

∈Γ 0;τ½ � be three

IVLIFNs, and λ > 0, then

1ð Þ γ̂1⊕γ̂2 ¼ s k1þk2−
k1k2
τ ;l1þl2−

l1 l2
τ½ �; s p1p2

τ ;
q1q2
τ½ �

� �
ð19Þ

2ð Þ γ̂1⊗γ̂2 ¼ s k1k2
τ ;

l1 l2
τ½ �; s p1þp2−

p1p2
τ ;q1þq2−

q1q2
τ½ �

� �
ð20Þ

3ð Þ λγ̂ ¼ s
τ−τ 1−k

τð Þλ;τ−τ 1− l
τð Þλ


 �; s
τ p

τð Þλ;τ q
τð Þλ


 �� �
ð21Þ

4ð Þ γ̂
λ
¼ s

τ k
τð Þλ;τ l

τð Þλ

 �; s

τ−τ 1−p
τð Þλ;τ−τ 1−q

τð Þλ

 �� �

: ð22Þ

Example 1 Let γ̂1 ¼ s 3;5½ �; s 1;3½ �
� 	

; γ̂ 2 ¼ s 4;5½ �; s 2;3½ �
� 	

∈Γ
0;8½ �;λ ¼ 0:5, then according to definition12,

we can get

γ̂1⊕γ̂2 ¼ s
3þ4−3*4

8 ;5þ5−5*5
8½ �; s 1*2

8 ;3
*3
8½ �

� �
¼ s 5:5;6:875½ �; s 0:25;1:125½ �
� 	

γ̂1⊗γ̂2 ¼ s 3*4
8 ;5

*5
8½ �; s 1þ2−1*2

8 ;3þ3−3*3
8½ �

� �
¼ s 1:5;3:125½ �; s 2:75;4:875½ �
� 	

λγ̂1 ¼ s
8−8* 1−3

8ð Þ0:5;8−8* 1−5
8ð Þ0:5


 �; s
8* 1

8ð Þ0:5;8* 3
8ð Þ0:5


 �� �

¼ s 1:675;3:101½ �; s 2:828;4:899½ �
� 	

γ̂1
λ
¼ s

8* 3
8ð Þ0:5;8* 5

8ð Þ0:5

 �; s

8−8* 1−1
8ð Þ0:5;8−8* 1−3

8ð Þ0:5

 �� �

¼ s 4:899;6:325½ �; s 0:517;1:675½ �
� 	

:

Next, we give some operational properties for IVLIFNs as
follows:

Theorem 1 Let γ̂ ¼ s k;l½ �; s p;q½ �
� 	

; γ̂1 ¼ s k1;l1½ �; s p1;q1½ �
� 	

and γ̂2 ¼ s k2;l2½ �; s p2;q2½ �
� 	

∈Γ 0;τ½ � be three

IVLIFNs, andλ, λ1, λ2 > 0, then

1ð Þ γ̂1⊕γ̂2 ¼ γ̂2⊕γ̂1 ð23Þ
2ð Þ γ̂1⊗γ̂2 ¼ γ̂2⊗γ̂1 ð24Þ
3ð Þ γ̂⊕ γ̂1⊕γ̂2

� �
¼ γ̂⊕γ̂1
� �

⊕γ̂2 ð25Þ

4ð Þ γ̂⊗ γ̂1⊗γ̂2
� �

¼ γ̂⊗γ̂1
� �

⊗γ̂2 ð26Þ

5ð Þ λ γ̂1⊕γ̂2
� �

¼ λγ̂1⊕λγ̂2 ð27Þ

6ð Þ γ̂1⊗γ̂2
� �λ

¼ γ̂1
λ
⊗γ̂2

λ
ð28Þ
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7ð Þ λ1γ̂⊕λ2γ̂ ¼ λ1 þ λ2ð Þγ̂ ð29Þ

8ð Þ γ̂
λ1

⊗γ̂
λ2 ¼ γ̂

λ1þλ2ð Þ
ð30Þ

9ð Þ λ1 λ2γ̂
� �

¼ λ1λ2γ̂ ð31Þ

10ð Þ γ̂
λ1

� �λ2

¼ γ̂
λ1λ2

: ð32Þ

Proof.

1. For (23), according to definition 12, we have

γ̂1⊕γ̂2 ¼ s k1;l1½ �; s p1;q1½ �
� 	

⊕ s k2;l2½ �; s p2;q2½ �
� 	 ¼ s k1þk2−

k1k2
τ ;l1þl2−

l1 l2
τ½ �; s p1p2

τ ;
q1q2
τ½ �

� �
¼ s k2þk1−

k2k1
τ ;l2þl1−

l2 l1
τ½ �; s p2p1

τ ;
q2q1
τ½ �

� �
¼ s k2;l2½ �; s p2;q2½ �
� 	

⊕ s k1;l1½ �; s p1;q1½ �
� 	 ¼ γ̂2⊕γ̂1:

2. For (24), there are the same steps of proof as (23); it is
omitted here.

3. For the left hand of (25), according to definition 12, we
have

γ̂⊕ γ̂1⊕γ̂2
� �

¼ s k;l½ �; s p;q½ �
� 	

⊕ s k1;l1½ �; s p1;q1½ �
� 	

⊕ s k2;l2½ �; s p2;q2½ �
� 	
 �

¼ s k;l½ �; s p;q½ �
� 	

⊕ s k1þk2−
k1k2
τ ;l1þl2−

l1 l2
τ½ �; s p1p2

τ ;
q1q2
τ½ �

� �

¼ s
kþk1þk2−

k1k2
τ −kk1

τ −kk2
τ þkk1k2

τ2
;lþl1þl2−

l1 l2
τ −ll1

τ −
ll2
τ þ

ll1 l2
τ2


 �; s pp1p2
τ2

;
qq1q2
τ2


 �� �

and for the right hand of (25), we have

γ̂⊕γ̂1
� �

⊕γ̂2 ¼ s k;l½ �; s p;q½ �
� 	

⊕ s k1;l1½ �; s p1;q1½ �
� 	
 �

⊕ s k2;l2½ �; s p2;q2½ �
� 	

¼ s kþk1−
kk1
τ ;lþl1−

ll1
τ½ �; s pp1

τ ;
qq1
τ½ �

� �
⊕ s k2;l2½ �; s p2;q2½ �
� 	

¼ s
kþk1þk2−

k1k2
τ −kk1

τ −kk2
τ þkk1k2

τ2
;lþl1þl2−

l1 l2
τ −ll1

τ −
ll2
τ þ

ll1 l2
τ2


 �; s pp1p2
τ2

;
qq1q2
τ2


 �� �

Therefore, we have γ̂⊕ γ̂1⊕γ̂2ð Þ ¼ γ̂⊕γ̂1ð Þ ⊕γ̂2.

