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Abstract
Mathematical models can provide useful insights explaining behavior observed in experimental data; however, rigorous
analysis is needed to select a subset of model parameters that can be informed by available data. Here we present a method to
estimate an identifiable set of parameters based on baseline left ventricular pressure and volume time series data. From this
identifiable subset, we then select, based on current understanding of cardiovascular control, parameters that vary in time in
response to bloodwithdrawal, and estimate these parameters over a series of bloodwithdrawals. These time-varying parameters
are first estimated using piecewise linear splines minimizing the mean squared error between measured and computed left
ventricular pressure and volume data over four consecutive blood withdrawals. As a final step, the trends in these splines
are fit with empirical functional expressions selected to describe cardiovascular regulation during blood withdrawal. Our
analysis at baseline found parameters representing timing of cardiac contraction, systemic vascular resistance, and cardiac
contractility to be identifiable. Of these parameters, vascular resistance and cardiac contractility were varied in time. Data
used for this study were measured in a control Sprague-Dawley rat. To our knowledge, this is the first study to analyze the
response to multiple blood withdrawals both experimentally and theoretically, as most previous studies focus on analyzing
the response to one large blood withdrawal. Results show that during each blood withdrawal both systemic vascular resistance
and contractility decrease acutely and partially recover, and they decrease chronically across the series of blood withdrawals.
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1 Introduction

Asmorehighfidelity physiological experimental data become
available, there is a greater need for mechanistic mathe-
matical models of the system being investigated to aid in
understanding the experimental observations. An increasing
amount of experimental data consists of time series data that
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track one or more variables in time either acutely or chron-
ically. In addition, mathematical models used to replicate
these datasets are found at all scales: multiple organ system
(e.g., the cardiovascular system), organ, cellular and subcel-
lular [2,16,31,35]. Once a physiologically based model is
chosen, the question is how to ensure that a proper set of
model parameters is selected to reproduce the experimen-
tal data. Much work has been done to develop methods for
selecting parameters that can be informed by the data. Algo-
rithms and procedures for parameter identifiability have been
developed based on the Fisher information matrix [1,7], pro-
file likelihoods [28], analytical approaches [32], and many
other techniques reviewed in Chis et al. [6]. While these
methods apply to a wide range of models and data, no sin-
gle approach generalizes to all experimental and modeling
contexts [6]. These methods have been used for the study of
cardiovascular models [21,23,25] and here they are adapted
for analyzing the cardiovascular response to successive blood
withdrawals. In this study, we develop a robust workflow
to analyze the dynamic response to blood withdrawal. The
workflow starts by using subject-specific information to
inform a baseline model predicting blood pressure and heart
rate dynamics at homeostasis (before blood withdrawal). A
subset of identifiable parameters are selected and estimated to
fit baseline data. From these, we select parameters regulated
by the cardiovascular system and show how they can repre-
sent experimental data under perturbation conditions (blood
withdrawal).

The experimental data used to illustrate this analytical
approach is from simultaneous measurement of rat left ven-
tricular pressure and volume at baseline and then during a
series of blood withdrawals, performed to observe how the
cardiovascular function changes during hemorrhage. Auto-
nomic regulation of the cardiovascular systemdrives changes
in cardiovascular function by responding to changes in mean
arterial pressure. It controls heart rate, cardiac contractility,
and total peripheral resistance in an effort to restore blood
pressure and tissue perfusion [30] and consists of an acute
component (on the scale of seconds) and a longer timescale
component (on the scale of minutes to hours) [3]. Many stud-
ies have observed autonomic regulation of the cardiovascular
system in response to a single blood withdrawal in experi-
mental animal studies [4,14]. Other studies have performed
multiple blood withdrawals in animals in an effort to identify
themaximal amount and interval between bloodwithdrawals
tominimize the autonomic regulatory responsewhen observ-
ing other cardiovascular phenomena [29]. To our knowledge,
no studies have been performed to understand the variation
in the autonomic regulatory response of the cardiovascular
system across multiple blood withdrawals.

As noted, our workflow consists of two major steps: (1)
Prediction of baseline dynamics (before blood withdrawal);
and (2) Modeling the response to blood withdrawals.

