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Abstract

Machine learning algorithms are typically designed to deal with data represented as vectors. Several major applications,
however, involve multi-way data, such as video sequences and multi-sensory arrays. In those cases, tensors endow a more
consistent way to capture multi-modal relations, which may be lost by a conventional remapping of original data into a
vector representation. This paper presents a tensor-oriented machine learning framework, and shows that the theory of
learning with similarity functions provides an effective paradigm to support this framework. The proposed approach adopts
a specific similarity function, which defines a measure of similarity between a pair of tensors. The performance of the
tensor-based framework is evaluated on a set of complex, real-world, pattern-recognition problems. Experimental results
confirm the effectiveness of the framework, which compares favorably with state-of-the-art machine learning methodologies
that can accept tensors as inputs. Indeed, a formal analysis proves that the framework is more efficient than state-of-the-art
methodologies also in terms of computational cost. The paper thus provides two main outcomes: (1) a theoretical framework
that enables the use of tensor-oriented similarity notions and (2) a cognitively inspired notion of similarity that leads to

computationally efficient predictors.

Keywords Tensor data - Similarity functions - Tensor-based learning - Intelligent embedded systems

Introduction

Tensors provide a more convenient and more cognitive-
inspired way to describe multi-way data and to suitably
capture their multi-linear structure. Unlike other data
structures, in fact, tensors take a holistic approach to multi-
way data representation, which is more likely to be similar
to the way the human brain processes such data. This
basic aspect becomes relevant when dealing with machine
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learning (ML): multi-spectral images [1], computer vision
[2], authorship identification [3], and multi-sensory arrays
[4, 5] provide relevant examples of domains in which
ML-based predictors are required to deal with multi-way
data. Accordingly, one needs specific learning methods
that can explicitly exploit the multi-mode relations that
connect the various data associated with one pattern. These
specialized methods [6-9] can outperform conventional
approaches, which remap multi-way data into a classical
vector representation for the subsequent application of
ML models. In this regard, the crucial point is that
the geometrical information inherently embedded in the
tensor structure can be exploited to boost the learning
process, i.e., to improve convergence speed. Conversely,
traditional models based on vector space—which actually
ensures universal approximation capabilities—face the risk
of not capturing such geometrical information. As a major
consequence, the convergence speed can be substantially
different. The literature provides several tensor-oriented ML
frameworks, which might be categorized into two groups.
“Projections learning” approaches focus on multi-linear
projections, to remap tensor data down to a lower-
dimensional space. The underlying goal is to find a
projection schema that can capture the (unknown) structure
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of the problem at hand, so that one may eventually apply
ML methods to learn a decision function in the lower-
dimensional space. Those methods mostly address the
problem of finding the projection that satisfies an optimality
criterion [10, 11], with the partial exception of [12], which
relies on higher-order random projections.

Conversely, “function learning” frameworks aim to learn
a decision function that is designed to accept tensors
as inputs. The related training algorithms often involve
an iterative process [13—16] to solve convex optimization
problems; training stops when some pre-set condition is
fulfilled. Otherwise, training procedures rely on standard
convex optimization; this case includes support higher-
order tensor machines (SHTMs) [17] and the kernel-based
framework proposed by Signoretto et al. [18], based on a
tensor-oriented kernel.

This paper addresses function learning frameworks
and shows that the theory of learning with similarity
functions [19] can stimulate a novel design strategy,
which may represent an alternative to standard kernel-
based methods. Two main reasons justify the focus on
similarity-based models: first, these frameworks usually
better succeed in balancing the generalization performance
and the computational complexity of the trained predictors.
This is a crucial aspect when implementing the classifiers
on embedded systems. Secondly, similarity-based models
provide a viable option for avoiding the computationally
intensive learning procedures that affect iterative training.

Similarity functions in principle implement a notion
of similarity between two generic patterns that lie in a
domain space &, just as any conventional kernel function.
Nonetheless, the theory of learning with similarity functions
[19] proves that a similarity-based model is no longer tied
to functions that span high-dimensional spaces implicitly
and require positive semi-definite matrices. This in turn
means that a similarity function is not necessarily a valid
kernel function. Indeed, similarity functions support a
straightforward, yet powerful learning paradigm [19] that
relies on (1) a given notion of similarity and (2) landmarks,
i.e., a subset of reference patterns randomly extracted from
the available dataset. Thus, as a first step, each training
sample is remapped according to the similarity of the
sample itself with respect to the landmarks. As a result, one
remaps the input space X’ to a L-dimensional space, where
L is the number of landmarks. Then, a conventional learning
algorithm sets a linear classifier in the remapped space,
where a low-error large-margin separator is guaranteed to
exist [19]. The eventual predictor classifies a new pattern
by computing the weighted sum of the similarities between
the pattern and the landmarks that already supported the
training phase.

This research exploits the similarity-based learning
paradigm to setup a novel tensor-oriented ML framework.

@ Springer

To achieve this goal, the present paper introduces a
similarity function that can suitably process multi-way
data; thus, it computes the similarity between a given
sample and a given landmark that lie in a tensor space.
The function embeds a similarity notion that involves
a three-step processing. First, multi-linear singular value
decomposition (MLSVD) [20] is used to represent the
landmark tensor as a set of orthonormal bases with their
associate eigenvalues. Then, the sample tensor is projected
according to the landmark bases, to emphasize the intrinsic
structural differences between the sample and the landmark.
Finally, similarity is assessed by a metric function, which
processes the eigenvalues of both the landmark and the
(projected) sample.

The design of a suitable similarity function that can
process patterns represented as tensors is the major novel
contribution of this research. The paper characterizes both
the geometrical properties and the cognitive properties of
the underlying similarity notion, which indeed inherently
embeds noise filtering capabilities. Such attribute makes the
similarity function particularly suitable for applications that
may suffer from noisy acquisition processes. Besides, this
work shows that the availability of such similarity function
leads to a tensor-oriented ML framework that features the
following advantages:

— A training algorithm that does not require iterative
processes, unlike most of the state-of-the-art function
learning frameworks.

— A prediction function that—in terms of computational
cost—bests the prediction function supported by a state-
of-the-art kernel-based framework for tensorial data
[18]; such aspect becomes relevant when considering
implementations on resource-constrained devices [21].

— A predictor that compares positively with state-of-
the-art tensor-oriented ML frameworks in terms of
classification accuracy.

The proposed ML framework was evaluated on a vari-
ety of real-world, pattern-recognition problems involving
multi-way data. In the experimental tests, the approach
based on tensor-oriented similarity functions was com-
pared with three alternative approaches: SHTM, a kernel
machine that can inherently process tensors by exploiting
the tensor-oriented kernel introduced in [18], and a stan-
dard SVM that remaps multi-way data into vector-based
representation. These approaches actually represent state-
of-the-art solutions when one wants training procedures that
only involve standard convex optimization. Experimental
results showed that the proposed approach compared favor-
ably with the others techniques in terms of classification
performance.

The remainder of the paper is organized as fol-
lows: Section “Learning with Similarity Functions” briefly
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reviews the theory of learning with similarity func-
tions; Section “A Tensor-Based Similarity Notion” intro-
duces the novel notion of tensor-based similarity; Section
“Tensor-Based Learning with Similarity Functions” frames
the tensor-based scheme within the theory of learning with
similarity functions, and compares the proposed framework
with state-of-the-art tensor-oriented approaches; a formal
analysis of the computational cost of the proposed frame-
work is also provided. Section “Experimental Results”
presents experimental results; finally, some concluding
remarks are discussed in “Conclusion”.

