
MRI and Blood Flow in Human Arteries: Are There Any Adverse Effects?

K. GAYATHRI and K. SHAILENDHRA

Department of Mathematics, Amrita School of Engineering, Coimbatore, Amrita Vishwa Vidyapeetham, Coimbatore 641 112,
India

(Received 28 December 2016; accepted 7 January 2019; published online 28 January 2019)

Associate Editors Dr. Ajit P. Yoganathan and Dr. Mark Fogel oversaw the review of this article.

Abstract
Purpose—To explore if there are any adverse effects on blood
flow in human beings when they are exposed to high or ultra
high intensity magnetic fields in MRI, by investigating both
qualitatively and quantitatively the effects of such fields on
the velocity of blood and medically significant hemodynamic
wall parameters such as wall shear stress (WSS), oscillatory
shear index (OSI) and relative residence time (RRT) in four
human large arteries.
Methods—Blood flow in an artery is approximated as a flow
through a uniform circular tube with rigid porous walls and
the well-known McDonalds model is employed by using
pressure gradient waveforms reported in the medical litera-
ture.
Results—No significant change in the above parameters is
observed up to 3T in all these arteries except a discernible
change in the velocity and RRT in the pulmonary artery.
Very significant changes are noticed in the above parameters
beyond 8T in the pulmonary artery. The common hypothesis
that low WSS and high OSI co-locate is not acceptable.
Conclusions—Our results suggest that the clinical conse-
quences are to be carefully considered before exposing
human beings to ultra high field MRI. It may not be
appropriate to conclude anything about the effect of mag-
netic field on blood flow in human beings based on
experimental studies on animals, which is one of the reasons
for the contradicting reports found in the literature. A slip
condition at the wall which is appropriate to hemodynamics
is yet to be developed.

Keywords—High intensity static magnetic field, Hemody-

namic wall parameters, Wall shear stress, Oscillatory shear

index, Relative residence time, Interface condition.

INTRODUCTION

The idea of employing electromagnetic fields in the
medical research was conceived initially by Kolin22 in
the year 1936. He established that the biological sys-
tems in general are greatly affected by the application
of external magnetic field. Barnothy2 noticed a signif-
icant decrease in the heart rate by exposing biological
systems to an external magnetic field. The possibility of
regulating the blood flow movement in human system
by applying external magnetic field was discussed as
early as 1965 by Korchevskii and Marcochnik.23

However, it was only during 1980s’ engineers got at-
tracted towards the application of a magnetic field in
biomedical engineering, primarily with an intention of
utilizing magnetohydrodynamic (MHD) principles, in
controlling blood flow velocities in surgical procedures
and also in understanding and establishing the effects
of magnetic fields on blood flows in astronauts and
citizens living in the vicinity of electromagnetic tow-
ers.27

Over the past few decades, extensive research work
has been carried out that involves the flow of electri-
cally conducting fluids in the presence of high intensity
magnetic fields (high intensity MHD) in many scien-
tific disciplines, including medicine, chemistry, con-
densed matter physics, plasma physics and high energy
physics owing to its numerous applications ranging
from studying brain functionality to high temperature
superconductivity.6 During this period, with the
invention of new and powerful magnetic materials and
equipment, many medical diagnostic devices, especially
those used in diagnosing Cardio Vascular Diseases
(CVDs) and neurological disorders, started making use
of high intensity Static Magnetic Fields (SMF). For
example, in medical sciences, it is used for reduction of
bleeding during surgeries, provocation of occlusions of
the feeding vessels of cancer tumor and for targeted
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drug delivery with relatively high accuracy. In bio-
engineering, it is used to investigate the blood flow
through an artery, peristaltic food motion in the in-
testine, motion of urine in urethra and design of
prosthetic devices. Also, high intensity magnetic fields
are employed in certain advanced laboratory studies in
astrophysics, geophysics, terrestrial, solar plasma and
nuclear magnetic resonance.6 Kamil Ugurbil et al.39

pointed out that the use of very high intensity magnetic
fields such as 7Tesla (T) in human studies is still in its
infancy even in the developed countries. Therefore, it is
essential to investigate if there are any adverse effects
when human beings are exposed to such high intensity
magnetic fields employed in all the above mentioned
advanced areas of research, and in particular Magnetic
Resonance Imaging (MRI) systems, in order to de-
velop and implement appropriate safety protocols.

MRI is a widely used medical imaging technique for
medical diagnosis and prognosis of the diseases with-
out exposing the body to radiation and it requires a
powerful magnet of uniform and strong magnetic field
strength. MRI scanners are broadly classified into
closed bore and open bore scanners. In cylindri-
cal/closed bore scanners the magnetic field is oriented
along the head-feet direction, whereas in the open
scanners it is oriented in a direction perpendicular to
the head-feet direction of the patient.7,17 In conven-
tional MRI systems, the SMF strength employed is
1.5T and in 2002 the Food and Drug Administration
(USA) has approved 3T MRI. The knowledge gained
over the past two decades on the interaction of SMFs
with the biological tissues has paved the way to in-
crease the SMF strength from 0.1 to 8T in MRI sys-
tems. The basic reasons behind increasing the SMF
strength in MRI are that (i) it results in high quality
images due to high spatial resolution that is achieved
as a result of increased Signal to Noise Ratio (ii) the
dosage of contrast agents that are nephrotoxic can be
considerably reduced and (iii) the acquisition time is
also appreciably reduced which in turn reduces the
motion artifacts.16 For example, in the field of func-
tional neuro imaging, 8T MR images provided new
insights into stroke imaging and by demonstrating
infarctions with unprecedented resolution and reveal-
ing lesions that were not apparent at 1.5T MRI.29 For
a complete account on the historical perspectives of
MRI one may refer to Tal Geva16 and for an excellent
and comprehensive survey on the effects of magnetic
field on blood flow and blood vessels in the
microvasculature one may refer to McKay et al.27

The discussions regarding the safety issues and pro-
cedures associated with MRI systems have been ex-
tremely controversial over the past two decades as
pointed out by Formica and Silvestri.9 Further, they
have highlighted that the possible reason for such a

controversy is due to the unclear claims about the role of
electromagnetic fields and the lack of authentic publi-
cations on negative results and possible potential haz-
ards involved in using MRI systems.9 Ultimately,
Schenck31 in his review article warned that it cannot be
categorically concluded that there are no significant
biological effects of SMF because of certain difficulties
in documenting the negative results. In order to resolve
the controversies, however, we cannot expose human
beings to ultra high intensity SMF as there are inherent
restraints and prohibitions. Thus, one of the possible
ways to address these issues is to investigate the effects of
high intensity SMFs on the blood flow in the arteries of
human beings through an appropriate mathematical
modeling which enables a clinician, medical or biologi-
cal research worker to understand the complex phe-
nomena associated with the pathophysiological
mechanisms as well as the hemodynamics in disease free
arteries. This motivated us to choose the physiological
pressure gradient waveforms of arteries reported in the
cardiology literature for various sites on the Cardio
Vascular System (CVS) such as the arm (brachial), leg
(femoral), heart muscles (coronary) and the pulmonary
artery for studying the effects of SMF on the Hemody-
namic Wall Parameters (HWPs) which are responsible
for the pathogenesis of vascular diseases.