To study baseline dynamics, we use a simple cardiovas-
cular model adapted from Williams et al. [34]. The model
by Williams et al. was parametrized for humans and set up
to predict arterial blood pressure. The model proposed here
uses heart rate as an input to predict blood pressure, flow, and
volume in five compartments representing the left ventricle,
large and small arteries and veins.We parametrize this model
to a mouse system and analyze predictions of left ventricular
pressure and volume. Using covariance analysis [21,34], we
identify a subset of five parameters that can be estimated to
fit the baseline experimental data (left ventricular pressure
and volume).

To study the response to successive bloodwithdrawals, we
select three parameters from the subset estimated at baseline
and allow them to vary in time. These parameters are known
to be modulated by the cardiovascular control system. Simi-
lar to the study of head-up tilt in humans by Williams et al.
[34], the time-varying parameters are represented by piece-
wise linear splines with estimated spline nodes minimizing
the least squares error betweenmodel predictions and experi-
mental data. In addition, ourworkgoes beyondWilliams et al.
[34] by setting up functional representations of these splines
to capture the time-varying characteristics as a function of
aortic blood pressure and left ventricular volume, quantities
that are known to be inputs to the autonomic and passive
control of the cardiovascular system.

2 Methods

This study includes a series of blood withdrawal experiments
with continuousmeasurements of left ventricular blood pres-
sure and voltage (converted to volume) analyzed using a
five-compartment model. To characterize the autonomic and
passive cardiovascular control in response to hemorrhage,we
use time-varying parameters represented by piecewise linear
splines and dynamic models. We use sensitivity analysis and
covariance-based subset selectionmethodology to determine
a subset of identifiable parameters and use nonlinear opti-
mization to estimate the identifiable parameters minimizing
the least squares error between model predictions and data.

2.1 Experimental methods

In this work, we use data from one male Sprague-Dawley rat
to study changes in cardiovascular function in response to
multiple blood withdrawals. The weight of the rat and addi-
tional experimental parameters are summarized in Table 1. In
the experiment, the animal is anesthetized with sodium phe-
nobarbital and catheters are placed in the femoral artery and
vein for bloodwithdrawal and the administration of anesthet-
ics.Apressure-volumeconduction catheter (Millar SPR-869,
2F tip with four electrodes and 6mm spacing) is inserted
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Table 1 Experimental measurements

Rat weight (g) 339
Estimated blood volume (ml) 19.323

BW1 BW2 BW3 BW4

Amount withdrawn (ml) 1 1, 1 1, 1 1

Duration of withdrawal (s) 19 26, 15 17, 28 30

Length of cardiac cycle (s) 0.27 0.27 0.29 0.32

Mean BP (mmHg) 50.4 39.0 24.6 11.5

The two times listed for BW2 and BW3 correspond to the duration of
consecutive withdrawals of 1 ml each
BW blood withdrawal, BP blood pressure

through the right carotid artery into the left ventricle to simul-
taneously obtain pressure and voltage measurements. The
pressure data are used directly in the model analysis, while
the voltage data are converted to volume as described below.
The experimental protocol consists of four bloodwithdrawals
separated by a period of rest lasting at least 2 min, included
to ensure that the cardiovascular control system is in steady
state at the onset of each blood withdrawal. We refer to each
new equilibrium/rest state as “baseline”while the period over
which blood is withdrawn and the animal recovers is referred
to as “blood withdrawal.” The data are shown in Fig. 1 in its
entirety. In this study, we extract four time intervals repre-
senting 90–180 s of data each (marked with dark gray on
the figure) including a baseline phase (its endpoint is marked

with a blue asterisk) and a bloodwithdrawal phase. The base-
line data, before the first blood withdrawal, are analyzed by
Marquis et al. [21], but the complete signal with four blood
withdrawals has not been published previously.

2.1.1 Calibration

To obtain volume data, it is necessary to convert voltagemea-
surements to volume. This is typically done using cuvette
calibrations performedbywithdrawingblood, filling cuvettes
of different volume and taking conduction catheter readings
in each cuvette. This calibration is usually done at the end
of the actual experiment. For this study, the cuvette readings
taken after the blood withdrawal sequence could not be used
for predicting volumes at the baseline timepoints, likely since
the blood chemistry and hence conductivity change over the
time course of the blood withdrawals.