Learning with Similarity Functions

Let X be the input space and let 7 = {(x, y)i;x € X,y €
{—1,1};i =1, ..., Z} be alabeled training set drawn from a
domain distribution, p(X’, J). Then, let K : X x ¥ — R be
the function that expresses a notion of similarity K (x,,, X,)
between a pair of samples, {x,,,x, € X}. A similarity-
based classifier assigns a label to an input test sample,
x*, depending on (1) the pairwise similarities between
training patterns and (2) the similarities between x* and
each training pattern.

In principle, the well-known K-nearest neighbors algo-
rithm belongs to such family of classifiers. However, such
algorithm in its conventional form does not involve a proper
training phase, as the predictor requires the availability of
the entire training set. Kernel machines [22] indeed repre-
sent a popular, effective implementation of similarity-based
classifiers. They express the notion of similarity by kernel
functions, which embed an implicit mapping of data into a
Hilbert space and lead to symmetric, positive semi-definite
matrices. On the other hand, the theory of learning with
similarity functions formalized in [19] indicates that viable
alternatives exist to the realization of powerful similarity-
based classifiers.

The following pair of definitions summarize the crucial
elements of the theoretical framework; the first one
addresses the notion of pairwise similarity function, K:

Definition 1 [19] A similarity function over X’ is any
pairwise function K : X x X — [—1,1]. K is defined
as a symmetric similarity function if Vx, x’ € K(x,x’) =
K/, x).

The second definition formalizes the notion of “good
similarity function”:

Definition 2 [19] A similarity function, K, is an (e, y)-
good similarity function for a learning problem P if there
exists a bounded weighting function w over X (w(x) €

[0, 1]) for all x € X such that at least a (1 — €) probability
mass of examples x satisfy the following:

Ey~ ply(x)y@)ox)K (x, x)] >y

Algorithm 1 The learning scheme that exploits the theory
of learning with (e, y)-good similarity functions

Input

— alabeled training set 7 = {(x, y);;i =1, ..., Z}
— asimilarity function K
number of landmarks L

0. Initialize
extract L random samples £ = {l,; n = 1, .., L} from T

1. Mapping
remap all the patterns x € 7 by using the following
mapping function

1 1
d(x) = {EK(J& I, ... EK(JC, I1)}

2. Learning
train a linear predictor in the space ¢ : X — R’

The above definition uses a weighting function, w, to bal-
ance the relative significance of each sample, x’. When
considering the eventual learning algorithm, the defi-
nition requires that a bounded weighting function, o,
exists, although this does not imply that such a func-
tion is known a-priori. In other terms, any similar-
ity expression is, in principle, a good similarity func-
tion, and one needs a suitable criterion to find the
weighting function o that minimizes ¢ and maximizes
y.

Definition 2 suggests that -in practice- one should replace
the expectation with an average over a set of landmarks,
i.e., the examples x’. As a result, the weighting function w
will satisfy Definition 2 in correspondence of the landmarks
at hand. The outcome of this observation is that the notion
of good similarity function allows one to setup a learning
scheme based on a hypothesis space. To this purpose, one
needs the following:

— L landmarks, i.e., a subset of the original dataset
which is randomly drawn from the domain distribution
p(&X) that characterizes P. Both labeled and unlabeled
patterns provide an admissible source of landmarks.

— A similarity function K.

To build the hypothesis space, the domain space X is first
remapped into a new space R'. Accordingly, for every
pattern, x, one computes the similarities, K, between x
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and each landmark. In the second step, a linear predictor is
trained in the new space, RL. The eventual hypothesis space
can be formalized as follows:

L
fE) =) ojK(x,1;)) (1)
j=1

where the weights, w;, are computed by adjusting a
linear predictor. Algorithm 1 outlines the associate learning
algorithm.

Algorithm 1 relies on the similarity function K to remap
the original space into a new space where data are separated
by a (possibly large) margin with error, €. Then, the task of
tuning the weighting function, w, is assigned to the linear
predictor. The learning abilities of this procedure have been
formally analyzed in [19]: if one set L = 16 - In(4/ex)/y 2,
then with probability at least (1 — €*/2) there exists a low-
error (€ + €*), large-margin (y /2) separator in the feature
space.

A Tensor-Based Similarity Notion

The above learning scheme sets a suitable baseline to
develop a tensor-oriented ML model, as its distinguishing
feature is the mapping stage that explicitly remaps the
input space into the space RE. This process is supported
by a function K, which in Algorithm 1 supports a measure
of similarity between a pattern, x, and a landmark, I.
This learning scheme can extend to multi-way data by
introducing a similarity notion that processes tensors instead
of conventional vectors. Overall, one might say that the
eventual framework belongs to the “function learning”
context. The tensor-oriented similarity notion is clearly
crucial in the development of the overall framework and
is subject to a pair of requirements. First, it should be
able to capture the structural properties of multi-way
patterns; secondly, it should lead to a computationally
efficient implementation of the eventual predictor. The
latter constraint gets relevant when addressing hardware-
friendly tensor-based implementations. This section shows
that tensor decomposition can be profitably adopted to
satisfy the above requirements.

In the following, Section “Multi-linear Singular Value
Decomposition” introduces basic tensor notations and
then illustrates the principles of MLSVD, i.e., the tensor
decomposition adopted to support the proposed similar-
ity notion. Section “Multi-linear Extremal Energy” briefly
explains how the concept of extremal energy can be
extended to nth order tensors. Section “A Novel Similarity
Notion for Multi-way Data” analyzes the actual design
of the novel tensor-based similarity notion. Section
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“Toy Examples” illustrates the properties of the similarity
notion by exploiting practical examples.

Multi-linear Singular Value Decomposition

A tensor can be formalized as a multi-way array of numbers.
In the following, 7 € RI*12%-XIN will refer to a real-
valued tensor of order N. Accordingly, a vector and a matrix
can be regarded as tensors of orders 1 and 2, respectively.
The notation 7(,) will denote the mode-n unfolding of T;
ie., Ty € Riv<Il-lithitIv (Appendix provides details
about mode-n unfolding). Finally, @ = 7 x, B will denote
the mode-n product of 7 and B € R’*!»; this product
yields a tensor Q € RIxDxhy—y <y xInr 1 XIN ywhose entries
can be expressed as follows:

In
qil---in—].inin+l---iN = : : til<~~in—1irzi/1+1--<iNb./ni)1 (2)

in=1

As a consequence, Q = T X, B can also be rewritten as
Q) = BTw).

MLSVD is a multi-linear generalization of the well-
known singular value decomposition (SVD), supported by
the model originally introduced in the Tucker decomposi-
tion [20, 23].

