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Abstract

Purpose—It is well known that a sliced ring of arterial wall
opens by a radial cut. An axial strip sectioned from arterial
wall also curls into an arc. These phenomena imply that there
exist residual strains in the circumferential and axial direc-
tions. How much do the axial residual strains affect the stress
distributions of arterial wall? The aim of the present study is
to know stress distributions of arterial wall with the residual
strains under the passive and constricted conditions.
Methods—We analyzed the stress distributions under passive
and constricted conditions with considering a Riemannian
stress-free configuration. In the analysis, we used strain
energy functions to describe the passive and active mechan-
ical properties of artery.
Results—The present study provided distributions of stretch
ratio with reference to the stress-free state (Riemannian
stress-free configuration) and stress with and without the curl
of axial strip of a homogenous cylindrical arterial model
under the passive and constricted smooth muscle conditions.
The circumferential and axial stresses with activated smooth
muscle (noradrenaline 10�5 M) at the intraluminal pressure
16 kPa and the axial stretch ratio 1.5 with reference to the
unloaded vessel decreased by 3.5 and 13.8% at the inner
surface with considering the axial residual strain, respec-
tively.
Conclusions—We have shown that the Riemannian stress-
free configuration is appropriate tool to analyze stress
distributions of arterial wall under passive and activated
conditions with the residual stresses.

Keywords—Arteries, Residual strains, Stress distributions,

Smooth muscle constriction.

INTRODUCTION

Residual stress in arterial wall has been well
known.3,8,9,23,25,26,31,32 In the earlier studies, the resid-
ual stress relieved by a radial cut from the sliced ring of
the arterial wall was noted. There is an important
application of the residual stress to a lumen collapse of
artery7 depending on the axial stretch. On the other
hand, the residual strain relieved by curl of axial strip
has been also found.10,13,34 In the stress analysis for
arterial wall, we must consider both the residual
deformations to know the precise stress distributions
even under physiological conditions34 and the residual
stresses might have effect on the instability of shape of
artery (collapse and buckling).

Mechanical properties of arteries with constricted
smooth muscles have been also well studied for a long
time,4–6,20,29 although anisotropic constitutive laws
have been recently proposed as phenomenological or
chemomechanical model.1,14,18,22,24,33 Earlier studies
have often used strip specimen of arteries but the re-
cent studies have performed experiments on intact
arterial segments because these are more natural
mechanical loading. And more precise experiments
have performed on the separated two layers (adventitia
and media) because the smooth muscle cells mainly
exist in the media. However, the difficulty of experi-
ments is significantly increased and there are only a
limited kind of arterial specimens for experimentation.
As far as the author knows, only the human arteries
under passive condition10,12,13 and porcine coronary
arteries16,17 have been tested in the multilayer models.

The objective of the present study is to clear the
effect of the axial residual strain on the distributions of
stretch ratios and stresses through the wall thickness of
the arterial wall under the passive and constrictedAddress correspondence to Keiichi Takamizawa, Tokyo, Japan.
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smooth muscle conditions. In the stress analysis with
smooth muscle constriction induced by agonist, we
need the constitutive laws of the passive and activated
conditions. In the present study, a strain energy density
function for the active stresses was proposed. This is a
phenomenological function for which the material
parameters were determined by the biaxial pressure
loading experiments considering the stretch ratio and
stress distributions. This function is described in a
sense of general tensor analysis, i.e., it is applicable to
the case of including shear strains. An experimental
result of the relaxation of axial strip with the vaso-
constrictor in canine artery20 will be qualitatively ex-
plained using the present strain energy functions for
the rabbit artery.

METHODS

Experiments

Data of ten common carotid arteries of five rabbits
in a previous paper24 were used for analyses. In the
present article, a typical specimen will be analyzed on
the distributions of stretch ratios and stresses in the
vessel wall in details. The mechanical properties under
passive and constricted with noradrenaline (NA) con-
ditions were measured.

