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Abstract

In real decision-making, because of the particularity of human cognition activity, it is difficult to depict the decision
information by exact numbers, especially, for complex decision information, how to express and aggregate them is an
important work for solving these decision-making problems. In order to express the complex fuzzy information accurately,
we proposed the concept of interval-valued linguistic intuitionistic fuzzy numbers (IVLIFNs), where their membership
function and non-membership function are represented by interval-valued linguistic terms, and then we developed the
operational rules, score function, accuracy function, and comparison method of them. Considering that the Maclaurin
symmetric mean (MSM) operator has a good characteristic in dealing with the interrelationships among multi-parameters,
and it also is a generalization of arithmetic aggregation operator, Bonferroni mean (BM) operator, and geometric aggre-
gation operator, we further proposed the interval-valued linguistic intuitionistic fuzzy MSM (IVLIFMSM) operator, the
weighted interval-valued linguistic intuitionistic fuzzy MSM (WIVLIFMSM) operator, and proved some related properties
of them. We gave an illustrative example to demonstrate the steps and the effectiveness of the proposed method by the
comparison with existing methods. IVLIFNs can more conveniently express the complex fuzzy information in qualitative
environment by considering the cognition of decision-makers, and the proposed method can consider the interrelationship
among multiple input arguments, so it can make the decision-making results more reasonable. In a word, the proposed
method is more scientific and flexible in solving multiple attribute decision-making (MADM) problems than some existing
methods.

Keywords Multiple attribute decision-making - Interval-valued linguistic intuitionistic fuzzy numbers - Maclaurin symmetric
mean

Introduction fuzzy MADM has been a hot research topic, and a lot of

achievements have been made. Because the FS only has

Multiple attribute decision-making (MADM) problems
have gotten more and more attentions by researchers.
Because of the particularity of human cognition activity,
how to depict the complex fuzzy information and make the
decision more scientific and accurate is an important work
to solve the MADM problems [13, 36, 48]. Since the con-
cept of fuzzy set (FS) was proposed by Zadeh [45], the
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one membership function, sometimes, it is difficult to ex-
press the fuzzy information efficiently, such as the voting
problem in which there exist some oppositions. In order to
solve this problem, Atanassov [2, 3] proposed some new
concepts called intuitionistic fuzzy set (IFS) and
intuitionistic fuzzy numbers (IFNs), in which the non-
membership function is added. However, in IFNs, both
membership function and non-membership function can
only be depicted by crisp numbers, and sometimes, it is
still difficult to express the decision-making information
due to the complexity of decision-makers’ cognition [37].
Further, Atanassov [4], Atanassov and Gargov [5] extend-
ed the membership function and non-membership function
of IFS to interval numbers and defined the concept and
some operational rules of interval-valued IFNs (IVIFNs).

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12559-018-9597-2&domain=pdf
http://orcid.org/0000-0001-5048-8145
mailto:peide.liu@gmail.com

126

Cogn Comput (2019) 11:125-144

Now, the IVIFNs have gotten lots of research achieve-
ments, and Chen et al. [9] proposed one new ranking meth-
od for IVIFNs. Based on IVIFNs, some researchers pro-
posed a lot of relevant aggregation operators for IVIFNs
[18-29, 41, 44, 47]. For example, Yu et al. [44] developed
some prioritized aggregation operators for IVIFNs; Zhao
et al. [47] proposed some new generalized operators with
arithmetic mean and geometric mean for IVIFNs,
respectively.

However, in real decision-making, because of the par-
ticularity of human cognition activity [43], decision-
makers cannot give the evaluation by the numerical value
but can give the fuzzy qualitative information easily. So, it
is still necessary to give the quantitative value for member-
ship function and non-membership function in IVIFNs. For
example, about the evaluation on the quality for a car,
people can give a result such as “good,” “very good,”
“bad,” or “very bad” easily. Of course, for some attributes,
we may get an exact value by some scientific methods on
the basis of spending a great deal of cost; however, people
can only give the qualitative value because of the particu-
larity of human cognition activity. For example, about the
speed of a car in highway, we can measure it by GPS and
give an exact speed “130 km/h”; however, people can only
give the result such as “very fast” and “fast.” Generally, in
a quantitative setting, we use the numerical values to ex-
press the information and can get an effective result. In a
qualitative setting, it is very feasible by linguistic terms
instead of numerical values [16, 46]. Considering the de-
cision maker’s cognition, in order to easily express the
membership function and non-membership function in a
qualitative setting, Chen and Liu [10] proposed the linguis-
tic IFNs (LIFNs), in which the membership function and
non-membership function are expressed by linguistic vari-
ables. LIFNs can more easily deal with the fuzzy informa-
tion in quantitative setting and can combine the advantages
of both IFNs and linguistic variables.

IVIFNs are more convenient to express the imprecise
fuzzy information than IFNs; however, their membership
function and non-membership function are expressed by
interval numbers. Similarly, in qualitative setting, consid-
ering the cognition of decision-makers is more subjective,
it is flexible to express the membership function and non-
membership function by interval-valued linguistic vari-
ables than interval numbers. So, one of our goals in this
paper is to propose the interval-valued LIFNs (IVLIFNs),
in which the membership function and non-membership
function are presented by interval-valued linguistic vari-
ables, and then to establish their operational rules and com-
parison method.

In addition, in actual MADM problems, sometimes, it
is very important to consider the interrelationship among
multi-attributes; there are some aggregation operators
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which can capture the interrelationship among the aggre-
gated attributes, such as BM [8, 21, 23, 24, 30] and the
Heronian mean (HM) [17, 25, 27], which consider inter-
relationships between two aggregated arguments.
However, maybe we need to consider the interrelation-
ships among any number of aggregated arguments. In or-
der to achieve this function, Maclaurin [31] proposed
Maclaurin symmetric mean (MSM) which is an important
aggregation operator with capturing the interrelationships
among multiple input arguments. Because it has one ad-
justable parameter, this operator can simplify to some
other existing operators, such as arithmetic aggregation
operator, BM operator, and geometric aggregation opera-
tor. Compared with some aggregation operators which can
capture the interrelationship among the aggregated attri-
butes, the MSM operator is more flexible and effective. In
the past years, MSM was developed not only in theories
but also in applications of inequality fields [12], and a lot
of research results based on MSM [1, 6, 14, 33] were
obtained. Qin and Liu [33, 34] developed MSM operator
to aggregate information under multiple-attribute fuzzy
environment. Qin and Liu [35] proposed the conception
of the dual Maclaurin symmetric mean (DMSM) operator
on the basis of MSM. Although MSM has the significant
advantages in capturing the interrelationships among any
number of input arguments, now, it cannot process the
IVLIFNs. Obviously, it is necessary to extend the MSM
to process the IVLIFNs. So, the second goal of this paper
is to propose some MSM operators for IVLIFNs, and then
use them to solve MADM problems with IVLIFNs.