To overcome this problem, we developed a novel method-
ology combining information from cuvette measurements
with literature data. To do so, we assume that at base-
line prior to the first blood withdrawal, the left ventricular
end diastolic and end systolic volumes scale with animal
weight, as previously suggested [18]. We use literature val-
ues from MRI-based volume measurement studies (adopted
as the gold standard for ventricular volume determination) to
convert these baseline voltage measurements from the con-
duction catheter into baseline ventricular volumes. Trends

Fig. 1 Pressure and volume (converted from voltage) signal for the
complete blood withdrawal experiment. Four blood withdrawal seg-
ments (BW1–BW4 dark gray) are extracted for analysis including a

short baseline phase and a blood withdrawal phase. The end of the
baseline phase is marked by a vertical line with a asterisk on top
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for the left ventricular end diastolic and stroke volumes as
a function of body weight from control animals in thirteen
MRI-based studies are used to set the baseline calibration.
This relationship between ventricular volume and stroke vol-
ume to weight is depicted in the Electronic Supplementary
Material. The cuvette calibration of voltage to volume is then
used (where the calibration is valid) to convert voltage to vol-
ume during the steady state after the final blood withdrawal.
These two voltage-to-volume calibration points at the begin-
ning and end of the experiment are then used to scale volume
for the entire series of blood withdrawals.

2.2 Mathematical model

Blood flow and pressure are predicted using a five-
compartment model (see Fig. 2 and Table 2) consisting of
large and small arteries and veins as well as a beating heart.
Equations relating pressure, flow, and volume are derived
assuming that the dynamics follow an electrical circuit anal-
ogy with pressure p (mmHg) analogous to voltage, flow q
(µl/s) analogous to current, and volume V (µl) analogous
to charge. Using these assumptions, for each compartment,
conservation of volume gives

dVi
dt

= qi−1 − qi , (1)

Systemic
arteries ( )

Systemic

Left ventricle
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Mitral valve resistance 
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Fig. 2 Schematic of the compartmentmodel, showing the five compart-
ments and the cardiovascular controls. The model includes the systemic
circulation represented by two arterial and two venous compartments
coupled by a left ventricle representing the beating heart. Since our
model does not include flow in the pulmonary circulation, the large
veins directly feed into the left ventricle. All compartments are com-
pliant, and compartments are separated by resistors scaled to ensure
appropriate pressure distribution within the system. To model the car-
diovascular control, systemic resistance Rs and cardiac contractility
parameters EM, Em are predicted as functions of aortic pressure and
ventricular volume. Note: the heart rate is controlled as well, but in this
study it is included as a model input

Table 2 List of model components and notation

Compartment Pressure Volume Elastance
(mmHg) (µl) (mmHg/µl)

Aorta (ao) pbao Vao Eao

Systemic arteries (sa) psa Vsa Esa

Systemic veins (sv) psv Vsv Esv

Vena cava (vc) pvc Vvc Evc

Left ventricle (lv) plv V b
lv Ea

lv

Between compartments Flow Resistance
(µl/s) (mmHgs/µl)

lv → ao qav Rav

ao → sa qa Ra

sa → sv qs Ra
s

sv → vc qv Rv

vc → lv qmv Rmv

aParameters Elv and Rs are functions of autonomic response. bVariables
pao and Vlv are control inputs
av aortic valve, a arterial, s systemic, v venous, mv mitral valve

where i denotes compartment i ∈ {ao, sa, sv, vc, lv} (see Fig.
2 and Table 2), and qi represents the flow out of compartment
i (i.e., change in volume is the flow in minus the flow out).
For each compartment, the volume can be separated into a
stressed volume (the part of the volume pumped around the
circulation) and an unstressed volume, i.e.,

Vi,tot = Vi + Vi,0,

where Vi,0 denoting the unstressed volume is assumed con-
stant. The subscript 0 refers to unstressed volume throughout
the text.

Flow q (between compartments) and pressure p (inside
compartments) are related to resistance R via Ohm’s law

qi = pi − pi+1

Ri
, (2)

where subscript i refers to the flow and pressure in ques-
tion (see Fig. 2). Finally, pressure and volume are related to
elastance E using

Vi − Vi,0 = pi − pi,0
Ei

, (3)

where pi,0 denotes the associated unstressed pressure in com-
partment i . For this study, we assume that pi,0 = 0.

Tomodel the beating heart, for each cardiac cycle of period
T (T = 1/HR, the inverse of heart rate, input to the model),
we use a time-varyingmodel to compute left ventricular elas-
tance Elv(t). Equivalent to Eq. (3), the pressure in the left
ventricle is given by
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plv = Elv(t)(Vlv − Vlv,0),

Elv(t)

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

EM − Em
2

(

1 − cos

(
π t

Ts

))

+ Em, t < Ts

EM − Em
2

(

1 + cos

(
π(t − Ts)

Tr − Ts

))

+ Em, Ts ≤ t < Tr

Em, Tr ≤ t < T

(4)

where Ts = αsT denotes the time in the cardiac cycle to
maximal contractility and Tr = αr T denotes the combined
time in the cardiac cycle for the contractility to rise and return
to its minimum in diastole [10].

