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Abstract

Purpose—Most of the previously studied non-Newtonian
blood flow models considered blood viscosity to be constant
but for correct measurement of flow rate and flow resistance,
the hematocrit dependent viscosity will be better as various
literature suggested the variable nature of blood viscosity.
Present work concerns the steady and pulsatile nature of
blood flow through constricted blood vessels. Two-fluid
model for blood is considered with the suspension of all the
RBCs (erythrocytes) in the core region as a non-Newtonian
(Herschel-Bulkley) fluid and the plasma in the cell free region
near wall as a Newtonian fluid. No slip condition on the wall
and radially varying viscosity has been taken. Methods—For
steady flow the analytical approach has been taken to obtain
the exact solution. Regular perturbation expansion method
has been used to solve the governing equations for pulsatile
flow up to first order of approximation by assuming the
pulsatile Reynolds number to be very small (much less than
unity). Results—Flow rate, wall shear stress and velocity
profile have been graphically analyzed and compared with
constant viscosity model. A noteworthy observation of the
present study is that rise in viscosity index leads to decay in
velocity, velocity of plug flow region, flow rate while flow
resistance increases with rising viscosity index (m). The
results for Power-law fluid (PL), Bingham-plastic fluid (BP),
Newtonian fluid (NF) are found as special cases from this
model. Like the constant viscosity model, it has been also
observed that the velocity, flow rate and plug core velocity of
two-fluid model are higher than the single-fluid model for
variable viscosity.

Conclusions—The two-phase fluid model is more significant
than the single-fluid model. Effect of viscosity parameter on
various hemodynamical quantities has been obtained. It is
also concluded that a rising viscosity parameter (varying
nature of viscosity) significantly distinguishes the single and
two-fluid models in terms of changes in blood flow resistance.
The outcome of present study may leave a significant impact
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on analyzing blood flow through small blood vessels with
constriction, where correct measurement of flow rate and
flow resistance for medical treatment is very important.

Keywords—Two-fluid model, Steady and pulsatile flow,

Herschel-Bulkley fluid, Time-dependent constriction, Vari-
able viscosity.

NOMENCLATURE

-~
-~

The dimensional quantities

Distance in radial direction

Distance in axial direction

Time

Plug core (flow) radius

Zeroth and first order approximation of
plug core (flow) radius, respectively

Axial velocities in core and plasma region,
respectively

Zeroth order approximation of axial
velocity in core and plasma region,
respectively

First order approximation of axial veloci-
ties in core and plasma region, respectively
Plug core velocity

Zeroth and first order approximation of
plug core velocity, respectively
Herschel-Bulkley fluid parameter
Viscosity index

Constant in viscosity relation

Pressure

Steady state pressure gradients for steady
and pulsatile flow, respectively

~

Xz~

P05 Rpl
Upg, UN

UH0, UNO

Um1, UN]

ﬁ:

Upo, Upi

SN om3 o3

q(z)

0y, 0(z,t) Volumetric flow rate for steady and pul-
satile flow, respectively

Ry(t,z)  Radius of artery with time-dependent
stenosis in core region

R(t, 2) Radius of artery with time-dependent
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stenosis in plama region

Ri(2) Radius of artery with stenosis in steady
state case (core region)

R(2) Radius of artery with stenosis in steady
state case (plama region)

Ry Radius of normal artery

A Amplitude

L Length of the constricted blood vessel

Greeks letters

T, TN Shear stresses in core and plasma region,
respectively

THO, TNO Zeroth order approximation of shear stress
in core and plasma region, respectively

TH1, TN First order approximation of shear stress in
core and plasma region, respectively

T, Yield stress

0 Dimensionless yield stress

Ty Wall shear stress

Ps PN Densities of blood in core and plasma re-
gion, respectively

Uiy Uy Constant viscosities of the blood in core
and plasma region, respectively

Wy (1) Variable viscosity of the blood in core re-
gion

0o The ratio of densities in plasma and core
region

o Womersley frequency parameter

Om, 0N Peak height of stenosis in core and plasma
region, respectively

W Angular frequency

As, Flow resistance for steady and pulsatile
flow, respectively

Subscripts

0 Zeroth order approximation (for
R0, 10, tpo, TH0, TNO)

1 First order approximation (for
Ry1,up, tp1, T, TN)

H Herschel-Bulkley fluid (for ugy, 1, dm, pp)

N Newtonian fluid (for uy, Ty, o, py)

p Plug flow value(for u,, R,)

s Steady flow value (for py, Oy, ;)

w Value at wall (for t,,)

¥ Value at yield stress (for 7,)

INTRODUCTION

The study of physical mechanism of blood flow
through blood vessels in the cardiovascular system is
fundamental understanding of cardiovascular diseases,
like atherosclerosis and post-stenotic dilation. Blood
circulation through blood vessels is a complex phe-
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nomenon, so researchers or mathematicians found it
difficult to formulate the mathematical problems in the
form of simple or relevant models which are mathe-
matically simple and physically significant. Hence, the
mathematical modeling and analysis of these proce-
dures can contribute to enhance the pathological and
clinical planning. Despite several complications, the
mathematicians kept working on the mathematical
formulations for the suitable constitutive models to
analyze blood flow through blood vessels. Womers-
ley*! made a significant progress in this direction when
he found an analytic expression to describe the flow of
blood through a rigid tube and described methods to
compute velocity, shear stress and vascular impedance.
Acknowledging the non-Newtonian behaviour of
blood in smaller blood vessels, MacDonald,"® Dash
et al.'® and Sankar and Hemalatha® studied the non-
Newtonian fluid flow through stenotic/catheterized
blood vessels by considering the flow to be steady and
observed the effect of the catheter radius and yield
stress on hemodynamical quantities such as velocity
profile, yield plane location (which can be obtained by
knowing plug flow radius), flow rate, wall shear stress
and flow resistance. They found that wall shear stress
and flow resistance increases with yield stress whereas
flow resistance and wall shear stress decreases with
increase of catheter radius. Among above works, the
Herschel-Bulkley fluid model is very useful in model-
ing blood flow through small vessels as it works well
for both the moderate as well as high shear rate.”
Casson fluid is used by many researchers to model the
blood flow through small blood vessels at low shear
rate as the results obtained under these circumstances
matches with Herschel-Bulkley fluid model at low
shear rate. Aroesty and Gross>® mathematically
examined the pulsatile nature of Casson fluid flow
through small blood vessels which possess the finite
yield stress and shear-dependent viscosity.