The remainder of the paper is arranged as follows: In
part 2, we review some basic concepts of IVIFNs and
LIFNs. In part 3, we propose the notion of IVLIFNs and
give the operational laws and their properties. In part 4, we
propose a MSM operator for IVLIFNs and proved some
properties of this operator. In part 5, we develop the
MADM method with IVLIFNs. In part 6, we give one
example and compare with some existing MADM method.
In part 7, we give summary and further research of this

paper.

Preliminaries
The LIFNs

In some qualitative environments, in order to conveniently
express fuzzy information, linguistic variables are adopted
because they are a good tool to depict the qualitative informa-
tion [11, 15, 39, 40].

Suppose that S= {s,|]i=0, 1, ..., 7} is a linguistic term set
(LTS), where 7+ 1 is an odd cardinality, s; is one possible
value from LTS S, and we call it a linguistic variable. The
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number and semantics of LTS are determined according to
real decision-making problems. For instance, S is one LTS

with nine terms for evaluating the production quality,
which is given as follows [10]:

S = {So = extremely bad, s; = very bad, s, = bad, s; = slightly bad, s; = fair, s5s = slightly good, ss = good,

s7 = very good, sg = extremely good}

For convenience, we use the Sy - to express the LTS
S={s]i=0,1,..,7}.

About the operational rules and properties of linguistic var-
iables, please refer to references [11, 15].

Definition 1 [10]. Let s,,, 5, € S0, 1 and v = (s,,,, 5,,), where
m+n € [0, 7], then we call v a LIFN.
Definition 2 [10]. If v, = (Smy,Sn,) and v = (S, Sn, )E

8|07 are two LIFNs, then

N@Y2 = (5t 50)@(5n2:5n2) = (S oy sz sz )i (1)

Y1®72 = (Sm15 Su1)®(Sm2; Sn2) = (S%vsnlanZ*M). (2)

p

XY = A(Sm,Sn) = | S S s 3

Y ( ) ( 777(17;)A T(;)*) (3)

'7/\ = (Sm75n>)\ = (Sr(m)*’srr(lﬂ)*)' (4)

Definition 3 [10]. If v=(s,,, 5,,) is a LIFN, the score value
and the accuracy value are defined as
follows:

(1)the score value is Ls(y) = m—n; (5)

(2)the accuracy value is Lh(y) = m + n. (6)

where Ls(v) € [-7, 7] and Lh(~) € [0, 7].
Definition 4 [10] Let v; = (S5 80,) and o = (Spys Suy )
be two LIFNSs, Ls(y;) and Ls(7,) be the score
values of v, and ~,, respectively, LA(~y;) and
Lh(,) be the accuracy values of y; and v,
respectively. Then,

(1) If Ls(y) > Ls(72), we get 1 >72;
(2) If Ls(y,) = Ls(72), we get

If Lh(y1) > Lh(72), we get v1 > 723
If Lh(7y1) = Lh(7), we gety; = 7.

The IVIFNs

Definition 5 [3, 4]. Suppose X = {X, %>, ..., %, } is a uni-

verse of discourse, an IVIFS D in X can be
expressed by

b= {< %, uD(x)vD(x) > xeX} (7)

where i,(%)<[0, 1] and v;(X)<[0, 1] are interval numbers,
with the condition 0<sup (it (%)) +sup(vp(¥)) <1, VieX.
The numbers it (%) and v (%) represent the membership func-
tion and non-membership function of the element x to the set
D respectively. For convenience, let (%) = [e,f],
b (%) = [g, h), thend = ([e, /] , g, h]) is called an IVIEN.

[38]. If d = ([e, f] , g, h]) and dy =
(leo, fo] g0 ho]) are two IVIFNs, and
A>0, then the operational rules are de-
fined as follows:

Definition 6

(1) d+do=(le+e—eeo,f+ oS fol, g o ho); (8)
(2) dxdy=([leeo.f fol g+ 8yg8goh+hhhl): (9)

() a= ([N -] ) (10)
(

A

) @ = ([ [0 1-(-m)). (11)
Definition7  [9]. Letd = ([e, ] , g, 4]) be an IVIFN; the
score value sf of the IVIFN d can be repre-
sented as follows:
N\ e+ f-gh
i (1) =45 (12)
Definition8  [9]. Letd = ([e, f] , g, 4]) be an IVIFN; the
accuracy value Af of the IVIFN d can be
represented as follows:
N\ _etft+g+th
nf (@) == (13)
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Definition9  [9].1fd = ([e, ] , g, h]) and d) = ([ey, /]

,lg1,M]) are any two IVIFNSs, then we have
(1) Ifsf ciil > sf 6:12 ,thengll >212;
2) Ifsf(dy’) =sf(d,), then
Ifhf(fll) > hf(Zb), then dy > d»;
Ifhf(c%) = hf(cAb),then Ell = &2.
The MSM Operator

Definition 10 [31]. Let (51, 55, ..,

itive numbers, and x=1, 2, 3, ...,

(,) be a group of pos-
n. If
x 1

S2] 3
1<ij<.<iy<n j=1 "/

MSM (617ﬁ27ﬁ37“'1ﬁ ) - Cx (14)

Then, we call MSM™ as the MSM operator, where C} is
the coefficient of binomial and (i1, i, ..., i,,) includes all the x-
tuple combination of (1, 2, 3, ..., n).

The MSM operator has the following properties:

(1) MSM9)(0,0,0,...,0) =0 (15)

(8,8.8,....0) = (16)
(3) MSMY(B,, By, ..., B,) <MSMY (81,63, ...,5,)  (17)

If 5;<é; foralli,i=1, 2, ..., n;

(4) mm{ﬁ}<MSM (ﬁl ﬁ27"'7

2) MSM“

By)<max{G;}.  (18)

The IVLIFNs

In this part, we propose the concept of IVLIFNs in which the
membership function and non-membership function are pre-
sented by interval-valued linguistic variables, and we also
discuss some properties about [IVLIFNs.

Definition 11 Let 4 = (Sd,Sfi), where & = [k, 7)<[0, 7],
3 = [p,q)<[0, 7] are interval numbers, if
0<Il+gq<7, then the 4 can call an
IVLIFN, where s; expresses the member-
ship function and s; expresses the non-
membership function. sy ; is equivalent
to uncertain linguistic variable [s, 5], and
we can express the IVLIFN as

A= (S Spa))-
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In addition, for convenience, we use I, 1 to express the set
of all IVLIFNSs.