Thus, the present investigation is motivated on the
basis of modern medical applications and demand for
continuous research to study the possible clinical con-
sequences on employing high, ultra high intensity MRI
for the purpose of medical diagnosis and prognosis.
This work is the direct extension of our recent work,14

taking into account the Lorentz force due to an applied
uniform transverse magnetic field of strength varying
from 0 to 20T. To the best of our knowledge, this is the
very first exhaustive comparative study on the effects of
high intensity SMF on the velocity of blood and the
medically significant HWPs such as wall shear stress
(WSS), oscillatory shear index (OSI) and relative resi-
dence time (RRT) in the large human arteries belonging
to the coronary, systemic and pulmonary circulations.
In order to make our article self-contained, we provide
sufficient details on the physiological significance on
HWPs in ‘‘Significance of Hemodynamic Wall Param-
eters (HWPs)’’. In addition, the results obtained with no
slip condition at the lumen wall interface are compared
with those using Saffman slip condition.

MATHEMATICAL FORMULATION AND

SOLUTION

Consider the pulsatile motion of blood through an
artery of uniform circular cross section under the
influence of an externally applied uniform transverse
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magnetic field. Let the z-axis be taken along the axis of
the tube. The flow is assumed to be axisymmetric.
Then, the basic equations in the cylindrical coordinates
r; h; zð Þ are :

The equation of continuity : r � q ¼ 0 where

q ¼ ur; uh; uz½ � ¼ 0; 0; u½ � is the velocity vector:
ð1Þ

The equation of motion : q
@q

@t
þ q:rð Þq

� �

¼ �rpþ lr2qþ j� B: ð2Þ

where q; l; p and t denote the density, the viscosity, the

pressure and time. j and B denote the current density
and the magnetic induction vector.

The magnetic field of strength B0 is applied along
either the x-axis or the y-axis (refer Fig. 1). By Ohm’s

law, j ¼ r½Eþ q� B� where r denotes the electrical

conductivity of blood. Since no external electric field E

is applied, it follows that the Lorentz’s force J� B is

given by—ruB2
0êz in both the cases (refer Appendix 1).

It must be noted here that Rm � 1, where Rm is the
magnetic Reynolds number of blood and hence the
induced magnetic field is neglected (refer Appendix 2).
Hence, the equation of motion reduces to

@u

@t
� l
q

@2u

@r2
þ 1

r

@u

@r

� �
þ r
q
B2
0u ¼ � 1

q
@p

@z
ð3Þ

It has been established that blood can be treated as
Newtonian whenever the radius of an artery is greater
than 0.0025 m.28 The radius of the arteries considered
in the present study are greater than 0.0025 m and
hence blood is considered to be Newtonian. Further,
Shukla et al.33 used several different non-Newtonian
models for simulations of blood flow in large arteries
and they observed that there is no effect of the yield
stress of blood on either the velocity profiles or WSS.

The appropriate boundary conditions are

u is finite when r ¼ 0; u ¼ uB ¼ 0 when r
¼ R no slip conditionð Þ ð4Þ

where R is the radius of the artery and uB is the slip
velocity at the wall.

The real challenge in carrying out hemodynamic
study lies in the mathematical description of the axial
pressure gradient in a cardiac cycle in a more realistic
way. We have established in our earlier articles13,14

that the McDonald’s model is by far superior to any of
the existing models in describing the pressure gradient.
In this regard, one may refer to Chaturani and
Bharatiya4 and Nichols and O’Rourke28 in addition to
the above mentioned articles. The McDonald’s model
for pressure gradient is given by

� @p

@z
¼ A0 þ

Xm
n¼1

An cos nxtð Þ þ Bn sin nxtð Þ½ �

¼ p0 þ Re
Xm
n¼1

pne
i nxt�cnð Þ

" #
ð5Þ

where p0 ¼ A0, pn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

n þ B2
n

p
, cn ¼ arc tan Bn=Anð Þ

and ‘m’ denotes the number of harmonics considered.
To ensure that our results are medically reliable, the

pressure gradient waveforms of the coronary, brachial,
femoral and pulmonary arteries available in the med-
ical literature are utilized while mathematically
describing the pressure gradient using the above
McDonald’s model.

Womersley and McDonald28 in their classical and
seminal work on the pulsatile blood flow categorically
established, beyond any doubt, that the arterial system
can be regarded as a linear system in steady state
oscillation. Further, they also demonstrated that the
nth harmonic of the velocity is influenced only by the
nth harmonic of the pressure gradient and by no other
harmonic. Hence, to find the analytical solution, pul-
satile velocity in the lumen and the slip velocity at the
lumen-wall interface caused by the pulsatile pressure
gradient can be expressed as

u r; tð Þ ¼ u rð Þ þ Re
Xm
n¼1

~un rð Þei nxt�cnð Þ
h i

ð6Þ

uB tð Þ ¼ uB þ Re
Xm
n¼1

~uBne
i nxt�cnð Þ

h i
ð7Þ

The physical quantities are cast in the non dimen-
sional form using the characteristic length R, the

characteristic time x�1 and the characteristic velocity
Rx. Thus, the non-dimensional equations for the
steady part of the velocity u and the nth harmonic of
the oscillatory part of the velocity un are given by

@2u

@r2
þ 1

r

@u

@r
�M2u ¼ � p0R

lx
ð8Þ

with boundary conditions for steady part given by
u is finite;when r ¼ 0; u ¼ uB ¼ 0;when r ¼ 1 and

FIGURE 1. Schematic representation of blood flow.
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@2~un
@r2

þ 1

r

@~un
@r

� M2 þ in
R2xq
l

� �� �
¼ � pnR

lx
ð9Þ

with the boundary conditions ~un is finite;when r ¼ 0;

~un ¼ ~uBn
¼ 0;when r ¼ 1. Here, M ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
reB2

0R
2=l

q
de-

notes the Hartmann number, which is the ratio of the

magnetic force to the viscous force and a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2xq=l

p
denotes the Womersley number, which is the ratio of
the inertial force to the viscous force. The value of the
Hartmann number for all the four arteries for various
SMF strength is provided in Table 1.