First an arterial specimen was set in Krebs solution
at 37 �C aerated with a mixture gas of 5% CO2 and
95% O2. It was maintained at the axial stretch ratio 1.5
and intraluminal pressure 100 mmHg for 30 min and
then the pressure decreased and increased several times
between + 0 and 200 mmHg to obtain the
stable pressure-diameter and pressure-axial force
loops. The last loops were adopted as the passive
mechanical data. Second the intraluminal pressure was
maintained at 100 mmHg for about 10 min and then
NA was injected by one shot into the organ bath up to
NA concentration of 10�5 M. When the diameter
decrement was saturated, the pressure was decreased
+ 0 mmHg and then increased 200 mmHg. The data
of intraluminal pressure, external diameter, and axial
force were stored on PC via A/D convertor. The
maximal constriction of smooth muscle cells of arteries
is obtained with Krebs solution at NA concentration
10�5 M and saturated above this concentration. The
mean of experimental data from ten specimens was
shown in the paper.24

In the present study, the opening angles of ring
specimen due to a radial cut and curl of axial strip
from the study34 on a porcine common carotid artery
had to be used because in the experiments of the rabbit
arteries residual deformations were not measured.
Radii of the ring specimen opened and axial arc were

estimated from results of the present study accounting
for the inner and outer diameters of the rabbit under
the unloaded condition. The rabbit common carotid
arteries could not be separated into adventitia and
media. We performed the experiments and analyses
assuming the one-layer homogeneous model.

Riemannian Stress-Free Configuration

Let B denote a set of material points considered and
E3 the three-dimensional Euclidean space. We shall call
a map v from B into E3 a configuration.30 A current
configuration is defined as a map vt at a current time t.

We introduce a curvilinear coordinate system xi; gij
� �

where i, j are integers 1, 2, or 3, xi denote coordinates
and gij components of a metric tensor. For a material
point p 2 B, vt is defined as a map ðp; tÞ7!x where

x ¼ ðx1; x2;; x3Þ. This is represented as x ¼ vtðpÞ. In the
following we shall omit t because we treat only an
equilibrium problem. A configuration for the unloaded
state is denoted by j. For the unloaded state we

introduce a curvilinear coordinate system na; cab
� �

.

The material point p 2 B is mapped as

n ¼ n1; n2; n3
� �

¼ jðpÞ. In general, the unloaded

material body jB with a metric tensor cab has residual

stress. However, a metric tensor with components gab
may be defined over jB to obtain the stress-free state.
In this case the infinitesimally small distance ds
between two points in the stress-free configuration can

be determined with ds2 ¼ gabdn
adnb. We shall call the

body jðBÞ with a metric tensor gab a Riemannian

stress-free configuration. The Riemannian stress-free
configuration may not be generally Euclidean27,28,36

because the Riemann-Christoffel tensor may not van-
ish over the body jðBÞ as shown in Appendix.

Because we treated a thick-walled cylindrical vessel,

a cylindrical coordinate system x1 ¼ h, x2 ¼ z, and

x3 ¼ r with components of a metric tensor

g11 ¼ ghh ¼ r2, g22 ¼ gzz ¼ 1, g33 ¼ grr ¼ 1, and gij ¼
0 ði 6¼ jÞ was adopted. For the unloaded configuration

j, a cylindrical coordinate system n1 ¼ #, n2 ¼ f, and
n3 ¼ q with c11 ¼ c## ¼ q2, c22 ¼ cff ¼ 1, c33 ¼
cqq ¼ 1, and cab ¼ 0 ða 6¼ bÞ was adopted. If there is no
residual stress, jðBÞ with a metric tensor cab is con-

sidered a stress-free reference configuration.

Local Stress-Free Configurations of Artery

The residual deformations of the common carotid
artery34 are shown in Fig. 1. Because the author did
not determine the residual deformations of rabbit
arteries24 and could not find data of the local stress-
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free configurations for a rabbit artery in literature, a
part of the data obtained for the porcine common
carotid artery34 was used in the present study. The
estimated dimensions for the local stress-free configu-
rations of the rabbit are summarized in Table 1. We
assumed that the ring opened by a radial cut and the
axial strip curling are stress free, i.e., those are the local
stress-free configurations of the artery.

The nondiagonal components gab are zero because
there are no residual shear deformations as shown in
Fig. 134 whereas porcine coronary arteries have shown
the shear residual deformation35 as an axial strip be-
came a helix. In the latter case, a Riemannian stress-
free configuration needs nondiagonal components of
the metric tensor.