4. For (26), there are the same steps of proof as (25), and it is
omitted here.

5. For the left hand of (27), according to definition 12, we have

λ γ̂1⊕γ̂2
� �

¼ λ s k1;l1½ �; s p1;q1½ �
� 	

⊕ s k2;l2½ �; s p2;q2½ �
� 	
 �

¼ λ s k1þk2−
k1k2
τ ;l1þl2−

l1 l2
τ½ �; s p1p2

τ ;
q1q2
τ½ �

� �
¼ s

τ−τ 1−k1þk2−
k1k2
τ

τ

� �λ

;τ−τ 1−l1þl2−
l1 l2
τ

τ

� �λ
� 
; s

τ
p1p2
τ
τ

� �λ

;t
q1q2
τ
τ

� �λ
� 


0
BB@

1
CCA

¼ s
τ−τ 1−k1

τð Þ 1−k2
τð Þ½ �λ;τ−τ 1−l1

τð Þ 1−l2
τð Þ½ �λ


 �; s
τ

p1p2
τ2

� 	λ
;τ

q1q2
τ2

� 	λh i
0
@

1
A;

and for the right hand, we have

λγ̂1⊕λγ̂2 ¼ λ s k1;l1½ �; s p1;q1½ �
� 	

⊕λ s k2;l2½ �; s p2;q2½ �
� 	

¼ s
τ−τ 1−k1

τð Þλ;τ−τ 1−l1
τð Þλ


 �; s
τ

p1
τð Þλ;τ q1

τð Þλ

 �� �

⊕ s
τ−τ 1−k2

τð Þλ;τ−τ 1−l2
τð Þλ


 �; s
τ

p2
τð Þλ;τ q2

τð Þλ

 �� �

¼ s
τ−τ 1−k1

τð Þ 1−k2
τð Þ½ �λ;τ−τ 1−l1

τð Þ 1−l2
τð Þ½ �λ


 �; s
τ

p1p2
τ2

� 	λ
;t q1q2

τ2

� 	λh i
0
@

1
A:
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Therefore, we have λ γ̂1⊕γ̂2ð Þ ¼ λγ̂1⊕λγ̂2.

6. For (28), there are the same steps of proof as (27); it is
omitted here.

7. For (29), according to definition 12, we have

λ1γ̂⊕λ2γ̂ ¼ λ1 s k;l½ �; s p;q½ �
� 	

⊕λ2 s k;l½ �; s p;q½ �
� 	

¼ s
τ−τ 1−k

τð Þλ1 ;t−t 1− l
τð Þλ1


 �; s
τ p

τð Þλ1 ;τ q
τð Þλ1


 �� �
⊕ s

τ−τ 1−k
τð Þλ2 ;τ−τ 1− l

τð Þλ2

 �; s

τ p
τð Þλ2 ;τ q

τð Þλ2

 �� �

¼ s

τ−τ 1−kτð Þλ1
� 	

þ τ−τ 1−kτð Þλ2
� 	

−
τ−τ 1−kτð Þλ1
� 	

* τ−τ 1−kτð Þλ2
� 	

τ ; τ−τ 1− lτð Þλ1
� 	

þ τ−τ 1− lτð Þλ2
� 	

−
τ−τ 1− lτð Þλ1
� 	

* τ−τ 1− lτð Þλ2
� 	

τ

2
4

3
5; s τ

p
τð Þλ1 τ p

τð Þλ2
τ ;

τ
q
τð Þλ1 τ q

τð Þλ2
τ

h i
0
BBBBB@

1
CCCCCA

¼ s
τ−τ 1−k

τð Þλ1þλ2 ;τ−τ 1− l
τð Þλ1þλ2


 �; s
τ p

τð Þλ1þλ2 ;τ q
τð Þλ1þλ2


 �� �
¼ λ1 þ λ2ð Þ s k;l½ �; s p;q½ �

� 	 ¼ λ1 þ λ2ð Þγ̂

8. For (30), there are the same steps of proof as (29); it is
omitted here.

9. For (31), according to definition 12, we have

λ1 λ2γ̂
� �

¼ λ1 λ2 s k;l½ �; s p;q½ �
� 	
 � ¼ λ1 s

τ−τ 1−k
τð Þλ2 ;τ−τ 1− l

τð Þλ2

 �; s

τ p
τð Þλ2 ;τ q

τð Þλ2

 �� �

¼ s
τ−τ

τ−τ 1−kτð Þλ2
τ

� �λ1

;τ−τ
τ−τ 1− lτð Þλ2

τ

� �λ1
� 
; s

τ
τ

p
τð Þλ2
τ

� �λ1

;τ
τ

q
τð Þλ2
τ

� �λ1
� 


0
BB@

1
CCA ¼ s

τ−τ 1−k
τð Þλ1þλ2 ;τ−τ 1− l

τð Þλ1þλ2

 �; s

τ p
τð Þλ1þλ2 ;τ q

τð Þλ1þλ2

 �� �

¼ λ1λ2 s k;l½ �; s p;q½ �
� 	 ¼ λ1λ2γ̂:

10. For (32), there are the same steps of proof as (30); it is
omitted here.

Next, we will give a comparison method for two IVLIFNs
as follows.

Definition 13 Let γ̂ ¼ s k;l½ �; s p;q½ �
� 	

∈Γ 0;τ½ � be an IVLIFN,
then we have the score value Ivls γ̂ð Þ and
accuracy value Ivlh γ̂ð Þ of γ̂ as follows:

Ivls γ̂
� �

¼ k þ l−p−q
2

; ð33Þ

Ivlh γ̂
� �

¼ k þ l þ pþ q
2

: ð34Þ

Def in i t ion 14 Let γ̂1 ¼ s k1;l1½ �; s p1;q1½ �
� 	

and γ̂2 ¼
s k2;l2½ �; s p2;q2½ �
� 	

∈Γ 0;τ½ � b e a n y two

IVLIFNs, we have

1. If Ivls γ̂1ð Þ > Ivls γ̂2ð Þ, then γ̂1≻γ̂2;
2. If Ivls γ̂1ð Þ ¼ Ivls γ̂2ð Þ,

If Ivlh γ̂1ð Þ > Ivlh γ̂2ð Þ, then γ̂1≻γ̂2;
If Ivlh γ̂1ð Þ ¼ Ivlh γ̂2ð Þ, then γ̂1 ¼ γ̂2.
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Example 2 Let γ̂1 ¼ s 3;5½ �; s 1;3½ �
� 	

; γ̂2 ¼ s 4;5½ �; s 2;3½ �
� 	

; γ̂3
¼ s 5;6½ �
�

; s 1;2½ �Þ∈S 0;8½ �, we can get that

Ivls γ̂1ð Þ ¼ 2; Ivls γ̂2ð Þ ¼ 2; Ivls γ̂3ð Þ ¼ 4; Ivlh γ̂1ð Þ ¼ 6;
Ivlh γ̂2ð Þ ¼ 7; Ivls γ̂3ð Þ ¼ 7:

Then, we can conclude that γ̂1≺γ̂2≺γ̂3.

Some Maclaurin Symmetric Mean Operator
Aggregation Operators of IVLIFNs

The MSM has the good property in considering the inter-
relationships among any number of aggregated arguments.
It is more flexible and can be simplified to the special
cases, such as arithmetic aggregation operator when x = 1,
BM operator when x = 2, and geometric aggregation oper-
ator when x = n. However, it can only deal with the crisp
number, and not IVLIFNs. In this part, we develop two
new MSM opera to r s for IVLIFNs , such as the
IVLIFMSM operator and the WIVLIFMSM operator, and
prove some effective properties. In addition, we explored

some special cases of these operators according to
adjusting the parameter x.

