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Abstract

Although some stochastic multiple-attribute decision making (SMADM) methods based on the stochastic dominance (SD) rules have
been proposed, there is still the limitation that the dominance relations between some pairs of alternatives cannot be identified. In this
paper, almost stochastic dominance (ASD) rules are used as supplements of the SD rules to identify dominance relations between the
pairs of alternatives, and a new method for SMADM based on the SD and ASD rules is proposed. In the method, a procedure for
identifying the dominance relation between each pair of alternatives based on the SD and ASD rules is given. Then, according to the
identified dominance relation, the priority degree that one alternative is superior to another alternative concerning each attribute is
calculated. Further, according to the obtained priority degrees, an approach for ranking alternatives is proposed using the simple
weighted method. Finally, the proposed method is applied to the selection of passenger car(s) based on online ratings, and a comparison
between the proposed method and the existing methods based on a numerical example is given. The proposed method can obtain more
precise ranking results of alternatives. ASD rules are important supplements of the SD rules for identifying dominance relations. Based
on the SD and ASD rules, the proposed SMADM method is important for developing theories and methods for SMADM.

Keywords Stochastic multiple-attribute decision making (SMADM) - Stochastic dominance (SD) - Almost stochastic dominance
(ASD) - Alternative ranking

Introduction

In reality, there are many multiple-attribute decision making
(MADM) problems, i.e., problems of selecting alternatives
associated with multiple attributes [6]. Many models and
methods have been developed to solve MADM problems in
which attribute values can be in different formats, such as
crisp numbers, interval numbers, linguistic terms [15], or Z-
numbers [28]. In some practical MADM problems, the values
of some or all attributes may be in the form of stochastic
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variables [2, 3, 8, 14, 19, 29-32, 37]. For example, in the
problem of selecting a passenger car based on online product
ratings, attribute values are in the form of stochastic variables
because the statistical results of online ratings provided by a
large number of consumers follow probability distributions
[16]. In large group decision making (LGDM) problems, the
collective evaluations of alternatives concerning attributes can
be regarded as stochastic variables with percentage distribu-
tions [17, 18]. In the problem of selecting the most desirable
strategy for an electricity retailer, the consequences of alterna-
tives concerning four attributes (i.e., long-term profits, short-
term profits, market share, and green market share) may be
stochastic variables with normal probability distributions [10].
Therefore, the MADM problem in which attribute values are
in the form of stochastic variables, i.e., the stochastic MADM
(thereafter SMADM) problem, is a noteworthy research topic
with extensive theoretical and practical backgrounds.

So far, many models and methods have been proposed to
solve SMADM problems from different perspectives, such as
the expected utility [9], the confidence indices [20, 21], the pref-
erence indices [1, 3, 19], and the stochastic dominance (SD) rules
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[33]. Additionally, some artificial intelligence methods [4, 5]
have the potential to be used for solving the SMADM problems.

In the existing studies, the methods based on the SD rules
are regarded as the ones with higher practical significance
since less restrictive assumptions on the utility functions of
decision-makers (DMs) are needed. The methods based on
the SD rules commonly consist of two processes: comparison
and selection. The former identifies SD relations among alter-
natives using the SD rules. The latter uses an outranking pro-
cedure, such as ELECTRE (ELimination Et Choix Traduisant
la REalit¢) and PROMETHEE (Preference Ranking
Organization Method for Enrichment Evaluation), to deter-
mine a ranking of alternatives based on the identified SD
relations [7, 8, 22-26, 34-36, 38]. For example, Zaras [36]
proposed a method for solving the SMADM problem with
deterministic, fuzzy, and stochastic evaluation information.
In the method, based on the SD rules, the concept of mixed-
data multiattribute dominance is first proposed. Then, using
the mixed-data multiattribute dominance, the dominance rela-
tion between each pair of alternatives concerning each attri-
bute is identified. Further, according to the identified domi-
nance relations, the rough set approach is employed to deter-
mine the ranking of the alternatives. Nowak [24] proposed a
method based on the SD rules to solve the SMADM problem.
In the method, the dominance relation between each pair of
alternatives concerning each attribute is determined based on
the SD rules. Then, based on the determined dominance rela-
tion and a predefined preference threshold, the strict prefer-
ence relation, the weak preference relation, or the indifference
preference relation between each pair of alternatives
concerning each attribute is determined. Further, based on
the determined preference relations, the ranking of all alterna-
tives is determined using the ELECTRE-III outranking proce-
dure. Nowak [26] proposed an SMADM method based on the
SD rules, the interactive approach and the preference thresh-
old. The main idea of the method is to progressively reduce
the set of alternatives using a multiple round interactive pro-
cedure. In each round of the interactive procedure, several
alternatives are weeded out according to the SD relations
and the preference threshold concerning each attribute. If the
DM is able to make a final choice, then the procedure ends;
otherwise, the DM is asked to adjust the preference threshold
or the aspiration level concerning different attributes. Zhang
et al. [38] proposed a method based on the SD degrees (SDD)
to solve the SMADM problem. In the method, the concept of
SDD is first introduced, and the computation formula of SDD
is given. Then, the SDD matrix of the pairwise comparisons of
the alternatives concerning each attribute is constructed.
Further, the overall SDD matrix is obtained by aggregating
the SDD matrices concerning multiple attributes and the attri-
bute weights. Finally, according to the overall SDD matrix,
the ranking of all alternatives is determined using the
PROMETHEE-II method.
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It is necessary to point out that when the SD rules are used,
the dominance relations between some pairs of alternatives
cannot be identified. This would lead to the absences of some
dominance relations or lead to the unclear rankings of alterna-
tives, i.e., the ranking orders of some alternatives cannot be
distinguished. The concept of almost stochastic dominance
(ASD) is first proposed by Leshno and Levy [11]. The core
idea of the ASD is to establish rules that are used to formally
reveal a preference for “most” DMs, but not for “all” of them,
by eliminating some extreme utility functions to relax the
strict restrictions on the distribution functions [11]. However,
Leshno and Levy [11] just put forward the concept of ASD, it
is seldom seen that the concept of ASD is used to solve prac-
tical decision-making problems. Obviously, if the ASD rules
can be used as supplements of the SD rules to identify dom-
inance relations between the pairs of alternatives, then it is
necessary to develop a new SMADM method based on the
SD rules and the ASD rules.