MLSVD represents a tensor 7 as a multi-linear
transformation of a core tensor, T e RhixhxIy , by means
of the matrices T,, = [ti")t(zn)...t(l':)] € RInxln(n = 1, N);
here, the column vectors txz) define an orthonormal basis in
R As aresult,

T=TxT X2 Tor... xy Ty 3

Each orthonormal basis, T',;, can be obtained by applying
conventional SVD to 7En). Hence, one has

,ﬁn) = Unzn V; (4)

with T',, = U,,. Indeed, the core tensor T can be computed
as follows:

T=Tx1T)x2Th ... xy T (5)

where 7 is an all-orthogonal and ordered tensor [20].
“All-orthogonal” means that all the rows of any mode-n
unfolding of 7T, 7711)’ are mutually orthogonal. “Ordered”
means that the following condition holds for such rows:

1Ty (L < 1Ty 2y I < e < 1Ty (s D (©6)

It is worth noting that the Frobenius norm ||’7_fn)(i,,, B
corresponds to the i,th n-mode eigenvalue of T, i.e., the
inth eigenvalue of 7, [20]. Thus,

©i) 0y = Znlin. in) = 1 Tiny (in. )l ©)
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In addition, the columns of T, are the n-mode

eigenvectors of 7. Furthermore, it holds:

_ [n 2
1Tl = 17012 = > (@i)7)) ®)

1

Multi-linear Extremal Energy

The concept of extremal energy plays a crucial role in
SVD-based signal separation algorithms.

Definition 3 [24] (Extremal directions of oriented energy):
Let A be a m x n matrix with SVD A = UX V' where
Y = diagf{o;}. Then, each direction of extremal oriented
energy is generated by a left singular vector u; with
extremal energy equal to the corresponding singular value
ol.z.

Definition 3 states that all the energy contained in a
matrix can be described by means of the pairs (eigenvector,
eigenvalues). In practice, the extremal directions of oriented
energy express the hidden geometrical properties of the
matrix. These properties indeed lead to the principle of
optimal reconstruction in the minimal square-error sense
[24].

The following definition paves the way to the extension
of the concept of extremal directions of oriented energy to
the multivariate case.

Definition 4 [20] (n-mode oriented energy): the n-mode
oriented energy of an Nth-order tensor 7 in the direction of
a unit-norm vector x, denoted by OE,, (x, T), is the oriented
energy of the set of n-mode vectors, i.e.,

OE,(x, T) = ||x" T I )

Definition 4 actually allows one to reinterpret Eq. 8
according to the following property:

Property 1 [20] (oriented energy). The directions of
extremal n-mode oriented energy correspond to the n-mode
singular vectors, with extremal energy value equal to the
corresponding squared n-mode singular value.

Thus,

In

; 2 K
1T P =100 1= 3 (@0,)0) =D OB (i, 9, T (10)

i

As aresult, let 7 be a tensor obtained by removing from
T the components of the n-mode vectors in the direction
of an n-mode singular vector U (,)(1,, :) (i.e., the singular
vector that corresponds to the smallest n-mode singular
value). One has that

IT =TI = (0;")* = OEuUawy (U, ). T) (i

In general, 7 is not the best approximation in a square-
error sense. However, this approximation involves an error
that is known a-priori, i.e., ((Uln)zl;))z. Equation 10 proves
that the MLSVD actually provides a detailed geometrical
description of the energy distribution over the n-mode
vector space. In practice, for each mode, the associate
matrix defines the orthogonal directions in which the energy
is more propagated. Therefore, the MLSVD can be suitably
exploited in the design of a similarity notion.

A Novel Similarity Notion for Multi-way Data

The definition of a notion of similarity between a generic
multi-way pattern and a multi-way landmark is the first
step in designing the tensor-based similarity function. For
the sake of clarity, to exemplify the rationale behind the
proposed similarity notion and without loss of generality, let
a landmark, £, be a tensor of order 2: £ € RI*2_ As per
(3), L can be represented as follows:

L=LxiLix>Ls (12)

The properties of the SVD also allow to rewrite £ as
follows:

p p
L= %G u®v=>) oL (13)
i=1

i=1

where p is the rank of £, the eigenvalues o; are ordered in
decreasing level of magnitude, and the matrices L; define
an orthonormal basis in R/1*%2 for £. In general, a matrix
is univocally identified by the combination of eigenvalues
o; and the corresponding orthonormal basis. Moreover, the
matrices L; identify the most informative basis for the
original matrix in a square-error sense. As a result, the
following provides an optimal approximation of L (in a
square-error sense).

q
Z: = ZUiLi‘i’ withg < p, (14)
i=1

Conventional approaches to the assessment of the
similarity between a generic pattern X € R!*2 and a
landmark, L, usually rely on some metrics that compares the
eigenvalues and the orthonormal basis of X, {oiX X i}, with
the eigenvalues and the orthonormal basis of L, {oiL, I:l-}.
These approaches would require the computation of two
SVDs; instead, the similarity notion presented in this paper
exploits the basis of £ as a reference, thus projecting the
pattern X on the most informative set of basis for the
landmark. Accordingly, similarity is assessed by comparing
the eigenvalues al.L of £ with the pseudo-eigenvalues of X.

@ Springer
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The latter quantities can be formalized as the coefficients
6iX that support the following reconstruction of X :

p
X = Z&;‘Li, (15)
i=1

Extending this approach to tensors of any order is
feasible, under the hypothesis that the landmark £ €
RN X XIN hag a core tensor £ with non-null elements
only for iy = i, = ...I,,. In general, though, this condition
does not hold. Then, one can represent L either by relying
on Eq. 3, or as follows:

L I In
=33 Laize e in I 01% @ .01

il=lir=1 iy=I

1
= Zaﬁfji with I = L1 Lb...1y. (16)
i=1

In Eq. 16, ll(:) represents the i,th column vector of the

orthonormal basis L, ; the resulting tensors ﬁi define a basis
in RI1*12%-xIN ‘Equation 16 shows that to project a generic
pattern X € RI1>/2X-XIN onto the bases of £ one needs to
align the corresponding bases {X,; n = 1, ..., N} with the
bases L,; n =1, ..., N. Accordingly, let Xbea pseudo-core
tensor obtained by the multi-linear transformation of X by the
orthonormal bases L,, i.e., the bases that characterizes L:

X =X x; L} xa LS. xy LY, (17)

Xisa pseudo-core tensor, since it cannot be considered the
core tensor of X" in a rigorous sense. According to Eq. 5, the
core tensor X is obtained from the associate orthonormal
basis, X,;:

X=X x1 X} x2 X5.. xy XYy (18)
Anyway, X can be very useful if one addresses the goal

of assessing the similarity between £ and X'. In this regard,
it is convenient to rewrite (17) as follows:

X =X x Ly xo Lb... xy LYy = X x1 X1 x2 X»...
xyXn x1 LY xa L5... xy Ly = X x1 L' X,
xoL5X5... xny Ly Xy (19)

Equation 19 formalizes the relationship between X and

X. It is interesting to understand the role played by the

terms {L;X n}. One recalls that both L, and X, define
orthonormal bases; the corresponding basis vectors IE:)

and x;l'z) are indeed the eigenvectors that characterize the
corresponding subspaces. As a result,

[I1]lx1lcos(@11) ... [1llxy,]lcos(O11,)
Lix,=|: o
117, lx1|cos@p,1) ... |, [|xy,|cos(0,1,)

(20)

@ Springer

where 0;; is the angle between the basis vector I; and the
basis vector x ;. The subscript n has been omitted in the
single matrix elements for the sake of conciseness and
readability.