Finally, to ensure proper function of the valves we let

qvalve =
⎧
⎨

⎩

pi − pi+1

Rvalve
, pi > pi+1 (open valve)

0, otherwise.
,

where qvalve is the flow through the aortic and mitral valves
qvalve ∈ {qav, qmv}. pi denotes the pressure before the valve
and pi+1 is the pressure after the valve. Here we assume that
the valves can be modeled as diodes, i.e., that they are either
open or closed.

The dynamics of the system are obtained by solving a
system of five linear differential equations of the form (1),
one for each compartment (full list of equations are given
in the “Appendix”). Equations are solved numerically using
MATLAB’s built-in differential equations solver ode15s.

2.3 Nominal parameter values

Similar to the study by Marquis et al. [21], nominal param-
eter values for baseline simulations preceding each blood
withdrawal (given in Table 3) are calculated using a com-
bination of literature values and information extracted from

data. To approximate parameters based on data, two steps
are needed: first we approximate average baseline values for
volume, pressure, and flow, then we solve model equations
to extract nominal parameter values.

2.3.1 Volume

The total blood volume is estimated by Vtot = 57Wµl (where
W is the rat weight in grams [33]). This volume is split into
a stressed and an unstressed component using results from
mammalian studies suggesting that approximately 30% of
the total blood volume is stressed [12,33,36]. Of the 30%,
we assume that 25% of the volume resides in arterial com-
partments and 75% resides in venous compartments, with
systemic arteries and veins containing 90% of the arterial
and venous volume [17,19].

2.3.2 Pressure

Initial pressures are estimated from data, assuming the sys-
tolic (maximal) aortic pressure is 99% of the maximum
ventricular pressure (measured), and that the systolic sys-
temic arterial pressure is 99% of the systolic aortic pressure.
Similarly, on the venous side, the mean pressure in vena cava
is assumed to be 10% higher than minimum left ventricular
pressure, and the systemic venous pressure is assumed to be
10% higher than the vena cava pressure [21]. On the arterial
side, we assume that the arterial pulse pressure is 30 mmHg
and that mean arterial pressure (pi,mean) can be predicted as

pi,mean = 2

3
pi,dia + 1

3
pi,sys (5)

Table 3 Table of nominal
parameter values for baseline
simulations preceding each
blood withdrawal

Param Value Param Value

Vao 0.025 Vtot pao 0.99 avg(plv,sys)

pao,mean Equation (5), i = ao

Vsa 0.2 Vtot psa 0.99 pao

psa,mean Equation (5), i = sa

Vvc 0.075 Vtot pvc 1.1 avg(plv,dia)

Vsv 0.7 Vtot psv 1.1 pvc

Vlv,0 0.2 avg(Vlv,min)

αs 0.25 Em Equation (6)

αr 0.6 EM Equation (7)

Ra (pao,mean − psa,mean)/CO Eao paoVao

Rs (psa,mean − psv)/CO Esa psaVsa

Rv (psv − pvc)/CO Evc pvcVvc

Rav avg((plv,max) − pao)/CO Csv psvVsv

Rmv pvc − avg(plv,min)/CO

Vtot total stressed volume (0.3 of total blood volume); CO cardiac output; (min,max):minimum andmaximum
pressure or volume averaged over each period
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where i = ao for aortic compartment and sa for systemic
compartment (see Fig. 2 and Table 2), subscripts “dia” and
“sys” refer to diastolic (minimum) and systolic (maximum)
values, respectively [3].

2.3.3 Flow

The flow through the system (cardiac output, or CO) is
extracted from measurements of left ventricular volume:

CO = HR · Vstroke,

where HR is the mean heart rate and

Vstroke = Vlv,max − Vlv,min

is the mean stroke volume.

2.3.4 Parameter values

Model parameters include resistances, elastances, and heart
parameters:

θ ∈ {Ra, Rs, Rv, Rav, Rmv, Eao, Esa, Esv, Evc, αs, αr , Em, EM}.