The most common cardiovascular disease is
atherosclerosis which occurs due to the deposition of
fatty plaques of cholesterol on different parts of arterial
wall in which the flow resistance increases due to nar-
rowing of the area of the flow region. Many investiga-
tors Young,*® Shukla er al.,”” Chaturani and Samy®’
have theoretically studied the blood flow through con-
stricted blood vessel and observed that the effect of
shear-dependent viscosity and yield stress on hemody-
namical quantities such as wall shear stress, flow rate
and flow resistance erc. Sankar and Hemalatha® and
Sankar and Lee® analyzed the combined effect of pul-
satility, stenosis size and non-Newtonian behavior of
blood through constricted blood vessels by assuming
blood as non-Newtonian Herschel-Bulkley fluid and
found that the values of plug flow radius of Herschel—
Bulkley fluid are slightly higher than the Casson fluid. It
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is also noticed that flow resistance increases with the
increase in height of stenosis and yield stress while all
other parameters are kept fixed. The effect of non-
Newtonian nature of blood and pulsatility on flow
through constricted blood vessels is observed by Sid-
diqui e al.*® by assuming the blood as non-Newtonian
Casson fluid. Nagarani and Sarojamma®' examined the
effect of external body acceleration on pulsatile flow of
Casson fluid through blood vessel with mild constric-
tion and observed that periodic body acceleration leads
to enhanced flow rate and reduced flow resistance.
Mekheimer and Kot'> mathematically analyzed two-
dimensional blood flow through concentric tubes where
inner tube represented the catheter and outer tube
represented the constricted blood vessel. Recently,
Thanaa er al.'" discussed the Cu-model for blood flow
through catheterized constricted blood vessels with a
thrombosis and concluded that velocity distribution
increases with increase in nanofluid volume fraction
whereas flow impedance decreases.

In all the above work, blood viscosity was assumed to
be constant but physically the blood viscosity depends on
hematocrit (the volume concentration of all red blood
cells in whole blood) and diameter of the blood vessel
proposed by Lih.'? This assumption is physically more
realistic in modeling blood flow through blood vessels.
Keeping this fact in mind, Misra and Ghosh?’ carried out
the analysis for steady and pulsatile nature of blood flow
through blood vessels with parent artery in which the
blood is considered as Casson fluid and examined the
effect of variation of hematocrit on fluid flow quantities.
The combined effect of external magnetic field and radi-
ally varying viscosity on blood flow through blood vessels
with constriction was examined by Bali and Awasthi* in
which they solved the non-linear pressure equation with
series method. A theoretical study of blood flow through
tapered overlapping constricted blood vessels with
varying nature of viscosity depending on hematocrit was
presented by Shit e al.*® in which the governing equa-
tions for incompressible, Newtonian fluid with suit-
able boundary conditions were solved by the well known
Frobenius series method. Mekheimer and Abd
Elmaboud'* discussed the simultaneous effect of varying
viscosity and thermal conductivity on pulsatile flow
through a vertical asymmetric channel.

All the above studies involve the position dependent
constriction for blood flow through blood vessel.
However, under different circumstances growth into
the arterial wall of uniform cross-section may be time-
dependent® which plays a significant role in the
diagnosis and clinical treatment®'? of various cardio-
vascular diseases. Sankar and Lee* numerically
investigated MHD flow of a non-Newtonian fluid
through blood vessels with time-dependent constric-
tion. Mekheimer and Kot'® mathematically analyzed

the unsteady flow of Sisko fluid through tapered elastic
blood vessel with time-dependent overlapping con-
striction. A theoretical investigation of pulsatile flow
through a time-dependent constricted blood vessel
under periodic body acceleration was carried out by
Sinha er al.*® Recently, the effect of catheterization on
blood flow through curved blood vessel with time-
variant overlapping constriction has been studied by
Mekheimer and Kot'” by using the rectangular tor-
oidal coordinate system. Mekheimer er al.'® discussed
the unsteady flow of a Carreau fluid through inclined
catheterized blood vessels having clot model with time-
dependent overlapping constriction.

Apart from the nature of single-fluid model of
blood flow though arteries, it is also important to see
when the blood flows through small blood vessels,
blood behaves as non-Newtonian fluid in the core re-
gion (representing RBCs) and Newtonian fluid in the
cell free region near wall that plays a significant role in
the flow convention of the system. Bugliarello and
Sevilla® experimentally verified the existence of a cell
free region near the wall representing plasma. Several
researchers have worked on two-fluid model of blood
flow through stenosed arteries with blood being non-
Newtonian fluid in core region and Newtonian fluid in
cell free region. Chaurani and Kaloni,” Shukla et al.,*®
Srivastava and Saxena,*® Sankar and Usik Lee,’'s?
Sankar and Ismail*® have analyzed the blood flow
through stenotic arteries by treating the blood as two-
fluid model. They investigated the effect of peripheral
layer viscosity and size of stenosis on the physiological
characteristic of blood flow through constricted blood
vessels. Ponalagusamy and Tamil Selvi*® considered
the two-layered model of blood flow through con-
stricted blood vessels with varying peripheral layer
thickness near wall and obtained the analytical
expressions for the same. Recently, Ponalagusamy and
Tamil Selvi** considered two-layer model of blood
flow through a constricted blood vessel in the presence
of transverse magnetic field and radially varying vis-
cosity and assumed blood as Newtonian fluid in both
the regions. The numerical solutions for hemody-
namical quantities such as velocity distribution, flow
rate, flow resistance were obtained and the effect of
various parameters on these quantities were studied.
To the best of our knowledge and on the basis of
above literature survey, it is observed that the varying
nature of viscosity on two-fluid models has not been
given much attention while modeling non-Newtonian
fluid flow through blood vessels with constriction by
assuming the blood in the core region as Herschel—
Bulkley fluid.

In the present analysis, we are going to analyze the
effect of varying nature of viscosity instead of constant
viscosity model to the blood flow through blood vessel
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with constriction. The two-fluid model for blood flow
is considered with suspension of all the RBCs (ery-
throcytes) in the core region as non-Newtonian (Her-
schel-Bulkley) fluid and the cell free region of plasma
as Newtonian fluid. Analytical expressions for the
velocity profile, plug core velocity, flow rate and
resistance to flow have been obtained. The effect of
variable viscosity on hemodynamical quantities such as
velocity profile, velocity in plug core region, flow rate
and flow resistance are analyzed graphically and
compared with the constant viscosity model.

MATHEMATICAL FORMULATION

Consider two-dimensional axially symmetric, lami-
nar, pulsatile and fully developed flow of blood
through a constricted blood vessel as shown in Fig. 1.
Cylindrical polar coordinates (7, ¢,Z) have been used
with 7, z being the radial and axial coordinates,
respectively and ¢ is the azimuthal angle whose origin
is located on the vessel axis and the velocity compo-
nents are (w, 0, u). Two-fluid model for blood flow has
been employed. The walls of the constricted blood
vessel are assumed to be rigid. For arteries with mild

stenosis (6y/Ry < 1, Fig. 1), the radial component of

momentum equations will be reduced to % =(.1352742
In this case, the governing equations are
Oy op 10 _
oy—a = _ £ __ T 0<F<R(tzZ 1
T oz Forn)h 0srsRi2), (1a)

where the shear stress T = |Tz| = —7z (since T = Ty or
T =7y); py and p, are densities of blood in core and
plasma region, respectively; p pressure; iy, iy axial
velocities in core and plasma region, respectively; 7
time and 7Ty, Ty the shear stresses in core and plasma
region, respectively.