The velocity of blood in the lumen of the artery is
given by (details are provided in Appendix 3)

u r; tð Þ ¼ p0R

lxM2
1� I0 Mrð Þ

I0 Mð Þ

� �

þ Re
Xm
n¼1

pnR

lx M2 þ ina2ð Þ 1� Ioð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ ina2

p
rÞ

Io
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ ina2

p� �
" #

ei nxt�cnð Þ

" #

ð10Þ

where I0 is the modified Bessel function of order zero.

SIGNIFICANCE OF HEMODYNAMIC WALL

PARAMETERS (HWPS)

A thorough knowledge of the role of HWPs is
essential for estimating the potential risks of vascular
diseases or in predicting the natural history of
atherosclerosis in large arteries. Hence, in this Section,
we recollect not only the definitions of WSS, OSI and
RRT, the medically significant trio of HWPs, but also
provide the biological significance of these parameters
in the formation and the development of plaque in
arterial vasculature based on the reports available in
the literature. It must be noted here that due to the
applied magnetic field the velocity gets modified due to
the Lorentz force. Owing to this, the three HWPs also
get modified due to the applied field since these
parameters essentially depend on the velocity.

Wall Shear Stress (WSS)

One of the main pathogenic factors in the develop-
ment of atherosclerosis or aneurysm is WSS and is
defined as

s ¼ l
@u

@r

� �
r¼R

ð11Þ

In 1969, Fry10 suggested that high WSS leads to
endothelial damage and subsequent pathological
responses. However, Caro et al.3 proposed that high
WSS is protective and that lesions are formed in the
regions of low WSS. In fact, the spatial and temporal
variations of arterial endothelial WSS are believed to
influence the location of potential atherosclerotic pla-
que formation. The WSS is converted to biological
signals by mechanoreceptors of endothelial cells,
through a process called mechanotransduction, which
in turn trigger various chemical reactions to modulate
gene expressions and the cellular functions of the vessel
wall that may be atheroprotective or may cause
atherosclerosis or aneurysm.8The mechanical and
biological significance of WSS is well explained in our
earlier article.14 For further details on the role of WSS
in the regulation of blood vessel responses by the
mechanotransduction mechanisms that lead to bio-
physical, biochemical and gene regulatory responses of
endothelial cells one may refer to the review article by
Davies8 that covers almost all aspects in this regard.

Oscillatory Shear Index (OSI)

Not only the magnitude of WSS but also the tem-
poral fluctuations in the direction of WSS vector also
been identified as a key factor causing damage to the
endothelial cells. To quantify this aspect, He and Ku 18

introduced an index called OSI as a marker of the
oscillatory nature of WSS. It is a dimensionless mea-
sure of the directional changes in WSS over each car-
diac cycle and is defined as

OSI ¼ 1

2
1� I1

I2

� �
ð12Þ

where I1 ¼ 1
T

R T
0 sdt

			 			; I2 ¼ 1
T

R T
0 sj jdt and T is the pulse

period, in seconds. That is, I1 represents the time
averaged absolute value of the total WSS and I2 rep-
resents the time-average of the absolute values of the
WSS, over a cardiac cycle. The value of OSI varies
from 0 to 0.5 and it represents the fraction of the
cardiac cycle over which the instantaneous shear force

TABLE 1. Hartmann number for various magnetic field strength.

Artery 0T 1.5T 3T 5T 8T 10T 20T

Coronary artery 0 0.0291 0.0581 0.0968 0.155 0.1937 0.3874

Brachial artery 0 0.0436 0.0872 0.1453 0.2324 0.2905 0.5811

Femoral artery 0 0.0639 0.1278 0.2131 0.3409 0.4261 0.8523

Pulmonary artery 0 0.2615 0.5230 0.8716 1.3946 1.7433 3.4866

BIOMEDICAL
ENGINEERING 
SOCIETY

MRI and Blood Flow in Human Arteries 245



vector forms an angle greater than 90� to the time
averaged direction of the same force.

Relative Residence Time (RRT)

In 2004, Himburg et al.19 reasoned that a combi-
nation of WSS and OSI reflects the residence time of
the blood particles near the wall and introduced the
notion of RRT as a marker of low or oscillatory WSS
and defined it as

RRT � 1� 2�OSIð Þ 1

T

Z T

0

sj jdt
� �� ��1

ð13Þ

RRT is simply another type of Time Averaged WSS
(TAWSS), but inverted and with a more tangible
connection to the biological mechanisms underlying
atherosclerosis.25

In this formulation, OSI acts to modify the effect of
time-averaged shear on the RRT at a site. RRT pro-
longation corresponds to low or oscillatory WSS.18

Obviously, when OSI is relatively small, its effect on
RRT is not very significant. However, when OSI
approaches its upper limit of 0.5, RRT increases sub-
stantially. Thus, in flows where OSI is relatively large,
RRT is an useful measure of the shear environment for
correlative purposes, which incorporates the combined
effect of TAWSS and OSI.25

RESULTS AND DISCUSSIONS

It must be noted here that the results reported in this
study are subject to the assumption that the applied
magnetic field is either transverse (x-axis) or perpen-
dicular (y-axis) to the direction of flow (z-axis) (refer

Fig. 1). In order to make our results medically rele-
vant, the parameter values used for computations in
the present analysis are based on the data available in
the cardiovascular literature: The density and viscosity
of the blood are 1050 kg m�3 and 0.004 kg m�1 s�1

respectively. The radius of the coronary, brachial, fe-
moral and pulmonary artery are 0.0015, 0.0017, 0.0033
and 0.0135 m respectively. The corresponding
Womersley number are 9, 13.6, 6.4 and 21.8. Whale
et al.42 measured the permeability of an ostensibly
healthy human aortic wall for the cylindrical geometry
to be 1.7 ± 0.2 9 10�18 m2 and we have used this
value. Following Tzirtzilakis,38 the electrical conduc-
tivity of blood 0.7 S m�1 as measured by Gabriel
et al.12 has been used. In the present study, the number
of harmonics used in the Fourier series expansion of
the pressure gradient waveforms for human coronary,
brachial, femoral and pulmonary artery are 50, 60, 50
and 50 respectively. The details of the Fourier co-effi-
cients involved in the Fourier series approximations
(McDonald’s model) and the corresponding root mean
square errors for the four arteries considered here are
presented in our earlier articles.13,14 The SMF strength
is varied from high (1T–3T), very high (3T–7T) and
then ultra high intensity (> 7T). The values of Hart-
man number are computed in all the four arteries for
various strengths of the applied magnetic field ranging
from 0T to 20T and are provided in Table 1.