Arterial and venous resistance parameters {Ra, Rs, Rv} are
calculated from average values of flow (CO) and pressure
using Eq. (2). The aortic valve resistance Rav is calculated
from approximations of maximal left ventricular volume and
pressure, while the minimum valve resistance Rmv is calcu-
lated from the minimum left ventricular pressure.

The arterial and venous elastances {Eao, Ea, Evc, Esv} are
calculated from Eq. (3), while nominal minimum Em and
maximum EM elastance of the left ventricle in Eq. (4) are
computed as

Em = avg(plv,dia)

avg(Vlv,dia) − Vlv,0
(6)

EM = avg(plv,sys)

avg(Vlv,sys) − Vlv,0
. (7)

Here the minimum and maximum are taken over all cycles
during baseline (before each blood withdrawal).

Similar to previous studies [21,34], we assume that the
timing parameters αs = Ts/T and αr = Tr/T used to com-
pute the time-varying elastance Elv(t) are constant.

2.3.5 Initial conditions

Assuming that model simulation begins at the end of systolic
contraction (at the beginning of diastolic filling), we set the
initial value of the left ventricular volume to its maximum

value. Initial conditions for the arterial and venous volume
are set to their stressed volume (Vi ) given in Table 3.

2.4 Model analysis

The objective of this study is to estimate model parameters
to fit the model output (left ventricular volume and pressure)
to data. The most important components of the experimental
data for the model to replicate are the maximum and mini-
mum Vlv and plv of each cardiac cycle. Therefore, the error
in the maximum and minimum Vlv and plv of each cardiac
cycle are explicitly included in the cost function along with
the overall error in the model fit to the data. Specifically, we
minimize the least squares error J = rT r ,

r = [
ξ�plv, ξ�plv,max, ξ�plv,min, �Vlv, �Vlv,max, �Vlv,min

]

(8)

where �X = {(Xi,Data − Xi,Model)/
√
N }, i = 1 . . . N with

N the number of measurement points in the signal, and ξ

is a weight factor introduced to scale the magnitude of the
pressure compared to that of the volume (e.g., for bloodwith-
drawal 2, ξ = 2).

Optimization is done using the nonlinear programming
solver fmincon in MATLAB with the interior point algo-
rithm. Whenever possible, we make use of the parallel
capability of fmincon optimization and use MATLAB’s
Parallel Computing Toolbox to improve computational effi-
ciency.

Given that data are only available from one compartment,
similar to previous studies [21,25,34] we use sensitivity anal-
ysis and covariance-based subset selection methodology to
determine a set of identifiable parameters that can inform the
model.

2.4.1 Sensitivity analysis and covariance-based subset
selection

To study the changes in the model output with respect to the
parameters, similar to previous studies [21,34], we use local
sensitivity analysis at baseline before BW1. The sensitivity
matrix is defined as

Si, j = ∂ri (θ)

∂θ j
,

where r is the model residual as in Eq. (8), and θ j is the j th
parameter.

The entries in the sensitivity matrix are calculated numer-
ically using a forward difference approximation and are
evaluated locally at the nominal parameter values [27].
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Ranked sensitivities for each parameter j

S̃ j =
∣
∣
∣
∣
∂ri (θ)

∂θ j

∣
∣
∣
∣
L2

are computed by averaging the time-varying sensitivities over
time using the L2-norm allowing us to separate sensitivities
into two groups: sensitive and insensitive.

From the sensitive parameter set, we determine a sub-
set of identifiable parameters using the structured correlation
method [21,23,25]. This method systematically removes the
least sensitive correlated parameter from the correlation
matrix. The first step is using the sensitivity matrix to calcu-
late the Fisher Information Matrix (F = ST S). The inverse
to the Fisher Information Matrix is the covariance matrix
(C = F−1), and finally the correlation matrix is given as

ci, j = Ci, j
√
Ci,iC j, j

.

Correlated parameters are removed until ci, j < ε for all i, j ;
we set a threshold at ε = 0.8.

2.4.2 Parameter confidence intervals

To assess the robustness of the estimated identifiable param-
eter values, we calculate confidence intervals using the
Fisher information matrix, assuming that variance is i.i.d. as
N (0, σ 2) [7]. Then θ̂ ∼ N (θ, σ 2), where θ is the unknown
true parameter set and θ̂ is an estimator of θ . The confidence
interval for the j th element of θ̂ is given by

C I j = θ̂ j ± tα/2
N−q s

√
C j j = θ̂ j ± �θ j ,

where N is the total number of data points, q is the number
of estimated parameters, tα/2

N−q is the t-value for the 1 − α/2

quartile with N −q degrees of freedom, and s2 = J (θ̂) is an
estimator of the variance σ 2.