For the Herschel-Bulkley fluid (blood) 75 and
Newtonian fluid 7, are given by

ift<z,, 0<F<R, (2b)

ou — _
wem(-GY). RED<r<RGD ()
7
where [};(7) denote the radially varying viscosity
in core region which is Wy (F) = Ry
\m
{1 +K—-K (R%—O) }20’24; g and @ constant viscosity
coefficient in core and plasma region, respectively; 7,
the yield stress; n Herschel-Bulkley fluid parameter; m
is the viscosity index appearing in the expression for
variable viscosity and K is constant in viscosity rela-
tion.
The boundary conditions are given as

Ty 18 finite at 7 = 0,
Ty =1y, Uy = iy at r = Ri(1,2), 3)

uy=0atr= R(l_,f).

A N
i Plasma Region /
A . t P
Ry -
BRo R
v y v I IRP
'y (7),uy Core Region
parmSms ~>/ EN
ol /’?Q

FIGURE 1. The physical sketch of constricted blood vessel for two-fluid model.
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The geometry of the blood vessels with time-dependent
constrictions in the core and peripheral region are gi-
ven by Misra et al.,'”” Nagarani and Sarojamma,”' and
Sankar and Ismail.*

Rl(f, f) _ ﬁR(} — BH(I — ei?‘j’)(l + COS%); 722() S z S 25()
PRy; otherwise
(4a)
_ Ry — o _ o0 nz). _2z z Z
R(ZT,Z): Ro 51\/(1 (,_ )(14-005220), 220§Z§220
Ro; otherwise
(4b)

where Ly = 4% is the length of the stenotic region; oy
and oy are the maximum height of the stenosis in core
region and plasma region, respectively; R;(7,Z), R(%,2)
are radii of the constricted artery with core and
peripheral region, respectively; Ry, SRy represent the
radii of the cell free region and core region for un-
stenosed artery, respectively and f is the fraction of the
core radius to the radius of normal artery.

To solve the above system of nonlinear partial dif-
ferential equations, the following non-dimensional
variables are introduced

T — fHR() v — f}vRo 20— 20 . L
H = — N — — — 5 — 35
Uopiy Uopiy Ro Ry
R PR r z _
IQPZTP7 p:p—j)7 r:z—7 Z:i7 t=tw,
RO UO/'LN RO R()
L RXaop p il il
L():TO, OCZZ 0_ pN7 P():'?_N7 UH:ﬂa N:u_Na
Ry Ky PH Uy Uo
7, R 0 B R(z
(‘):T"',O, 5 :TH7 5N:TN, R(Z): EZ)’
Uony Ry Ry Ry
R(z R(1,z R (7,2
Rie) =BG Rz < REA -y <Rl
Ry Ry Ry
R l—n .
where [y = ﬁN(UO;%V ; o 1s the Womersley fre-

quency parameter and o is the angular frequency of
the blood flow.

We have taken here the pressure gradient as the
function of z and ¢. Therefore

~ gm0,
where ¢(z) is the steady state pressure gradient and
flt) =1+ Asint, A is the amplitude of the pressure
gradient.

Using non-dimensional variables, the system of
equations (1)-(4) will become

20 10
o = 4G L ) (5a)

2O @)~ ), (S)

where ¢(z)f(¢) >0 and

1/n
TH:0+((1+K—K”m)(_68L:I>) ) 1fTZH7
RPSrSRl(t72)7
(6a)
81/11-[ .
W:O, ift<0, 0<r<R, (6b)

rN:*?, Ri(1,2) <r < R(1,2). (6c)
r

The boundary conditions in non-dimensional form are
given by
Ty 18 finite at r = 0,
Ty = TN, ug = uy atr = Ry(t,z), (7)
uy=0atr=R(t,z).

The geometry of the stenosis in core and peripheral
regions are given as

Rit,2) = ﬁ*éy(l*e_f)<l+0052n—z';); —2zp <z <2z
' B; otherwise

(8a)

R([ z) = 1— 51\/(1 - e*’)(l +cosﬁ); —2z0 < z < 2z
’ L; otherwise

(8b)

where (0y/Ry) < 1 and (dy/Ro) < 1.
The volumetric flow rate Q(z, t) in non-dimensional
form is given by Misra et al."’

R(t,z)
O(z, 1) = 4/0 ru(z,r, t)dr. 9)

SOLUTION FOR STEADY FLOW

Consider two-dimensional axially symmetric, lami-
nar, steady and fully developed flow of blood through
a constricted blood vessel as shown in Fig. 1. For
arteries with mild stenosis (dy/Ry < 1, Fig. 1), the
radial component of momentum equations will be re-
duced to % =04

In this case, the governing equations are

dp  1d _

= <F< Rz
e = 0 <7< R(Z), (10a)
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— 2) <F< R(z 1
T fm). R(T<RE,  (10b)
where p denotes pressure; Ty and Ty denote the shear
stresses of Herschel-Bulkley fluid and Newtonian
fluid, respectively. The stress and strain relationship
for both the fluids are given by

v 0<F<R,, (11b)

fNﬁN<—88urN>, Ri(2) <F < R(%), (11¢)

where [i};(7) denote the radially varying viscosity in
\m
core region which is i, (F) = py{l + K—K(RLO) 2024
and Ji, iy are constant viscosity coefficients in core
and plasma region, respectively; 7, the yield stress; n
Herschel-Bulkley fluid parameter; m is the viscosity
index and K is constant in viscosity relation.
The pressure gradient is assumed as

dp

_E_psv (12)

where p; is the non-dimensional steady state pressure
gradient.

The governing equations in non-dimensional form
are

1d
Ds = ;E(I‘TH), 0<r<R2), (13a)
Ld R <r<R 13b
Ds ;E(VTN)7 1( ) r= (2)7 ( )

and the Eq. (11) in non-dimensional form are given by

_Ouy Ty Yty — n0)

o 11 Kk_Rm 20 RSr<Ri),

(14a)
814]-[
W_O, THSQ, 0<r<Rp, (14b)
BUN
_W:TN’ Ri(z) <r < R(z), (14c¢)
where 6 = - OUJ is the non-dimensional yield stress.