Definition 12 Let 4 = (st 8p.g))» 71 = (Siky.01)s Slpyar])
and 4, = (S, 1] S}ps.q,)) €L 0.1) be three
IVLIFNSs, and A >0, then

(1) 'AVLGB'AVZ = ( [k S} le 1112 pmz LA ) (19)

R (e ) (20)

3) A= (S[T n——— ) (21)

A/\
(4) v o= (S[T(A)* T(i) }, [7— T ) (22)

Example 1 Let 4, = (sp3.5,5013)):7 2 = (s.s)5p.3)) €l

(0.8]s A = 0.5, then according to definition12,
we can get

1@V, = (S[3+4,%‘5+5,%}a3[%7%}) = (5[5.546.875]75[0425,14125])

11®Y, = (S[ﬂﬁ]aS[Hz_u*Tz}H_%}) = (S[1A5ﬁ3,125]7S[2A75,4A875])

878

/\’3/l = <S [878*(17%)0'5,878*(17%)0'5] ,S[g*(%)osvg*(%)o.s})
= (3[1.675,3.101]7S[2.828.4.899])

A

Y1 = (S[g*(%)o.s.g*(%)o,s] [8 8*(1 ) 5 8*(1 %)05]>
= (3[44899,6.325] ) 5[0.517,1.675]) .

Next, we give some operational properties for [IVLIFNs as
follows:

Theorem 1 Lety = (spq,5pq)s Y1 = (11550, .4,)
and 4, = (S[kz,lz]7S[p2,q2])ep[0,‘r] be three
IVLIFENS, and\, A;, A\, >0, then

(1) %®%, = %8V, (23)

(2) M1®Y, = %®Y, (24)

() 48 (ne%) = (585 )en (25)

4) 48(1e%n) = (1en)en (26)

(5) A(18%) = M1eM; 7)

N ~ A ~ A . A
6 (118%) =% @ (28)
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A2
7)) MO Y = (A A2)A 29 A Atk
(7)) My® = (A +)F (29) (10) (7 ) =45 . (32)
AN (i)
®) 4 ® =74 (30)
Proof.
9) M\ ()xﬁ) =AMy (31) 1. For (23), according to definition 12, we have

T T T

M 69’3/2 = (S[klvll]’S@lv‘ho@(s[kzvlz]’S[Pz-‘lz]) - <S[k1+k2—k]k2,ll+lz_¥}7S[p]p2’qquz}> - (s[szrkl—kzkl.lerll_%]7S[p2f1*qzrql]>

= (S{ko ] 51p2.020) @ (161,105 STpy 1) = H20N1-

2. For (24), there are the same steps of proof as (23); it is (’Ay@’yl)@’yz = [ (5161 Sp.g)) B (.15 Spr.an)) ] B (Stkata] s Sipran))
omitted here.

3. For the left hand of (25), according to definition 12, we
have - (S [ty =20 -] S 2] ) ® (s k2,2]5 S bvzm])

=

7@ (71@72) = (S[k‘lhs[lﬁq])@[(S[/ﬂJl]»s[]?l:ql])@(s[kmlz]’S@z:qz])} = <S[k+k|+k2*@*@*ﬁ+kil#yl+ll+lz’¥’”71’”72+%} ’slippfl%.’qqfl_z”:l>

1
T T

T

= (S[k,twsw)@(S[kﬁkr%zﬁzr’%]as[%w}) P C o
Therefore, we have Y@ (¥,89,) = (3®7,) &Y,.

= N kyky kky kk kky k Iyl Ity Il 1 N
( [tk -2 M K 0 gy g, Db I T M o [ WJ_’”])

T

4. For (26), there are the same steps of proof as (25), and it is
omitted here.
and for the right hand of (25), we have 5. Forthe left hand of (27), according to definition 12, we have

/\(5’1@%) = >‘[(S[kl,ll]vSLnl,ql])ea(S[kZ,lz]aSU)2,q2])]

T

=\ S[k1+k271‘1,‘2.l|+1271'[2]’S[plpz,{”qz] E R f\ A H\ A , S i\ o\
) T T T ky+hy—= 1+l —= — o
| l— 77\ I— T\

and for the right hand, we have

M1®Xy = Atk 15 STpy 41]) B (S1hs, 125 STpy )
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Therefore, we have A(§,@®%,) = Ay, ® ;.

6. For (28), there are the same steps of proof as (27); it is
omitted here.

AN = At (St 51p.g)) DN (511,15 STp.g))

B < [0 (] [ )] > ? ( (o) (14

7. For (29), according to definition 12, we have

= (s [T—T(l—é)AIHZ,T—T(l—é)AIHZ] ’S[r(”)AIMZ,T(Z)MHZ}) == ()\1 + /\2)(5‘[1{’1],5‘&,"1]) = (/\1 + /\2)?}/

8. For (30), there are the same steps of proof as (29); it is
omitted here.

Al (Az@) = M [N (s 5p.a1)] = A (S[TT(lg)*z,TT(lg)*z} 75[7(9)*2,7(1)*20

A~

— s [ ( ()) L ( iG

= M2 (S, Sppgl) = MA2Y-

)“)A’] ’s[ (T@W)*‘ (r@)*z

9. For (31), according to definition 12, we have

10. For (32), there are the same steps of proof as (30); it is
omitted here.

Next, we will give a comparison method for two IVLIFNs
as follows.

Definition 13 Lety = (S[k,l] , S@,q])EF[O,T] be an IVLIFN,

then we have the score value Ivis(¥) and
accuracy value Ivih(¥) of 4 as follows:

Wis (“Ay) = k—’_lzﬂ; (33)

@ Springer

Ivlh(&) - 7]‘“?“’. (34)

Definition 14 Let 4, = (Sj, 0], Sp,.q)) and 9, =
(St2.21 5o ) €07 BE any two

IVLIFNSs, we have

1. IfWis(3,) > is(%,), then 4,>9,;
2. It Dis(3,) = Dis(,),

If k(%) > Wih(

M ), then 4,9,
If Wih(3,) = ik

Y2
2), then 4 = 4,.
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Example 2 Let 4, = (S[3,5]>S[1,3])a’?2 = (5[4,5]75[2,3])73’3
= (S[Sjé] ,S[l,z])ES[o.s], we can get that
Nis(4,) =2, Mis(Y,) = 2,s(Y3) = 4; DIh(y,) = 6,

WIh(%,) =T, Is(y3) = 17.
Then, we can conclude that 4, <y,<¥;.

Some Maclaurin Symmetric Mean Operator
Aggregation Operators of IVLIFNs

The MSM has the good property in considering the inter-
relationships among any number of aggregated arguments.
It is more flexible and can be simplified to the special
cases, such as arithmetic aggregation operator when x =1,
BM operator when x =2, and geometric aggregation oper-
ator when x =n. However, it can only deal with the crisp
number, and not IVLIFNs. In this part, we develop two
new MSM operators for IVLIFNs, such as the
IVLIFMSM operator and the WIVLIFMSM operator, and
prove some effective properties. In addition, we explored

IVLIFMSM® (% sy eees %)

some special cases of these operators according to
adjusting the parameter x.