The objective of this paper is to develop a novel SMADM
method based on the SD rules and the ASD rules. First, ac-
cording to concepts of the SD and the ASD, definitions of the
SD rules and the ASD rules are introduced, and a theoretical
analysis of the properties of the SD and ASD rules is given.
Then, based on the SD and ASD rules, a procedure for iden-
tifying the dominance relation between each pair of alterna-
tives is given. Further, according to the identified dominance
relations, a priority function with respect to each attribute is
constructed to measure the priority degrees of the pairwise
comparisons of alternatives. Moreover, using the simple
weighted method, an overall priority degree for each pair of
alternatives is calculated, and a priority degree matrix of the
pairwise comparisons of alternatives is built. Finally, accord-
ing to the priority degree matrix, an approach for ranking
alternatives is given. In the approach, two vectors are con-
structed according to the maximum values in each column
and each row in the priority degree matrix, and the closeness
coefficient of each alternative is determined by calculating the
degree of deviation. The ranking of alternatives can be deter-
mined according to the obtained closeness coefficients of
alternatives.

This study contributes to the existing literature in three
aspects. First, it is a good attempt to solve the SMADM by
using both the SD and the ASD rules. Second, compared with
the existing methods, the method proposed in this paper can
be used to identify the dominance relation between each pair
of alternatives more precisely. Third, the ranking of alterna-
tives obtained by the proposed method would be more con-
sistent with human cognition since both the SD and the ASD
rules for comparing stochastic variables embody human cog-
nitive characteristics.

The rest of this paper is arranged as follows. In “SD and
ASD Rules” section, the definitions of the SD rules and the
ASD rules are introduced, and the theoretical analysis of the
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properties of the SD and ASD rules is given. In “The Proposed
SMADM Method” section, a method for SMADM based on
the SD and ASD rules is presented. In “An Application to
Support Online Purchasing Decision” section, an example of
the selection of passenger car(s) based on online ratings is
given to illustrate the application of the proposed method. In
“Comparative Analysis” section, a comparison between the
proposed method and the existing methods based on a numer-
ical example is given to illustrate the feasibility and the valid-
ity of the proposed method. Finally, “Conclusions” section
summarizes and highlights the main features of this paper.

SD and ASD Rules

SD and ASD are the axiomatic rules for comparing stochastic
variables. The SD rules include the first-degree, second-de-
gree, and third-degree SD rules, and the ASD rules include the
first-degree, second-degree, and third-degree ASD rules. In
this section, the definitions of the SD rules and the ASD rules
are introduced, and the theoretical analysis of the properties of
the SD and ASD rules is given.

Let a and b be two real numbers such that a < b. Let Xand Y
be two stochastic variables on interval [a, ] and F(x) and G(x)
be cumulative distribution functions of X and ¥, respectively,
such that F(a) = G(a)=0 and F(b)=G(b)=1. Let E{X) and
E&(Y) be the expected values of X and Y, respectively. The SD
rules, i.e., the definitions of the first-degree, the second-de-
gree, and the third-degree SD rules, are given below [36].

Definition 1. F(x) stochastically dominates G(x) by the first
degree (noted as F(x) FSD G(x)) if and only if F(x)# G(x)
and H,(x)=F(x)— G(x) <0, x € [a, b].

Definition 2. F(x) stochastically dominates G(x) by the second
degree (noted as F(x) SSD G(x)) if and only if F(x) # G(x) and
Hy(x) = [[H\(y)dy<0, x € [a, b].

Definition 3. F(x) stochastically dominates G(x) by the third
degree (noted as F(x) TSD G(x)) if and only if F(x) # G(x) and
Hi(x) = [[Hy(y) dy<0, E{X) > Eq(Y), x € [a, b].

Let 2, = x| Gx) < F(x), x € [a, b]}, 25 = {xU’;G(t) dt <

[LF(f) dr, xe2} and 025 = {xu;f;(;(t) drdt < ['° F(t) dr

dt, xe{2,} be the three subsets in interval [a, b], x € [a, b].
According to the research result of Leshno and Levy [11],
the ASD rules, i.e., the definitions of the almost first-degree,
the almost second-degree, and the almost third-degree SD
rules, are given below.

Definition 4. F(x) stochastically dominates G(x) by the
almost first degree (noted as F(x) AFSD G(x)) if and

0<e<05 and FKx)#Gkx),
&1 = lo, [F(x)-G(x)] dx/I,| F(x)-G(x)| dx.

only if where

Definition 5. F(x) stochastically dominates G(x) by the almost
second degree (noted as F(x) ASSD G(x)) ifand only if 0 <&,
<05, FX)#Gx), and EfX)>EgY),  where

£2 = o, [F(x)-G(x)] dx/l,| F (x)-G(x)| d.

Definition 6. F(x) stochastically dominates G(x) by the
almost third degree (noted as F(x) ATSD G(x)) if and
only if 0<e3<0.5, F(x)#G(x) , and Ep(X)>Eqs(Y),
where €3 = Jo,[F(x)—G(x)] dx/JZ|F(x)—G(x)\ dx.

According to the above definitions, it is easy for us to get
the following conclusions.

Remark 1

1) For the first-degree, second-degree, and third-degree SD
rules shown in Definitions 1-3, if there is F(x) FSD G(x),
F(x) SSD G(x), or F(x) TSD G(x), then there is no G(x)
FSD F(x), G(x) SSD F{(x), or G(x) TSD F{(x).

2) For the almost first-degree, second-degree and third-
degree SD rules shown in Definitions 46, if there is
F(x) AFSD G(x), F(x) ASSD ,G(x), or F(x) ATSD G(x),
then there is no G(x) AFSD F(x), G(x) ASSD F(x), or
G(x) ATSD F(x).

3) The smaller the value of €, €5, or &3 is, the greater the
degree that F(x) almost stochastically dominants G(x) will
be.