Equation 20 can be further revised by taking into account
that- by definition—|lg’)| = 1 and |x§:) | = 1. Therefore,
one can conclude that the following equation holds for the
mode-n unfolding of X, X{):

cos(611) ... cos(01,)

Xy = Ly Xu Xy = .. - Xy
COS(@]nl) A COS(Q[HIn)

2y

The above equation clarifies that the discrepancies
between X and the “actual” core tensor X stem from the
divergences between the bases L, and X ,. In particular, one
has that

cos(611)
L)X, =|: o =1 (22)
COS(Q[}ll) e COS(Q[MIH)

. cos(011,)

only if the eigenvectors /; and x; are parallel for any
1,..,1, and if I; is orthogonal to x; for any
couple (i, j). It is worth noting that X encompasses
the information provided by the n-mode eigenvalues of
X (as per (7)). As a consequence, one expects that X
combines this information with the relative alignment of
the eigenvectors of £ and X'. This is an important issue
because eigenvalues and eigenvectors may reveal details
on geometric patterns in tensors [25]. In the following,
Section “Toy Examples” analyzes this aspect by providing
some practical examples that help to further clarify the
characteristics of the proposed similarity notion. In terms of
energy realignment the pseudo-core tensor X has a simple
and clear explanation. It provides all the energy contribution
of the tensor X’ along the extremal energy directions of
L.

Interestingly, Eq. 20 resembles the well-known cosine
similarity function, as it involves the angle between the two
basis vectors. However, in the proposed similarity notion,
the terms {L! X,} implement a realignment of the tensor
along the directions selected by the eigenvalues, which is
an intermediate step in the computation of the similarity
notion. Thus, such terms do not implement the notion of
similarity by themselves.

i =

Toy Examples

In principle, the pseudo-core tensor of A, X , cannot be
expected to inherit the properties that characterize an actual
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core tensor. Thus, X usually is not an all-orthogonal,
ordered tensor, nor can the Frobenius norm ||)€(,,)(i,,,:
)|| be interpreted as a proper eigenvalue. The expression
(21), however, suggests that the quantities ||)?(n)(i,,,:
)M, G, = 1,.,1,) convey useful information on the
similarity between £ and X along the nth mode. A practical
example may prove useful.

First, let £ and X be images, i.e., tensors of order 2
(£, X € RI'*12) Then, one has

L =1L x| L x> Lo, (23)

X=X x; X1 x2 X, (24)

The images in Fig. la, b were used as the landmark,
L, and the datum, X, respectively. In fact, the second
tensor (image) was obtained by flipping vertically and
rotating the first one. These operations did not affect the
eigenvalues of the matrix L. Figure lc, d shows two
different reconstructions of X. Figure 1c was obtained as
follows:

X' =X x1L{ xo Ly, (25)

The reconstruction X’ exploits the original bases
provided by L (i.e., the eigenvectors of £); the eigenvalues
obviously stem from X. Figure Id, instead, gives the
eventual reconstruction of X obtained as follows:

X" =X x; Ly x5 Lo, (26)

The reconstruction X still exploits the bases provided
by L, but the eigenvalues stem from X (in fact, they are
“pseudo-eigenvalues™). Figure 1c shows that X’ = L. The
reconstruction X’ matches £ since the landmark and the
datum only differ in rotation. Therefore, £ and X share the
same eigenvalues (£ and L, respectively), although they do
not share the same bases. Conversely, the reconstruction X’
matches X’ (as per Fig. 1d). This, in turn, means that £ and
X do not convey the same information; i.e., they may reveal
the dissimilarity between £ and &'.

Figure le allows for further understanding of the role
played by X in the representation formalized in Eq. 23.
The reconstructions X’ and X correspond to two different
implementations of Eq. 23, which differ in the settings of
coefficients &iX .

In X, one uses the values ||/'\_f(1)(i, )|; instead, in X', the
coefficients are given by ||X~(1)(i , )|I. In the graph in Fig. le,
the x axis gives the index i, with i = 1, .., 10, whereas
black, white, and gray bars gives the values ||/'?(1)(i, )
I, ||)E'(1)(i, ), and ||[Z(1)(i, )|l respectively. The values
||£_(1)(i, |l and ||)E(1)(i, || correspond to the ten largest
eigenvalues of £(j) and Xy, respectively. As expected,

those values are ordered in decreasing order and are
pairwise identical. On the other hand, the components
||)2(1)(i, )| can be regarded as some “special” eigenvalues
that provide information about the process of reconstructing
X by using the set of basis £,; in fact, the ten components
are not strictly ordered from the largest to the smallest. A
pairwise comparison between the values ||/'\_f(1)(i, )l and
||)?(1)(i, )|l confirms that the relative weights assumed by
the corresponding ten components differ. This explains the
differences between X" and X”.

Figure 2 presents the results of a similar experiment. In
this case, £ (Fig. 2a) and X (Fig. 2b) are two completely
dissimilar images. Figure 2c, d shows the two different
reconstruction of X: X7, and X", respectively. X’ reveals
that £ and X do not share the eigenvalues (as expected); as
a result, the reconstruction somewhat mixes the landmark
with the datum. On the other hand, by definition the
reconstruction X’ matches X, since a realignment of the
basis has been involved. Thus, yet again, it is confirmed that
X and X convey different conclusions about the degree of
similarity beEween L and X' In this regard, Fig. 2e compares
the values || £1) (i, DI, | X1y (@, DIl, and || X1y, :)|| by using
the same format of Fig. le.

The availability of the similarity function introduced
above, in turn, allows one to extend the hypothesis space (1)
to tensorial data.

Tensor-Based Learning with Similarity
Functions

In this section, the overall tensor-oriented framework inher-
ited from the definition of (e, y)—good similarity func-
tion is proposed. In “Tensor-Based Similarity Function,”
the notion of similarity that support step 1 of Algo-
rithm 1 is presented. Section “Computational Cost” pro-
vides a computational analysis of the framework. Finally,
a comparison with the existing tensor-based frameworks is
proposed.

Tensor-Based Similarity Function

The non-symmetric tensor-based similarity function
K (X, £) evaluates the degree of similarity between a pat-
tern, X, and a landmark, £, by actually processing X and
L. By definition, any mode-n unfolding of £ encloses the
n-mode eigenvalues of £ (7); at the same time, Section
“A Tensor-Based Similarity Notion” proved that it is con-
venient to interpret the Frobenius norm ||2\?(n)(in, Dl as
an i,th n-mode eigenvalue. As a result, the two sets of
eigenvalues provide the inputs for a specific measure of
similarity between X and L.
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Fig.1 Assessment of the degree
of similarity between a
landmark and a pattern
according to the proposed notion
of similarity, first example: a
landmark £; b pattern X'; ¢ X”;
d X”; e a plot that shows the ten
largest eigenvalues of )?(1)
(black bars), X{}) (white bars),
and E_(l) (gray bars)

eigenvalues value

(a) (b)

The Algorithm 2 outlines the computation of K (X, £).  informative eigenvalues. To ensure flexibility, an adaptive
After working out £ and X as per steps 0 and 1, step  set size, {,), should be set for each mode, n. In step 4, the
2 collects the associate n-mode eigenvalues in 261) = resulting eigenvalues feed the metric procedure that works

{0i,)iin = 1, ..., I} and ZEY) = {Gi,myiin = 1, I} out the actual result. The goal of the proposed similarity
n 9 9 *e0 n n 9 9 ey b . .
A pruning procedure at step 3 discards the least ¢,y ~ Mmeasure is the measure of the extremal energy magnitude

@ Springer



Cogn Comput (2019) 11:31-49 39
along the directions of the landmark. With this rationale, it where
is sufficient a comparison between the eigenvalues and the P
. N In—¢w)
seudo-eigenvalues: o o
p g Z Z ( iy (n) — Oip(m))” l,,(n)) (28)