Based on the analytical expression for the velocity
of blood in the artery provided in ‘‘Mathematical
Formulation and Solution’’, the mean center-line
velocity and the mean WSS over a cardiac cycle are
calculated using the time averaged magnitude of
velocity and WSS respectively and are tabulated in
Tables 2, 3, 4, and 5 for various SMF strengths. Fur-
ther, medically significant HWPs such as TAWSS, OSI

TABLE 2. HWPs of coronary artery for various magnetic field strength.

Coronary artery-HWPs 0T 1.5T 3T 5T 8T 10T 20T

Mean velocity (m/s) 0.2073 0.2073 0.2072 0.2069 0.2064 0.2058 0.2016

% Change � 0.02 � 0.06 � 0.18 � 0.45 � 0.70 � 2.74

Mean WSS (Pa) � 1.1055 – – – – – –

% Change 0.02 0.04 0.12 0.30 0.47 1.83

OSI 0.0864 0.0864 0.0865 0.0865 0.0867 0.0869 0.0882

% Change 0.01 0.05 0.13 0.34 0.53 2.06

RRT (N/m2) 0.9049 0.9050 0.9053 0.9060 0.9076 0.9084 0.9179

% Change 0.01 0.04 0.12 0.30 0.39 1.44

Peak velocity (m/s) 0.5101 0.51 0.5099 0.5095 0.5086 0.5077 0.5006

% Change � 0.0196 � 0.0392 – 0.1176 – 0.2941 – 0.4705 � 1.8624

Minimum velocity (m/s) – – 0.1444 – 0.1444 � 0.1443 0.1443 0.1443 0.144

% Change – 0 0 � 0.0693 � 0.0693 � 0.0693 � 0.2770

Peak WSS (Pa) 0.9658 0.9658 0.9658 0.9658 0.9659 0.9660 0.9663

% Change – 0 0 0 0.0104 0.0207 0.0518

Minimum WSS (Pa) � 2.967 � 2.967 � 2.966 � 2.965 � 2.962 � 2.959 � 2.936

% Change – 0 � 0.0337 � 0.0674 � 0.1685 � 0.2696 � 1.0448
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TABLE 3. HWPs of brachial artery for various magnetic field strength.

Brachial artery-HWPs 0T 1.5T 3T 5T 8T 10T 20T

Mean velocity (m/s) 0.3068 0.3067 0.3063 0.3056 0.3037 0.302 0.2884

% Change � 0.04 � 0.14 � 0.40 � 1.00 � 1.56 � 5.98

Mean WSS (Pa) � 1.0907 � 1.0905 � 1.0897 � 1.0878 � 1.0834 � 1.0794 � 1.0471

% Change – 0.02 0.10 0.26 0.70 1.04 4.00

OSI 0 0 0 0 0 0 0

RRT (N/m2) 0.9172 0.9174 0.9181 0.9196 0.9234 0.9268 0.9554

% Change – 0.0237 0.0949 0.2636 0.6738 1.0515 4.1627

Peak velocity (m/s) 0.4086 0.4085 0.4081 0.4073 0.4053 0.4035 0.3892

% Change – � 0.0245 � 0.1224 � 0.3182 � 0.8076 � 1.2482 � 4.7479

Minimum velocity (m/s) 0.2651 2.650 0.2647 0.2639 0.2621 0.2604 0.2472

% Change – � 0.0377 � 0.1509 � 0.4527 � 1.1316 � 1.7729 � 6.7522

Peak WSS (Pa) � 0.8804 � 0.8801 � 0.8792 � 0.8772 � 0.8724 � 0.8680 � 0.8327

% Change – � 0.0341 � 0.1363 � 0.3635 � 0.9087 � 1.4085 � 5.4180

Minimum WSS (Pa) � 1.867 � 1.8660 � 1.8650 � 1.8630 � 1.8590 � 1.8540 � 1.8190

% Change – � 0.0536 � 0.1071 � 0.2142 � 0.4285 � 0.6963 � 2.5710

TABLE 4. HWPs of femoral artery for various magnetic field strength.

Femoral artery-HWPs 0T 1.5T 3T 5T 8T 10T 20T

Mean velocity (m/s) 0.0525 0.0524 0.0523 0.052 0.0514 0.0508 0.0462

% Change � 0.08 � 0.31 � 0.85 � 2.14 � 3.30 � 12.07

Mean WSS (Pa) � 0.1272 � 0.1272 � 0.1270 � 0.1265 � 0.1254 � 0.1244 � 0.1169

% Change 0.05 0.20 0.56 1.43 2.20 8.1

OSI 0.1925 0.1927 0.1930 0.1938 0.1958 0.1975 0.2114

% Change 0.06 0.24 0.66 1.67 2.6 9.8

RRT (N I m2) 7.8622 7.8662 7.8782 7.9067 7.9758 7.9412 8.0421

% Change 0.05 0.20 0.57 1.45 1.01 2.23

Peak velocity (m/s) 0.1103 0.1102 0.1101 0.1099 0.1093 0.1089 0.1052

% Change – � 0.0907 � 0.1813 � 0.3626 � 0.9066 � 1.2693 � 4.6238

Minimum velocity(m/s) � 0.0124 � 0.01246 � 0.01257 � 0.01283 � 0.01346 � 0.01402 � 0.0182

% Change 0.3221 1.2077 3.3011 8.3736 12.8824 46.5378

Peak WSS (Pa) 0.25 0.2501 0.2503 0.2509 0.2522 0.2533 0.2624

% Change 0.04 0.12 0.36 0.88 1.32 4.96

Minimum WSS (Pa) � 0.674 � 0.6739 � 0.6738 � 0.6733 � 0.6723 � 0.6714 � 0.6645

% Change � 0.0148 � 0.0297 � 0.1039 � 0.2522 � 0.3858 � 1.4095

TABLE 5. HWPs of pulmonary artery for various magnetic field strength.