The non-dimensional form of the boundary condi-
tions are given as
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Ty 18 finite atr =0,

g = TN, uH:uNatr:Rl(z), (15)

uy =0atr= R(z).
The denominator of the right hand side of Eq. (14a)
has been expanded binomially up to third order
approximation.?’ Solving Egs. (13) and (14) and using
boundary conditions (15), we obtain

’L'H:%7 TN:%, (163)

_n(l’sr)
p(K+1)

st K3r3m st 20n
+ 3 -
n—+1 (K+1) 3m+n+1 3m+n

n K2p2m psl’ B 20n
(K+ 1) \2m+n+1 2m+n

K st 20n
: — —20
+K+l<m—|—n+1 m+n> )
—n
(pRl)< L 20
ps(K+ n+1

)
K3R3”’ psR 26n
3m+n + 1 3m+n

1<2R2'" 20n
2m + n —|— 1 2m +n

KR’I” PsRy B 20n )
K+1\m+n+1 m+n

un =1 (R~ RY)

(16b)

uy == (R*—r?). (16¢)
We can obtain the plug core velocity from the
Eq. (16b) by putting r = R,

U, =ug atr=R,, (16d)

where R, is the plug core (flow) radius.
The geometry of the stenosis for steady state flow in
non-dimensional form is given by

Rl(z):{ﬁ_5H< +Cos§;)' —2z9 <z <2z
b; otherwise
(17a)
R(z):{l_éN( 2“_7‘;), —2z9 <z < 2z
l; otherwise
(17b)

where R(z) and R, are the radius of the artery with
and without stenosis, respectively.
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The volumetric flow rate Qg in non-dimensional
form is given by Sankar and Hemalatha®

R(z)
0, = 8/ ru(z, r)dr,
0

R, Ri(z) R(z)
=8 uy(z, R,,)/ rdr+/ ru,,(z,r)dr—i—/ run(z,r)dr |.
0 R, Ri(z)

P

(18)
The frictional resistance 4, is given by
psL
As = , 19
T, 19

where L is the length of the blood vessel.

SOLUTION FOR PULSATILE FLOW

Using regular perturbation method, the velocity
distribution uy and the shear stress ty are assumed to

perturbation series form??
ug(z,r, 1) = ugo(z,r, 1) + Cug (z,r, 1) +---,  (20a)
t(z,r 1) = tho(z, 1, 1) + Pt (2,0, 8) + -+, (20D)

Similarly, the expressions for velocity, stress for
Newtonian fluid and plug core radius for non-New-
tonian fluid can also be written in powers of o, where
o(< 1.0) is the Womersley frequency parameter. Here
o’ is being used as perturbation parameter as it de-
pends upon the characteristic velocity.?®

The non-dimensional form of boundary conditions
are given by

Tho and Ty are finiteatr =0,
THO = TNO, THI = TN1, UH0 = UNO, U1 = Uyt atr= Ry (t,z),
uno=un1 =0atr=R(t,z).

(21)
Putting the values of wuy(z,r,t) and ty(z,r ) in

Egs. (5) and (6) and equating the coefficients of o, we
have

0

2 (rem) = ra2)10), (22
Ougo _ ‘L"}_;Ol (’L’H() — I’l@)
o  1+K—-Km’ (22b)

The denominator of the right hand side of Eq. (22b)

has been expanded binomially up to third order
approximation.”® Solving Egs. (22a) and (22b) and
using boundary conditions (21), we obtain

o = rq(2)/(1)/2, (23a)

_27R(A)g(2)R)"
HO — K+ 1
. (f(t)q(Z)Rl L KRy
n+1 (K+1)°
NELICL
3m+n+1 3m+n
K2R3 [ f(t)q(2) Ry 26n
(K+1)° (2m+n+1 72m+n)
| KRy (f(t)q(z)R1 20 ) . 29)
K+1\m+n+1 m+n
27 (0)g(2)" (0)g(2) n K ( f(1)q(z)
K+1 n+1 (K+1)3 3m+n+1

20n K22 < rft)g(z)  26n )

3m+n (K+1)*\2m+n+1 2m+n
Kr" (rf(1)q(2) 20n A0Da(z) o 2
TxT1 <m+n+1 _m+11) _20> Ty (R = Rp).
(23b)
Using perturbation series expansion, we have
0
= (rt) = ra(z0), (240)
Ju

61’\]0 = —TNO- (24b)

Solving Egs. (24a) and (24b) and using boundary
conditions (21), we have

o = rq(2)f(1)/2, (25a)
o :f(f)j(z) (R — 1) (25b)

The zeroth-order approximation of plug core velocity
can be obtained from the expression of Eq. (23b) as

Upg = upo at r = Rpo, (26)

here R,y is the zeroth order approximation of plug core
radius. Similarly, equating the coefficients of o’ in the
Egs. (5) and (6), we have

1 8uH0 o 10

o 01 ——;E("Tﬂl)’ (27a)

_ 6‘qu _ I’l‘E’}_fOZ’L'Hl (‘L'H() — (I’l — 1)9) ' (27b)
or 1+ K— Krm
The denominator of the right hand side of Eq. (27b)
has been expanded binomially up to third order
approximation.?® Similarly, equating the coefficients of
o’ in the Eqgs. (5) and (6), we have

6uN0 - 10
o ——;E(VTNI% (28a)
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_ Oun
or

The wall shear stress t,, can be obtained as

= TN]- (28b)

Ty = (TNO + OCZTNl),.:R- (29)

The shear stress |ty| = (|tmo| + o?|tm|) at r=R, is
given by

(el +@leml) = Oatr=R,.  (30)

Using Taylor’s series expansion of ty9 and 74, about
Ry and using |tpo(Rpo)| = 0, we have

—| a1 (Rpo)]
R, =—F— 1. 31
BT Gl
The flow resistance A is defined as
Po— DL
A= , 32
0G0 32)

where pressure p =ppatz=0and p=p; atz= L.

The solution of Egs. (27a,27b) and (28a,28b) for u;
and uy; with help of Egs. (23a, 23b) and (25a,25b) by
using the boundary conditions (21) are obtained by
Mathematica Software but due to very large expres-
sions it has not been mentioned here. Therefore the
mathematical expression for the first order approxi-
mation uyy, uy; and Q, 4, t,, have not been mentioned
in the manuscript.