The Interval-Valued Linguistic Intuitionistic Fuzzy
Maclaurin Symmetric Mean Operator

Definition 15 Let γ̂1; γ̂2; :::; γ̂n∈Γ 0;τð Þ be a set of
IVLIFNs, and then the IVLIFMSM op-
erator can be defined as follows:

IVLIFMSM xð Þ γ̂1; γ̂2; :::; γ̂n
� �

¼
⊕

1≤ i1≺:::≺ix ≤n
⊗
x

j¼1
γ̂i j

Cx
n

0
B@

1
CA

1
x

ð35Þ

where (i1, i2, ..., in) includes all the x-tuple combination of (1,

2, ..., n), and Ck
n is the binomial coefficient.

Theorem 2 Let γ̂i ¼ s ki;li½ �; s pi;qi½ �
� 	

i ¼ 1; 2; 3; :::; nð Þ be
a set of IVLIFNs; the aggregation result from
definition15 is an IVLIFN, and has

IVLIFMSM xð Þ γ̂1; γ̂2; :::; γ̂n
� �

¼ ðs

τ 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
ki j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

;τ 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
li j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

2
66664

3
77775

;

s

τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

pi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

;τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

qi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

2
64

3
75Þ
ð36Þ

Proof.
In order to prove Eq. (36), we give another theorem firstly.

Theorem 3 Let γ̂i ¼ s ki;li½ �; s pi;qi½ �
� 	

i ¼ 1; ::::; nð Þ be a set of
IVLIFNs, then

∑
n

i¼1
γ̂i ¼ s

τ−τ ∏
n

i¼1
1−ki

τð Þ;τ−τ ∏
n

i¼1
1−li

τð Þ
h i; s

τ ∏
n

i¼1

pi
τð Þ;τ ∏

n

i¼1

qi
τð Þ

h i
0
@

1
A
ð37Þ

The proof is omitted here.

For theorem 2, we need to prove that (1) Eq. (36) is kept
and (2) the result of Eq. (36) is still an IVLIFN.

1. We prove that Eq. (36) is kept.

According to the operational laws of IVLIFNs, we get

⊗
x

j¼1
γ̂i j ¼ s

∏
x

j¼1
ki j

τx−1
;

∏
x

j¼1
li j

τx−1

" #; s
τ−τ ∏

x

j¼1
1−

pi j
τ

� 	
;τ−τ ∏

x

j¼1
1−

qi j
τ

� 	� 

0
BBB@

1
CCCA;

and according to Eq. (37), we have

Cogn Comput (2019) 11:125–144 131



⊕
1≤ i1≺:::≺ix ≤n

⊗
x

j¼1
γ̂i j

� �
¼ s

τ−τ ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
ki j

τ x

0
BB@

1
CCA; τ−τ ∏

1≤ i1≺:::≺ix ≤n
1−

∏
x

j¼1
li j

τ x

0
BB@

1
CCA

2
664

3
775
; s

τ ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

pi j
τ

� � !
; τ ∏

1≤ i1≺:::≺ix ≤ n
1− ∏

x

j¼1
1−

qi j
τ

� � !" #

0
BBBBBBBBB@

1
CCCCCCCCCA

then

1

Cx
n

⊕
1≤ i1≺:::≺ix ≤n

⊗
x

j¼1
γ̂i j

� �� �
¼ ðs τ−τ ∏

1≤ i1≺:::≺ix ≤n
1−

∏
x

j¼1
ki j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

;τ−τ ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
li j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

2
6664

3
7775
;

s

τ ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

pi j
τ

� � ! ! 1
Cxn

;τ ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

qi j
τ

� � ! ! 1
Cxn

2
4

3
5Þ

Therefore,

IVLIFMSM xð Þ γ̂1; γ̂2; :::; γ̂n
� �

¼ ðs

τ 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
ki j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

;τ 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
li j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

2
66664

3
77775

;

s

τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

pi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

;τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

qi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

2
64

3
75Þ

2. We prove that Eq. (36) is still an IVLIFN.

Let IVLIFMSM kð Þ γ̂1; γ̂2; :::; γ̂nð Þ ¼ s k;l½ �; s p;q½ �
� 	

, then we

need to prove (i) [k, l] ⊂ [0, t], [p, q] ⊂ [0, t] and (ii) l + q < t.
(i) We prove [k, l] ⊂ [0, t], [p, q] ⊂ [0, t].
Since ki j ; li j


 �
⊂ 0; t½ �, we can get

∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
ki j

τx

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

∈ 0; 1½ �; ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
li j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

∈ 0; 1½ �;

and because ki j ≤ li j , then ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
ki j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
cxn

≥ ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
ki j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
cxn

,

132 Cogn Comput (2019) 11:125–144



Further,

1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
ki j

τx

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

∈ 0; 1½ �; 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
li j

τx

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

∈ 0; 1½ �

and

1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
ki j

τx

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

≤1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
li j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

:

So, we have

1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
ki j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

; 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
li j

τx

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

2
66664

3
77775⊂ 0; 1½ �:

Then,

k; l½ � ¼ τ 1− ∏
1≤ i1≺…≺ix ≤n

1−
∏
x

j¼1
ki j

τx

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

; τ 1− ∏
1≤ i1≺…≺ix ≤n

1−
∏
x

j¼1
ki j

τx

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

2
66664

3
77775⊂ 0; τ½ �:

Similarly, we can get

p; q½ � ¼ τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

pi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

; τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

qi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

2
64

3
75⊂ 0; τ½ �:

(ii) We prove l + q < t.
Since 0≤ li j þ qi j ≤τ , we can get

l þ q ¼ τ 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
li j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

þ τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

qi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

≤τ 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
τ−qi j
� �
τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

þ τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

qi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

¼ τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

qi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

þ τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

qi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

¼ τ
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Based on the proofs of (i) and (ii), we get Eq. (36) is still an
IVLIFN.

So, according to (1) and (2), theorem 2 is kept.
Next, we explore some properties of IVLIFMSM operator.
Property 1 (Idempotency). Let γ̂i ¼ s ki;li½ �; s pi;qi½ �

� 	
i ¼ 1; ::::; nð Þ be a set of IVLIFNs, if
γ̂1 ¼ γ̂2 ¼ ::: ¼ γ̂n ¼ γ̂ ¼ s k;l½ �; s p;q½ �

� 	
, then

IVLIFMSM xð Þ γ̂1; γ̂2; :::; γ̂n
� �

¼ γ̂ ð38Þ

Proof. Since γ̂ ¼ s k;l½ �; s p;q½ �
� 	

, based on theorem 2, we

have

IVLIFMSM xð Þ γ̂1; γ̂2; :::; γ̂n
� �

¼ s

τ 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
k

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

;τ 1− ∏
1≤ i1≺:::≺ix ≤ n

1−
∏
k

j¼1
l

τ x

0
BBB@

1
CCCA

0
BBB@

1
CCCA

1
Cxn

0
BBBB@

1
CCCCA

1
x

2
666664

3
777775

; s

τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

p
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

;τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

q
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

2
64

3
75

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

¼ s

τ 1− ∏
1≤ i1≺:::≺ix ≤n

1−
k
τ

� �x� � ! 1
Cxn

0
@

1
A

1
x

;t 1− ∏
1≤ i1≺:::≺ix ≤ n

1−
l
τ

� �x� � ! 1
Cxn

0
@

1
A

1
x

2
64

3
75
; s

τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− 1−
p
τ

� �x� � ! 1
Cxn

0
@

1
A

1
x

;τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− 1−
q
τ

� �x� � ! 1
Cxn

0
@

1
A

1
x

2
64

3
75

0
BBBBBBB@

1
CCCCCCCA

¼ s
τ 1− 1− k

τð Þxð Þð Þ1x ;τ 1− 1− l
τð Þxð Þð Þ1x

h i; s
τ−τ 1− 1− 1−p

τð Þxð Þð Þ1x ;τ−τ 1− 1− 1−q
τð Þxð Þð Þ1x

h i
0
@

1
A

¼ s k;l½ �; s p;q½ �
� 	 ¼ γ̂:

Property 2 (Monotonicity). Suppose γ̂i ¼ s ki;li½ �; s pi;qi½ �
� 	

and γ̂i
0 0 ¼ s k″i ;l

″
i½ �; s p″i ;q

″
i½ �

� �
are two sets of IVLIFNs. If sk″i ≥

ski ; sl″i ≥sli and sp″i ≤spi ; sq″i ≤sqi for all i, then

IVLIFMSM xð Þ γ̂
″

1; γ̂
″

2; :::; γ̂
″

n

� �
≥ IVLIFMSM xð Þ γ̂1; γ̂2; :::; γ̂n

� �
ð39Þ

Proof.