4) Consider two arbitrary alternatives A and B in decision
analysis. The evaluations of the two alternatives are sto-
chastic variables with cumulative distribution functions
F(x) and G(x), respectively. If F(x) SD G(x), then A SD
B, where SD denotes the stochastic dominance relation
between alternatives A and B, and SDe{FSD, SSD,
TSD, AFSD, ASSD, ATSD}.

5) In decision analysis, even if there is no FSD, SSD, and
TSD between some pairs of alternatives, there may still be
an AFSD, ASSD, or ATSD. Thus, the almost first-degree,
almost second-degree, and almost third-degree SD rules
can be used as supplements of the first-, second-, and
third-degree SD rules for identifying the SD relations be-
tween some pairs of alternatives.

In the following, an example is given to illustrate 5 of
Remark 1. Let us consider an investment project selection
problem. The DM needs to select one from two investment
projects A and B. The gains and winning probabilities of the
two projects A and B are uncertain, which are shown in
Table 1. Let F(x) and G(x) denote the cumulative distribution
functions of the gains of projects A and B, respectively. The
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curves of F(x) and G(x) are shown in Fig. 1. It can be seen
from Fig. 1 and Definitions 1-3 that there is not a first-degree,
second-degree, or third-degree SD relation between F(x) and
G(x), i.e., there is not an SD relation between projects A and B.
Nevertheless, it can be seen from Fig. 1 that the expected
values of projects A and B are E(A)=1 x 0.1+
1,000,000 x 0.9=900000.1 and E(B)=2 x 0.1 +3 x 0.9=
2.9, respectively. Thus, the DM would select project A be-
cause E(A) is significantly greater than E(B). Therefore, there
is actually a dominance relationship between the two projects.
According to Definitions 46, it can be seen that the almost
SD relation exists between projects A and B.

According to Definitions 1-6 and the existing studies
[11-13], the following properties can be easily found.

Property 1

1) F(x) FSD G(x) if and only if F(x) AFSD G(x) and £, =0;
2) F(x) SSD G(x) if and only if F(x) ASSD G(x) and £, =0;
3) F(x) TSD G(x) if and only if F(x) ATSD G(x) and £5=0.

Proof First, we prove conclusion 1. If F(x) AFSD G(x) and €, =
0, then according to Definition 4, we have [, [F(x)—G(x)] dx
=0 and 2 = {x| G(x) < F(x), x<[a,b]} =. Since {2; is an
empty set, G(x)> F(x) follows for any x € [q, b], i.e., F(x)—
G(x) <0 for any x € [a, b]. Because F(x)— G(x) <0 for any
x € [a, b] and F(x) # G(x), then we know F(x) FSD G(x) accord-
ing to Definition 1. On the other hand, if F(x) FSD G(x), ac-
cording to Definition 1, we know H;(x) = F(x) — G(x) <0 fol-
lows for any x € [a, b] and F(x) # G(x) , and thus, {2, = {x| G(x)
<F().xe[a,bl} =D, ie. &1 = [0, [F(x)~G(x)] dx/I | F(x)-
G (x)| dx = 0. Therefore, according to Definition 4, we know
F(x) AFSD G(x). Similarly, conclusions 2) and 3) can also be
proved.

Property 2

1) If F(x) FSD G(x), then F(x) SSD G(x), F(x) TSD G(x),
F(x) AFSD G(x), F(x) ASSD G(x), and F(x) ATSD G(x);
2) If F(x) SSD G(x), then F(x) TSD G(x), F(x) ASSD
G(x), and F(x) ATSD G(x); and 3) If F(x) TSD G(x), then
F(x) ATSD G(x).

Proof First, we prove the conclusion 1. If F(x) FSD G(x), ac-
cording to Definition 1, we know H;(x) = F(x) — G(x) <0 and
F(x) # G(x) . Meanwhile, we also know E(X)> Es(Y). Thus,
we have H(x) = [, H, (y)dy<0 for any x € [a, b]. According
to Definition 2, we know F(x) SSD G(x). Further, we know H3

(x) = IZHz(y) dy<0 for any x € [a, b] since H,(x)<0, and,

@ Springer

Table1 Gains and winning probabilities of investment projects A and B
Projects Gains (RMB 10000 yuan) Winning probabilities
Project A 1 0.1
1,000,000 0.9
Project B 2 0.1
3 0.9

according to Definition 3, we know F(x) TSD G(x).
According to the above analysis and Property 1, we have F(x)
AFSD G(x), F(x) ASSD G(x) and F(x) ATSD G(x). In a similar
way, conclusions 2) and 3) can also be proved.

Property 3. If we let F(x), G(x), and L(x) denote the cumulative
distribution functions of the evaluations of alternatives A, B,
and C, respectively, then we have the following:

1) IfF(x) FSD G(x) and G(x) FSD L(x), then F(x) FSD L(x),
ie., A FSD C;

2) If F(x) SSD G(x) and G(x) SSD L(x), then F(x) SSD L(x),
i.e., A SSD C;

3) If F(x) TSD G(x) and G(x) TSD L(x), then F(x) TSD L(x),
1e.,ATSD C;

4) If F(x) AFSD G(x) and G(x) AFSD L(x), then F(x) AFSD
L(x), i.e., A AFSD C;

5) If F(x) ASSD G(x) and G(x) ASSD L(x), then F(x) ASSD
L(x), i.e., A ASSD C; and.

6) If F(x) ATSD G(x) and G(x) ATSD L(x), then F(x) ATSD
L(x), i.e., A ATSD C.

Proof First, we prove the conclusion 1. If F(x) FSD G(x) and
G(x) FSD L(x), then we know F(x) < G(x) and G(x) < L(x) for
any x € [a, b], F(x)# G(x), and G(x)# L(x). Thus, we have
F(x)<L(x) (i.e., F(x)— L(x) <0) for any x € [a, b] and F(x) #
L(x). Therefore, we know F(x) FSD L(x) according to
Definition 1. In a similar way, the conclusions 2 and 3 can
also be proved.