Pulmonary artery-HWPs 0T 1.5T 3T 5T 8T 10T 20T

Mean velocity (m/s) 0.1347 0.1330 0.1281 0.1178 0.0981 0.0848 0.0382

% Change � 1.27 � 4.89 � 12.56 � 27.14 � 37.04 � 71.61

Mean WSS (Pa) � 0.0798 � 0.0791 � 0.0772 � 0.0731 � 0.0651 � 0.0596 � 0.0385

% Change 0.85 3.27 8.43 18.40 25.34 51.79

OSI 0.4354 0.4360 0.4375 0.4408 0.4472 0.4517 0.4687

% Change 0.13 0.48 1.24 2.71 3.73 7.65

RRT (N/m2) 12.5331 12.6399 12.9567 13.6873 15.3601 16.7785 25.9740

% Change 0.85 3.38 9.21 22.55 32.74 100.47

Peak velocity (m/s) 0.3374 0.3357 0.3309 0.3206 0.3012 0.2880 0.2429

% Change – � 0.5039 � 1.9265 � 4.9793 � 10.7291 � 14.6414 � 28.008

Minimum velocity(m/s) � 0.00153 � 0.0033 � 0.008196 � 0.01865 � 0.03859 � 0.0522 � 0.1011

% Change – 112.240 433.594 1114.193 2412.370 3298.438 6482.031

Peak WSS (Pa) 1.671 1.671 1.674 1.678 1.686 0.693 1.718

% Change – 0 0.1795 0.4189 0.8977 1.3166 2.8127

Minimum WSS (Pa) � 2.436 � 2.435 � 2.434 � 2.429 � 2.422 � 2.416 � 2.396

% Change – � 0.0411 � 0.0821 � 0.2874 � 0.5747 � 0.8210 � 1.6420
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and RRT are also computed numerically and are
tabulated in Tables 2, 3, 4, and 5. Further, to quantify
the effect of magnetic field on HWPs, the percentage of
change for the mean velocity, TAWSS, OSI and RRT
are also presented in Tables 2, 3, 4, and 5. The
dimensional velocity and WSS waveforms for all the
four arteries are plotted in Figs. 2, 3, 4, 5, 6, 7, 8, and 9
for various SMF strengths.

Velocity Profile

Depending on the dynamic needs of the organs in
various locations of CVS, blood flow is initiated
through arteries. Sufficient blood flow is crucial for
adequate supply of oxygen and nutrients to all the
tissues, which is directly related to longevity and
quality of life that includes cardiovascular health.

FIGURE 2. Mean center line velocity of coronary artery.

FIGRUE 3. Mean center-line velocity of femoral artery.

FIGURE 4. Mean center-line velocity of brachial artery.

FIGURE 5. Mean center-line velocity of pulmonary artery.
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FIGURE 6. WSS of coronary artery for various magnetic field strength.

FIGURE 7. WSS of brachial artery for various magnetic field strength.

FIGURE 8. WSS of femoral artery for various magnetic field strength.
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Occlusion in the blood vessels in various locations will
cause disturbances in the normal velocity of blood.
Majority of CVDs and disorders are due to the
hemodynamic dysfunction. Indeed, the velocity of
blood in the lumen plays a vital role by modulating the
vascular response by kindling the endothelium to re-
lease nitric oxide (NO). Hence, an estimation of blood
velocity in the presence of SMF is crucial for
understanding the clinical consequences as explained
below.

The mean center line velocity of the coronary, bra-
chial, femoral and pulmonary arteries estimated for
M = 0 (non-magnetic case) in the present analysis are
0.2073, 0.3068, 0.0525 and 0.1347 m/s respectively.
The corresponding values reported in the medical lit-
erature for the non-magnetic case by Ofili et al.,30 Si-
noway et al.,34 Shoemaker et.al. 32 and Ivor et al.11 are
0.40 ± 0.19, 0.295, 0.089 ± 0.03 and 0.13 m/s respec-
tively. It is interesting to note here that the obtained
results in Figs. 2, 3, 4, 5; Tables 2, 3, 4, 5 are in good
agreement with the reported results in the medical lit-
erature and also with our earlier work14 for the non
magnetic study of pulsatile blood flow in large arteries.

The percentage of reduction in the mean center line
velocity of blood in the coronary artery is only 0.02%
at 1.5 T whereas it shoots up to 0.7 and 2.74% at
10 and 20 T respectively (refer Table 2). Since coro-
nary artery supplies blood to the surrounding muscles
of the heart, the clinical significance of 2.74% reduc-
tion in blood velocity may have to be carefully con-
sidered.

At the same time, in brachial and femoral arteries
which are located at the lower extremity (arms) and
upper extremity (legs), the percentage of reduction in
mean center line velocity of blood are 0.04, 0.08% at
1.5 T, 1.56, 3.3% at 10 T and 5.98, 12.07% at 20 T

respectively. The percentage of reduction in blood
velocity estimated by us is less in brachial than in fe-
moral segment as the SMF strength increases. When
comparing these arteries with that of coronary artery,
the percentage of reduction in coronary segment is
even more less. Further, it is to be noted here that the
estimated percentage of reduction in the velocity of
blood in the pulmonary artery are 1.27, 37.04 and
71.61% at 1.5 , 10 and 20 T respectively. Thus, it is
observed that as the radius of the artery increases, the
effect of SMF on blood velocity also increases. This is
due to the fact that the Hartmann number depends on
the radius of the artery. Indeed, as the radius of the
artery increases the corresponding Hartmann number
also increases and the required data are provided in
Table 1. The possibility of less oxygen transport from
lung to heart due to high reduction in blood velocity at
high intensity SMF is to be critically examined. Inci-
dentally, Kangarlu et al.20 reported that under ultra
high SMF (7T) human beings undergo the risk of
ventricular fibrillation and arhythmogenic cardiac
simulation and that this risk has to be medically
assessed.