(1) For the membership function of IVLIFMSM xð Þ

γ̂″1; γ̂
″
2; :::; γ̂

″
n

� 	
and IVLIFMSM xð Þ γ̂1; γ̂2; :::; γ̂nð Þ,

Since k≥1; sk″i ≥ski ; sl″i ≥sli , then ki
0 0≥ki; l″i ≥ li, and have

∏
x

j¼1
k″i j

τ x
≥

∏
x

j¼1
ki j

τx
and 1−

∏
x

j¼1
k″i j

τx
≤1−

∏
x

j¼1
ki j

τx
;

then ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
ki j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

≤ ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
ki j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

;

further, 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
k″i j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

≥1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
k″i j

τx

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

so we have τ 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
k″i j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

∏
x

j¼1
k″
i j

τx

0
BBBBBB@

1
CCCCCCA

≥τ

1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
k″i j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

∏
x

j¼1
k″
i j

τx

0
BBBBBB@

1
CCCCCCA

:

Similarly, we get

t 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
l″i j

τx

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

≥ t 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
li j

τx

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA:
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(2) For the non-membership function of IVLIFMSM xð Þ

γ̂″1; γ̂
″
2; :::; γ̂

″
n

� 	
and IVLIFMSM xð Þ γ̂1; γ̂2; :::; γ̂nð Þ,

since sp″i ≤spi ; sq″i ≤sqi , then we have p″i ≤pi; q″i ≤qi and

1−
p″i j
τ

≥1−
pi j
τ
⇒ ∏

x

j¼1
1−

p″i j
τ

 !
≥ ∏

x

j¼1
1−

pi j
τ

� �
⇒1− ∏

x

j¼1
1−

p″i j
τ

 !
≤1− ∏

x

j¼1
1−

pi j
τ

� �

⇒ ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

p″i j
τ

 ! ! ! 1
Cxn

≤ ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

pi j
τ

� � ! ! 1
Cxn

⇒t 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

p″i j
τ

 ! ! ! 1
Cxn

0
@

1
A

1
x

≥ t 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

pi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

;

⇒τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

p″i j
τ

 ! ! ! 1
Cxn

0
@

1
A

1
x

≤τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

pi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

;

Similarly, we get

τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

qi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

≤τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

qi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

(3) According to definitions 13 and 1, we can get

IVLIFMSM xð Þ γ̂
″

1; γ̂
″

2; :::; γ̂
″

n

� �
≥ IVLIFMSM xð Þ γ̂1; γ̂2; :::; γ̂n

� �
:

Property 3 (Boundedness). Suppose γ̂i ¼ s ki;li½ �; s pi;qi½ �
� 	

is

a set of IVLIFNs, and
γ̂− ¼ s minki;minli½ �; s maxpi;maxqi½ �

� 	
,γ̂þ ¼ s maxki;maxli½ �; s minpi;minqi½ �

� 	
, then

γ̂
−
≤ IVLIFMSM xð Þ γ̂1; γ̂2; :::; γ̂n

� �
≤ γ̂

þ
ð40Þ

Proof.
Based on properties 1 and 2, we have

IVLIFMSM xð Þ γ̂1; γ̂2; :::; γ̂n
� �

≥ IVLIFMSM xð Þ γ̂
−
; γ̂

−
; :::; γ̂

−� �
¼ γ̂

−
;

And IVLIFMSM xð Þ γ̂1; γ̂2; :::; γ̂nð Þ≤ IVLIFMSM xð Þ γ̂þ; γ̂þ; :::; γ̂þð Þ ¼ γ̂þ,

then we have γ̂− ≤ IVLIFMSM xð Þ γ̂1; γ̂2; :::; γ̂nð Þ≤ γ̂þ.
In the following, in order to discuss the monotonicity of the

IVLIFMSM operator for parameter x, we quote two lemmas.

Lemma 1 (Maclaurin inequality) [32]. Letψi(i = 1 to n) be a
group of numbers which are non-negative real numbers, we
have

MSM 1ð Þ ψ1;ψ2; :::;ψnð Þ≥MSM 2ð Þ

ψ1;ψ2; :::;ψnð Þ≥ :::≥MSM xð Þ ψ1;ψ2; :::;ψnð Þ
ð41Þ

Only when ψ1 =ψ2 = ... =ψn, the equation keeps, where x =
1 to n.

Lemma 2 [32]. Let ai > 0; bi > 0 i ¼ 1 to nð Þ ; ∑
n

i¼1
bi ¼ 1,

∏
n

i¼1
aibi ≤ ∑

n

i¼1
aibi ð42Þ

then, only when a1 = a2 = ... = an, the equation keeps.

Theorem 4 For given IVLIFNs γ̂i∈Γ 0;τ½ � i ¼ 1 to nð Þ, also x =
1 to n, the IVLIFMSM is monotonically decreasing when the
parameter x is monotonically increased.
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Proof. Based on theorem 2,

IVLIFMSM xð Þ γ̂1; γ̂2; :::; γ̂n
� �

¼ ðs

τ 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
ki j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

;τ 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
li j

τx

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

2
66664

3
77775

;

s

τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

pi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

;τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

qi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

2
64

3
75Þ:

Let

f xð Þ ¼ τ 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
ki j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

þ τ 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
li j

τx

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

and

g xð Þ ¼ τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

pi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

þ τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

qi j
τ

� � ! ! 1
Cxn

0
@

1
A

1
x

Now, we prove that when the parameter x is increased, the
function f(x) is decreased.