2
— —1 27

KX, L) =

Algorithm 2 Computation of the tensor-based similarity
function

Input

— amultiway pattern X' e R/1>/2xxIn

— amultiway landmark £ e RI1x/2x-xIy
—  pruning parameters {;)(n =1, ..., N)

0. Initialize

decompose L to obtain

— acore tensor £_
—  the orthonormal bases L,,(n =1, ..., N)

1. Psudo-tensor
compute the pseudo-tensor of X

X =X x Ly x; L,... xy L

2. Eigenvalues
1. extract the n-mode eigenvalues from L_(n =1,..,N)
E(En) = {01, () in = 1, s I}, where i,y = L (in, )l

2. extract the n-mode eigenvalues from X mn=1,..,N)

2% = iy in = 1 s In}, where &,y = | Xy (in. )|

3. Pruning

for each mode, drop the last () eigenvalues (with
Ly < Ip)

- g(n)}»
E(/:f) = {Ui,,(n)§ in=1.,1,— {(n)}

251) = {oi,);in =1, ... Iy

4. Similarity
compute the similarity

KX, L) = -1

- 1+8

where

Sy (O (1) =G (m)?
8 — n n
Z” 1 Z’"_l i () “Oin (n)

nel i=1 Finm) - Ty (n)

The above metric compares the pairs (oj, ), Gi, 1))
which stem from aligned basis constituted by the extremal
energy directions, and thus can characterize the degree of
similarity between £ and X, as showed in “A Tensor-Based
Similarity Notion”. The normalization term plays a crucial
role in (28), as the eigenvalues in general can span a wide
range of values. Thus, without a normalization term, one
would face the risk of assessing § by using only the 2 or 3
largest eigenvalues for each mode.

Remarkably, the proposed similarity function involves
only one hyper-parameter per mode, i.e., the pruning
parameter ;). It is worth noting that the parameters
{¢wy;n = 1,.., N} support a dimensionality reduction
process that applies to the MLSVD-based characterizations
of the pattern and the landmark. Such approach differs from
the one implemented by standard dimensionality reduction
process, such as latent semantic analysis (LSA) [26], which
addresses vector spaces. In that case, SVD is used to
capture the global characteristics of the whole training set.
Conversely, the proposed similarity notion exploits MLSVD
to obtain a suitable representation of the pattern itself (in
a tensor space). This in turn means that one can better
capture the specific properties of the single pattern. On
the other hand, the risk of facing over fitting is higher.
The pruning parameters are indeed designed to inhibit such
problem.

The availability of the tensor-based function extends the
hypothesis space (1) to tensorial data. Accordingly, one
can apply Algorithm 1 to tensor-oriented problems directly
and without any adjustment. In the research presented here,
Step 2 in Algorithm 1 completes by solving a standard
regularized least squares (RLS) [22] problem in the space ¢.

Computational Cost

The above framework exhibits a common schema with
the kernel-based framework for tensorial data introduced
in [18]. The latter approach virtually extends any kernel
machine to a tensor-based kernel machine. This goal
is achieved by designing a suitable kernel that can
exploit the algebraic structure of tensors. The decision
function can then be learned by solving a single convex
optimization problem. The proposed framework, in fact,
exploits similarity functions to replace kernels, and the
decision function can learned by solving a single RLS
problem.

A comparison of the relative computational complexities
reveals the basic difference between the two approaches. In
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Fig.2 Assessment of the degree
of similarity between a
landmark and a pattern
according to the proposed notion
of similarity, second example: a
landmark £; b pattern X’; ¢; X’
d X e a plot that shows the ten
largest eigenvalues of )2(1)
(black bars), X{}) (white bars),
and E_(l) (gray bars)

[18], the kernel function ¢ (X, P) that processes two generic
tensors X', P is formulated as follows:

N
X, P)=]]e" . P)

n=1

@ Springer
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(b)

IS
=}

8

~ X ~P
Z= (V(n))t(V(n))’

e (X,P) =exp (—(%(1,, - trace(ZtZ))) , (30)
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A X
In the expression (31), V, is the matrix computed by
applying SVD to X, as per (4), and is obtained by picking

~ X
the first r columns of V,, with r = rank(Xp)). A

similar procedure applies to VZ). Thus, the computation
of ¥ (X, P) requires a set of 2N SVDs (as both X and P
are processed). Then, two matrix products for each ¢ (X, P)
must be performed. Therefore, the cost Okp associated to
the computation of ¢ (X, P) is as follows:

Okr =2-N-Osyp+2-N-Owmp (32)

For the training of the overall kernel machine, one uses
¢(e, @) to compute the symmetric kernel matrix. Thus, the
computational cost Otgk associated to the kernel building
can be estimated as follows:

O16k = Z-N - Osyp+ N - Z% - Owp (33)

The implementation of the kernel-based decision func-
tion requires a set of Z inner products ¢ (e, @), involving the
test pattern versus all training patterns. On one hand, the
MLSVD result of each training pattern is computed offline
and is stored in memory; however, the MLSVD of the test
pattern has to be worked out online. Thus, the computational
cost Otk associated to such step is as follows:

Otk =N -Osyp+2-N-Z-Owp (34

In the proposed framework, the computational complex-
ity associated to the similarity function K (X, £) can be
estimated easily (as per Algorithm 2). One first needs a set
of N SVD procedures to complete Step 0. Then, N matrix
products are required to compute X (Step 1). The computa-
tions involved by subsequent steps are negligible in terms of
computational complexity as compared with Step 0 and Step
1. The overall cost, OsF, associated with the computation of
(X, L) is as follows:

Osg = N - Osyp + N - Omp (35)

One might argue that associating a uniform cost, Osyp,
to any SVD is incorrect, since each unfolding of £
has its own size, which in turn affects the subsequent
SVD. The same consideration applies to Omp. This issue,
however, only gets relevant when one wants to formalize the
relationship between Osf and (11, 17, .., I;)).

To address the training of eventual predictor (1), one
applies K (X, £) to complete the mapping of the input
patterns in the reduced space RL. Thus, as per Step 1 of
Algorithm 1, one completes a set of L MLSVDs (one
for each landmark). Then, the Z input patterns are finally
remapped. In summary, the cost of the prediction training is
as follows:

Orgs =L-N-Osyp+L-Z-N-Owmp 36)

This means that Orgs = Otk when, in Algorithm 1,
one sets all training patterns as landmarks (i.e., L = Z).

After training is completed, the implementation of the
decision function (1) only requires the availability of the
landmark bases L,, which are stored in memory. This is
a major difference with respect to the decision function
proposed in [13]. Thus, when a test pattern is classified, the
computational cost associated to the mapping stage is

Clearly, Otts can prove significantly lower than Ortxk,
which is made heavier by the need of computing the
MLSVD of the test pattern [24]. This aspect becomes
crucial when targeting the implementation of the predictor
on a digital architecture, since the SVD can prove quite
demanding in terms of computational complexity.

Orrs =L - N - Oump. 37
Comparison with Existing Literature

The proposed framework exhibits distinctive features
as compared with existing approaches to tensor-based
learning. First, the framework differs from conventional
approaches that complete learning by an iterative process
[13-16]. In general, these approaches solve a convex
optimization problem at each step; hence, the learning
processes are characterized by a huge computational cost.
Nonetheless, one should deal with the setup of free
parameters related to the convergence criterion.