However, the peak centre line velocity is reduced by
0.02, 0.03, 0.09 and 0.5% for the coronary, brachial,
femoral and pulmonary artery respectively at 1.5T,
whereas Abi Abdallah et al.1 estimated this to be
around 0.09%. In the ultra high SMF (8T), the above
reductions in peak centre line velocity shoot up to 0.29,
0.81, 0.91 and 10.73% respectively in the above
arteries, whereas Abi Abdallah et al.1 predicted this to
be slightly higher than 2.5%. At 20T, the reduction in
peak centre-line velocity is found to be 1.86, 4.74, 4.62
and 28% respectively in the coronary, brachial, fe-
moral and pulmonary artery. The corresponding
Hartmann numbers are 0.39, 0.58, 0.85 and 3.49

FIGURE 9. WSS of pulmonary artery for various magnetic field strength.
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respectively. Incidentally, Abi Abdallah et al.1 pre-
dicted a reduction of 34.5% at 40T (M = 4.47) and
Keltner et al.21 noted a reduction of 30% for M = 4.
On the other hand, we have noticed a reduction of
2.74, 5.98, 12.07 and 71.61% in the mean centre line
velocity of the coronary, brachial, femoral and pul-
monary artery respectively at 20T with corresponding
M given in Table 1. We believe that our estimations
are more accurate than Abi Abdullah et al.1 since they
have considered a simplified mathematical modeling
by assuming the pressure gradient to be equivalent to
the one that would produce Poiseuille flow with a
mean velocity of 0.4 m/s which is not true in all the
arteries.

Hemodynamic Wall Parameters

Root cause of CVD remains to be perplexing and
enigmatic. However, hemodynamics is identified as a
key factor in promoting degenerative effects and
pathologies affecting several vascular diseases. The
details of blood velocity alone does not provide the
complete response of the endothelial layer due to the
magnetic field exposure. Flow driven mechanisms that
provide additional information are (i) effects of SMF
on endothelial function based on WSS and (ii) alter-
ations in the residence time of the atherogenic particles
near the wall. In order to understand the consequences
due to the reduction of blood velocity and the possible
pathological changes of the artery, HWPs such as
TAWSS, OSI and RRT are to be found and analysed
collectively. In this Section, the abovesaid parameters
are analyzed for the four arteries considered.

It is observed from Tables 2, 3, 4, and 5 that the
effect of magnetic field on the magnitude of WSS, a
medically relevant HWPs, is to decrease it. Physically,
if a uniform magnetic field is applied in the transverse
direction on the blood flow, the velocity in the core
region is reduced since the Lorentz force is propor-
tional to the velocity. As a result, the parabolic velocity
profile becomes flattened and also the magnitude of the
shear rate @u=@r decreases as the magnetic field
strength increases. In short, the magnetic field reduces
the magnitude of WSS. It cannot be over emphasized
here that even a slight change in the direction of
velocity vector near the wall will result in enormous
change in the shear rate @u=@r and hence the WSS.

It is to be noted here that the magnitude of mean
WSS for the coronary, brachial, femoral and pul-
monary artery reported in the medical literature for
non-magnetic case (i.e. when M = 0) by He and Ku18

Verbeke et al.,40 Kornet et al.24 and Tang et al.35 are
1.6, 1.9 ± 0.12, 0.35 ± 0.18 and 0.13 ± 0.28 Pa
respectively. Our estimated results in the present
analysis for the magnitude of mean WSS in the

abovesaid arteries are 1.1055, 1.0907, 0.1272 and
0.0798 Pa respectively. Further, OSI value for the
brachial, femoral, coronary and pulmonary artery
reported in the medical literature for non-magnetic
case (i.e. whenM = 0) by Thosar et al.,37 He and Ku18

and Masaki Terada et al.36 are 0.09 ± 0.09,
0.27 ± 0.1, 0.08 and 0.214 ± 0.026 whereas the cor-
responding OSI estimated in the present analysis are
0.1925, 0, 0.0864 and 0.4354 respectively. Hence, the
obtained results for the case of M = 0 are in reason-
ably good agreement with the reported results in the
medical literature and also in exact agreement with our
earlier work.14 This indicates that our mathematical
modeling is reliable.

It is observed from the graphs of WSS waveform
(Figs. 6, 7, 8, and 9) that in all the four arteries con-
sidered here, irrespective of the site of the arteries,
whether it is closer to the heart or far away from the
heart, the absolute value of WSS decreases as the
magnetic field strength increases. Malek et al.26 has
reported that the WSS range for a normal artery is 1 to
7 Pa and for an atherosclerotic prone artery is ± 0.4
Pa. Based on this, it is inferred that the coronary and
brachial segments of the respective subjects are in the
normal shear range which are free from the formation
of atherosclerosis whereas the femoral and pulmonary
segments of the respective subjects are in low shear
region which are prone to the formation of the
atherosclerosis. It is worth to notice here that even
when SMF strength is increased up to 20T, in none of
the arteries the region gets shifted from the abovesaid
normal range to the atherosclerotic prone range. As
the radius of the artery increases, the percentage of
reduction in the magnitude of WSS also increases
(refer Tables 2, 3). We find that the value of WSS are
different in different arteries and hence the general
assumption that physiological WSS is 1.5 Pa
throughout the human vascular tree is untenable as
indicated by Cheng et al.5

The magnitude of WSS at a particular location
alone cannot help us to understand the abnormalities
in the flow dynamics and hence it is essential to study
the directional changes of WSS vector as indicated by
OSI (refer ‘‘Oscillatory Shear Index (OSI)’’) to get a
better picture of the same. Indeed, He and Ku18 have
mentioned that OSI is known to correlate strongly
with intimal thickening in the arteries.

Now, we would like to compare the OSI and RRT
values of the coronary and brachial arteries whose
WSS values are found to be in the normal range. OSI
value of the coronary and brachial artery indicates that
though in both the arteries WSS range is normal, WSS
vector need not be unidirectional. It is evident from
Fig. 7 that the WSS vector of brachial artery is nega-
tive throughout a cardiac cycle whatever be the mag-

BIOMEDICAL
ENGINEERING 
SOCIETY

MRI and Blood Flow in Human Arteries 251



netic field strength and hence its OSI value is zero.
Further, it is apparent from Fig. 6 that in a cardiac
cycle, in the presence of magnetic field, WSS vector of
the coronary artery changes its sign from negative to
positive and then to negative only once during 0.4 to
0.7 s, for all possible value of SMF strength and hence,
the value of OSI is not zero. As the magnetic field
strength increases, the fluctuation in the direction of
WSS vector also increases in the coronary artery (refer
Table 2).

The value of RRT represents the prolongation of
blood particles near the wall. RRT value also varies in
both the artery as the SMF strength is varied. This
variation is notable in the coronary artery in compar-
ison to the brachial artery (refer Tables 2, 3).