Based on the Lemma 1 and Lemma 2, we have

f xð Þ ¼ τ 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
ki j

τx

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

þ τ 1− ∏
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
li j

τ x

0
BB@

1
CCA

0
BB@

1
CCA

1
Cxn

0
BBB@

1
CCCA

1
x

≥ t 1− ∑
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
ki j

τ x

0
BB@

1
CCA 1

Cx
n

0
BB@

1
CCA

1
x

þ τ 1− ∑
1≤ i1≺:::≺ix ≤n

1−
∏
x

j¼1
li j

τ x

0
BB@

1
CCA 1

Cx
n

0
BB@

1
CCA

1
x

¼ τ 1− 1− ∑
1≤ i1≺:::≺ix ≤n

∏
x

j¼1
ki j

τx

Cx
n

0
BBB@

1
CCCA

0
BBB@

1
CCCA

0
BBB@

1
CCCA

1
x

þ τ 1− 1− ∑
1≤ i1≺:::≺ix ≤n

∏
x

j¼1
li j

τx

Cx
n

0
BBB@

1
CCCA

0
BBB@

1
CCCA

0
BBB@

1
CCCA

1
x

¼ τ ∑
1≤ i1≺:::≺ix ≤n

∏
x

j¼1
ki j

τx

Cx
n

0
BBB@

1
CCCA

1
x

þ τ ∑
1≤ i1≺:::≺ix ≤n

∏
x

j¼1
li j

τx

Cx
n

0
BBB@

1
CCCA

1
x
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Then, we give the following proof by the reduction to ab-
surdity. Suppose when the parameter x is increasing, the f(x) is
following increasing, then f(x) > f(x − 1) > ... > f(1),also since

f 1ð Þ≥τ ∑
1≤ i1 ≤n

∏
1

j¼1
ki j

τ1

C1
n

0
BB@

1
CCA

1
1

þ τ ∑
1≤ i1 ≤n

∏
1

j¼1
li j

τ1

C1
n

0
BB@

1
CCA

1
1

¼
∑
n

i¼1
ki

n
þ

∑
n

i¼1
li

n

then it follows that

f xð Þ > f 1ð Þ≥ t ∑
1≤ i1 ≤n

∏
1

j¼1
ki j

τ1

C1
n

0
BB@

1
CCA

1
1

¼
∑
n

i¼1
ki þ ∑

n

i¼1
li

x

⇒ ∏n
i¼1ki

� 	1
n þ ∏n

i¼1li
� 	1

n >
∏n

i¼1ki
n

þ ∏n
i¼1li
n

But due to the inequa l i ty [41 , 42] , we have

∏n
i¼1ki

� 	1
n þ ∏n

i¼1li
� 	1

n≤ ∑n
i¼1kiþ∑n

i¼1li
n .

Obviously, it is false that the f(x) is monotonically increas-
ing. So, the f(x) is decreasing with the parameter x increasing
monotonically.

Similarly, we can also prove g(x) is increasing with the
parameter x increased.

By using the score value of IVLIFNs, we can know Ivls xð Þ
¼ 1

2 f xð Þ−g xð Þð Þ for any x ∈ [1, n] andxis integer number, then
we can obtain

Ivls xþ 1ð Þ−Ivls xð Þ ¼ 1

2
f xþ 1ð Þ−g xþ 1ð Þð Þ− f xð Þ−g xð Þð Þ

¼ 1

2
f xþ 1ð Þ− f xð Þð Þ þ −g xþ 1ð Þ þ g xð Þð Þ

With the parameter x increasing, f(x) is decreasing, so f(x +
1) < f(x); with the parameter x increasing,g(x) is increasing, so
we can imply g(x) < g(x + 1).

Based on the results above, we have Ivls xþ 1ð Þ −Ivls xð Þ
¼ 1

2 f xþ 1ð Þð − f xð ÞÞ þ −g xþ 1ð Þð þg xð ÞÞ < 0
i.e., Ivls(x + 1) < Ivls(x), for all x.
Thus, the IVLIFMSM is decreasing with respect to the

parameter x.
Next, we present some specific cases of the IVLIFMSM

operator with different parameter x.
Case 1. When x = 1, the IVLIFMSM operator will reduce to

arithmetic average operator of IVLIFNs shown as follows [47]:

IVLIFMSM 1ð Þ γ̂1; γ̂2; :::; γ̂n
� �

¼ 1

n
∑
n

i¼1
γ̂i

¼ s
τ−τ ∏

n

i¼1
1−ki

τð Þ
� �1

n

;τ−τ ∏
n

i¼1
1− li

τð Þ
� �1

n
� 
; s

τ ∏
n

i¼1

pi
τ

� �1
n

;τ ∏
n

i¼1

qi
τ

� �1
n

� 

0
BB@

1
CCA

ð43Þ

Case 2. When x = 2, the IVLIFMSM operator will re-
duce to special BM (when p = q = 1) of IVLIFNs shown as
follows [7]:

IVLIFMSM 2ð Þ γ̂1; γ̂2; :::; γ̂n
� �

¼ 1

n n−1ð Þ ∑
n

i; j ¼ 1
i≠ j

γ̂iγ̂ j

0
BBBB@

1
CCCCA

1
2

¼

s

τ 1− ∏
n

i1 ¼ i2 ¼ 1
i1≠i2

ki1
ki2

τ3

0
BBB@

1
CCCA

1
n n−1ð Þ

0
BBBB@

1
CCCCA

1
2

;τ 1− ∏
n

i1 ¼ i2 ¼ 1
i1≠i2

li1
li2

τ3

0
BBB@

1
CCCA

1
n n−1ð Þ

0
BBBB@

1
CCCCA

1
2

2
666664

3
777775

;

s

τ−τ 1− ∏
n

i1 ¼ i2 ¼ 1
i1≠i2

1− 1−
pi1
τ

� 	
1−

pi2
τ

� 	
0
BBB@

1
CCCA

1
n n−1ð Þ

0
BBBB@

1
CCCCA

1
2

;τ−τ 1− ∏
n

i1 ¼ i2 ¼ 1
i1≠i2

1− 1−
qi1
τ

� 	
1−

qi2
τ

� 	
0
BBB@

1
CCCA

1
n n−1ð Þ

0
BBBB@

1
CCCCA

1
2

2
6666666666666664

3
7777777777777775

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

ð44Þ

Case 3. When x = n, the IVLIFMSM operator will reduce to
geometric average operator of IVLIFNs shown as follows [42]:

LIFMSM nð Þ γ̂1; γ̂2; :::; γ̂n
� �

¼ ∏
n

i¼1
γ̂i

1
n ¼ s

τ
∏
n

i¼1
ki

τn

� �1
n

;τ
∏
n

i¼1
li

τn

� �1
n

" #; s
τ−τ ∏

n

i¼1
1−pi

τð Þ
� �1

n

;τ−τ ∏
n

i¼1
1−qi

τð Þ
� �1

n
� 


0
BBBB@

1
CCCCA ð45Þ
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Example 3 Let γ̂1 ¼ s 5;7½ �; s 0;1½ �
� 	

; γ̂2 ¼ s 5;6½ �; s 1;2½ �
� 	

; γ̂3 ¼
s 5;6½ �; s 0;1½ �
� 	

and γ̂4 ¼ s 4;5½ �; s 1;3½ �
� 	

∈Γ 0;8½ � be four IVLIFNs,
then we use the proposed IVLIFMSM operator to aggregate
them, and get (supposex = 2).