SHTM [17] reformulates the iterative approach imple-
mented by supervised tensor learning (STL) [14] to the
purpose of obtaining a framework that inherits the linear C-
SVM format [17]; as a result, the eventual learning process
involves a single, standard convex optimization problem.
The SHTM framework exploits CANDECOMP/PARAFAC
(CP) [27] decomposition to suitably implement the inner
product between tensors, which are replaced by their rank-
one decomposition. Thus, a comparison between SHTM
and the proposed framework reveals two basic differ-
ences: first, SHTM uses tensor decomposition specifically
to address the inner product computation in a SVM-based
learning scheme; secondly, SHTM yields a predictor that
requires a (computationally demanding) decomposition also
for classifying a test pattern at run time. Tensor decom-
position also plays a role in projection learning methods
[10-12], which aim at learning bases that can suitably cap-
ture manifolds in a training set. Most of such approaches
convey a minimization problem over the entire training set.
The proposed framework, instead, by applying MLSVD in
conjunction with landmarks attains two goals: the manifold
proprieties of the training corpus are characterized, and the
peculiar properties of each pattern are preserved. Algorithm
2 tackles the risk of overfitting by a pruning mechanism on
the eigenvectors (as per Step 3).

Convolutional neural networks (CNNs) [28] are indeed
designed to deal with nth order tensors by exploiting
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convolutional operations. The main advantage of CNNs
with respect to shallow architectures (i.e., all the paradigms
considered in this paper) is the hierarchical organization of
the information supported by the multi-layer outline. This
feature proves very effective in domains where patterns
embeds structured information, e.g., image processing
and video processing. On the other hand, CNNs are
computationally demanding and requires very large datasets
for the training phase. Thus, shallow architectures represent
the only viable option when one targets implementations on
resource-constrained devices.

Experimental Results

The experimental verification of the proposed paradigm
aimed at evaluating the accuracy of the tensor-based
learning scheme derived from the theory of similarity
function. The overall framework was tested on seven
classification problems involving multi-way data. The first
problem used a synthetic dataset that had already been used
in [18] for estimating the performance of the tensor kernel
(29). The other six problems addressed real-world domains,
namely, ETH-80 [29], Yale faces [30], Flower [31], KTH
[32], Cambridge hand festure [33], and gas sensors [34].

The experiments were all designed to assess the
generalization performance of the proposed tensor-based
classifier. At the same time, the tests supported comparisons
with three alternative solutions: SHTM [17]; a support
vector machine (SVM) that processed multi-way data by
relying on the tensor kernel (29); a standard SVM that first
remapped multi-way data into vector representations and
then adopted the conventional RBF kernel. The first two
solutions refer to state-of-the-art approaches that address
tensor-based learning by involving a single, standard convex
optimization problem. The latter solution allows one to
understand the performance of a conventional approach to
the problem.

In each experiment, the proposed framework, SHTM, the
tensor-based SVM, and the basic SVM were compared by
defining a common set up for the range of admissible values
of the following:

— A, ie., the regularization parameter (C =
SVM’s)

— o0, i.e., the hyper-parameter of both the standard RBF
kernel and the tensor kernel (29)

— R, i.e., the rank parameter of SHTM

1/A for

The following settings were adopted:

- xef{l-107%,1-107,1-107%,1-1073,1-1072,1 -
1071, 1,1-10',1-10%,1-103%,1-10% 1-10°, 1 - 109}

@ Springer

- o0e{l1-107%1-107%,1-107%,1-1073,1-1072,1 -
1071, 1,1-10",1-10%,1-10%,1-10%, 1-10%, 1 - 10%)
- Re{l1,2,3,4,5,6,7,8,9, 10}

Conventional model-selection procedures always drove
the run-time settings of {A, o} (or {A, R}) for evaluating
generalization performance on unseen test data. In the
case of the proposed framework, model selection also
supported the setting of the pruning parameters, ¢(,) , used
in Algorithm 2; in addition, all the patterns included in the
training set served as landmarks (i.e., L = Z).

The following sections present the results of the
experimental sessions and address the performance of the
three different solutions on each dataset.

Synthetic Dataset: Classification of Sparsity Patterns

The first domain addressed the classification of third-order
tensors characterized by two different types of sparsity
patterns. This synthetic dataset was used in [18] for
demonstrating the generalization performance of a SVM
adopting the tensor kernel (29).

The patterns were generated as follows. Let e; € R!
denote the jth canonical basis vector with ej; = 1if i = j
and ejj = 0 otherwise. In addition, let D; € R"*/*/ be the
rank-1 tensor defined as: D; = e¢; ® e; ® e. Then, the mth
pattern, A},,, was computed as follows:

X, = { amD1 + by Dy + e D3 + Gy, if y = 1. (38)

amDa + by D5 + ¢y Do + G, if)’m =—1.

In Eq. 38, ay,, by, and ¢, were i.i.d. from a zero-mean
Gaussian distribution with variance 1 — ,32; G,» wWas a noise
tensor, whose entries were i.i.d. from a zero-mean Gaussian
distribution with variance 2.

The experimental dataset was generated by adopting
I = 3 and B> = 0.05. Each experiment conveyed a
binary classification problem with a balanced training set
and a balanced test set. The size of the training set took
on the values {10, 20, 50, 100, 200}; the test set always
included 100 samples. For each size of the training set, ten
different runs were completed, requiring ten different pairs
of training/test sets.

Table 1 gives the experimental outcomes obtained: rows
relate to the size of the training set; columns refer to
the four classifiers. The performance was assessed by
averaging the classification error (expressed in the range
[0, 1]) over the ten runs; the associate standard deviation
is given in brackets. Empirical results point out that the
proposed framework outperformed both SHTM and the
standard SVM. The SVM based on the tensor kernel only
outperformed the proposed framework when very limited
training sets were involved.
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Table 1 Synthetic dataset:

results of the experimental Size Proposed framework
session: the four algorithms are
compared in term of average 10 0.005 (0.009)
accuracy (%) paired with 20 0.003 (0.004)
standard deviation 50 0.000 (0.001)

100 0.000 (0.000)

200 0.000 (0.000)

SHTM Multi-way SVM Standard SVM
0.3275 (0.087) 0.000 (0.002) 0.172 (0.085)
0.3285 (0.058) 0.000 (0.002) 0.081 (0.056)
0.3185 (0.057) 0.000 (0.002) 0.023 (0.019)
0.3595 (0.067) 0.000 (0.000) 0.012 (0.010)
0.3605 (0.063) 0.000 (0.000) 0.006 (0.007)

ETH-80

The ETH-80 database [29] contains images of objects
grouped into eight categories (apples, pears, tomatoes,
cars, cups, cows,horses, dogs). Each category covers ten
objects that span large in-class variations, while still clearly
belonging to the category. Each object is represented by
41 color images, which correspond to as many viewpoints
equally spaced over the upper viewing hemisphere. All
images are sized 128 x 128 pixels. Accordingly, each of
them is represented as a third-order tensor R!28x128x3,

The session was designed to evaluate the performance
on the several pairwise binary problems that stem from this
dataset. Each experiment targeted the classification problem
“category A” versus “category B”; hence, a total of 28 tests
were completed to cover all combinations.

In each experiment, six objects were randomly drawn and
included in the training set (three for each category); thus,
the training set held 6 x 41 = 246 patterns. The test set
included one randomly extracted object per class, for a total
of 2 x 41 = 82 test patterns. The training set and the test
set never shared any pattern. Ten runs per experiment were
completed, requiring ten different pairs of training/test sets.