The Interval-Valued Linguistic Intuitionistic Fuzzy
Maclaurin Symmetric Mean Operator

Definition 15 Let 41,92, ¥,€l 0, be a set of
IVLIFNs, and then the IVLIFMSM op-
erator can be defined as follows:

X A
® ® ;.
1<ij<.<iy<nj=1 "

35
. (35)

IVLIFMSM® (&1 Ay oo Ayn) -

where (i1, b, ..., i) includes all the x-tuple combination of (1,
2,...,n), and Cﬁ is the binomial coefficient.

Theorem 2 Let 4; = (sy,.)5Sppq)) (i =1,2,3,...,n) be
a set of [IVLIFNS; the aggregation result from
definition15 is an IVLIFN, and has

==

X &4 X [
-Hl ki, H1 5
Jj= Jj=
T| 1= H 1- . T 1= H 1- .
1<i)<.<iy<n T 1<i<..<iy <n T
s L + . +
x Pi; " X 4q;; "
7| 1— H 1- H < _—j) g1l 1- H 1- H (1_—/
1<ij<..<iy<n j=1 T 1<i<..<iy<n j=1 T

Proof.
In order to prove Eq. (36), we give another theorem firstly.

Theorem 3 Let ; = (4, 1)+Sp.q]) (i =1,....,n) be a set of
IVLIFNS, then

T

The proof is omitted here.

For theorem 2, we need to prove that (1) Eq. (36) is kept
and (2) the result of Eq. (36) is still an IVLIFN.

1. We prove that Eq. (36) is kept.

According to the operational laws of IVLIFNs, we get

and according to Eq. (37), we have

@ Springer
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)= s

X
@ ® 7
1<ij=<.<iy<n \j=1 '

X X 58
i Bl (e ) (i ()
—r - ST-T A 1<ii<..<ic<n j=1 T CISii<e<ic<n j=1 T
1<iy <o iy<n T 1<iy<.<iy<n T
then
1 x
- S X v, = [s iR o,
C* \u<ij<o<ic<n \y=1 " X cr x cr
n 1_[1 k,-/ 1_[1 l,-/.
— J=
—r 1-— —r ==
1<i<..<iy<n T 1<i<..<iy<n T
s 1 1
cx &4
d Pi; ! X q;. "
T 11 I-1] ( —’> T I I-11 (1—’
1<i)<..<iy<n j=1 T 1<i|<..<iy<n j=1 T

Therefore,

VLIFMSM® (31,4, 3, ) = [s N T
X cr X [
[1 &, [114;
T 1— 1_j:1 7| 1- l_j:1
1<iy<e<iy<n T ' 1<ij<<iy<n T
s ERNE: RN
x ) G x ) S
7| I— H 1- H ( *ﬁ> a1 1= H I*H ( *ﬂ)
1<ij<..<iy<n j=1 T 1<ij<.<iy<n j=1 T

2. We prove that Eq. (36) is still an IVLIFN.

Let IVLIFMSM™ (41,43, ...,%,) = (st Sppq ) then we

need to prove (i) [k, [] [0, 7], [p, q] c [0, ] and (ii) [+ g <.
(1) We prove [k, [] [0, 1], [p, q] < [0, £].
Since [k;,,1;,|c[0, 7], we can get
] ki, o fI li, o
nl -4 €0, 1], nl —L €0, 1]
1<ii<..<iy<n T 1<i<..<iy<n T

@ Springer

and because kijﬁlij, then
1<ii<..<iy<n

[1 ki,
J=1
=l on -]

1<ii<..<ik<n
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Further,
1 i
X cr x cr
_Hlki, _Hll,/
i= J=
S B e e, 1-f |- €0, 1]
1<ii<..<ix<n T 1<i)<..<iy<n T
and
1 1
X cy x c
'Hlki/ .Hll’/
1- Il 1-= <I- I 1-=
1<y <eo<iy <n T~ 1<y <eo<iy <n T
So, we have
1 1
jl;[lkl’ j];[ll,/
| - -1 1 1- c[o,1].
1 <iy<..<ix<n T 1 <it<.<iy<n T
Then,
L1 oL
L Lj
1 i—1
ke, = |r|1- I 1-2 | 1= 11 1-2 clo, ].
1<ii<.. <iy<n T 1<iy<...<iy<n T

Similarly, we can get

gl = | 1—( mn <1—ﬁ<1—p”)>>"
1<i<.<ix<n Jj=1 T

(ii) We prove /+ g <.
Since 0</;; 4 ¢; <7, we can get

g e EY
I+q=1|1- I1 - + 7T 1—( I (1—11(1—#)))
1<ir<.<iv<n ™ 1<iy<..<iy<n J=1 T

T (=g i RN
.l:ll T q’/ x q; a\’
<r| 1- I - +7T 1( 11 (111 (1)))
1<i<..<iy<n T 1<iy<..<ix<n j=1 T
1 1 ! 1
x qi o\ x q; o\’
=7 1- 11 1-11 (1——1> + 77| 1- 11 1-T11 (1——/)
1<i)<..<iy<n j=1 T 1<ij<..<iy<n Jj=1 T

=T

/g \ &
yT—T 1—< I (1— 11 ( —l/>>> clo, 7].
1<ii<..<i <n j=1 T
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Based on the proofs of (i) and (ii), we get Eq. (36) is still an
IVLIFN.

So, according to (1) and (2), theorem 2 is kept.

Next, we explore some properties of [IVLIFMSM operator.

Property 1 (Idempotency). Let 4, = (S[khlz]vsi.v,-,q,-])
(i=1,..,n) be a set of IVLIFNs, if
A1 =% = =Y =7 = (S Sip.q))» then

IVLIFMSM® (;,,I Ay oo f/n)

=15 19,8

T X

1
1

-t -] 'S[ww<.‘:>‘>>’.,~T<1(1(1@)‘»‘})
= (5t i) = -

x o k o ’ x ﬁ ' x %,‘; :
f( “(“WD (o (AN G o)) (o Cae o))
1<i<..<iy<n 1<ih<..<ic<n

IVLIFMSM(X) (3/17’3/27“'5’3%) = :)/ (38)

Proof. Since 4 = (sy.z), S|, )» based on theorem 2, we
have

[t @) [ o)) o))

Property 2 (Monotonicity). Suppose ¥; = (Sy,.4], Sp,q,)
and ¥, = (S[k’.’ S q}) are two sets of IVLIFNs. If 5,->

i1

Sk, Sy 28y, and s, <5y, , 5, <s,. for all i, then
IVLIFMSMY™ (% - ’y) > VLIFMSM™ (ﬁl Ay s &,,) (39)
Proof.