Second, we prove conclusion 4. If F(x) AFSD G(x) and
G(x) AFSD L(x), then we know

0<lo, [F(x)-G(x)] dx/Il| F(x)~G(x)| dx < 0.5, (1)
0=, [G(x)~L(x)) dx/J;|G(x)~L(x)| dx < 0.5, 2)

where 2, = {x| G(x) < F(x), x€[a,b]} and 2, = {x| L(x) <
G(x), x€[a, b]}.

Eq. (1) can be written as follows:
0200, [F(x)-G(x)] dx < 2| F(x)-G(x)| dx
©0=2[0, [F(x)=G(x)] dx < [0, [F(x)=G(x)] dx + Iﬁx [G(x)—F(x)] dx (3)
20<[0, [F(x)-G(x)] dx < Jﬁ. [G(x)—F(x)] dx
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Eq. (2) can be written as follows:

0<2f,,, [Ge)~L()] dx < J}|Gx)~L(x)| dx
02, [Gx)-L(x)] dx < [, [G(x)-L(x)] dx+]_

(LG (g

@OSJQ]r [G(x)—L(x)] dx < Jﬁ /[L(x)—G(x)] dx

1

0<lo, [F(x)-G(x)] dx + 1.,/ [G(x)

G(x)] dx+I_ [-G(x) +

—L(x)] dx < Jﬁ [G(x)—

1

QOSIQI [F(x)—

@0, 4[F(x)~G(x
W[L(x)=F (x)] dmg W[L(x)=F (x)] dx

F(x ]dx<IQ/[L(x)—
)]dx<Iab[L(x) G(x)] dxe0 < [ [L(x)~

By adding Eq. (3) and Eq. (4), we can obtain the following:

F(x)]dx 4 /[L(x)-G(x)] dx

02,
()] dx + [ [
F(x)] dx

G(x) + L(x)] dx

s0< |

@bp[ﬁg )~L(x)] d. <I n[L(x)=F (x)] dx
&2l [F(x)=L(x)] dx < JQ W[L(x)=F (x)] dx + [, n[F(x)=L(x)] dx
&2, n[Fx)~L(x)] dx < [jgp| F()-L(x)| dx
& [F(x)~L(x)] dx/I’| F(x)~L(x)| dx < 0.5

where 2," = {x| L(x) < F(x), x€[a, b]}. If £2," =, then we
know [, /[F(x)=L(x)]dx =0, and if 2,"#@, then we
know J [F(x)=L(x)] dx > 0. Therefore, Eq. (5) can be
written as follows:

~L(x)] dx /[l F(x)

OSI_QIf,[F(x) —L(x)| dx < 0.5.

Therefore, according to Definition 4, we know that F(x)
AFSD L(x), i.e., A AFSD C. In a similar way, conclusions 5
and 6 can also be proved.

Fig. 1 The cumulative
distribution functions of the gains
of investment projects A and B

1/10

Foo, Goo |

The Proposed SMADM Method

In this section, a novel SMADM method based on the SD and
ASD rules is proposed. All notations used in this paper are
shown in Table 2.

Consider an SMADM problem. LetA= {A|i€ 1,2, -, m}
be a set of m alternatives, where A; denotes the ith alternative.
In addition, let C= {C|j€ 1,2, ", n} be a set of n attributes,
where C; is the jth attribute and Cy, C5, -+, C, are independent
of each other. Let w = (wy, wo, ..., w,, )" be an attribute weight
vector, where w; is the weight or importance of attribute Cj,
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Table 2 Notations and explanations

Notations Explanations

m The total number of alternatives
n The total number of attributes
ie{l,2,:,m} The index of alternatives
je{l,2,,n} The index of attributes

A= {AI,AZa sAm}
C={C,Cy,,Cy}
W= (Wi, Wy oo W, )

X= [xij]m xn

Pj
PfA;, Ap)
D= [Uik]m xm

A set of m alternatives, where A; denotes the ith alternative

A set of n attributes, where C; denotes the jth attribute. We consider that all the att}l‘ibutes are independent with each other
The vector of attribute weights, where w; denotes the weight of the jth attribute, >’ w; = 1,w;>0,j=1,2,",n

The decision matrix, where x;; is the evaluation result of alternative A; conceminé:aittribute G

The probability density function of the stochastic variable x;;

The possible values of the stochastic variable x;;.

The probability of the discrete stochastic variable x; = xf}
The cumulative distribution function of x;;

The mathematical expectation of x;;

The dominance relation matrix, where ?{k denotes the SD or ASD relation between alternatives
A; and A concerning attribute C;

The SD or ASD relation between a pair of alternatives, SDe{FSD, SSD, TSD, AFSD, ASSD, ATSD}
The DM’s preference threshold concerning attribute C;.
The priority degree that alternative A, is superior to alternative Azconcerning attribute C;

The overall dominance priority matrix, where o, denotes the overall priority degree that alternative A;
is superior to alternative A;

The maximum value in the kth column of matrix D
The maximum value in the kth row of matrix D
The vector of column maximum values

The vector of row maximum values

Deviation degrees

The closeness coefficient of alternative A;

suchthat 3’ w; = landw;>0,j=1,2, -, n. Let X = [x;]s x
j=1

be a decision matrix, where x;; is the evaluation result of alter-
native A; concerning attribute C, i=1,2, -, m,j=1,2, ", n.
In this paper, we consider that x;; is a stochastic variable with
the cumulative distribution function Fi(x), i=1,2, '+, m, j=
1,2, -+, n. Let u; denote the mathematic expectation of x;;.
According to probability theory, if x;; is a continuous stochas-
tic variable, then u; = Iioxfy(x)dx, where f;(x) denotes the
probability density function; and if x;; is a discrete stochastic

q
variable, then u;; = 3 xfj'pz where pfj’. denotes the probability
h=1

h

of x; = X

Identifying

stochastic

dominance
relation

and the possible values of the stochastic variable

xj are xj,x;, ..., x5 The problem that is addressed in this
paper is how to rank alternatives or to select the most desirable
alternative(s) based on the decision matrix X and the attribute
weight vector w.