Figure 3 shows the results of the overall set of
experiments. In the graph, the x-axis marks each binary
classification problem, whereas the y-axis gives the average
classification error over the ten runs (expressed in the range
[0, 1]). For the sake of clarity, the graph plots—for each
single experiment— two quantities: the classification error
scored by the proposed framework (black thick line) and the
best classification error achieved among the three remaining
frameworks (dashed gray line). The graph points out that
the proposed approach was never outperformed by state-of-
the-art approaches. In several cases, the classification error
scored by the proposed approach was significantly smaller.
To amplify on that, Table 2 provides a detailed analysis of
these results, aimed at assessing the statistical significance
of the results from each experiment. In a given test, predictor
A was considered “better than” predictor B only if

pma+0a/~10 < ip —op/~10

where it and ¢ are the sample mean and the sample standard
deviation, respectively, worked out on the ten classification

(39)

errors. The expression (39) takes into account the standard
error in the computation of the average classification error
(i.e., the sample mean). The columns of Table 2 give the
following quantities:

— vp: the number of experiments in which the proposed
framework proved to be the best predictor, as per (39);

— vpNE: the number of experiments in which the proposed
framework still scored the lowest classification error,
but (39) did not hold.

— vpH: the number of experiments in which the proposed
framework proved better than SHTM, as per (39);

— vpr: the number of experiments in which the proposed
framework proved better than tensor kernel SVM, as per
(39).

— vps: the number of experiments in which the proposed
framework proved better than standard SVM, as per
(39).

— ug: the average improvement in classification error
attained by the proposed framework. This quantity was
computed by considering only the vp experiments in
which the method proved to be the best predictor. The
gain always referred to the second-best comparison.

0.25

——proposed framework
best alternative solution

o

g " o

- a S
:

average classification error

©
o
a

0 5 10 15 20
experiments

Fig. 3 ETH-80 dataset: results of the 28 experiments on binary

classification. The graph compares, for each experiment, the proposed

framework with the best solution achieved among state-of-the-art
frameworks

@ Springer



a4

Cogn Comput (2019) 11:31-49

Table 2 ETH-80 dataset: analysis of the results of the experimental
session

Table 3 Yale faces dataset: analysis of the results of the experimental
session

VB VBNE VBH VBT VBS "G

VB VBNE VBH VBT VBS "G

12(42.8%) 16(57.1%) 16(57.1%) 17(60.7%) 15(53.5%) 0.05

15(14.3%) 81(77.1%) 22(20.9%) 105(100%) 25(23.8%) 0.06

The table also provides—in brackets—the same quan-
tities expressed as percentage over the total number of
experiment. The results confirm the effectiveness of kernel-
based learning with similarity functions, which in almost
half of the experiments scored as the best overall predictor;
the average gain in classification error was 0.05.

Yale Faces

The Yale face database [30] contains 165 grayscale images
of 15 individuals. There are 11 images per subject, 1 per
different facial expression or configuration. All images have
size 243 x 320 pixels; the present experimental session,
tough, exploited the processed data set already used in [35].
Accordingly, each image was represented as a second-order
tensor RO4*64,

The experimental session addressed the binary classi-
fication problems “subject A” versus “subject B” (105
experiments in total). In each experiment, the training set
was generated by randomly drawing nine images per class;
the test set included the remaining two images per class.
The training set and the test set never shared any pattern.

0.15 . - , . .
——proposed framework
----- best alternative solution

o
-

o
o
o

average classification error

experiments

Fig. 4 Yale faces dataset: results of the 105 experiments on binary
classification. The graph compares, for each experiment, the proposed
framework with the best solution achieved among state-of-the-art
frameworks
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A total of ten different runs per experiment were com-
pleted; hence, ten different training/test pairs of sets were
generated. Figure 4 gives the results of the overall set of
experiments and uses the same the format as per Fig. 3.
The x-axis marks single experiments; the y-axis gives the
classification error on the test sets. The plot shows that
the proposed approach was never outperformed by state-of-
the-art approaches. Indeed, Table 3 provides further details
on the experimental outcomes by using the same descrip-
tors as per Table 2. The proposed framework often scored
the lowest classification error; nonetheless, frequently, the
second-best predictor was very close to such performance
(as per BNE). This result may indicate that the Yale faces
database does not provide a very challenging problem in
general.

Flower

The flower database [31] gathers images for 17 different
categories of flowers; 80 color images per category are
provided. The images were characterized by changes in
scale, pose, and light variations; in addition, a single
class may include images with a single flower in the

——proposed framework
|**==* best alternative solution

average classification error

30 40
experiments

Fig. 5 Flower dataset: results of the 66 experiments on binary
classification. The graph compares, for each experiment, the proposed
framework with the best solution achieved among state-of-the-art
frameworks
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Table 4 Flower dataset: analysis of the results of the experimental
session

VB VBNE VBH VBT VBS "G

36 (55.4%) 22 (33.8%) 47 (72.3%) 58 (89.2%) 46 (70.8%) 0.06

foreground, as well as images with groups of flowers of
the same class. In the experimental session, the database
was pruned by only keeping those images having one
flower in the foreground. As a result, five categories had
to be removed from the database, since the number of
acceptable pictures was too small. All the pictures were
resized to obtain a unique format (150 x 150 pixels).
Thus, each pattern was represented as a third-order tensor
RISOXISOX?’.

The experimental session evaluated the performances
on the binary classification problems “category A” versus
“category B” (66 experiments in total). In each test, the
training set was generated by randomly drawing 20 patterns
per class; the test set included 10 random patterns. The
training set and the test set never shared any pattern. A
total of ten different runs per experiment were completed;
hence, ten different training/test pairs of sets were
generated.

Figure 5 gives the results of the overall set of exper-
iments with the same format used in Fig. 3. The graph
points out that the proposed framework often compared
favorably with state-of-the-art frameworks. Table 4 pro-
vides a deeper statistical analysis of the experimental out-
comes with the usual descriptors. The table confirms the
effectiveness of proposed framework, which scored as the
best overall predictor in more than half of the experi-
ments. In addition, the average gain classification error was
0.06.

KTH

The KTH database [32] includes six types of human actions
(walking, jogging, running, boxing, hand waving and hand
clapping) performed by 25 subjects. Four different scenarios
were involved: outdoor, outdoor with scale variation,
outdoor with different clothes, indoor. All sequences were
taken over homogeneous backgrounds with a static camera
(frame rate: 25 fps). In the original database, the frame size
was 160 x 120 pixels; the length of the videos varied. In the
present experiment, the videos were all resized to 30 x 30
pixels. Accordingly, each pattern was represented as a third-
order tensor R39%30x/ " yith I varying according to each
video.

0.25 T T T T
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Fig. 6 KTH dataset: results of the 15 experiments on binary
classification. The graph compares, for each experiment, the proposed
framework with the best solution achieved among state-of-the-art
frameworks

The experimental session evaluated the performance
of the proposed framework on the binary classification
problems “action A” versus “action B” (15 experiments in
total). In each experiment, the training set was generated by
randomly drawing 30 patterns per class; the test set included
10 random patterns per class. The training set and the test
set never shared any pattern. / was always set according to
the shortest sequence included in the experiment (training
and test); all the sequences originally including a number
of frames greater than / were edited by removing all frames
after the /th one. Ten different runs per experiment were
completed; hence, ten different pairs of training/test sets
were generated.