γ̂1⊗γ̂2 ¼ s 5�5
8 ;7�6

8½ �; s 0þ1−0�1
8 ;1þ2−1�2

8½ �
� �

¼ s 3:125;5:25½ �; s 1;2:75½ �
� 	

; γ̂1⊗γ̂3 ¼ s 5�5
8 ;7�6

8½ �; s 0þ0−0�0
8 ;1þ1−1�1

8½ �
� �

¼ s 3:125;5:25½ �; s 0;1:875½ �
� 	

;

γ̂1⊗γ̂4 ¼ s 5�4
8 ;7�5

8½ �; s 0þ1−0�1
8 ;1þ3−1�3

8½ �
� �

¼ s 2:5;4:375½ �; s 1;3:625½ �
� 	

; γ̂2⊗γ̂3 ¼ s 5�5
8 ;6�6

8½ �; s 1þ0−1�0
8 ;2þ1−2�1

8½ �
� �

¼ s 3:125;4:5½ �; s 1;2:75½ �
� 	

;

γ̂2⊗γ̂4 ¼ s 5�4
8 ;6�5

8½ �; s 1þ1−1�1
8 ;2þ3−2�3

8½ �
� �

¼ s 2:5;3:75½ �; s 1:875;4:25½ �
� 	

; γ̂3⊗γ̂4 ¼ s 5�4
8 ;6�5

8½ �; s 0þ1−0�1
8 ;1þ3−1�3

8½ �
� �

¼ s 2:5;3:75½ �; s 1;3:625½ �
� 	

:

Then, by Eq. (36), we have

IVLIFMSM 2ð Þ γ̂1; γ̂2; γ̂3; γ̂4
� �

¼
⊕

1≤ i1≺i2 ≤4
γ̂i1⊗γ̂i2

� �
6

0
B@

1
CA

1
2

¼ s 4:751;6:023½ �; s 0;1:7012½ �
� 	

:

The Weighted Interval-valued Linguistic Intuitionistic
Fuzzy Maclaurin Symmetric Mean Operator

In MADM problems, weight vector of attributes is an impor-
tant parameter, and it can influence decision-making results.
However, the IVLIFMSM does not take the weight vector into
account. In order to overcome this limitation, we will define
the WIVLIFMSM operator.

Definition 16 Suppose γ̂1; γ̂2; :::; γ̂nð Þ is a set of IVLIFNs,
ω = (ω1, ω2, ..., ωn)

T is the weight set of γ̂1; γ̂2; :::; γ̂nð Þ,
which satisfies ωi ∈ [0, 1], i = 1 to n.and ∑n

i¼1ωi ¼ 1, then
the WIVLIFMSM operator can be presented as follows.

WIVLIFMSMω
xð Þ γ̂1; γ̂2; :::; γ̂n
� �

¼
⊕

1≤ i1≺:::≺ix ≤n
⊗
x

j¼1
nωi j γ̂i j

Cx
n

0
B@

1
CA

1
x

ð46Þ

Theorem 5Assume γ̂i ¼ s ki;li½ �; s pi;qi½ �
� 	

i ¼ 1 to nð Þ is a group
of IVLIFNs, the aggregation result from definition 16 is still
an IVLIFN, and we have

WIVLIFMSMω
xð Þ γ̂1; γ̂2; :::; γ̂n
� �

¼ ðs τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1− 1−

ki j
τ

� �nωi j
� � ! ! 1

Cxn

0
@

1
A

1
x

;τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1− 1−

li j
τ

� �nωi j
� � ! ! 1

Cxn

0
@

1
A

1
x

2
64

3
75
;

s

τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

pi j
τ

� �nωi j
� � ! ! 1

Cxn

0
@

1
A

1
x

;τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

qi j
τ

� �nωi j

 ! ! 1
Cxn

0
@

1
A

1
x

2
64

3
75Þ

ð47Þ

For the proof, it is similar to theorem 2; it was omitted here.
Next, we shall deduce some desirable properties of the

WIVLIFMSM operator.
Property 4. (Monotonicity) Suppose γ̂i ¼ s ki;li½ �; s pi;qi½ �

� 	
,

γ̂″i ¼ s k″i ;l
″
i½ �; s p″i ;q

″
i½ �

� �
i ¼ 1 to nð Þ a r e two g r o u p s o f

IVLIFNs. If sk″i ≥ski ; sl″i ≥sli and sp″i ≤spi ; sq″i ≤sqi for alli, then

WIVLIFMSMω
xð Þ γ̂

″

1; γ̂
″

2; :::; γ̂
″

n

� �

≥WIVLIFMSMω
xð Þ γ̂1; γ̂2; :::; γ̂n
� �

ð48Þ

Property 5. (Boundedness) Suppose γ̂i ¼ s ki;li½ �; s pi;qi½ �
� 	

i ¼ 1 to nð Þ is a set of n IVLIFNs, and let
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γ̂− ¼ ðs τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1− 1−

minki j
τ

� �nωi j

 ! ! 1
Cxn

0
@

1
A

1
x

;τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1− 1−

minli j
τ

� �nωi j

 ! ! 1
Cxn

0
@

1
A

1
x

2
64

3
75

;

;

s

τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

minpi j
τ

� �nωi j
� � ! ! 1

Cxn

0
@

1
A

1
x

;τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

minqi j
τ

� �nωi j
 ! ! 1

Cxn

0
@

1
A

1
x

2
64

3
75Þ

γ̂þ ¼ ðs τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1− 1−

maxki j
τ

� �nωi j

 ! ! 1
Cxn

0
@

1
A

1
x

;τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1− 1−

maxli j
τ

� �nωi j

 ! ! 1
Cxn

0
@

1
A

1
x

2
64

3
75
;

s

τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

maxpi j
τ

� �nωi j
� � ! ! 1

Cxn

0
@

1
A

1
x

;τ−τ 1− ∏
1≤ i1≺:::≺ix ≤n

1− ∏
x

j¼1
1−

maxqi j
τ

� �nωi j

 ! ! 1
Cxn

0
@

1
A

1
x

2
64

3
75Þ

Then,

γ̂− ≤WIVLIFMSMω
xð Þ γ̂1; γ̂2; :::; γ̂n
� �

≤ γ̂
þ

ð49Þ

Theorem 6 For given the set of n IVLIFNs
γ̂i∈Γ 0;τ½ � i ¼ 1 to nð Þ, and x = 1 to n, the WIVLIFMSM is de-

creasing when the parameter x is increased.
We present some specific cases of the IVLIFMSM operator

with different parameter x as follows:
Case 4. When x = 1, the WIVLIFMSM operator will re-

duce to weighted arithmetic average operator of IVLIFNs
shown as follows [47]:

WIVLIFMSM 1ð Þ
ω γ̂1; γ̂2; :::; γ̂n
� �

¼
⊕

1≤ i1 ≤n
⊗
1

j¼1
nωi j γ̂i j

C1
n
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1
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1
1
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n
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1
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Case 5. When x = 2, the WIVLIFMSM will reduce to spe-
cial weighted BM (when q = 1, p = 1) operator shown as fol-
lows [7]:

WIVLIFMSM 2ð Þ
ω γ̂1; γ̂2; :::; γ̂n
� �

¼
⊕

1≤ i1≺i2 ≤n
⊗
2

j¼1
nωi j γ̂i j
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1
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1
2
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Case 6. When x = n, the WIVLIFMSM operator will reduce
to special weighted operator of IVLIFNs shown as follows:

WIVLIFMSM nð Þ
ω γ̂1; γ̂2; :::; γ̂n
� �

¼
⊕

1≤ i1≺:::≺in ≤n
⊗
n

j¼1
nωi j γ̂i j

Cn
n

0
B@

1
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1
n

¼ ∏
n

i¼1
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∏
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ð52Þ

A new MADM method for IVLIFNs based
on the WIVLIFMSM operator

In this part, we would apply the WIVLIFWMSM operator to
solve MADM problems with IVLIFNs.