To solve the above problem, the SMADM method based
on the SD and ASD rules is proposed. In the method, based on
the SD and ASD rules, a procedure for identifying the domi-
nance relation between each pair of alternatives is given.
Then, according to the identified dominance relations, a pri-
ority function with respect to each attribute is constructed to
measure the priority degrees of the pairwise comparisons of
the alternatives. Further, using the simple weighted method,

an overall priority degree for each pair of alternatives is

FSD

no SD

SSD relation

TSD AFSD

Fig. 2 The procedure for identifying the dominance relation between each pair of alternatives
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Table 3  Details of the online ratings of the five candidate passenger
cars concerning the four attributes

Table 4  Probability distributions of the online ratings about the five
candidate passenger cars concerning the four attributes

Candidate passenger cars ~ Rating scores  Attributes

C, G G Cy

Candidate passenger cars Rating scores Attributes

C, (@) Cs Cy

A 1 0 0 1 0
2 20 1 1
3 4 2 3
4 30 21 29 15
5 34 47 36 49
As 1 0 0 1 1
2 1 1 0
3 1 4 4 10
4 37 16 17 27
5 24 52 50 35
As 1 0 1
2 0 0
3 2 4
4 25 5 35 18
5 63 8 50 67
Ay 1 0 1 1 2
2 0 1 5
3 1 39 17
4 33 16 31 24
5 40 55 33 27
As 1 0 0 0 0
2 0o 2
3 1 3
4 17 17 16 16
5 2 21 17 18

calculated, and a priority degree matrix for the pairwise com-
parisons of alternatives is built. Finally, according to the pri-
ority degree matrix, an approach for ranking the alternatives is
given.

To identify whether the SD relation or the ASD relation
exists concerning each attribute between each pair of alterna-
tives, the SD rules (i.e., Definitions 1-3) and the ASD rules
(i.e., Definitions 4-6) are used. The procedure for identifying
the SD or ASD relation between each pair of alternatives is
shown in Fig. 2. In Fig. 2, the SD or ASD relation between
each pair of alternatives concerning each attribute is first iden-
tified according to Definitions 1. If the dominance relation
exists, then it belongs to the FSD relation; otherwise,
Definition 2 is used to identify whether the SSD relation exists
or not, and so on.

Using the procedure shown in Fig. 2, a dominance relation
matrix R; = [#,]
constructed, where ?’ denotes the SD or ASD relation be-

tween alternatives A; and A, concerning attribute C;. The r’
can be expressed by

with respect to each attribute can be

Ay 1 0 0 1770 0
2 2/70 0 1770 1/70
3 4/70  2/70  3/70  5/70
4 30/70 21/70 29/70 15/70
5 34/70 47/70 36/70 49/70
A, 1 0 0 /73 1/73
2 /73 173 1/73 0
3 11/73 4/73  4/73  10/73
4 37/73 16/73 17/73 27/73
5 24/73 52/73 50/73 35/73
Aj 1 0 0 1/90  2/90
2 0 0 0 0
3 2/90 0 4/90  3/90
4 25/90 5/90  35/90 18/90
5 63/90 85/90 50/90 67/90
Ay 1 0 1775 1775 2/75
2 1775 0 1775 5/75
3 /75 3/75  9/75  17/75
4 33/75 16/75 31/75 24/75
5 40/75 55/75 33/75 27/75
As 1 0 0 0 0
2 1/41 0 2/41  2/41
3 1/41  3/41 6/41 5/41
4 17/41 17/41 16/41 16/41
5 22/41 21/41 17/41 18/41
FSD, F;(x) FSD Fy(x)=A; FSD Ay
SSD, Fj(x) SSD Fj(x)=A; SSD Ay
; TSD, Fij(x) TSD Fy(x)=A; TSD Ay
Fu = 4 AFSD, Fj(x) AFSD Fyi(x)<A; AFSD A
ASSD, Fj(x) ASSD Fy(x)=A; ASSD A;
ATSD, Fj(x) ATSD Fyi(x)=A; ATSD A;
-, no SD relation

For the convenience of the analysis, let SD denote that the
SD or ASD relation exists between a pair of alternatives,

Table 5 The dominance relation matrix concerning attribute C;

Al A2 A3 A4 A5
Ay - AFSD - - -
A2 - - - - -
As FSD FSD - FSD FSD
Ay FSD FSD - - SSD
As FSD AFSD - - -
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Table 6 The dominance relation matrix concerning attribute C, Table 8 The dominance relation matrix concerning attribute Cy

A A, As Ay As A As As Ay As
A, - SSD - - FSD A, - SSD - FSD FSD
A, - - - - AFSD A, - - - FSD AFSD
A FSD FSD - FSD FSD A AFSD AFSD - FSD AFSD
Ay AFSD AFSD - - AFSD Ay - - - - -
As - - - - - As - - - FSD -

where SDe{FSD, SSD, TSD, AFSD, ASSD, ATSD}. Let
u; and uy; denote the expected values of the evaluations of
alternatives A; and A; concerning attribute C;, respectively.
Let p; denote the DM’s preference threshold concerning attri-
bute C; [24, 26, 27]. Here, there are three possible relations
with respect to attribute C; between alternatives A; and Ay

1) Alternative A, is strictly superior to alternative Ay if £71(x)
SD F(x) and u;; > uy; + pj;

2) Alternative A, is weaker superior to alternative Ay if F,(x)
SD F,(x) and uy; < u;; < u; + pj; and.

3) Alternative A, is no different from alternative A, if there is
no Fi(x) SD F, i(X) or F(x) SDF ().

Further, the priority degree that alternative A; is superior to
alternative A, concerning attribute C;, P(A;, Ay), can be calcu-
lated by

1, Fji(x) SD Fy(x) and uy>uy +p,;
Ujj-Ujy .
Pj(Ai Ar) = uka, Fyj(x) SD Fy(x) and uy; < uy < g +p;
J
0, else

(6)

Obviously, Pi(A;,Ay) €[0, 1]. The greater the value of
Pi(A;, Ap) is, the greater the degree that alternative A; is supe-
rior to alternative A; will be.