RESULTS AND DISCUSSION

A comparative study between single and two-fluid
model has been done in the present section and the
effect of varying nature of viscosity on fluid flow
quantities such as plug flow (core) velocity u,, flow rate
Q, wall shear stress 7, and flow resistance 4 are
graphically analyzed and compared with constant vis-
cosity model. This model identifies the Newtonian fluid
if yield stress # = 0 and » = 1, Bingham-plastic fluid if
0 #0and n =1, a Power-law fluid if 6 =0 and n # 1
and in case of Herschel-Bulkley fluid, we have taken
here a specific value of yield stress as 0 = 0 (0.05) and
the value of the Power-law index as n # 1 (1.05). These
values are used for a comparative analysis of some
hemodynamical quantities for four fluids (NF, PL, BP,
HB as fluid in core region, respectively). The value of
Herschel-Bulkley fluid parameter (or Power-law in-
dex) n for blood flow models is taken as 0.95 when
n<1 and 1.05 when n>1.?® The range of value of K
lies between 0.0—0.9 as per suggestion of Misra and
Ghosh.?® The value of the density ratio Py 1s taken as
unity throughout the analysis. The value of viscosity
index varies from 0—10 for steady flow and pulsatile
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flow situation. The typical value of the p; =1 for
steady state’” and ¢(z) = 1 for pulsatile state.?' Fol-
lowing Shukla et al.,*® relations R, = PR and 6y =
Pon are used to calculate Ry and é45. When f§ = 1, the
two-fluid model reduced to single-fluid model (Her-
schel-Bulkley fluid model). This model reduces to
constant viscosity model, if we choose either the vis-
cosity parameter K = 0 or viscosity index m = 0.

Steady Flow

First of all we would emphasize upon the areas in
which our model agrees with previously established
constant viscosity models (either viscosity parameter
K=0 or viscosity index m =0) for steady flow
involving single as well as two-fluid models. The details
are as follows:

(1) The velocity distribution decreases radially
with parabolic profile and slightly flattened
near the axis due to presence of yield plane
location under constant as well as varying
viscosity assumption (Fig. 2).

(2) Like the previously established constant vis-
cosity model, here also plug flow velocity and
flow rate decays with increasing yield stress
(Figs. 3 and 4a) and height of stenosis (Figs. 3
and 4b) for single as well as two-fluid model.

(3) Analysis of flow rate with yield stress for dif-
ferent peripheral layer thickness and different
values of viscosity index reveals that flow rate
assumes slightly higher values with increase in
peripheral layer thickness (i.e., reduced f)
(Fig. 4a). This result is in good agreement
with Srivastava and Saxena.*’

(4) Like the previous studies for constant viscos-
ity model, here also the flow rate assumes
relatively higher values for two-fluid model in
comparison to single-fluid model and

0.14

o2f__MZ2__ ~
0.10f
0.08F SN

\\
0.06f N
0.04 N

0.02

0.0 0.2 0.4 0.6 0.8
r

FIGURE 2. Variation of velocity profile u with radial distance
r in steady flow for different values of m.
(z=0,0=0.05K=0.2ps=1,0y =01, =n=0.95).
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Variation of plug core velocity u, with yield stress

0 for different values of viscosity index m and height of
constriction dy. (K =0.2,ps =1,z =0,n = 0.95).

increases

with rising pressure gradient

(Fig. 5).

®)

In agreement with the previous studies, the

flow resistance in our formulation increases
with yield stress (Fig. 6a) and height of
stenosis (Fig. 6b) and it assumes lesser value
for two-fluid model in comparison to single-
fluid model.

(6)

From Fig. 6a, the analysis of flow resistance

with yield stress for different peripheral layer
thickness and different values of viscosity in-
dex divulge that flow resistance assumes
slightly lesser values with increase in periph-
eral layer thickness (i.e., reduced f). This re-
sult is in good agreement with Srivastava and
Saxena.*’

Now we present the new observations emphasizing
the effect of varying viscosity (viscosity parameter
K # 0 and viscosity index m # 0) on various hemody-
namical quantities such as velocity profile, plug flow
velocity, wall shear stress, flow rate and flow resistance.
The details are as follows:

e For rising viscosity index (m), the following
observations have been made:

(1)

)

From Fig. 2, it is pointed out that velocity is
slightly reduced for higher viscosity index
and there is no varying viscosity effect in
peripheral region i.e., curves are almost
coincide for different viscosity indexes. This
signifies the effect of varying nature of vis-
cosity.

A rising viscosity index leads to decay in
plug flow velocity. The plug flow velocity
becomes higher for two-fluid model in
comparison with single-fluid model which is
in resemblance with the practical situations
(Fig. 3). The decay rate of plug flow velocity
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FIGURE 4. Variation of flow rate Qs with (a) yield stress 0

(K =025y =0.1),

(b) height of constriction Jy

(K =0.2,0 = 0.05), (c) viscosity parameter K for different
values of viscosity index mand . (ps =1,z =0,n = 0.95).

(€)

4)

with yield stress reduces with rising viscosity
index.

From Fig. 3, a noteworthy observation is
that the difference in plug flow velocity for
single and two-fluid model is slightly
increased for higher viscosity index in com-
parison to constant viscosity model which
shows that the velocity in plug flow region is
affected by varying nature of viscosity for
two-fluid model.

From Fig. 5, an important observation is
that the difference in flow rate for single and
two-fluid model is slightly higher for higher
viscosity index emphasizing the effect of

% BIOMEDICAL ENGINEERING SOCIETY™

www.bmes.org



164

Tiwarl AND CHAUHAN

2.0

0.5

0.0

——— m=0(TF)
——— m=3(TF)

m=3 (SF)

FIGURE 5.

Ps

Variation of flow rate Qs with pressure gradient ps

in steady flow for different values of viscosity index m.
(K=02,60=0.052z=0,y=0.1n=0.95).

®)

varying viscosity on flow rate in two-fluid
model.

An interesting observation is that the vari-
able nature of viscosity leads to relatively
higher change in flow resistance for two-fluid
model in comparison to single-fluid model
(Fig. 6b). Hence we can conclude that the
variable nature of viscosity leads to changes
in flow resistance, but the magnitude up to
which the flow resistance changes depends
upon the nature of blood vessels (i.e., ste-
notic region as the difference increases with
height of stenosis).

e Under varying viscosity assumption, the rising
yield stress leads to the following observations:

()

2)

(€)

From Fig. 3, the effect of varying viscosity
on plug flow velocity is diminished for higher
yield stress (approximately 0 = 0.25 when
oy = 0.1) and this stage is attained at lesser
value of yield stress 6 when height of stenosis
Oy increases (approximately 6 = 0.20 when
oy =0.2).

A rising viscosity index leads to further de-
cay in flow rate with yield stress for single as
well as two-fluid model (Fig. 4a). The decay
rate for variation of flow rate with yield
stress is reduced for higher viscosity index. It
is also noted that the decay rate of flow rate
with yield stress is higher for single-fluid
model in comparison to two-fluid model
under varying viscosity assumption.

An enhanced flow resistance with yield stress
is found for single as well as two-fluid model
with varying viscosity assumption (Fig. 6a).
Here also we observed a weak effect of
varying viscosity on flow resistance for two-
fluid model at high yield stress as the dif-
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FIGURE 6. Variation of flow resistance i with (a) yield stress
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height of constriction Jy

(K =0.2,0 =0.05), (c) viscosity parameter K (65 = 0.1) for

different

values of \viscosity index m and §.