From Fig. 1, the stretch ratios Kk ðk ¼ #; f; qÞ of
the unloaded state with reference to the local stress-free
configurations are provided as follows:

K# ¼ 2pq
H0RðqÞ

Ri � R � Ro; qi � q � qoð Þ

Kf ¼
lu

W0SðqÞ
ðSo � S � SiÞ

Kq ¼ dq
dR

¼ � dq
dS

ðR� Ri ¼ Si � SÞ

ð1Þ

It should be noted that the stretch ratio in the radial
direction in the local stress-free configurations is
common. The product of three principal stretch ratios
is 1 based on the incompressibility of arterial wall,2 i.e.,
we obtain the following equation:

K#KfKq ¼ 2pq
H0R

lu
W0S

dq
dR

¼ 1 ðS ¼ Si þ Ri � RÞ ð2Þ

From the above equation, we obtain the following
relation:

q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H0W0

6plu
½�2R3 þ 3ðRi þ SiÞR2 � ðRi þ 3SiÞR2

i � þ q2i

s

ð3Þ

where the angles are expressed in radian and we im-
posed a boundary condition qi ¼ qðRiÞ. It is easily
demonstrated that q increases as R increases for
R 2 ½Ri; Ro�. Therefore, we can also obtain the inverse
function R ¼ RðqÞ for q 2 ½qi; qo�.

Strain Energy Density Functions for Passive and Active
Stresses

For the passive state of the artery, the following
strain energy function12 was adopted:

Wpassive ¼ l
2
ðI� 3Þ þ k1

k2
ðexpQ� 1Þ;

Q ¼ k2 ð1� 1ÞðI� 3Þ2 þ 1ðK� 1Þ2
h i ð4Þ

where l and k1 are constants with the dimension of
energy density, and k2 and 1 2 ½0; 1� denote nondi-
mensional values, respectively. The invariants are ex-
pressed as follows:

I ¼ gij
@xi

@na
@xj

@nb
gab; K ¼ 1

2
gij

@xi

@na
@xj

@nb
ðbaþb

b
þ þ ba�b

b
�Þ

ð5Þ

where ba� denote components of unit vectors b� ¼
ðb#�; bf�; bq�Þ in the Riemannian stress-free configura-

tion, i.e., gabb
a
�b

b
� ¼ 1 and their physical components

were assumed �bþ ¼ ðcosu; sinu; 0Þ and �b� ¼

FIGURE 1. Schematic drawings of stress-free and unloaded
configurations for an artery.34 Ri and Ro denote the inner and
outer radii of the stress-free sector, respectively, and H0 the
center angle of the sliced sector opened by a radial cut. Si and
So denote the radii of the inner and outer surfaces of the arc,
respectively, and W0 the center angle of the arc of the axial
strip of the unloaded vessel of the length lu . The local stress-
free configurations are ideally infinitesimally thin although the
experimental local-stress free configurations have finite
width. The inner and outer radii of the unloaded vessel are
represented qi and qo , respectively. The length of lu should be
thought one between two marks along vessel axial direction
because the full length of the specimen is subject to the end
effect.

TABLE 1. Dimensions of sliced ring opened by a radial cut
and axial strip curling to calculate distributions stretches and

stresses through a rabbit arterial wall.

Local stress-free configurations
Ri ¼ 1:380 mm; R0 ¼ 1:617 mm; H0 ¼ 201:2� deg

Si ¼ 4:732 mm; So ¼ 4:495 mm; W0 ¼ 124:2� deg

Unloaded configuration

qi ¼ 0:718 mm; qo ¼ 0:956 mm; lu ¼ 10:0 mm

The symbols are defined in Fig. 1. (* porcine34).
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ðcosðp� uÞ; sinðp� uÞ; 0Þ where u and p� u denote
mean angles of fibers against the circumferential
direction with bimodal distribution11 although u was

not determined by a histological observation. And gab

are the reciprocal components of the metric tensor.
Here, let ki ði ¼ h; z; rÞ denote the stretch ratio of a
current configuration in each direction with reference
to the Riemannian stress-free configuration:

kh ¼ K#
~kh; kz ¼ Kf

~kz; kr ¼ Kq
~kr ð6Þ

where �ki represent the stretch ratios of a current con-
figuration v with reference to the unloaded state. The

first invariant may be simplified as I ¼ k2h þ k2z þ k2r
and K is simply expressed as K ¼ k2hcos

2uþ k2zsin
2u.