Then, using the simple weighted method, the overall prior-
ity degree that alternative A; is superior to alternative Ay, oy,
can be calculated by

n
Ojk = ijpj(AivAk)7'iak: 1,2,"'71’)’17'1'#]( (7)
j=1

Here, the overall priority degree o;; can be regarded as the
confidence that alternative A; is superior to alternative Ay,
where 0 <0< 1. The larger the value of oy is, the greater
the confidence will be. Based on o, we can establish the
overall priority degree matrix of the pairwise comparisons of
alternatives as

A A Ay
Ay - on Olm
Ay | o1 — Oom
D= [Uik]mxm = : :
Am Om1 Om2 -

According to the overall dominance priority matrix D, an
approach is given to determine the ranking of alternatives. The
detailed description of the approach is given below.

Based on matrix D, two vectors X = (g;r7 o, cr*)

Y m
and X~ = (07,05,

where o and o, are respectively given by

N\T .
, am) can be constructed, respectively,

of = max{oy|i=1, 2, - m; ik}, k=1,2,"m (8)

o, = max{oyli =1, 2, --*,m; i#k}, k=1,2,"m 9)

In Eq. (8), JZ is the maximum value in the kth column of
matrix D. o, denotes the greatest overall degree that an alter-
native among the other m — 1 alternatives is superior to alter-
native A;. In Eq. (9), o, is the maximum value in the kth row
of matrix D. o, denotes the greatest overall degree that alter-
native Ay, is superior to an alternative among the other m — 1
alternatives.

According to the matrix D and vectors X* and X, two
deviation degrees S;” and S; can be respectively calculated as

Table 7 The dominance relation matrix concerning attribute C5 Table 9  The overall dominance degree matrix

A] A2 A3 A4 A5 Al A2 A3 A4 A5
Ay - - - AFSD AFSD Ay - 0.139 0.000 0.180 0.175
Ay AFSD - AFSD AFSD AFSD Ay 0.049 - 0.025 0.169 0.162
As FSD - - FSD AFSD A; 0.185 0.300 - 0.320 0.328
Ay - - - AFSD Ay 0.044 0.123 0.000 - 0.067
As - - - - - As 0.032 0.109 0.000 0.060 -
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Table 10  The evaluations provided by the experts

Attribute Rating scores Alternatives
A Ay Az Ay As As A; Ag Ay Ao
C, 1 1/7 1/7
2 3/7 1/7 2/7 1/7
3 1/7 1/7 2/7 2/7
4 2/7 1/7 2/7
5 2/7 1/7 3/7 1/7 3/7 1/7 2/7 1/7
6 2/7 1/7 2/7 1/7 1/7 1/7
7 1/7 1/7 1/7 2/7 2/7 3/7 1/7
8 1/7 2/7 1/7 2/7 1/7 1/7
9 3/7 2/7
10 1/7 2/7 1/7
C, 1 1/7 3/7
2 2/7 3/7 3/7 1/7
3 1/7 1/7 4/7 1/7 1/7
4 1/7 1/7 1/7
5 2/7 1/7 1/7
6 1/7 1/7 1/7 2/7 1/7 1/7
7 1/7 1/7 1/7 4/7 2/7
8 1/7 3/7 2/7 3/7 2/7 2/7 3/7
9 1/7 2/7 3/7 1/7 1/7
10 1/7 1/7
C; 1 2/7 1/7
2 3/7 1/7 2/7
3 1/7 1/7 1/7 4/7 1/7
4 3/7 1/7 1/7 2/7
5 1/7 1/7 2/7 2/7
6 1/7 2/7
7 1/7 1/7 2/7 2/7 2/7
8 1/7 2/7 4/7 2/7 3/7 2/7
9 1/7 3/7 3/7 1/7 1/7 1/7
10 2/7 1/7 2/7
Cy 1 2/7
2 1/7
3 3/7 1/7
4 1/7 1/7
5 2/7 1/7 1/7 2/7
6 1/7 1/7 1/7 3/7 3/7
7 1/7 1/7 1/7 1/7
8 1/7 4/7 4/7 3/7 3/7 2/7 3/7 1/7 1/7 1/7
9 2/7 1/7 1/7 1/7 1/7 1/7
10 1/7 1/7 2/7 3/7 1/7 1/7 1/7 1/7 1/7

St= Y lowofl= ¥ o~ ¥ ow i=12,m(10) 5 = z |owi—o7| = f o - f o, i=1,2,m(11)
k=1 k=1 k=1 k=1 k=1 k=1
ki k#i ki ki ki ki
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Fig. 3 The graphical
representation of the distributions
concerning attribute C;

3/7

2/7 -

1/7 +

In Eq. (10), Y k=1 k#i" oy denotes the total confidence
that alternative A; is superior to the other alternatives. The great-
ery, k=1 k#i" oy is, the smaller the deviation S;” will be, and
the better alternative A; will be. In Eq. (11), 3, _ | kti" oy

denotes the total confidence that the other alternatives are supe-
rior to alternative A;. The smaller 3., _ 4 k#i" oy, 1s, the great-
er the deviation S; will be, and the better alternative A; will be.

According to the obtained S;” and S, the closeness coef-
ficient /; of alternative A; can be calculated as

=
§
o
\
|
¥

R

=
.

e
P SRR TR,

S N S S S s S en s n e s e et

e ]

e e e e

s

Obviously, the greater the value of /; is, the better alterna-
tive A; will be. Therefore, according to the values of I, b, ...,
1,,, the ranking of alternatives can be determined.

In summary, the calculation steps of the SMADM
method based on the SD and ASD rules are given as
follows.

Step 1. According to the SD and ASD rules, i.e.,
Definitions 1-6, identify the SD or ASD relation
concerning each attribute between each pair of alterna-
tives, and establish the dominance relation matrices, i.e.,

S SERIP Ri=["] j=1,2,-n

1; = ! i=1,2 m 12 J ikl mxm

! Sl'-" —l—S;7 B (12)

Table 11 The dominance relation

matrix concerning attribute C;. Ay Az A; Ay As As Ay Ag Ay Ao
A - - - - - - FSD - -
A, FSD — - — — — FSD — FSD
Az FSD FSD — - - — SSD FSD - FSD
Ay FSD FSD FSD - FSD AFSD FSD FSD FSD FSD
As FSD FSD AFSD - - - SSD FSD AFSD FSD
Ag FSD FSD FSD - FSD - FSD FSD FSD FSD
Ay AFSD AFSD - - - - — FSD - AFSD
Ay - - - - - - - - -
Ag FSD FSD FSD - — - SSD FSD - FSD
Ao SSD - - - - FSD - -
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Step 2. Calculate the overall priority degree of each pair
of alternatives using Egs. (6) and (7) and construct the
overall priority degree matrix D =[], x -

Step 3. Construct the vectors X™ and X~ using Egs. (8) and
).