(ps =1,z=0,n=0.95).

ference in flow resistance for two-fluid model
is very small between constant and varying
viscosity approaches. It is also seen that the
difference in flow resistance between con-
stant and varying viscosity approaches was
significant even at higher yield stress for
single-fluid model.

e Under varying viscosity assumption, the rising
height of stenosis leads to the following obser-
vations:

(1) From Fig. 4b, a remarkable observation is

that the difference in flow rate with height of
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stenosis for single and two-fluid model is
slightly increased for higher viscosity index
in comparison to constant viscosity model
which shows that the flow rate is affected by
varying nature of viscosity for two-fluid
model. However, at higher dy (o5 ~ 0.2) the
difference is almost negligible.

Another significant observation is that the
difference in flow resistance between single
and two-fluid model is more significant for
higher viscosity index and higher height of
stenosis, despite the fact that the yield stress
is low (Fig. 6b). Hence this emphasize that
varying nature of viscosity leads to signifi-
cant change in flow resistance in narrowed
artery even at low yield stress for two-fluid
model.

e The effect of peripheral layer thickness under
varying viscosity assumption leads to the fol-
lowing observations:

(1)

)

Figure 4a depicts that flow rate decreases
with yield stress for rising viscosity index
under different peripheral layer thickness
however a reduced peripheral layer thickness
leads to rise in decay rate of flow rate with
yield stress.

Figure 6a shows that flow resistance
increases with rising viscosity index under
different peripheral layer thickness but this
growth rate is lesser for higher peripheral
layer thickness. However, different periph-
eral layer thickness agrees to diminished ef-
fect of varying viscosity at higher yield
stress.

e The effect of viscosity parameter (K) under
varying viscosity index (m) leads to the follow-
ing observations:

(1)

Figure 4c demonstrates the effect of viscos-
ity parameter K on variation of flow rate for
different four fluids (Newtonian fluid-NF,
Bingham-plastic fluid-BP, Power-law fluid-
PL and Herschel-Bulkley fluid-HB). It is
clear that flow rate decreases with increase in
viscosity parameter K for single as well as
two-fluid model. An important observation
is that the value of flow rate is maximum for
Newtonian fluid and least for Herschel-
Bulkley fluid for single as well as two-fluid
model under varying viscosity assumption.
Decay rate of flow rate increases for single-
fluid model in comparison to two-fluid
model and this difference gradually increases
from NF to HB fluid, showing the significant
impact of varying viscosity on flow rate.

0.0

0.2 0.4 0.6 0.8

— 6ny=0.00 — §=0.10

7// -

== 6y=0.15 == - 5y=020  '

g -14
-16F
-18f
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FIGURE 7.

% variation of flow rate Qs with viscosity

parameter K (a) b/w single and two-fluid model for different
n (6 = 0.1), (b) b/w non-Newtonian and Newtonian fluid for
different oy (n =0.95). (m=3,z=0,$=0.95ps = 1).

)

(©)

4)

Figure 7a presents the relative variation (in
percentage) of flow rate with viscosity
parameter K between single and two-fluid
model for different values of HB fluid
parameter 7. It is clear that relative variation
in flow rate between single and two-fluid
models increases with increase in the value of
viscosity parameter K and HB fluid param-
eter n as well. Larger value of viscosity
parameter K leads to significant variation in
flow rate of two-fluid model relative to sin-
gle-fluid model. This shows that larger vis-
cosity parameter K significantly
distinguishes two-fluid model with single-
fluid model.

Figure 7b depicts the relative variation (in
percentage) of flow rate with viscosity
parameter K between non-Newtonian and
Newtonian fluid (as a core region fluid)
under different height of stenosis dy. The
relative difference in flow rate increases more
rapidly with respect to viscosity parameter K
in constricted blood vessel in comparison to
blood vessel without constriction.

The effect of viscosity parameter K on vari-
ation of flow resistance for different four
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fluids (Newtonian fluid-NF, Bingham-plas-
tic fluid-BP, Power-law fluid-PL and Her-
schel-Bulkley fluid-HB) is demonstrated in
Fig. 6¢c. It is clear that flow resistance
increases with increase in viscosity parame-
ter K for single as well as two-fluid model.
An important observation is that the value
of flow resistance is maximum for HB fluid
and least for Newtonian fluid for single as
well as two-fluid model under varying vis-
cosity assumption. The growth rate for flow
resistance increases from two-fluid model to
single-fluid model and this rise further
increases from NF to HB fluid. It is also
observed that viscosity parameter K is more
effective as we move from NF to HB fluid.

(5) Figure 8a presents the relative variation (in
percentage) of flow resistance with viscosity
parameter K between single and two-fluid
model for different values of HB fluid
parameter n. It is clear that percentage
variation decreases with increase in viscosity
parameter K and HB fluid parameter n as
well. Larger value of viscosity parameter K
leads to significant variation in flow resis-
tance of two-fluid model relative to single-
fluid model. This shows that larger viscosity
parameter K significantly distinguishes two-
fluid model with single fluid model. The rate
at which this change takes place, increases
with rise in HB fluid parameter n showing
that viscosity parameter K is less effective for
shear-thickening fluids (n<1) than shear-
thinning fluids (n>1).

(6) Figure 8b depicts the relative variation (in
percentage) of flow resistance with viscosity
parameter K between non-Newtonian and
Newtonian fluid (as a core region fluid)
under different height of stenosis oy. It is
observed that percentage variation reduces
with increasing value of viscosity parameter
K and it attains significantly higher values
for larger height of stenosis. The relative
difference in flow resistance decreases more
rapidly with respect to viscosity parameter K
in constricted blood vessel in comparison to
blood vessel without constriction.

Pulsatile Flow

Like the steady flow case in the previous sub-sec-
tion, here also we present the similarity of our model
with constant viscosity model for pulsatile flow as
follows:

E BIOMEDICAL ENGINEERING SOCIETY™

www.bmes.org

(a) 2

e —— 63=0.00

) 5=0.10 |
_________________ =015 === §y=0.20

0.0

0.2 0.4 0.6 0.8
K
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(6n = 0.1), (b) b/w non-Newtonian and Newtonian fluid for
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Like the steady flow analysis, velocity distri-
bution also decreases radially with parabolic
profile and slightly flattened near the axis
within the yield plane location due to presence
of yield stress under constant as well as
varying viscosity assumption (Fig. 9).

Figure 10 shows the plug flow radius is con-
stant with axial distance for unstenosed artery
while plug flow radius decreases gradually
from z = —2.0 to z = 0.0 and increases grad-
ually from z=0.0 to z = 2.0 for constricted
artery and the decay rate become higher for
larger height of stenosis which is in good
agreement with the previous works involving
constant viscosity approach.