Because the invariant K represents a fiber character, K
must be larger than 1. If K became smaller than 1 in
computing, it was set 1.

We assumed that the active stress is derived from
the following strain energy function:

Wactive ¼ C

2
tanh gij

@xi

@na
@xj

@nb
aaab � a

� �
ð7Þ

where C has the energy density dimension and depends
on the concentration of NA. In the experiments, NA
was injected into an organ bath25 at the concentration
of 10�5 M to induce the maximal constriction of the
smooth muscle cells. The symbols aa denote con-
travariant components of a vector in the Riemannian
stress-free configuration and the constant a is a scalar.

If there are no shear deformations, Eq. (7) may be
expressed using physical components as follows:

Wactive ¼ C

2
tanhðahhk2h þ azzk

2
z þ arrk

2
r � aÞ ð8Þ

where aii ði ¼ h; z; rÞ are the squares of physical
components of the vector aa. A function of the previ-
ous paper24 was modified into the present one. The
original strain energy function24 is linear with the
stretch ratios in the bracket as same as the function14

but they cannot be extended to a general tensor form
with shear strains because the linear form of strain
energy function provides an asymmetric tensor for full
covariant or contravariant components of the stress
tensor. Therefore, we used Eq. (7) as a strain energy
function providing the contractile stress of smooth
muscle. Equation (8) provides a similar behavior as the
functions14,24 and it fits to the biaxial experimental
data as shown in Fig. 2. Therefore, Eq. (8) similarly
describes the smooth muscle character including ani-
sotropic properties. However, it is not evident that
Eq. (7) can well describe the smooth muscle tension
under a shear deformation condition because any
experiments have not been performed under shear
strain condition.

The stress with the activated smooth muscle cells
was assumed sum of the passive stress derived from

Wpassive and the active stress derived from Wactive, i.e.,
we assumed that the stress under the activated condi-

tion may be derived from Wtotal ¼ Wpassive þWactive.

FIGURE 2. Outer radius vs. intraluminal pressure (a) and axial force vs. intraluminal pressure (b) relationships for passive and
activated states. Axial stretch ratio is 1.5 with reference to the passive unloaded state. The passive experimental data are
represented with (open circle) and the constricted experimental data with (open square). Solid and dashed curves are theoretically
calculated ones using the parameters of Tables 1, 2, and 3 on Assumption-II.
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The components of Cauchy stress tij are determined

by the following equation for the compressible mate-
rial:

tij ¼
1

J

ffiffiffi
g
g

r
gik

@xk

@na
@W

@ @xj

@na

	 
 ð9Þ

where J ¼ det @xi

@na

	 

, g ¼ detðgabÞ, and g ¼ detðgijÞ. If

material is incompressible, the constraint J
ffiffiffi
g

p ¼ ffiffiffi
g

p
is

satisfied. Therefore, an undetermined Lagrange mul-
tiplier for the constraint of incompressibility of arterial
wall H is introduced as follows:

tij ¼ �Hgij þ gik
@xk

@na
@W

@ @xj

@na

	 
 ð10Þ

where tij are covariant components of Cauchy stress.
For the physical principal components of Cauchy
stress, Eq. (10) is simplified as follows:

rii ¼ �Hþ ki
@W

@ki
ði ¼ h; z; rÞ ðnot sum with iÞ

ð11Þ

for each strain energy density function.
We shall calculate the active stresses:

ractiveii ¼�HactiveþCaiik
2
i sech

2 ahhk
2
hþazzk

2
zzþarrk

2
r �a

� �

ði¼ h; z; rÞ ðnot sumwith iÞ
ð12Þ

Here, the principal active stress in the direction i is

mainly determined by the term of sech2ðÞ approaching
rapidly to 0 as ki decreases or increases from the value

providing the maximum of sech2ðÞ ¼ 1. This may
represent a typical response to the stretch of smooth
muscle and the similar behavior of stresses depending
on stretches in the published literature.14,24

Equilibrium Condition

For the incompressible thick-walled cylindrical ar-
tery under pressurized and axially stretched condition,
a nontrivial equilibrium equation is provided as fol-
lows:

drrr
dr

þ rrr � rhh
r

¼ 0

ðrrrðriÞ ¼ �Pi; rrrðroÞ ¼ �Po ¼ 0Þ
ð13Þ

where rii ði ¼ h; z; rÞ are physical principal compo-
nents of Cauchy stress. From Eq. (13) with the
boundary conditions, the intraluminal pressure may be
calculated as follows:

Pi ¼
Z ro

ri

rhh � rrr
r

dr ¼
Z ro

ri

kh
@W

@kh
� kr

@W

@kr

� �
dr

r

ð14Þ

The axial force was calculated as follows:

Fz ¼ �pr2i Pi þ 2p
Z ro

ri

rzzrdr

¼ 2p
Z ro

ri

½rzz � ðrhh þ rrrÞ=2�rdr

¼ 2p
Z ro

ri

kz
@W

@kz
� 1

2
kh

@W

@kh
þ kr

@W

@kr

� �� �
rdr

ð15Þ

Here, the first line is definition of external axial
force. We shall prove the following relationship:

r2orrrðroÞ � r2i rrrðriÞ ¼
Z ro

ri

ðrhh þ rrrÞrdr ð16Þ

Using integration by parts and Eq. (13), we obtain:
Z ro

ri

2rrrrðrÞdr ¼ ½r2rrrðrÞ�rori �
Z ro

ri

r2
drrrðrÞ
dr

dr

¼ r2orrrðroÞ � r2i rrrðriÞ �
Z ro

ri

r2
rhh � rrr

r
dr

ð17Þ

From the boundary conditions of Eq. (13), the
second line of Eq. (15) is obtained.

In Fig. 2, the theoretical curves under the activated
condition have a small local peak of the pressure.
Therefore, the curves become multivalued functions
with the independent argument of pressure. The curves
are calculated as functions of the outer radius ro with
Eqs. (14) and (15). They are an ordinary function from
the outer radius to the pressure in Fig. 2a and that
from the outer radius to the axial force in Fig. 2b. For
the experimental results these problems did not occur.

Parameter Estimation by Nonlinear Regression

Material parameters of each strain energy function
were determined by a least squares method using
MATLAB (fminsearch: Nelder-Mead method)19 with
results calculated by Eqs. (14) and (15). First the
material parameters of the passive strain energy func-
tion were determined for the passive experimental
data. Then the material parameters of the active strain
energy function were determined for the experimental
data subtracted by the results calculated by the passive
strain energy function determined at first. Weights for
the differences between the calculated and experimen-
tal values were assigned to provide the mean stresses.
The sum e of squares of the weighted residues was
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minimized by searching the material parameters of the
strain energy functions as follows:

e ¼
XN

k¼1

ri= r0 � rið Þ½ �exp Pcalc
i � Pexp

i

� �
 �2
k

þ
XN

k¼1

Fcalc
z � Fexp

z

� ��
p r2o � r2i
� �� �expn o2

k
ð18Þ

where the difference between the calculated result and
experimental data is at the k-th radius and N denotes a
number of total data points used for the estimation of
the material parameters.

RESULTS

Because at the intraluminal pressures equal or
higher than 170 mmHg the outer diameters increased
slightly as pressures greatly increased, the diameter
data were affected by the noise of the signals of CCD
camera. In some cases, the diameter decreased as the
pressure increased. Therefore, the difference between
the passive pressure and activated pressure data at the

same diameter could not be determined. Therefore, we
excluded data points at the top 4 pressures of 170, 180,
190, and 200 mmHg (100 mmHg = 13.332 kPa) and
added the data point at a pressure of 165 mmHg. This
procedure did not fit the theoretical results for the top
4 pressure data compared to using all the data, but by
removing the top 4 pressure data, the conformity has
been greatly improved in the middle range. The
experimental data and theoretical results are shown in
Fig. 2. Criterion of the fitting of the theoretical result
to the experimental data was adopted as the following
value based on Eq. (18):

SD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e= 2Nð Þ

p
ð19Þ

Appling this to determine the goodness of fitting, if
all data (0–200 mmHg) were used: SD = 10.25 kPa
and if excluding top 4 data (0–165 mmHg):
SD = 6.76 kPa. Thus, the removing top 4 data yields
better fitting.