Step 4. Calculate the deviations S;” and S; using Eqgs. (10)
and (11).

Step 5. Calculate the closeness coefficient /; using
Eq. (12) and determine the ranking of the alternatives.

An Application to Support Online Purchasing
Decision

In recent years, online shopping has become a universal phe-
nomenon in China [39]. Online product ratings, as a type of
electronic word-of-mouth, play an important role in helping
consumers select desirable products, but it is difficult for con-
sumers to read a large number of online ratings on an e-
commerce website. To support consumers’ purchase deci-
sions, how to rank the candidate products based on online
product ratings and consumers’ preferences is a noteworthy
problem.

In this section, the problem of passenger car selection based
on online product ratings is considered. A consumer wants to
purchase a passenger car. The five candidate passenger cars
assessed by the consumer are the following: Passat (A,),
Mondeo (A,), Atenza (As), Lamando (A4), and Sonata (As).
The four attributes of the passenger cars assessed by the con-
sumer are the following: power (C;), control (C,),
comfortability (Cs), and cost performance (C,), and the attri-
bute weight vector provided by the consumer is w=(0.35,
0.15, 0.3, 0.2)T. Here, the preference threshold for each attri-
buteisp;=1(=1,2,3,4). To select a desirable passenger car,
the corresponding online product ratings are extracted from
the website of Autohome (http://www.autohome.com.cn/).
The numbers of online ratings of the five candidate

97
Table 13  The dominance relation matrix concerning attribute C;

A A A3 Ay As Ag A; Ag Ay Ao
A - - - - — — FSD FSD AFSD SSD
A, FSD - - SSD - SSD FSD FSD FSD FSD
A; FSD FSD - SSD SSD SSD FSD FSD FSD FSD
A, FSD - - - - AFSD FSD FSD FSD FSD
As FSD SSD - SSD - SSD FSD FSD FSD FSD
As FSD - - - - - FSD FSD FSD FSD
A - - - - = - - FSD - -
A8 - - - - - - - - - -
Ao — - - - = FSD FSD — SSD
Aoy - - - - = = AFSD FSD — -

passenger cars are 70, 73, 90, 75, and 41, respectively. The
details of the online ratings of the five candidate passenger
cars concerning the four attributes are shown in Table 3. The
probability distributions of the online ratings about the five
candidate passenger cars concerning the four attributes are
shown in Table 4. The proposed method is used to rank the
five candidate passenger cars, and the computation procedure
is briefly described as follows.

First, according to the SD rules and the ASD rules, i.e.,
Definitions 1-6, the SD or ASD relation between each pair
of candidate passenger cars is identified, and the dominance
relation matrices concerning the four attributes (i.e.,
Ry =[] e Bo = [P e B8 = [Fi e and Ra =
[?;‘k} 1y ) are established, which are shown in Tables 5, 6, 7

mxm’ mxm mxm
and 8, respectively. Then, using Egs. (6) and (7), the overall
priority degree for each pair of candidate passenger cars is
calculated, and the overall priority degree matrix D =[], «
m 18 constructed, which is shown in Table 9. According to
Table 9, using Egs. (8) and (9), two vectors X" and X~ can
be constructed as X" =(0.185, 0.300, 0.025, 0.320, 0.328)
and X =(0.180, 0.169, 0.328, 0.123, 0.109)". Using

Egs. (10) and (11), the deviations S;" and S; can be calculated

Table 12 The dominance relation matrix concerning attribute C, Table 14  The dominance relation matrix concerning attribute Cy

A Ay A3 A4 As Ag A, Ag A Ajo A Ay Ay Ay As Ag A, Ay Ay Ag
A - - - - - - FSD FSD - - A - - - - - - - SSD - -
A, FSD - - FSD FSD FSD FSD FSD FSD SSD A, FSD - SSD - FSD FSD FSD FSD FSD FSD
A; FSD FSD - FSD FSD FSD FSD FSD FSD FSD A; FSD - - -~ FSD FSD FSD FSD FSD FSD
A, FSD - - - - FSD FSD FSD FSD - A, FSD FSD FSD - FSD FSD FSD FSD FSD FSD
As FSD - - SSD - FSD FSD FSD FSD - As FSD - - - - FSD FSD FSD FSD FSD
As SSD — - - - - FSD FSD - - A¢ FSD - - - - - SSD FSD FSD -
Ay - - - - - - - FSD - - A, FSD - - - - - - FSD FSD -
Ay - - - - - - - - - . Ay — - - - - - - -
Ay SSD - - - - SSD FSD FSD — - Ay AFSD - - - - _ -~ FSD - -
Ay FSD — — AFSD AFSD AFSD FSD FSD AFSD - Ay, FSD - - - - AFSD SSD FSD FSD -
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as ST =0.479, S5 =0.453, 8 =0, S; =0.604, and SI =0.629;
and §7 =0.419, §, =0.069, S5 =0.556, S, =0.057, and Sy
=0.068. Finally, using Eq. (12), the closeness coefficient of
each candidate passenger car can be calculated as /;=0.467,
1,=0.132, I1=1, 1,=0.086, and /5=0.098. Thus, according to the
closeness coefficients, the ranking of the five candidate pas-
senger cars can be determined as A3 > A; > A, > As > Ay. The
ranking result can be used to support the consumer in selecting
the most desirable passenger car.