Figure 6 gives the results for the overall set of
experiments with the same format used in Fig. 3. The graph
confirms the reliability of the proposed framework. Table 5
gives further statistical parameters and points out that the
proposed framework scored the lowest classification error
in 14 experiments out of 15 (best predictor in 7 experiments
out of 15 if one only consider B); the average improvement
in classification error was 0.04. Table 5 indeed shows that
only the tensor-based SVM did proved better than the
proposed approach in a few tests. Conversely, both SHTM
and the basic SVM never attained the performances scored
by the proposed approach.

Cambridge Hand Gesture

The Cambridge hand gesture database [33] includes 900
image sequences that stemmed from 9 gesture classes.
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Table 5 KTH dataset: analysis of the results of the experimental
session

Table 6 Hand gesture dataset: analysis of the results of the
experimental session

VB VBNE VBH VBT VBS "G

VB VBNE VBH VBT VBS "G

7(46.7%) 7(46.7%) 14 (93.3%) 7 (46.7%) 15(100%) 0.04

383%) 15@1.7%) 350972%) 3(83%) 34(94.4%) 0.04

The 9 gestures were defined by 3 primitive hand shapes
and 3 primitive motions. Each class contained 100 image
sequences, which had been recorded by involving 2
different subjects, 10 arbitrary motions, and 5 different
illuminations. Each sequence was recorded in front of a
fixed camera having roughly isolated gestures in space
and time. In the present experiment, images were all
resized to the uniform format 40 x 40 pixels. As
a result, each image sequence was represented as a
third-order tensor R*0*40%!  Actually, I varied for each
sequence.

The session followed the approach commonly applied in
the literature for this dataset and evaluated the performance
of the proposed framework on the binary classification
problems “gesture A” versus “gesture B” (36 experiments
in total). For each experiment, a training set was generated
by including all the image sequences captured with the
plain illumination setting (20 patterns per class). The
corresponding test set included all the image sequences
captured with the remaining illuminations (80 patterns
per class). In each experiment, / was set according to
the shortest sequence included in the dataset (training

0.12 T T T T

——proposed framework

===+ best alternative solution
01r |

T

0.08

0.06

T

earmessTenen
———————
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Fig. 7 Hand Gesture dataset: results of the 36 experiments on binary
classification. The graph compares, for each experiment, the proposed
framework with the best solution achieved among state-of-the-art
frameworks
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and test). As a result, all the sequences originally
including a number of images greater than [ were
subsampled.

Figure 7 gives the results of the overall set of experiments
and uses the same the format as per Fig. 3. The x-axis
marks single experiments; the y-axis gives the classification
error on the test sets. The results show that, in this case, the
proposed framework gained the role of best predictor only
in few experiments. Table 6 provides further insights on
the experimental outcomes. In the present setup, however,
the standard error associated to the classification error
was null, since experiments did not involve multiple runs.
The quantity B just counted the experiments in which
the proposed framework scored the lowest classification
error; the quantity BNE counted the cases in which the
proposed framework proved to the best predictor as well
as another predictor (featuring the same classification
error). The table proves that, again, only the tensor-
based SVM was able to compete with the proposed
framework.
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Fig. 8 Gas sensor dataset: results of the 16 experiments on binary
classification. The graph compares, for each experiment, the proposed
framework with the best solution achieved among state-of-the-art
frameworks
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Table 7 Gas sensor dataset: analysis of the results of the experimental
session

VB VBNE VBH VBT VBS "G

0(0.0%) 4(267%) 7(46.7%) 0(0.0%) 2(13.3%) 0.0

Gas Sensors

The gas sensors database [34] includes 13,910 measure-
ments from 16 chemical sensors exposed to 6 gases at
different concentration levels. The single measurement pro-
vided the response of the sensors when exposed to a given
gas at a given concentration; 8 features per sensor were
used. The measurements were gathered during 36 months.
In the present experimental session, the data stemming from
a single measurement were organized as a second-order ten-
sor R1©*8 (ie., the 16 sensors with the corresponding 8
features). Experiments addressed the binary classification
problem “gas A” versus “gas B” (16 experiments in total).
Thus, concentration levels were not involved in the experi-
ment. The balanced training set always included 25 samples
per class; the test set included 100 samples per class. Ten
runs were performed; in each run, the training set and the
test set were generated by randomly sampling the available
dataset. The training set and the test set never shared any
pattern.

Figure 8 gives the results of the overall set of experiments
and uses the same the format as per Fig. 3. The x-axis
marks single experiments; the y-axis gives the classification
error on the test sets. The results show that, in general,
the proposed framework achieved the performance scored
by the best solution among the three competitors. In fact,
only in a few cases one of the competitors was able to
slightly outperform the proposed framework. Table 7 gives
further statistical parameters and confirms that the proposed
framework never proved to be the best overall predictor with
a statistical significance.

Conclusion

This paper investigated how the theory of learning with
similarity functions can support the development of a
cognitive-inspired framework that deals with multi-way
data inherently. The design of an original, effective notion of
similarity between tensors indeed represents the core feature
of the proposed research.

The notion of similarity is built on the decomposition
of a tensor into two components: the core tensor and the

corresponding orthonormal basis. The degree of similarity
between a pattern and a landmark is then assessed by taking
into due account the alignment between the respective basis.
This, in turn, means that similarity is not just estimated by
conventionally comparing the standard n-mode eigenvalues
of the two tensors; this procedure in fact can only provide
partial information on the degree of resemblance between
the tensors. Nonetheless, it is worth to note that the proposed
framework can utilize MLSVD to characterize the intrinsic
structural properties of each single landmark; as a major
result, one can more reliably capture the underlying domain
distribution.

Experimental results confirm the effectiveness of the
proposed framework, which compared favorably with both
a basic SVM and two state-of-the-art frameworks that
can inherently process tensors: SHTM and the tensor-
based SVM classifier model presented in [18]. Only the
latter predictor proved able to compete with the proposed
framework in terms of classification performances. This
paper, though, showed that the proposed framework can be
more effective in terms of computational costs.

Future research work will address the design of
new tensor-based similarity functions, to the purpose of
enlarging the collection of available similarity notions. This
will increase the ability of the proposed framework to
tackle an even larger variety of application domains that
require real-time multi-way data processing, including OCR
[36], image processing [37], and common sense reasoning
[38].
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Appendix

Unfolding is the process of reordering the elements of a
tensor 7 € RI*DXXIN jnto a matrix T € RP*€2, where
PxQO=Lxbhx..xIy.

The mode-n unfolding of 7, 7,), defines a specific
instance of such a procedure [20]. Accordingly, 7, €
RInIil2ln—tlui1--IN and the reordering process follows the
scheme exemplified in Fig. 9. In the example, a third-order
tensor 7 is unfolded in the matrices 7(1y, 7(2), and 73).

@ Springer
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Fig. 9 Unfolding of a third-order tensor

The mode-1 unfolding 71y is obtained by first partitioning
the original tensor according to the slices 7 (:, :, i3). Then,
the eventual matrix is created by placing side-by-side the
slices in the original order. Likewise, 72y and 7(3) are
obtained by partitioning the original tensor according to
the slices 7, i2,:) and T (iy,:, i3), respectively. Such
scheme can be easily extended to a generic tensor of
order N.
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