The theoretical results for pressure and axial force
as functions of radius on the assumptions of only the
sliced ring opened by a radial cut (Assumption-I), and

FIGURE 3. Distributions of residual stretch ratios and stresses in the passive state based on Assumption-I (a, b) and on
Assumption-II (c, d).
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both the sliced ring opened and axial strip curling
(Assumption-II) were almost the same. Therefore, we
show only those calculated on Assumption-II (Fig. 2).
The theoretical axial force under vasoactive condition
in Fig. 224 was not well fitted to the experimental data
at the top 4 pressures whereas a good coincidence was

obtained in the low and middle ranges to the exclusion
of the top 4 pressures in the fitting. In the following, we
shall compute both the distributions of stretch ratio
and stress using the material parameters determined
without the data at the top 4 pressures in the vaso-
constrictive experiment, i.e., we chose the coincidence

FIGURE 4. Distributions of stretch ratios in passive states at intraluminal pressures of 0, 8, 16, and 24 kPa are shown in (a). Axial
stretch ratio is 1.5 with reference to the passive unloaded state. Those of stresses are shown in (b). The graphs are based on
Assumption-I.
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between theoretical and experimental results in the low
and middle ranges of pressures at the expense of the
coincidence in the top range because we did not use the
results in this range to analyze the stretch ratios and
stresses in the vasoconstrictive state of the artery. The
material parameters of the strain energy density func-

tions on Assumption-I and II are shown in Tables 2
and 3.

We show distributions of residual stretch ratio and
stress under the passive condition on Assumption-I
and II through the wall thickness in Fig. 3. The
residual axial stretch ratio is constant and close to 1 on

FIGURE 5. Distributions of stretch ratios in the passive state at intraluminal pressures of 0, 8, 16, and 24 kPa are shown in (a).
Axial stretch ratio is 1.5 with reference to the passive unloaded state. Those of stresses are shown in (b). The graphs are based on
Assumption-II.
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Assumption-I (Fig. 3a) whereas it increases from the
inner surface to the outer surface on Assumption-II
(Fig. 3c). However, residual stresses are similar distri-
butions on Assumption-I and II (Figs. 3b and 3d).

Distributions of stretch ratio and stress at intralu-
minal pressures of 0, 8, 16, and 24 kPa and at an axial
stretch ratio 1.5 with reference to the unloaded state on
Assumption-I are shown in Figs. 4a and 4b, respec-
tively. Those on Assumption-II are shown in Figs. 5a
and 5b. The differences between the results calculated
on Assumption-I and II were small compared with the
results34 although those were for the porcine common
carotid artery.

The passive stretch ratios and stresses greatly
decreased from the inner surface to the outer surface.
These are different from results of canine common
carotid arteries on uniform strain hypothesis.25 The
author thinks that the uniform strain hypothesis might
not well work under general conditions even in healthy

animals. The opening angle depends on site of aorta in
rat.8,9 In the porcine common carotid arteries, the
opening angles of arcs of axial strip may also vary
depending on position.34

For the unloaded state, the results activated with
NA are shown in Fig. 6 on Assumption-I and II. The
circumferential stretch ratios are smaller than 1 and the
axial stretch ratios are larger than 1 on the both
assumptions. The residual stresses become large com-
pared with the passive state and their distributions are
similar on Assumption-I and II.

Distributions of stretch ratio and stress in the acti-
vated state at the intraluminal pressures of 0, 8, 16, and
24 kPa at the axial stretch ratio 1.5 with reference to
the passive unloaded state are shown in Figs. 7a and
7b on Assumption-I, respectively. Those on Assump-
tion-II are shown in Figs. 8a and 8b. The circumfer-
ential and axial stresses in the active state are low
compared with the passive state. The circumferential

FIGURE 6. Distributions of residual stretch ratios and stresses in the active state based on Assumption-I (a, b) and on
Assumption-II (c, d).
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and axial stresses with activated smooth muscle at the
intraluminal pressure 16 kPa and the axial stretch ratio
1.5 with reference to the unloaded vessel decreased by
3.5 and 13.8% at the inner surface with considering the
axial residual strain, respectively.