Now, let us compare the OSI and RRT values of the
femoral and pulmonary arteries whose WSS values are
found to be in the low shear range prone to the for-
mation of atherosclerosis. OSI values of these arteries
indicate that though in both the arteries WSS is in low
shear range, the direction of WSS vectors need not
oscillate heavily from time to time in a cardiac cycle. In
the femoral artery, OSI value varies from 0.1925 to
0.2114 whereas in the pulmonary artery it varies
between 0.4354 and 0.4687 as SMF strength is varied
from 0 to 20T. It is evident from Figs. 8, 9 that WSS
vector is changing sign from negative to positive and
then to negative twice in a cardiac cycle during 0.175 to
0.3 s and 0.4 to 0.7 s in the femoral artery and thrice in
a cardiac cycle during 0.2 to 0.3 s, 0.4 to 0.6 s and 0.6
to 0.8 s in the pulmonary artery. This is the reason for
the difference in the OSI values of these two arteries.
Further, the OSI value in the femoral artery is mod-
erate (being closer to 0.2) whereas in the pulmonary
artery it is very severe (being closer to 0.5). At 20T
(ultra high intensity) OSI shoots up by 9.8% in the
femoral artery which is numerically higher than in the
pulmonary artery in which it is 7.65%. But, the mag-
netic field effect is more in the pulmonary as the OSI
value is closer to 0.5 than the femoral whose OSI value
is closer to 0.2. Hence, based on the combined effect of
TAWSS and OSI value, the subject of femoral artery
may be classified as moderately affected and the sub-
ject of pulmonary artery as severely affected owing to
high/ultra high intensity SMF. This conclusion is fur-
ther supported by the RRT values. The suspended
atherogenic particles in the blood spends more time
near the pulmonary arterial wall than that of the fe-
moral and this residence time is more as we increase
the SMF strength from high to ultra high intensity
(refer Tables 4, 5). Hence, our results strongly point
out that at low shear region, OSI need not be high,
even in the presence of magnetic field. This result is in
good agreement with our earlier observations.13–15

Finally, it is also inferred from Figs. 2, 3, 4, 5, 6, 7,
8, and 9 that whenever there is a peak in velocity, WSS
is minimum and vice versa in all the arteries for various
SMF strengths. Further, comparing the values of RRT
in all the four arteries for various SMF strengths, it is
found that larger the value of Womersley number,
larger the RRT and hence higher the probability for
vascular diseases.

In summary, the effect of magnetic field on HWPs in
all the four arteries considered here increases as the
magnetic field strength increases from high to very high
and then to ultra high. In particular, the velocity de-
creases and the absolute value of WSS decreases as the
SMF strength increases from high to ultra high
intensity magnetic field irrespective of the site of the
arteries, whether it is closer to the heart or far away
from the heart. Flow retardation and the flattening of
the instantaneous parabolic profile are significant in
the pulmonary artery because it is in this artery the
Hartmann number is the largest. Up to 3T no signifi-
cant change is observed in the hemodynamic parame-
ters of all the four arteries except for the pulmonary
artery in which changes in the velocity and RRT are
discernible. Beyond 8T all the parameters in all the
four arteries are affected, but the changes are very
significant only in the pulmonary artery. We strongly
believe that there is a possibility for adverse effects in
the pulmonary hemodynamics, in particular in HWPs,
while exposing the human beings to ultra high intensity
SMF at least at the time of exposure.

Davies8 has documented the severity of CVDs based
on the range of WSS. However, we find that no such
documentation is available on the aetiology, patho-
genesis and severity of CVDs based on OSI and RRT
despite the fact that these metrics have been developed
long ago. In this sense, the present work can be con-
sidered as an elementary work comparing the effect of
SMF on the hemodynamics in all the three circula-
tions. However, the results reported here are to be
validated by similar studies on a large number of
subjects and the analyses and interpretations of the
clinical consequences of the results thereof are to be
documented carefully.

It is to be noted here that we have employed the
pressure gradient waveforms of different subjects in
different arteries. Hence, the values of all the parame-
ters are not only artery specific but also subject specific.
Thus, the effect of SMF on these parameters may vary
from person to person, since even the radius of the
same artery may be different in two different subjects
and the Hartmann number depends on the radius of
the artery. This also indicates that one cannot conclude
anything about the effect of magnetic field on blood
flow in human beings based on experimental studies on
animals. It may be recalled that the values of all these
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parameters significantly vary species to species as ex-
plained by Cheng et al.5

Since the pressure gradient waveforms employed in
this analysis are subject specific, this type of analysis
should be repeated on more number of subjects before
benchmarking the results for medical purposes. We
have not taken into consideration the effect of the
pulse frequency f ¼ x=2p (which is fixed as 72 beats
per minute) and hence similar studies are recom-
mended by using the pressure gradient waveform of
subjects with tachycardia.

All the above analyses where repeated during our
computation using the Saffman slip condition, the
analytical solutions for which are reported in Appen-
dix 4. It is inferred that there is absolutely no difference
in the results obtained both qualitatively and quanti-
tatively for various SMF strengths in all the four
arteries. This may be due to the fact that Saffman slip
condition is applicable for a densely packed porous
wall of infinite thickness whereas the arterial wall is of
finite thickness and all the layers of the arterial wall
except the endothelial layer is sparsely packed. Fur-
ther, the existing interfacial conditions available in the
literature of flow through tubes with porous walls may
not be suitable for the hemodynamic studies.41

CONCLUSIONS

To the best of our knowledge, this is the first elab-
orate qualitative and quantitative theoretical study
comparing the effect of high/ultra high SMF on the
velocity of blood and HWPs believed to be responsible
for the pathogenesis of atherosclerosis in all the three
circulations. This study has been carried out with an
assumption that the applied magnetic field is transverse
or perpendicular to the flow direction. Subject to this
assumption the major conclusions of our investigation
are as follows:

1. There are no significant adverse effects in any
of the arteries considered here up to 3 T except
for a discernible change in the velocity and
RRT of the pulmonary artery. However, be-
yond 8T very significant effect on HWPs are
noticed in the pulmonary artery and it is
inferred that in such cases proper clinical
assessment and monitoring may be required
while exposing human subjects to such high
intensity SMF.

2. The common hypothesis that low WSS and
high OSI co-locate is not tenable even in the

presence of magnetic field though individually
both may contribute to CVDs.

3. It is inferred that one cannot conclude any-
thing about the effect of magnetic field on
blood flow in human beings based on experi-
mental studies on animals and this may be one
of the reasons for many existing contradicting
reports in the literature. It is high time that this
fact is recognized and the experimental or
empirical results using animal specifies are
discriminated from the analytical results
reported on human beings.

We strongly feel that more number of active and
intensive patient specific research similar to the one
presented here may throw some light towards docu-
menting the clinical consequences of high intensity
SMF on hemodynamics and this study can only be
considered as a preliminary and primitive one in these
lines.