For pulsatile flow, plug flow velocity and flow
rate decrease with yield stress (Figs. 11 and
14) for different height of stenosis while the
flow resistance increases with both (Fig. 17).
These variations are in good agreement with
the previous studies for pulsatile flow. Fig-
ure 12 shows sinusoidal variation of plug flow
velocity with time and slightly larger value of
plug flow velocity for two-fluid model.
Figure 13 shows the variation of wall shear
stress with time under varying viscosity
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FIGURE 9. Variation of velocity profile u with radial distance
r for different values of m. A=a2=05,z=0,t=1,60 = 0.05,
K=02y=01,=n=0.95).

assumption. We conclude here that the pul-
satile nature of wall shear stress remains un-
changed under varying viscosity assumption
and here also the wall shear stress decays with
rising height of stenosis and decreasing pres-
sure gradient amplitude which is in good
agreement with the previously established
constant viscosity model.

(5) A comparative analysis of variation of flow
rate with height of stenosis for all four fluids
(NF, PL, BP, HB) shows that the flow rate is
maximum for Newtonian fluid and minimum
for HB fluid (Fig. 15a) and it assumes slightly
higher values for two-fluid model (Fig. 15b)
which agrees with previous studies.

(6) From Fig. 16a, flow rate follows periodic
variation with time after ¢+ = 3, which is in
good agreement with previous works."

(7) Like the previous studies among four fluids
(NF, PL, BP, HB), the flow resistance is
minimum for Newtonian fluid and maximum
for HB fluid (Fig. 18a) and it assumes slightly
lower value for two-fluid model (Fig. 18b) for
any value of height of stenosis.

(8) Like previous studies, here also a pulsatile
nature of flow resistance with time is observed
for higher pressure gradient amplitude
(Fig. 19a). Since the stenosis geometry is
similar to Shit er al."” (i.e., the region become
narrower with increasing time), so significant
increase in flow resistance in the beginning is
observed which is on the lines of the results of
Shit et al."

Following are the new observations on effects of
varying viscosity upon various fluid flow quantities
such as velocity distribution, plug flow velocity, wall
shear stress, flow rate and flow resistance for pulsatile
flow situation.
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FIGURE 10. Axial variation of plug core radius R, for
different values of Jy and viscosity index m.
(0=0050=A=05K=02t=1,2=1,=n=0.95).
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FIGURE 11. Variation of plug core velocity u, with yield
stress 0 for different values of viscosity index m and dy.
(z=0,t=12=A=05 K=02, n=0.95).
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FIGURE 12. Variation of plug core velocity u, with time t for
different values of m at the center of the stenosis.
(0=005 «=A=05 K=02 n=09545y=0.1).

e For rising viscosity index (m), the following
observations have been made:

(1) Velocity distribution decays with rising viscosity

index (Fig. 9). An important observation is that

the decay rate become smaller for larger viscosity
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FIGURE 14. Variation of volumetric flow rate Q with yield
stress 0 for different values of viscosity index m and dy.
(K=02,a=A=05,z=0,n=0951t=1).

FIGURE 13. Variation of wall shear stress 7, with time t for
different values of oy and amplitude of pressure gradient A.
(B=n=095 m=3, =05 K=020=0.052z=0).

index and remains unaffected in the peripheral
region for larger viscosity index.

(2) Figure 10 shows that the decay rate in plug flow

radius with axial distance z become smaller for
higher viscosity index. This emphasize the effect
of varying viscosity on yield plane location
along axial direction in the blood flow through
blood vessels. The yield plane location signifi-
cantly changes for higher viscosity index but this
change is almost negligible at the position where
the height of stenosis is maximum. Also the
shifting in yield plane location for higher vis-
cosity index is maximum for unstenosed arteries.

(3) Slightly reduced values for plug flow velocity with

yield stress and height of stenosis (Fig. 11) is
observed under varying viscosity assumption.

(4) A sinusoidal variation of plug flow velocity with

time is observed in Fig. 12 and here also slight
difference is reported for plug flow velocity
between single and two-fluid model at higher
viscosity index.

(5) For rising viscosity index, the decay rate of flow

rate with yield stress is reduced for both single as
well as two-fluid model (Fig. 14).

(6) There is more difference in flow rate with height

of stenosis between single and two-fluid model
for varying nature of viscosity in comparison to
constant viscosity model which emphasize the
effect of varying nature of viscosity on flow rate
(Fig. 14).

(7) Variation of flow rate with height of stenosis is

depicted in Fig. 15a for different fluids (NF, PL,
BP, HB) and for rising viscosity index flow rate
gradually decreases with height of stenosis. An
increasing difference between flow rates of single
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and two-fluid models under varying viscosity
assumption is reported in Fig. 15b which is least
for Newtonian fluid and most for Herschel-
Bulkley fluid.

(8) Figure 16a shows the pulsatile variation of flow

rate with time. It is observed that for fixed pres-
sure gradient amplitude the flow rate slightly
decays with higher viscosity index. At higher
pressure gradient amplitude the flow rate with
time for varying viscosity is slightly decreased at
the trough but this decay is significant at crest.

(9) An interesting observation is that varying nature

of viscosity leads to a relatively higher growth in
flow resistance for single-fluid model in compar-
ison to two-fluid model (Fig. 17). The difference
in flow resistance between constant and varying
viscosity model is relatively very small for two-
fluid model in comparison to single-fluid model.

(10) Figure 19a shows the variation of flow

resistance with time under varying viscosity
assumption and observed a relatively higher
flow resistance for higher viscosity index at fixed
pressure gradient amplitude.

e Under varying viscosity assumption, the rising

yield stress leads to the following observations:

(1) Figure 11 shows that the decay rate of plug

flow velocity with yield stress increases for

higher viscosity index which is slightly more

in single-fluid model relative to two-fluid
model.

(2) A reduced flow rate is observed under
varying viscosity assumption for single as
well as two-fluid model (Fig. 14). A dimin-
ishing effect of varying viscosity on flow rate
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FIGURE 15. Variation of flow rate Q with height of
constriction Jy for different values of (a) viscosity index m
(p=0.95), (b) plasma layer thickness (1 — ) (m=3) for
different four fluids (NF, BP, PL, HB). (K=02 A=a=
05,z=0,t=1).

is observed at high yield stress which is more
dominant in two-fluid model in comparison
to single-fluid model.

e Under varying viscosity assumption, the height

of stenosis leads to the following observations:

(1) A notable observation is that there is more

difference between plug flow velocity of

single and two-fluid model for varying nat-

ure of viscosity in comparison to constant
viscosity model (Fig. 11).

(2) Figure 15a depicts that decay rate of flow
rate with height of stenosis is slightly re-
duced (almost 3%) for all four fluid models
under higher viscosity index.

(3) The varying viscosity is more effective in
comparison with constant viscosity approach
on variation of flow resistance with height of
constriction (Fig. 17). The difference between
flow resistance for single and two-fluid
model is relatively higher for higher viscosity
index.