(1) For the membership function of IVLIFMSM®™)
(’3/17;7;) ?’AY;I) and NL[FMSM(X)(;YHSY% "'a&ﬂ)’

. ! "
Since k>1, Sk >Sk;, sy >sy,, then k; ">k;, [;>1;, and have

X " X X " X
15 fis  RE s
> and1-—— <1
T 7 7 X
1 1
X F’\; x C—’\’
l_[] ki/ H[ ki,
then I 1-= < II 1-= ,
1<i<..<i¢<n T 1<iy<.<ig<n T
1 s
further, 1-| |1 -~ >1-| I -2
1<iy <y <n T 1<ii<<iy<n T
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X "
1T k.
=11
x o, P
‘Hl kif
j=
so we have 7| 1— 11 I-— >7
1<ij<..<iy<n T
X "
11 &,
j=1"1
X , puy
114,
J=1
1- I 1-
. . X
1<ij<..<ix<n T

Similarly, we get

X " C;
.Hllij
J=
| 1- I 1=
1<ij<..<iy<n T
1
X Cf;
1114,
Jj=1
>t[ 1= 11 1=
1<ij<..<ix<n T
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(2) For the non-membership function of IVLIFMSM®™)
(31,32, -+, 3,,) and IVLIFMSM®) (31, 33, ., 3,),

since s, <sp,, 8, <Sq,, then we have p; <p;, ¢; <q; and

X pl” n X i n
1<i|<..<iy<n j=1 T 1<ij<..<iy<n j=1 T
1 1 \ 1
x . o\ x ;. o\’
1<ij<..<iy<n j=1 T 1<ij<..<iy<n j=1 T

[1

1<iy<..<iy<n

>m—7| 1- (

Similarly, we get

T—T 1—(

[1

1<i<..<iy<n

(- (

[1

(3) According to definitions 13 and 1, we can get

IVLIFMSM® (@1 s 7> > IVLIFMSM®™) (@1 s %) .

Property 3 (Boundedness). Suppose 4; = (Sj,.1, Sp,.q]) 1S
of IVLIFNS, and

= (S [maxk;,max/;] » S [minp,,ming;] ) , then

a set

A

/7 = (S[mink,,minl,]a‘g[maxp,.maxq,])’fy

' (40)

§ SIVLIFMSM®) (31,43, 05, ) <7
Proof.
Based on properties 1 and 2, we have

IVLIFMSM® <%%,--~7%> > IVLIFMSM®) ({,@ e ) =5,

And IVLIFMSM ) (3,43, ..., 4,) SIVLIFMSM™ (3 47, . 47 = 4T,
then we have 4~ <IVLIFMSM™ (3,4, ..., 4,) <A ™.
In the following, in order to discuss the monotonicity of the
IVLIFMSM operator for parameter x, we quote two lemmas.

Lemma 1 (Maclaurin inequality) [32]. Lety);(i=1ton) bea
group of numbers which are non-negative real numbers, we
have

MSM(I)(wl ) 1/}2; A 'l;/}n)EMSM(Z)
(/(/)1 ) 7/121 ey %)EEMSM(X)W] 9 ’(/}27 ceey Q/Jn)

(41)

Only when ¢, =1, =... =1, the equation keeps, where x =
1 ton.

Lemma 2 [32]. Leta; > 0,b; >0(i=1ton), Y b; =1,
i=1

H a,‘bif al'b,' (42)

i=1 i=1

then, only when a; =a, = ... = a,,, the equation keeps.

Theorem 4 For given IVLIFNs 4,1 7o ;)(i = 1 to n), also x =
1 fo n, the IVLIFMSM is monotonically decreasing when the
parameter x is monotonically increased.
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Proof. Based on theorem 2,

==

IVLIFMSM™) (@1,%, 7) — /s
[1 &;,

=1
7| 1- H 1- " T 1= H 1- -
T 1<ij<..<iy<n T

==

K . L
A a0 L)
j=1 T 1<ij<..<iy<n j=1 T

1<ii<..<ix<n

==

Let
1

=
S

e
':| =
o
3

! + 7| 1= 11
T

1<ij<..<ix<n

1<ij<..<iy<n

j=1

and
(1—ﬁ (1—&>>>Cz +rr 1—( 1l (1—ﬁ (1—@>>>Cz
1<i|<..<iy<n j=1 T

glx) =7-1 1—( [1
1<i<..<ix<n T

Now, we prove that when the parameter x is increased, the Based on the Lemma 1 and Lemma 2, we have

function f{x) is decreased.

,_ x X C;‘,
ki) [
] j=
fx)=7]1- I 1-—
1<n< <iy<n 1<ij<.<iy<n T
x ! x T
Hl ki, 1 ]_[1 AR
J= j=
Et 17 Z 1* » = +7' 1* . —
1<ii<..<ix<n T Cn 1<11< <iy<n T Cn
x N 1
[1 I, !
= i
=rl1-]1- ¥ T - ¥ al
1<i<..<iy<n Cn 1<i<...<ix<n Cn
1 1
ki l;
o = '
. = p=
=T Z Cx +7 Z Cx
1<i<.<ix<n n

1<ij<..<iy<n
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Then, we give the following proof by the reduction to ab-
surdity. Suppose when the parameter x is increasing, the f(x) is
following increasing, then flx) > flx — 1) > ... > f{(1),also since

1 1
1 T

1 1 n
& oy ki Yl
1)>7 E g 7 S
S 1<i<n | Ch ]SIZI:S}’! c! n
then it follows that
I]_[ s T n n
Mo\ Skt 2
x) > f(1)>t T == =l
UCENOE :
1 1 '.17 k }.,L li
(k) + (1)’ > T L

But due to the inequality [41, 42], we have
(T ko) + (T ) < E

Obviously, it is false that the f{x) is monotonically increas-
ing. So, the fix) is decreasing with the parameter x increasing
monotonically.

Similarly, we can also prove g(x) is increasing with the
parameter x increased.