Further, in addition to the above results we also
found that the results are not significantly different
when the Saffman slip condition is used instead of no
slip condition and hence we recommend that an
appropriate slip condition at the lumen-wall interface
is to be developed soon.

It is strongly recommended that future research
must focus on more realistic problem of analyzing the
effects of orientation of SMF to the flow direction by
considering a curved artery of non-uniform cross sec-
tion, perhaps with wall distensibility.

APPENDIX 1

Let B be in the direction transverse to the flow
direction (x-axis). Then, the velocity and magnetic field

are q ¼ 0; 0; u½ � and B ¼ B0; 0; 0½ � in the Cartesian
coordinate system. Then

j ¼ r q� B

 �

¼ r
êx êy êz
0 0 u
B0 0 0

						
						 ¼ r 0; uB0; 0½ � ð14Þ

Hence, the Lorentz force

j� B ¼ r
êx êy êz
0 uB0 0
B0 0 0

						
						 ¼ r½0; 0;�uB2

0� ð15Þ

Similarly, we can get j� B ¼ r½0; 0;�uB2
0� even when

the magnetic field is applied in the direction perpen-
dicular to the flow direction (y-axis).
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APPENDIX 2

It may be recalled that the magnetic Reynolds
number Rm is the ratio of the induced magnetic field to

the applied magnetic field. It is given by Rm ¼ UR
g

where g ¼ 1
ler

denotes the magnetic diffusivity. Here,

lr ¼ le
l0

denotes the relative permeability of the blood.

l0 ¼ 1:26� 10�6 H/m and r ¼ 0:7 S/m denote the
permeability of free space and the electrical conduc-
tivity of the blood respectively. Now,

Rm ¼ lerUR ¼ lrl0rUR ¼ 1þ vð Þl0rUR ð16Þ

where v denotes the magnetic susceptibility of the
blood and U denotes the characteristic velocity of the
blood in the respective artery. Further, the magnetic
susceptibility of oxygenated and deoxygenated blood

are v ¼ � 6:6� 10�7 and v ¼ 3:5� 10�6 respectively.
Thus, Rm is estimated as follows.

Artery Radius (R) Velocity (U) Rm

Coronary artery 0.0015 0.2073 2.7 9 10�10

Brachial artery 0.0023 0.3068 6.2 9 10�10

Femoral artery 0.0033 0.0525 1.5 9 10�10

Pulmonary artery 0.0135 0.1347 1.6 9 10�9

APPENDIX 3

The method of arriving at the solutions given in
Eq. (10) from the Eqs. (8) and (9) with the prescribed

boundary conditions is given below: By taking V ¼
u� p0R

lxM2 in Eq. (8) reduces it to the homogeneous

modified Bessel equation

@2V

@r2
þ 1

r

@V

@r
�M2V ¼ 0 ð17Þ

Further, putting Z ¼ rM in the above Eq. (17), we get

Z2 @
2V

@Z2
þ Z

@V

@Z
� Z2V ¼ 0 ð18Þ

The general solution of the above modified Bessel
equation of order zero is given by

V Zð Þ ¼ C1I0ðZÞ þ C2K0ðZÞ ð19Þ

C2 becomes zero since u is finite;when r ¼ 0 and C1 ¼
� p0R

lxM2I0 Mð Þ since u ¼ uB ¼ 0;when r ¼ 1. Thus, the

steady part of velocity uðr; tÞ is

u rð Þ ¼ C1I0 Mrð Þ þ p0R
lxM2.

Similarly, substituting ~Vn ¼ ~un � pnR
lxGn

, Eq. (9) re-

duces it to the homogeneous modified Bessel equation

@2 ~Vn

@r2
þ 1

r

@ ~Vn

@r
� M2 þ ina2
� �

~Vn ¼ 0 ð20Þ

Further, putting Zn ¼ r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ ina2

p
in the above

Eq. (17), we get

Z2 @
2 ~Vn

@Z2
þ Z

@ ~Vn

@Z
� Z2 ~Vn ¼ 0 ð21Þ

The general solution of the above modified Bessel
equation of order zero is given by

~Vn Znð Þ ¼ C3I0ðZnÞ þ C4K0ðZnÞ ð22Þ

C4 become zero since ~un is finite;when r ¼ 0 and C3 ¼
�pnR

lx M2þina2ð ÞI0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2þina2

pð Þ since ~un ¼ ~uBn
¼ 0;when r ¼ 1.

Thus, the nth harmonic of unsteady part of velocity

unðr; tÞ is ~un rð Þ ¼ C3I0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ ina2

p
r

� �
þ pnR

lx M2þina2ð Þ.

APPENDIX 4

The non-dimensional equations for the steady part
of the velocity u and the nth harmonic of the oscilla-
tory part of the velocity ~un are given in the Eqs. (8)
and (9) respectively. Their corresponding Saffman slip
conditions are given by

u is finite;when r ¼ 0; uB ¼ �
ffiffiffi
k

p

Ra

 !
@u

@r
;when r ¼ 1

~un is finite;when r ¼ 0; ~uBn
¼ �

ffiffiffi
k

p

Ra

 !
@~un
@r

;when r

¼ 1

Here, k and a ¼ 0:01 denote the permeability of the
arterial wall and the Beavers Joseph slip coefficient13

respectively. Solving the above equations using the
details provided in Appendix 3, we get the values for
the constants C1, C2, C3 and C4 in the Eqs. (19) and
(22) in the Appendix 3 as C2 becomes zero since

uB is finite;when r ¼ 0 and C1 ¼ � p0R
lxM2

� 

I0 Mð Þþð

h
ffiffi
k

p
M

R a
� I1 Mð ÞÞ��1 since uB ¼ �

ffiffi
k

p

Ra

� 

@u
@r ;when r ¼ 1.

C4 becomes zero since ~uBn
is finite;when r ¼ 0

and since ~uBn
¼ �

ffiffi
k

p

Ra

� 

@~un
@r ;when r ¼ 1, we have

C3 ¼ �pnR
lx M2þina2ð Þ

� 

I0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ ina2

p� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k M2þina2ð Þ

p
Ra I1

��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ ina2

p� �
Þ
��1

. Hence, the velocity of blood in the

lumen of the artery and the slip velocity at the wall
when the Saffman slip is employed at the lumen wall
interface are given by
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where I0 and I1 are the modified Bessel function of
order zero and one, respectively.
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