Comparative Analysis

In this section, an example that was investigated by Zaras and
Martel [33] and Nowak [24] is used to compare the proposed
method with the existing SMADM methods. Consider the
problem of selecting the most desirable computer develop-
ment project(s) from ten alternative projects A, A, ***, Ajo.
The considered attributes include the following: personal re-
sources efforts (C;), discounted profits (C,), chances of suc-
cess (C3), and technological orientation (Cy). The attribute
weight vector provided by the DM is w=(0.09, 0.55,0.27,
0.09)" and the preference threshold for each attribute is D=
1 =1, 2, 3, 4). To solve the problem, the seven experts are
invited to participate in the decision analysis. Here, the seven
experts provide evaluations of the projects (or alternatives)
with respect to the attributes on a scoring scale of ten (1: the
worst and 10: the best), as shown in Table 10, and we can see
that experts’ evaluations follow the form of probability distri-
butions. According to the data in Table 10, the graphical rep-
resentation of the distributions concerning attribute C;, as an
example, is given in Fig. 3.

To solve the project selection problem, the method pro-
posed in this paper is used and the procedure is summarized
as follows.

First, according to the SD rules and the ASD rules, i.e.,
Definitions 1-6, the SD or ASD relation between each pair
of alternatives is identified. The dominance relation matrices

concerning the four attributes (e, R, = 7] e
Ro = [7i] e B3 = [Fi] ey and Ra=[73],,,, ) are
established, which are shown in Tables 11, 12, 13 and 14,
respectively. Then, using Egs. (6) and (7), the overall priority
degree of each pair of alternatives is calculated and the overall
priority degree matrix D =[0],, x » 1S constructed, which is
shown in Table 15. According to Table 15, two vectors X" and
X can be constructed using Egs. (8) and (9) as X"'=(1, 0.557,
0.09, 0.704, 0.667, 0.822, 1, 1, 0.935, 1) and X =(0.987, 1, 1,
1,1,1,1,0, 1, 1). Using Egs. (10) and (11), the deviations Sj'
and S; can be calculated as S| =4.583, S; =0.848, S}
=0.063, S; =1.818, ST =1.568, S; =3.398, S5 =5.531, Sy
=6.775, Sq =3.495, and S}, =3.425; and S| =2.167, S,
=6.930, S5 =7.756, S, =6.108, S5 =6.590, S, =4.064, S;
=0.668, Sy =0.000, S, =3.825, and S, =4.303. Finally, using
Eq. (12), the closeness coefficient of each alternative can be
calculated as 7,=0.321, 1,=0.891, [5=0.992, 1,=0.771,
15=0.808, 1;=0.545, 1,=0.108, I3=0, 1,5=0.523, and 1,,=0.557.
Thus, according to the closeness coefficients, the ranking of
the alternatives can be determined as Az > A, > As > Ay > Ao

>Ag>Ag> A1 >A7>Ag.

It is necessary to point out that the ranking result obtained
by [33] is A3, Ay > Ay, As > Ag, Ag, Ajg > A1, A7 > Ag, and the
ranking result obtained by [24] is A3 > A, > Ay, As > Ag > Ao,
Ajg> Ay >A; > Ag. Obviously, it can be seen from these two
ranking results that the ranking positions of A; and A4; A, and
As; Ag, Ag, and A;g; and A, and A, cannot be distinguished
using the method proposed by [33]; and the ranking positions
of A4 and As; and Ag and A cannot be distinguished using the
method proposed by [24]. Using the method proposed in this
paper, the ranking result of alternatives is A3 > A, > As > Ay >
Ajg>Ag>Ag > Aq > A7 > Ag. This means that a more precise
ranking of alternatives can be obtained. Thus, it can be con-
cluded that ASD rules are important supplements of the SD
rules for identifying dominance relations. The obtained ASD
relations are valuable decision information for determining
more precise ranking result of alternatives.

Table 15 The overall priority

degree matrix A A A; A4 As Ag A7 Ag Ay Ao

Ay - 0 0 0 0 0 0.82 0.987 0.116 0.270
Ay 1 - 0 0.55 0.473 0.681 0.91 1 0.91 0.846
Az 1 0.557 - 0.704 0.667 0.822 0.962 1 0.91 1

Ay 1 0.09 0.09 - 0.09 0.693 1 1 0.841 0.450
As 1 0.166 0.038 0.312 - 0.705 0.974 1 0.935 0411
Ag 0.527 0.09 0.09 0 0.09 - 0.935 1 0.45 0.373
Ay 0.09 0.064 0 0 0 0 - 1 0 0.09
Ag 0 0 0 0 0 0 0 - 0 0

Ay 0.64 0.09 0.013 0 0 0473 0.885 1 - 0.244
Ajo 0.576 0 0 0.314 0.077 0.55 0.833 1 0 -
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Conclusions

This paper proposes a method for SMADM based on the SD
and ASD rules. Using the SD and ASD rules, pairwise com-
parisons of alternatives concerning each attribute can be con-
ducted, and the dominance relation matrix of the pairwise
comparisons of alternatives with regard to each attribute can
be built. An approach to rank alternatives is given. Compared
with the existing studies, the proposed method has distinct
characteristics as discussed below.

First, both the SD rules and the ASD rules are used in
decision analysis. This is a new attempt to solve the
SMADM problem.

Second, in the proposed method, both the SD rules
and the ASD rules are used to identify the SD or ASD
relation between each pair of alternatives. It should be
noted that the identified ASD relations are important
supplements of SD relations. This makes it possible to
compare alternatives more clearly. Nevertheless, using
the existing SMADM methods based on the SD rules, the
dominance relations between some pairs of alternatives can-
not be identified, which would lead to the lack of a clear
ranking result of alternatives.

It is important to highlight that since the proposed
method is new and different from the existing
SMADM methods, it can give the DM one more choice
for solving the practical SMADM problem. In addition
to supplementing the existing SMADM methods, the
proposed method is also important for developing theories
and methods for SMADM.

The study also has some limitations, which may serve as
avenues for future research. First, even if the ASD rules are
used, there may still be some missing dominance relations be-
tween some pairs of alternatives. Thus, it is necessary to devel-
op some new SD rules for comparing stochastic variables. In
addition, to support DMs to facilitate the use of the method
proposed in this paper, the decision support system needs to be
developed. Furthermore, SMADM methods based on artificial
intelligence methods should be given more attention.
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