By using the score value of IVLIFNs, we can know /vis(x)
= 1(f(x)—g(x)) for any x € [1, n] andxis integer number, then
we can obtain

Dis(x + 1)=DWis(x) = % (f(x+ D—gx+1)—(f(x)—gx))

= U D) + (gl 1) + ()

With the parameter x increasing, f{x) is decreasing, so fix +
1) < fix); with the parameter x increasing,g(x) is increasing, so
we can imply g(x) <g(x+1).
Based on the results above, we have vis(x + 1) —Ivis(x)
=3(f(r+1) =/ () +(=glx+ 1) +g(x)) < 0
i.e., is(x + 1) < vls(x), for all x.
Thus, the IVLIFMSM is decreasing with respect to the
parameter x.
Next, we present some specific cases of the IVLIFMSM
operator with different parameter x.
Case 1. When x = 1, the IVLIFMSM operator will reduce to
arithmetic average operator of [VLIFNs shown as follows [47]:
© 2 . L
IVLIFMSM™) (71 Ay e %) ~ 34 (43)
n =1

175 ! :
REERE)
i=1 i=1

Case 2. When x =2, the IVLIFMSM operator will re-
duce to special BM (when p =¢ =1) of IVLIFNs shown as
follows [7]:

N 1 L %
B I T Aol w
1 ll:iz—l i1:i2:1
2 i1 i1,
2 1 " 5T L4
VLIFMSM® (3,43, ) = | === ¥ 44, | = (44)
n(n=1) ; /=1 i () 2)
. | 1- 1-(1-2) (-2
li‘] 1 = iz =1
{12, ]
ﬁ 7
|- H 1-(1-4) (1-%2)
I =1 =
il#lz
Case 3. When x = n, the IVLIFMSM operator will reduce to
geometric average operator of [VLIFNs shown as follows [42]:
n 1
LIFMSM™ (91,4, . 3,) = 14/ = ; (45)
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Example 3 Let 4; = (sis7),50,1]), %2 = (Si5.6:8501.2), 93 =
(S[5’6],S[0’1]) and §, = (S[475],S[1A3])€F[O’g] be four IVLIFNS,

then we use the proposed IVLIFMSM operator to aggregate
them, and get (supposex =2).

1®Y, = (S[Mjg%b])s[(y._]f%’L‘_zf%]) = (5[3.125,5.25]75[1,2475])7’3’1®’A73 = (5[&,,%]73[%070%0.1“7%]) = (3[34125,5.25],5[0.14875]),

8

8

Y1®Ys = (S[%%s],s[o“_%”g_%]) = (S[2,5,4A375]7S[1,3A625])7@2®'A73 = (S[%ﬁ%],s[wo_%ogﬂ_%]) = (S[3<125,4A5]7S[1,2A75]),

1@, = <S[M16%5}as[1+17%,2+37%]) = (3[2.5,3.75]75[1.875,4.25])7’3’3®’AV4 = (S[%,%S]’S[OH—O%'JH—%]) = (S[2»5v3-75]75[1-3-625])'

8

Then, by Eq. (36), we have

ol—

@ (’Slil ®ﬁ/i2>

1<ij<i<4

IVLIFMSM) (% 2725735 &4) =
= (3[44751,6.023]3S[0,1.7012])'

The Weighted Interval-valued Linguistic Intuitionistic
Fuzzy Maclaurin Symmetric Mean Operator

In MADM problems, weight vector of attributes is an impor-
tant parameter, and it can influence decision-making results.
However, the IVLIFMSM does not take the weight vector into
account. In order to overcome this limitation, we will define
the WIVLIFMSM operator.

WIVLIFMSM,," (11,%, a,) .

(1( n <1ﬁ<1<1
1<i<..<ix<n J=1

Sr

T (l( l_[ (1 ﬁ <1*<li
1<ij<.<iy<n J=1

Definition 16 Suppose (9,93, -.-,7,) is a set of IVLIFNs,
w= (W, wa, ..., w,)" is the weight set of (1,75, ..., %,),
which satisfies w;€[0, 1], i=1 fo n.and Y w; = 1, then
the WIVLIFMSM operator can be presented as follows.

WIVLIFMSM,,*) (fyl gy e %)

1

X

L&,

<<y <n j=

- - (46)
n

Theorem 5 Assume ; = (s{y, . S|y, 4| ) (i = 1 fo n) isa group
of IVLIFNs, the aggregation result from definition 16 is still
an IVLIFN, and we have

For the proof, it is similar to theorem 2; it was omitted here.

Next, we shall deduce some desirable properties of the

WIVLIFMSM operator.
Property 4. (Monotonicity) Suppose 7; = (S[ku/f}’sbrwi])’

;= (s[klr_v’];;],s[p;’q”) (i=1ton) are two groups of

IVLIFNs. If 5+ >sy,, 57 25;, and s, <sp,,, 5,7 <5, for alli, then

@ Springer

EENE ERNE 7(47)
) (e 09 ™)) ]
1<iy<..<ic<n j=1 T
FN)) (o (i 7)) ]
1<iy<..<iy<n j=1 T
WIVLIFMSM ") (@1, Ay o %) (48)

>WIVLIFMSM ") (% s A2 oo %)

Property 5. (Boundedness) Suppose ¥; = (Sy,.1] S,q,)
(i = 1ton) is a set of n IVLIFNs, and let
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1\ ¥ N\ ¥
x mink;,\ " C x min/; \ " &
| 1- 11 -] 1-{ 1- |- I -] I-|{ 1I-——=
1<ij<..<iy<n j=1 T 1<i|<..<iy<n j=1 T
ERNE: ERNE:
x minp; \ " G x ( ming; ) i a
1- - — a1 1= 1- -——r
( l<l]< <iy<n ( jl;[I ( ( T ) >>> ) <1§i1<U<iXSn ( J'l;[l T
+
1
R maxk;\ " < x max/; \ " ki
1- 1-{ 1- |- I1 -] - 1-——
1<”< i, <n ; T 1<ij<..<ix<n j=1 T
x maxp; \ " ’ S\ " ’
( (i (-(™)7)
1<11< <iy<n j=1 T

2
\
A
-
—

-
Il =
-

Then, T
1 ®l nwiY;, n
+ WIVLIEMSM D (4,4, 4, ) = | 2 | = S,
4 <WIVLIFMSM.," (@1,@2, 7) <4 (49) 003 1) cl PR
Theorem 6 For given the set of n IVLIFNs
¥i€l0.7(i = 1 to n), and x=1 to n, the WIVLIFMSM is de- =|sr ‘ , ST ..
creasing when the parameter x is increased. [T’T,ﬂl (COBESIVE } {T,l]l("—#) 1) }

We present some specific cases of the [IVLIFMSM operator (50)
with different parameter x as follows:

Case 4. When x=1, the WIVLIFMSM operator will re- Case 5. When x =2, the WIVLIFMSM will reduce to spe-
duce to weighted arithmetic average operator of IVLIFNs  cja] weighted BM (when ¢ = 1, p = 1) operator shown as fol-
shown as follows [47]: lows [7]:

. @ ®1 nwi ;. : ) . . .
@ (s 2 N _ <ij<i<n j: _ A A
WIVLIFMSM <71,727...,7n) e = ijz: 1 (nw,%) (nwﬂi/)
i#]
s L 1 L L
- Ao (=(ot) ™) (-(4)™) A i )™ (()™) (51)
h=i=1 h=h=1
Ui, il#t
S 1
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Case 6. When x = n, the WIVLIFMSM operator will reduce
to special weighted operator of IVLIFNs shown as follows:

n

. @ . ® nwl/’s/l/ n %
WIVLIFMSMS;') (@1’?),27._.,?),11) _ lswmwséi,:] _ ( nwfy,-)
n i=1
(52)
S n > n W )8 * W
K\ (k)i u e " N
T iz]v—r(':?) . ,':17 (’l’ T) [TT <ﬂ(l (%’) )) 7T (H(l(q—j)) ) ‘|
(s 1150 o ) for benefit attribute C;
’,37,‘ — [ i ’/] [P,/-q,]] : (53)
A new MADM method for IVLIFNs based i (S prar] S[k%z,»,]) for cost attribute C;
on the WIVLIFMSM operator iyl
) Step 2. Use the IVLIFWMSM operator.
In this part, we would apply the WIVLIFWMSM operator to
solve MADM problems with IVLIFNs. Y = IVLIFWMSM (Y i1,V iz s Vin) (54)

Suppose X = {x1, X2, ---» X} 1S a group of discrete alterna-
tives, and C= {cy, ¢, ..., ¢,} 1s a group of attributes with the
weight vector w= (w1, wy, ..., wn)T which satisfies w; € [0, 1],
j=1ton,and Z’}:lw ; = 1. The expert can provide the assess-
ment information of the attributes about alternatives by
IVLIFN, and then the interval-valued linguistic intuitionistic

fuzzy decision matrix (IVLIFDM) for IVLIFNs R =

(%)mxn is constructed, where 4, = (S[kf/ﬁlg]’s[zr,-,-,q,ﬂ,})
(i=1tom.j =11t n). The goal of the decision-making
problem is to give a ranking result for all alternatives.

Firstly, we give the ranking steps based on the
WIVLIFMSM operator as follows:

Step 1. Normalize the DM matrix.

Since there are two types for attributes, i.e., benefit type
and cost type. We can convert the cost attribute values to
benefit ones, and the transformed decision matrix is expressed

—~

byR — %f]mxn, (i=1tom,j=1 to n), where

to aggregate all attribute values %(j = 1 to n) of each alter-
native and get the overall values.

Step 3. Calculate score value by Eq. (33).

Step 4. Rank the all alternatives {x, X2, ..., X} and select
the best one.

An illustrative example

In this part, we will give an example to explain the proposed
method.

Since we firstly proposed the concept of [IVLIFNS, there is
no appropriate example which can be cited to this paper. In
[26], the attribute values are presented by LIFNs; we made a
minor revision and converted them to IVLIFNSs.

A manufacturing company wants to build a new subsidiary
company in one suitable position,
supposeX = {x1, X2, X3, X4} 18 a group of four potential sites
as the alternatives and C = {cy, ¢», c3, ¢4, C5} 1S a group of

Table 1 Decision matrix R

(4] Cy &) Cy Cs
X1 (S[s, 71 S[1, 1] ) (S[s, 6] S[1,2] ) (3[4, 51 5[1,3] ) (3[6, 71 S[1, 1] ) (S[s, 6] S[1,2] )
X2 (Sg4. 57 Sp1.21 ) (8g5. 79 Sp1.17 ) (Sgs. 61 Sp1.21 ) (8g5. 61 Sp1.21 ) (St6, 79> S[1.17)
X3 (S[s, 6] S[1,2] ) (5[4, 51, S[2,3] ) (5[6, 71> S[1, 1] ) (5[5,6] »S[1,2] ) (5[3,4], S[3,4] )
X4 (5[4, 5] S[2, 3]) (5[6, 71 S[1, 1] ) (5[4, 51 S[2,3] ) (5[4, 6] S[1,2] ) (5[3,4], S[3,4])
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Table 2 Scores of Ivis(v;) by the different parameter value x

X Score of Vis(¥;) Ranking

x=1 Wis(5,) = 4.430; vis(%,) = 4.416; is(75) = 3.159; vis(7,) = 3.100. X1 X2 > X3 > X4
x=2 Wis(5,) = 4.217; Vis(%,) = 4.139; is(35) = 3.007; vis(7,) = 2.419. X1 X2> X3 > X4
x=3 Wis(5,) = 4.129; is(%,) = 3.954; is(75) = 2.929; vis(7,) = 2.496 X1>X2> X3> Xa
x=4 Wis(5,) = 4.021; Vis(%,) = 3.990; Wis(55) = 2.873; Vis(7,) = 2.158 X1>X2> X3 > Xa
x=5 Wis(5,) = 3.950; vis(%,) = 3.954; Wis(75) = 2.824; Vis(7,) = 2.091. X2> X1> X3 > Xa

attributes, where (c1, ¢, 3, ¢4, ¢5) stand for “the price of land,”
“the distance of sale market,” “the distance of resources,” “the
labor market,” and “local economy,” respectively, and the
weight of attributes isw = (0.2, 0.25,0.15, 0.18, O.22)T. The
expert evaluates each alternative x,(1, ...,4) with respect to
each attributec(j=1, 2, 3,4, 5) based on the LTS: S={so=
extremely bad, s; =very bad, s, =bad, s; =slightly bad, s4=
fair, s5 = slightly good, s¢ = good, s; = very good, sg = extreme-
ly good} and can give the evaluation value 7, which is

expressed by the IVLIFN, then the decision matrix R =

(*7”)4 S is constructed and shown in Table 1.
: X

Next, we will present the procedure of decision-making
based on the WIVLIFMSM operator.

Step 1. Normalize the decision-making matrix.

Because all attributes are benefit type, this step can be
omitted.

Step 2. Use the WIVLIFMSM operator to produce the
overall values ;(i = 1,2, 3,4) of each alternative (supposex-
=2), then we can get

"1 = ( S8[5.152,6.183]5 51 0831817])7

( 514.916,6.129] 5 S[1.083,1 684])

= (574.509,5.634), § [1623,2.436]),
and Y4 = (5[4,102,5.303],S[1.868,2<697])-

Step 3. Calculate the score values of ,(i = 1 t0 4), we can
get

Wis(vy,) = 4.217,
Dis(vy,) = 2.419..

Step 4. Rank all alternatives based on the score values, we
get X1 > X2 > X3 > Xa4-

So, the best choice is ;.

Dis(y,) = 4.139;

Table 3  The comprehensive values of decision-making matrix aggre-
gated by Chen in [10]

del d€2 d€3 d€4

X1 (56,199, 51.578) (55.458: 52.363) (55.508: 51.647) (85.129, $2.023)

X2 (56.138> S1.444) (55715, 51.433) (56.343, 51.301) (56,127, 51.133)

X3 (55.428, 51.690) (55.5015 51.966) (54.673 51.842) (54,572 52.471)

Xa (55.510 51.902) (55.644> 52.093) (55.846> 51.712) (54.871,51.927)

DWis(y5) = 3.007;

Further, we can obtain the aggregation results from the
different parameter x, which are shown in Table 2.