(4) For rising viscosity index, growth in flow
resistance with height of stenosis is observed
in Fig. 18a for different fluids (NF, PL, BP,
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FIGURE 16. Variation of flow rate Q with time t for different
(a) viscosity index m and amplitude of pressure gradient A
(K =0.2,8=0.95), (b) viscosity parameter K (m=1,A = 0.5).
(n=095z=0,a=0.5,0=0.054y =0.1).
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FIGURE 17. Variation of flow resistance . with yield stress 6
for different values of index m and ON-
(n=095p,=t=1K=02 «a=A=05L=52z=0).

HB) and the growth rate is more significant
at higher height of stenosis.

(5) Figure 18b presents the variation of flow
resistance with height of stenosis under
varying viscosity assumption. An increasing
difference between flow resistance of single
and two-fluid models under varying viscosity
assumption is reported which is least for
Newtonian fluid and most for Herschel-
Bulkley fluid at higher height of stenosis.
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e The effect of viscosity parameter (K) under
varying viscosity index (m) leads to the follow-
ing observations:

(1) The sinusoidal variation of flow rate with
time for different values of viscosity param-
eter K is discussed in Fig. 16b. A significant
observation is that for larger values of K the
difference between flow rate of single and
two-fluid model is relatively more in com-
parison to flow rate corresponding to the
lower values of K at crest. This also
emphasize the effect of varying viscosity on
flow rate for two-fluid model.

(2) From Fig. 19b, we observe that the differ-
ence in flow resistance between two and
single-fluid model is higher for higher vis-
cosity parameter K.

(3) The relative difference (in percentage) in wall
shear stress between two-fluid model and
single-fluid model and non-Newtonian and
Newtonian fluid models is very small as
evident from Tables 1 and 2. This variation

@ ‘ ‘ ‘
sol NF (m=0) PL (m=0) A
BP (m=0) HB (m=0) 5
70t s
NF (m=3) PL (m=3) o
60F — — BPm=3) ----- - HB m=3)

~ 50
40 z
30F =
20f
0.00 0.05 0.10 0.15 0.20
oN
(b)
90 [] : : ‘ ]
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80 ¢ PL (TF) HB (TF) L 1
70F —--- NF(SF) — — BP (SF) ]
— — PL(SF) ----- - HB (SF
o b (SF) (SF) ]
<
50 f ]
o0 = 7 ]
0 e = 1
0.00 0.05 0.10 0.15 0.20
on

FIGURE 18. Variation of flow resistance i with height of
constriction oy for different values of (a) viscosity index m
(p=0.95), (b) plasma layer thickness (1 —p) (m=3) for
different fluids (NF, BP, PL, HB). (K=02A=a=
05 L=52z=0,t=1).
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remains same for large as well as small vis-
cosity index m.

CONCLUSION

The motivation of this study came from the fact that
deposition of fatty plaques leads to narrowing of ar-
tery. This constriction may be of any complex geom-
etry and we have considered a shape that is feasible for
the analytical treatment of the problem as well as to
perform a comparative study with previous models.?’
A comparative study of varying viscosity with constant
viscosity model of blood flow through small blood
vessels with constriction has been done in the present
work. The effect of varying viscosity on velocity pro-
file, plug core velocity, flow rate, flow resistance is
analyzed and it is observed that all these quantities are
affected by varying nature of viscosity of blood. From
the above study, the main findings are pointed out as
follows

(a)
70"
65
60
55F
<
50
45}
40f
35F
0
t
(b)
120
100
~ 80
60
sl — K=0.1 (TF) K=0.3 (TF) |
K=0.1 (SF) - --- K=0.3 (SF)
20 kL I t t t t t =
0 2 4 6 8 10 12 14

t

FIGURE 19. Variation of flow resistance i with time t for
different (a) viscosity index m and amplitude of pressure
gradient A (K =0.2,5=0.95), (b) viscosity parameter K
(m=1,A=0.5). (n=095z=0,4=0.5,0=0.054y =01,
L =5).
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TABLE 1. Relative variation (in percentage) in wall shear

stress 7, between single and two-fluid model for different

values of viscosity index m and viscosity parameter K.
(6=0.05,n=0.950=A=05,p,=t=1,0y=0.1,2=0).

m=7.0 m=10.0

K=0.1 —0.095449 - 0.097277 — 0.096755 — 0.095201
K=03 -0.098799 —0.102868 — 0.100187 — 0.096017
K=05 -0.100961 —0.106120 — 0.100996 — 0.094909
K=0.7 —-0.101990 - 0.107626 — 0.100359 — 0.092937
K=09 -0.102128 - 0.107912 — 0.009893 — 0.090613

TABLE 2. Relative variation (in percentage) in wall shear
stress t,, between non-Newtonian and Newtonian fluid (fluid
as in core region) model for different values of viscosity index
m and viscosity parameter K. (0 =0.05,n =0.95,0 = A=0.5,
po=t=1,0y=01,z=0).

m=7.0 m=10.0

K=0.1 —-0.054784 — 0.053418 — 0.051946 — 0.051404
K=0.3 -0.052875 — 0.049275 — 0.045698 — 0.044461
K=05 —-0.050936 — 0.045702 — 0.040793 — 0.039171
K=0.7 —0.048965 — 0.042580 — 0.036838 — 0.025006
K=0.9 -0.047001 —0.039829 — 0.033582 — 0.031642

e The varying viscosity effect on flow resistance
for two-fluid model is diminished (almost
coincide) at higher yield stress which was not
the case for single-fluid model. It is also con-
cluded that even for lower yield stress the effect
of varying viscosity on flow rate and flow
resistance for two-fluid model is almost negli-
gible for larger height of stenosis.

e An important conclusion from this study is that
the shift in yield plane location with higher
viscosity index for two-fluid model is relatively
small in comparison to single-fluid model.

e [t is concluded that with increasing viscosity
parameter K, the relative percentage variation
in various quantities (flow rate Q, and flow
resistance Ay) significantly changes. This
emphasize the effect of varying viscosity on
flow through blood vessel with constriction. It
is also concluded that the relative difference in
flow rate increases more rapidly with respect to
viscosity parameter K in constricted blood
vessel in comparison to blood vessel without
constriction.

Above conclusions lead to significant improvement in
accurate measurement of flow rate and flow resistance
for modeling of blood flow through constricted blood
vessels using two-fluid approach as it takes into
account the variable nature of viscosity. This is also
important because flow rate and flow resistance is an
important parameter to be measured for treatment of

atherosclerosis disease. Using constant viscosity for
two-fluid model may lead to error in computing flow
resistance as it is higher for varying viscosity model. So
it is advised to use this model for computing hemody-
namic quantities flow rate, flow resistance etc. more
accurately.
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