Suppose Χ = {χ1, χ2, ...,χm} is a group of discrete alterna-
tives, and C = {c1, c2, ..., cn} is a group of attributes with the
weight vector ω = (ω1, ω2, ...,ωn)

T which satisfies ωj ∈ [0, 1],
j = 1 to n, and∑n

j¼1ω j ¼ 1. The expert can provide the assess-

ment information of the attributes about alternatives by
IVLIFN, and then the interval-valued linguistic intuitionistic

fuzzy decision matrix (IVLIFDM) for IVLIFNs R ¼
γ̂ij
� �

m�n
is constructed, where γ̂ij ¼ s kij;lij½ �; s pij;qij½ �

� �
i ¼ 1 to m: j ¼ 1 to nð Þ. The goal of the decision-making
problem is to give a ranking result for all alternatives.

Firstly, we give the ranking steps based on the
WIVLIFMSM operator as follows:

Step 1. Normalize the DM matrix.
Since there are two types for attributes, i.e., benefit type

and cost type. We can convert the cost attribute values to
benefit ones, and the transformed decision matrix is expressed

by R⌢ ¼ γ⌢ij�m�n

h
, (i = 1 to m, j = 1 to n), where

γ⌢ij ¼
s kij;lij½ �; s pij;qij½ �
� �

for benefit attribute C j

s pij;qij½ �; s kij;lij½ �
� �

for cost attribute C j

:

8<
: ð53Þ

Step 2. Use the IVLIFWMSM operator.

γ⌢i ¼ IVLIFWMSMω γ⌢i1; γ
⌢

i2; :::; γ
⌢

inÞ
� ð54Þ

to aggregate all attribute values γ⌢ij j ¼ 1 to nð Þ of each alter-

native and get the overall values.
Step 3. Calculate score value by Eq. (33).
Step 4. Rank the all alternatives {χ1, χ2, ...,χm} and select

the best one.

An illustrative example

In this part, we will give an example to explain the proposed
method.

Since we firstly proposed the concept of IVLIFNs, there is
no appropriate example which can be cited to this paper. In
[26], the attribute values are presented by LIFNs; we made a
minor revision and converted them to IVLIFNs.

A manufacturing company wants to build a new subsidiary
c o m p a n y i n o n e s u i t a b l e p o s i t i o n ,
supposeX = {χ1, χ2, χ3, χ4} is a group of four potential sites
as the alternatives and C = {c1, c2, c3, c4, c5} is a group of

Table 1 Decision matrix R
c1 c2 c3 c4 c5

χ1 (s[6, 7], s[1, 1] ) (s[5, 6], s[1, 2] ) (s[4, 5], s[1, 3] ) (s[6, 7], s[1, 1] ) (s[5, 6], s[1, 2] )

χ2 (s[4, 5], s[1, 2] ) (s[5, 7], s[1, 1] ) (s[5, 6], s[1, 2] ) (s[5, 6], s[1, 2] ) (s[6, 7], s[1, 1])

χ3 (s[5, 6], s[1, 2] ) (s[4, 5], s[2, 3] ) (s[6, 7], s[1, 1] ) (s[5, 6] ,s[1, 2] ) (s[3, 4], s[3, 4] )

χ4 (s[4, 5], s[2, 3]) (s[6, 7], s[1, 1] ) (s[4, 5], s[2, 3] ) (s[4, 6], s[1, 2] ) (s[3, 4], s[3, 4])

(52)
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attributes, where (c1, c2, c3, c4, c5) stand for Bthe price of land,^
Bthe distance of sale market,^ Bthe distance of resources,^ Bthe
labor market,^ and Blocal economy,^ respectively, and the
weight of attributes isw = (0.2, 0.25, 0.15, 0.18, 0.22)T. The
expert evaluates each alternative χi(1, ..., 4) with respect to
each attributecj(j = 1, 2, 3, 4, 5) based on the LTS: S = {s0 =
extremely bad, s1 = very bad, s2 = bad, s3 = slightly bad, s4 =
fair, s5 = slightly good, s6 = good, s7 = very good, s8 = extreme-
ly good} and can give the evaluation value ~γij which is

expressed by the IVLIFN, then the decision matrix R ¼
~γij
� �

4�5
is constructed and shown in Table 1.

Next, we will present the procedure of decision-making
based on the WIVLIFMSM operator.

Step 1. Normalize the decision-making matrix.
Because all attributes are benefit type, this step can be

omitted.
Step 2. Use the WIVLIFMSM operator to produce the

overall values γi i ¼ 1; 2; 3; 4ð Þ of each alternative (supposex-
= 2), then we can get
γ1 ¼ s 5:152;6:183½ �; s 1:083;1:817½ �

� 	
,

γ2 ¼ s 4:916;6:129½ �; s 1:083;1:684½ �
� 	

,

γ3 ¼ s 4:509;5:634½ �; s 1:623;2:436½ �
� 	

,

and γ4 ¼ s 4:102;5:303½ �; s 1:868;2:697½ �
� 	

.

Step 3. Calculate the score values of γi i ¼ 1 to 4ð Þ, we can
get

Ivls γ1ð Þ ¼ 4:217; Ivls γ2ð Þ ¼ 4:139; Ivls γ3ð Þ ¼ 3:007;
Ivls γ4ð Þ ¼ 2:419:.

Step 4. Rank all alternatives based on the score values, we
get χ1 ≻ χ2 ≻ χ3 ≻χ4.

So, the best choice is χ1.

Further, we can obtain the aggregation results from the
different parameter x, which are shown in Table 2.

From Table 2, the scores of the aggregation results are
different for the different parameter x, and then the ranking
results are different. When parameter x = 1, 2, 3, 4, the ranking
resul ts are al l χ1 ≻ χ2 ≻ χ3 ≻ χ4 . When x = 1, the
IVLIFWMSM operator will reduce to weighted arithmetic
average operator of IVLIFNs; the best choice is χ1, when
parameter x = 5; the IVLIFWMSM operator will reduce to
weighted geometric operator of IVLIFNs; the ranking result
is χ2 ≻ χ1 ≻ χ3 ≻ χ4, and the best choice is χ2. Obviously, as
parameter x increases, we can consider the more interrelation-
ships, and the ranking results will be changed. So, in the real
decision-making, we can assign the parameter value x accord-
ing to the actual needs.

Further, we can give a comparison with the other method.
Since there is no decision method based on IVLIFNs, it is
difficult to verify the feasible and effectiveness of the pro-
posed method in this paper. However, we can use the special
case of IVLIFWMSMoperator, i.e., when the upper and lower
limits of the membership function and non-membership func-
tion in IVLIFNs are equal respectively, and the IVLIFNs will
reduce to LIFNs, and the WIVLIFMSM operator will reduce
to LIFWMSM operator, then we can compare it with the
method in [10].

In [10], X = {χ1, χ2, χ3, χ4} is a group of four alternatives
which stand for potential global suppliers under consideration
and A = {a1, a2, a3, a4, a5} is a group of five attributes, where
aj(j = 1 to 5) represents Boverall cost of the product,^ Bquality
of the product,^ Bservice performance of supplier,^ Bsupplier’s
profile,^ and Brisk factor,^ respectively. The weight vector of
all attributes is ω = (ω1, ω2, ω3, ω4, ω5)

T = (0.25, 0.2, 0.15,
0.18, 0.22)T, and four decision-makers dek(k = 1, 2, ..., 4) can
evaluate the four alternatives under the five attributes and con-
struct the decision matrices based on IVLIFNs; the goal is to
select the best supplier.

Chen [10] use the LIFWA operator to aggregate the whole
attributes of each alternative and get a comprehensive decision
matrix, the results are presented in Table 3.