DISCUSSION

Axial Residual Strain

In the present study, the residual axial stretch ratio
had small difference from 1 compared with the other

FIGURE 7. Distributions of stretch ratios in active state at intraluminal pressures of 0, 8, 16, and 24 kPa are shown in (a). Axial
stretch ratio is 1.5 with reference to the passive unloaded state. Those of stresses are shown in (b). The graphs are based on
Assumption-I.
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FIGURE 8. Distributions of stretch ratios in active state at intraluminal pressures of 0, 8, 16, and 24 kPa are shown in (a). Axial
stretch ratio is 1.5 with reference to the passive unloaded state. Those of stresses are shown in (b). The graphs are based on
Assumption-II.
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example.34 Therefore, there appeared small differences
between the estimated material parameters included in
the strain energy density functions based on Assump-
tion-I and II as shown in Tables 2 and 3. The differ-
ence between the calculated results of distributions of
stretch ratio and stress on Assumption-I and II was
also small under the physiologically loaded condition.
There is, however, a possibility that circumferential
and axial residual strains are large compared with the
present study because those provided were not exper-
imentally determined with the present specimen. The
author thinks that the difference between the rabbit
and porcine common carotid arteries seems to be a
quantitative one and they are qualitatively similar
mechanical properties in the passive and activated
states.

Reference Configuration for Active Stress–Stretch
Relationship

A reference state of an active condition is generally
different from the stress-free state of the passive one.
Therefore, the stress-free state in Fig. 1 should be
modified for the active state. We chose, however, the
stress-free state for the passive configuration as a ref-
erence state to compute the activated stress because
there is not the stress-free state of the active stress due
to the form of constitutive law of the active stress ex-
cept for the isotropic case (Eq. (12)). The active con-
stitutive law was assumed to be valid in the form of the
present study with reference to the passive reference
configuration, i.e., aii ði ¼ h; z; rÞ in Eq. (8) are con-
stant even if they are determined with the stretch ratios

of a current configuration with reference to the passive
stress-free state.

Stress Relaxation of Axial Strip with Vasoconstrictor

In the activated state with NA, the magnitude of
residual strains and stresses was large compared with
the passive state as shown in Fig. 6. The circumferen-
tial residual stretch ratio decreased and the axial
residual stretch increased significantly compared with
those in the passive state. The residual stresses were
also large compared with those in the passive state.
However, the differences between results on Assump-
tion-I and II were small because the axial residual
strain calculated on Assumption-II was little different
from that calculated on Assumption-I. Anyway, these
results explained the experimental results for canine
strips subdivided in various directions,20 i.e., the
experiment showed that the strip specimen in the cir-
cumferential direction provided tension and the axial
strip did dilation with vasoconstrictive agents, includ-
ing NA. This fact is consistent with the present theory.
We analyzed in details for the activated tensions on the
rabbit circumferential and axial strips. A strip sec-
tioned in the circumferential direction under condi-
tions of kh ¼ 1:3, and rzz ¼ rrr ¼ 0 yields rhh ¼ 22:0
kPa in the passive state using material parameters in
Table 2 (II), and in the activated state rhh ¼ 170:2 kPa
using the material parameters for the passive state and
the active strain energy density function in Tables 2
and 3 (II). This means that the strip generates the ac-
tive circumferential stress 148.2 kPa. On the other
hand, an axial strip under conditions kz ¼ 1:3, and
rhh ¼ rrr ¼ 0 yields rzz ¼ 20:7 kPa in the passive state
and rzz ¼ 8:5 kPa in the activated state. This implies
that the axial tension decreases by 12.2 kPa, i.e., the
dilation occurred with NA. All results were obtained
using the material parameters estimated on Assump-
tion II and the stretch ratio of strip follows the
experimental condition of the study.20 The material
parameters included in the strain energy density func-
tions have small differences between Assumption-I and
II. The almost same results may be yielded on both the
assumptions. In any way, we can explain the relaxation
with the vasoconstrictor in the axial strip with the
present strain energy density functions.

Limitations of the Present Study and Future Objectives

The present study assumes the homogeneous one-
layer straight tube with cylindrical symmetry. And the
other limitation is that the experiments have been
performed without shear strains. It is needed to vali-
date Eq. (7) with shear strains.

TABLE 2. Material parameters of the strain energy density
function for the passive state of the artery based on only
sliced ring opened by a radial cut (Assumption-I) and both
sliced ring opened by a radial cut and axial strip curling

(Assumption-II).

l (kPa) k1 (kPa) k2 1 u (�)

I 22.390 0.611 1.257 0.829 29.883

II 22.347 0.595 1.298 0.836 30.303

TABLE 3. Material parameters of the strain energy density
function which provides the active stresses of the artery on

the Assumption-I and II.