From Table 2, the scores of the aggregation results are
different for the different parameter x, and then the ranking
results are different. When parameter x = 1, 2, 3, 4, the ranking
results are all x| > x2> X3 > Xx4. When x=1, the
IVLIFWMSM operator will reduce to weighted arithmetic
average operator of IVLIFNSs; the best choice is x;, when
parameter x =5; the IVLIFWMSM operator will reduce to
weighted geometric operator of IVLIFNSs; the ranking result
iS X2 > X1 > X3 > X4- and the best choice is x,. Obviously, as
parameter x increases, we can consider the more interrelation-
ships, and the ranking results will be changed. So, in the real
decision-making, we can assign the parameter value x accord-
ing to the actual needs.

Further, we can give a comparison with the other method.
Since there is no decision method based on IVLIFNS, it is
difficult to verify the feasible and effectiveness of the pro-
posed method in this paper. However, we can use the special
case of IVLIFWMSM operator, i.e., when the upper and lower
limits of the membership function and non-membership func-
tion in IVLIFNSs are equal respectively, and the IVLIFNs will
reduce to LIFNs, and the WIVLIFMSM operator will reduce
to LIFWMSM operator, then we can compare it with the
method in [10].

In [10], X= {x1, X2, X3, X4} 1S a group of four alternatives
which stand for potential global suppliers under consideration
and A = {ay, a», a3, as, as} is a group of five attributes, where
afj =1 to 5) represents “overall cost of the product,” “quality
of the product,” “service performance of supplier,” “supplier’s
profile,” and “risk factor,” respectively. The weight vector of
all attributes is w = (wy, wa, w3, wa, ws)’ =(0.25,0.2,0.15,
0.18, 0.22)T, and four decision-makers deyk=1,2,...,4) can
evaluate the four alternatives under the five attributes and con-
struct the decision matrices based on IVLIFNS; the goal is to
select the best supplier.

Chen [10] use the LIFWA operator to aggregate the whole
attributes of each alternative and get a comprehensive decision
matrix, the results are presented in Table 3.

Firstly, we extend the LIFNs which are presented in Table 3
to IVLIFNs, for example, (s¢ 199, $1.578) can be extended to
IVLIFNS (S[6.199, 6.1991 51.578, 1.578)) € L [0, 31, and the decision

9 <,
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Table 4 The decision-making matrix of IVLIFNs extended from Table 3

d@l dez d63 d€4

X1 (S[6,199, 6.199]> S[1.578, 1578]) (S[5,458, 5.458]> 5[2.363, 24363]) (S[5,598. 5.589]> 5[1.647, 14647]) (S[5.129. 5.129]> S[24023,24023])
X2 (S[6A138, 6.138]> S[1.444, 1A444]) (S[5A715, 5.715]> 5[1.433, 1433]) (S[6A343.6A343], S[1.301, 1301]) (5[6.127,6127]7 8[1.133, 1A133])
X3 (5[5,428, 5.428]> 5[1.690, 1590]) (5[5,501, 5.501]> 5[1.966, 1966]) (S[4A673. 4.673]> S[1.842, 1342]) (5[4.572.4572]7 S[24471,2A471])
X4 (515510, 5.5103 S[1.902, 1.902]) (515644, 5.6441> S[2.093,2.093)) (S15.846, 5.8461s S[1.712, 1.712)) (S[4.871,4.8713> S[1.927, 1.927))
Table 5  Score results with different parameter x

x Score of Vis(X;) Ranking

x=1 Wis(x;) = 3.792; is(x,) = 4.809; is(3) = 3.066; Vis(x4) = 3.619. X2> X1> X4 > X3
x=2 Wis(x,) = 3.463; Vis(x,) = 4.599; Wis(X5) = 2.870; vis(x,) = 3.363. X2> X1> X4 > X3
x=3 Wis(x,) = 3.575; Vis(x,) = 4.639; Wis(X5) = 2.964; vis(x,) = 3.448. X2> X1> Xa> X3
x=4 Dis(x;) = 3.533; Vis(x,) = 4.608; is(X3) = 2.946; vis(x4) = 3.420. X2> X1 > Xa> X3

matrix of IVLIFNs had been normalized obviously, and the
results are presented in Table 4.

Next, we use the IVLIFWMSM operator to aggregate the
fuzzy information in Table 4 for each alternative and get the
score value and rank all alternatives, and then we present the
results in Table 5 and Fig. 1.

From Table 5 and Fig. 1, we can know that whatever the
parameter x is, the ranking results are the same, and the best
alternative is x».

Clearly, in this paper, the ranking results are completely the
same as the method [10], and the best alternatives are all x».
So, it can prove the method in this paper is effective.

In this paragraph, vis! represents Ivis(X,),.... Lvis4 repre-
sents vis(4).

Compared with the method by [10], we can find that the
method in [10] can aggregate fuzzy information more easily,
but it supposes that the input arguments are independent and it
does not consider the interrelationship among the input argu-
ments. But the new proposed operators in this paper can con-
sider the interrelationships among the arguments by the pa-
rameter value x, and they can make the aggregating result

6
5 —
B ] ] Olvis1
4 R —
O/vis2
3 -
@lvis3
2 .
O lvis4
1 -
0 T T T 1
x=1 x=2 x=3 x=4

Fig. 1 Score results for different parameter x
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more accurate; meanwhile, they can reduce the information
loss more effectively. Thus, the new proposed method is more
general and flexible to solve MADM problems, especially
when the decision-makers should consider the interrelation-
ship among the input parameters.

Conclusions

Since the IVIFNs can express the fuzzy information more
conveniently and the LIFNs can describe the qualitative infor-
mation easier, in this paper, we proposed the concept of
IVLIFNs which are suited for the decision-makers’ cognition
and gave some operations based on IVLIFNs. Further, we
defined the score value and the accuracy value, and then gave
some properties. Subsequently, we developed the IVLIFMSM
operator and the WIVLIFMSM operator and proved some
useful properties. Furthermore, we presented an MADM
method with IVLIFNSs in detail and gave an example to dem-
onstrate the practicality and effectiveness of the proposed
method. Finally, we gave a comparison with the other method
to testify our method. In a word, because of the particularity of
human cognition activity and complexity of the decision-
making environment, the new proposed concept of IVLIFNs
is more suitable to depict the complex fuzzy information. In
addition, because the proposed method can consider the inter-
relationship among multiple input arguments by the parameter
value x, and also consider the cognition of decision-makers,
they can make the decision-making results more reasonable
and accurate.

In further research, we can apply the IVLIFWMSM oper-
ator to real decision-making problems such as pattern recog-
nition, fuzzy cluster analysis, cognitive computation, and un-
certain programming, etc. In addition, we can also develop
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some other aggregation operators based on IVLIFNs for fu-
ture research.
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