Firstly, we extend the LIFNswhich are presented in Table 3
to IVLIFNs, for example, (s6.199, s1.578) can be extended to
IVLIFNs (s[6.199, 6.199], s[1.578, 1.578]) ∈ Γ[0, 8], and the decision

Table 2 Scores of Ivls γið Þ by the different parameter value x

x Score of Ivls γ̂ið Þ Ranking

x = 1 Ivls γ̂1ð Þ ¼ 4:430; Ivls γ̂2ð Þ ¼ 4:416; Ivls γ̂3ð Þ ¼ 3:159; Ivls γ̂4ð Þ ¼ 3:100: χ1 ≻χ2 ≻χ3 ≻χ4

x = 2 Ivls γ̂1ð Þ ¼ 4:217; Ivls γ̂2ð Þ ¼ 4:139; Ivls γ̂3ð Þ ¼ 3:007; Ivls γ̂4ð Þ ¼ 2:419: χ1 ≻χ2 ≻χ3 ≻χ4

x = 3 Ivls γ̂1ð Þ ¼ 4:129; Ivls γ̂2ð Þ ¼ 3:954; Ivls γ̂3ð Þ ¼ 2:929; Ivls γ̂4ð Þ ¼ 2:496: χ1 ≻χ2 ≻χ3 ≻χ4

x = 4 Ivls γ̂1ð Þ ¼ 4:021; Ivls γ̂2ð Þ ¼ 3:990; Ivls γ̂3ð Þ ¼ 2:873; Ivls γ̂4ð Þ ¼ 2:158: χ1 ≻χ2 ≻χ3 ≻χ4

x = 5 Ivls γ̂1ð Þ ¼ 3:950; Ivls γ̂2ð Þ ¼ 3:954; Ivls γ̂3ð Þ ¼ 2:824; Ivls γ̂4ð Þ ¼ 2:091: χ2 ≻χ1 ≻χ3 ≻χ4

Table 3 The comprehensive values of decision-making matrix aggre-
gated by Chen in [10]

de1 de2 de3 de4

χ1 (s6.199, s1.578) (s5.458, s2.363) (s5.598, s1.647) (s5.129, s2.023)

χ2 (s6.138, s1.444) (s5.715, s1.433) (s6.343, s1.301) (s6.127, s1.133)

χ3 (s5.428, s1.690) (s5.501, s1.966) (s4.673, s1.842) (s4.572, s2.471)

χ4 (s5.510, s1.902) (s5.644, s2.093) (s5.846, s1.712) (s4.871, s1.927)
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matrix of IVLIFNs had been normalized obviously, and the
results are presented in Table 4.

Next, we use the IVLIFWMSM operator to aggregate the
fuzzy information in Table 4 for each alternative and get the
score value and rank all alternatives, and then we present the
results in Table 5 and Fig. 1.

From Table 5 and Fig. 1, we can know that whatever the
parameter x is, the ranking results are the same, and the best
alternative is χ2.

Clearly, in this paper, the ranking results are completely the
same as the method [10], and the best alternatives are all χ2.
So, it can prove the method in this paper is effective.

In this paragraph, lvls1 represents Ivls χ̂1ð Þ,…. Lvls4 repre-
sents Ivls χ̂4ð Þ.

Compared with the method by [10], we can find that the
method in [10] can aggregate fuzzy information more easily,
but it supposes that the input arguments are independent and it
does not consider the interrelationship among the input argu-
ments. But the new proposed operators in this paper can con-
sider the interrelationships among the arguments by the pa-
rameter value x, and they can make the aggregating result

more accurate; meanwhile, they can reduce the information
loss more effectively. Thus, the new proposed method is more
general and flexible to solve MADM problems, especially
when the decision-makers should consider the interrelation-
ship among the input parameters.

Conclusions

Since the IVIFNs can express the fuzzy information more
conveniently and the LIFNs can describe the qualitative infor-
mation easier, in this paper, we proposed the concept of
IVLIFNs which are suited for the decision-makers’ cognition
and gave some operations based on IVLIFNs. Further, we
defined the score value and the accuracy value, and then gave
some properties. Subsequently, we developed the IVLIFMSM
operator and the WIVLIFMSM operator and proved some
useful properties. Furthermore, we presented an MADM
method with IVLIFNs in detail and gave an example to dem-
onstrate the practicality and effectiveness of the proposed
method. Finally, we gave a comparison with the other method
to testify our method. In a word, because of the particularity of
human cognition activity and complexity of the decision-
making environment, the new proposed concept of IVLIFNs
is more suitable to depict the complex fuzzy information. In
addition, because the proposed method can consider the inter-
relationship amongmultiple input arguments by the parameter
value x, and also consider the cognition of decision-makers,
they can make the decision-making results more reasonable
and accurate.

In further research, we can apply the IVLIFWMSM oper-
ator to real decision-making problems such as pattern recog-
nition, fuzzy cluster analysis, cognitive computation, and un-
certain programming, etc. In addition, we can also develop

Table 4 The decision-making matrix of IVLIFNs extended from Table 3

de1 de2 de3 de4

χ1 (s[6.199, 6.199], s[1.578, 1.578]) (s[5.458, 5.458], s[2.363, 2.363]) (s[5.598, 5.589], s[1.647, 1.647]) (s[5.129, 5.129], s[2.023, 2.023])

χ2 (s[6.138, 6.138], s[1.444, 1.444]) (s[5.715, 5.715], s[1.433, 1.433]) (s[6.343, 6.343], s[1.301, 1.301]) (s[6.127, 6.127], s[1.133, 1.133])

χ3 (s[5.428, 5.428], s[1.690, 1.690]) (s[5.501, 5.501], s[1.966, 1.966]) (s[4.673, 4.673], s[1.842, 1.842]) (s[4.572, 4.572], s[2.471, 2.471])

χ4 (s[5.510, 5.510], s[1.902, 1.902]) (s[5.644, 5.644], s[2.093, 2.093]) (s[5.846, 5.846], s[1.712, 1.712]) (s[4.871, 4.871], s[1.927, 1.927])

Table 5 Score results with different parameter x

x Score of Ivls χ̂ið Þ Ranking

x = 1 Ivls χ̂1ð Þ ¼ 3:792; Ivls χ̂2ð Þ ¼ 4:809; Ivls χ̂3ð Þ ¼ 3:066; Ivls χ̂4ð Þ ¼ 3:619: χ2 ≻χ1 ≻χ4 ≻χ3

x = 2 Ivls χ̂1ð Þ ¼ 3:463; Ivls χ̂2ð Þ ¼ 4:599; Ivls χ̂3ð Þ ¼ 2:870; Ivls χ̂4ð Þ ¼ 3:363: χ2 ≻χ1 ≻χ4 ≻χ3

x = 3 Ivls χ̂1ð Þ ¼ 3:575; Ivls χ̂2ð Þ ¼ 4:639; Ivls χ̂3ð Þ ¼ 2:964; Ivls χ̂4ð Þ ¼ 3:448: χ2 ≻χ1 ≻χ4 ≻χ3

x = 4 Ivls χ̂1ð Þ ¼ 3:533; Ivls χ̂2ð Þ ¼ 4:608; Ivls χ̂3ð Þ ¼ 2:946; Ivls χ̂4ð Þ ¼ 3:420: χ2 ≻χ1 ≻χ4 ≻χ3
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Fig. 1 Score results for different parameter x
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some other aggregation operators based on IVLIFNs for fu-
ture research.
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