C (kPa) ahh azz arr a

I 129.177 0.773 0.136 0.253 1.477

II 128.830 0.774 0.135 0.248 1.478
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The other possible direction is the distributed fibers
model for passive artery. Holzapfel and his coworkers,
and Kassab and his coworkers have progressed in this
direction. The Riemannian stress-free configuration
may be useful for their studies.

Next objective will be chemomechanical contractile
model. The chemomechanical model may provide a time
dependent characterwhile the active tension is developing.

The Riemannian stress-free configuration has
interesting applications to the remodeling of growth36

and the collapse7 in arteries because the change of
stress distributions with the residual stresses may have
effect on these phenomena.
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APPENDIX

In the present analysis, the Riemannian stress-free
configuration23,27,28 was used for the reference state.
This is not the necessary choice to analyze the strains and
stresses in the artery because the local stress-free con-
figurations are also available. Itmay be decided by using
the Riemann–Christoffel tensor whether the Euclidean
global stress-free configuration exists or not. If the axial
strip sectioned from the vessel wall does not curl, there
exists the global Euclidean stress-free configuration, i.e.,
a straight tube with an axial slit is that.23

The covariant components of the Riemann-
Christoffel tensor21 for the stress-free configuration are
expressed as follows:

Rablm ¼
1

2

@2gam
@nb@nl

þ
@2gbl
@na@nm

�
@2gal
@nb@nm

�
@2gbm
@na@nl

 !

þ gdeðCdamCebl � CdalCebmÞ
ð20Þ

where gde represent the reciprocal components of the
metric tensor. In the three-dimensional space, there

exist distinct covariant components of the Riemann–
Christoffel tensor R1212 ¼ R#f#f; R1313 ¼ R#q#q;

R2323 ¼ Rfqfq;R1213 ¼ R#f#q;R2123 ¼ Rf#fq.
21 There-

fore, we must check these components to know whe-
ther the Riemannian stress-free configuration is
Euclidean or not. If there is a global Euclidean stress-
free configuration, all components vanish everywhere.

The length s of a curve na ¼ naðsÞ ða ¼ 1; 2; 3Þ in
the Riemannian stress-free configuration is defined as
follows:

s ¼
Z s2

s1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gab
dna

ds
dnb

ds

s

ds ð21Þ

Here, gab are functions of only q 2 ½qi; qo� in the

present case. The length of H0R with the circular arc is
provided as follows (see Fig. 1 and Eq. (1)):

H0R ¼
Z 2p

0

ffiffiffiffiffiffiffi
g##

p
dh ¼ 2p

ffiffiffiffiffiffiffi
g##

p ð22Þ

In the same way, we obtain as follows:

W0S ¼
Z lu

0

ffiffiffiffiffiffi
gff

p
df ¼ ffiffiffiffiffiffi

gff
p

lu;

R� Ri ¼ Si � S ¼
Z q

qi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gqqðq0Þ

q
dq0

ð23Þ

The components of the metric tensor for the Rie-
mannian stress-free configuration are provided from
Eqs. (23) and (24):

g## ¼ H0R

2p

� �2

; g
ff
¼ W0S

lu

� �2

;

gqq ¼ dR

dq

� �2

¼ dS

dq

� �2

;

gab ¼ 0 ða 6¼ bÞ

ð24Þ

Is the coordinate system for the Riemannian stress-

free configuration nah ; gab
�
Euclidean? We calculated

six components of the Riemann–Christoffel tensor.
The result was as follows:

R#f#f ¼
H0W0

2plu

� �2

RS>0 ð25Þ

The other five components were equal to zero.
Therefore, the Riemannian stress-free configuration
jðBÞ with the metric tensor gab is non-Euclidean al-

though the other five components vanish. This means
that there is no global Euclidean stress-free configu-
ration. If there is no curling of axial strip, Eq. (25)
becomes zero. It is evident that R#f#f approaches to
zero because W0 approaches to zero, S infinitely
increases, and the product W0S is almost maintaining
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lu. In this case there is a global Euclidean stress-free
configuration, i.e., a tubular segment with a slit may be
the stress-free state.
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