3 Simulations

The model described above was first solved at baseline
estimating the subset of identifiable parameters (assumed
constant) and then run during blood withdrawal estimat-
ing time-varying parameters regulated by the cardiovascular
control system. This was repeated for each blood with-
drawal adjusting the calculation of nominal parameter values,
accounting for the blood withdrawn in the previous cycle.

3.1 Baseline

To ensure that the model behaves appropriately, we first
estimate constant baseline parameters minimizing the mean
squared error between the model predictions and data. We
first use sensitivity analysis and covariance-based subset
selectionmethodologybased onnominal parameters to deter-
mine a set of identifiable parameters that are subsequently
estimated. Then, to ensure the oscillations of the model out-
put are in phase with the data, we shift data in time and
estimate the identifiable parameters at each time shift. From
these we choose the shift associated with the smallest mean
squared error and apply this shift to the entire data segment
including both baseline and blood withdrawal. This process
is repeated for each blood withdrawal adjusting calculation
of nominal parameter values to account for the blood with-
drawn in the previous cycle.

3.2 Blood withdrawal

Each blood withdrawal simulation is initiated using the esti-
mated baseline parameters. A description follows of how to
model blood withdrawal and introduce parameter estimation
procedures for determining time-varying parameters.

3.2.1 Modeling blood withdrawal

To simulate hemorrhagic trauma, similar to the experimental
setting, we withdraw blood from the systemic arteries at a
constant rate,

dVsa
dt

= qa − qs − qout, (9)

where

qout =
{

Vol
tE−tS

, tS ≤ t ≤ tE

0, otherwise.

Here Vol corresponds to the blood volume withdrawn in
the experiment, tS and tE denote the start and end times of
the blood withdrawal, and qout denotes the blood withdrawal
rate. For the data used here, the volumes of blood withdrawn
vary from the 1–2 ml (see Table 1), with 30% withdrawn
from the stressed volume and 70% from the unstressed vol-
ume. For the first and fourth blood withdrawal, the blood
is withdrawn at a constant rate, while the second and third
blood withdrawals consist of two consecutive constant-rate
withdrawals (see Table 1).
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3.2.2 Time-varying response: splines

The cardiovascular control system regulates vascular resis-
tance, cardiac contractility, and heart rate [3]. Heart rate is
an input for the model; to account for variations in the other
quantities regulated by the cardiovascular control system, we
represent them as time-varying parameters using piecewise
linear functions that depend on time as in [22,34], where

X(t) =
N∑

i=1

γi Ki (t),

Ki (t) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

t − ti−1

ti − ti−1
, ti−1 ≤ t ≤ ti

ti+1 − t

ti+1 − ti
, ti ≤ t ≤ ti+1

0, otherwise

(10)

Here N denotes the number of timenodes along the piecewise
linear spline. The coefficients γi for i = 1 . . . N are estimated
using nonlinear optimization. X(t) denotes the time evolu-
tion of time-varying parameter X . As noted in [22,34], this
method requires that the number of nodes N and their spread
along the time span are specified a priori.

In this study, for the first and last 20 s of data we placed
a node every 5 cardiac cycles, while for the remaining data
we placed one node every 15 cycles. Placing nodes relative
to the length of the cardiac cycle ensures that the number of
nodes are higher during elevated heart rate, allowing us to
better capture time-varying responses. Moreover, including
more nodes at the beginning and end of the time interval
minimizes the effect of oscillations at the boundary.

3.2.3 Time-varying response: functional forms

Given the optimal piecewise linear splines described above,
we seek to express the time-varying dynamics as functions of
aortic pressure and left ventricular volume. Connecting the
dynamics of the time-varying parameters back to the con-
troller input can provide insight into the mechanisms at work
in cardiovascular regulation.

Cardiovascular regulationoccurs on a timescale that corre-
sponds to 5 to 10 heartbeats [24], which here is on the order
of 1.5–3 s and is much shorter than the timescale consid-
ered in this experiment (the blood withdrawals last 20–45 s).
Therefore, we simplify the system by assuming the parame-
tersmodified by cardiovascular regulation are in quasi-steady
state.

As a first approach, we assume that the controlled param-
eters can be represented by a sigmoid function of the form

X(t) = X2 − X1

1 + exp

(

− p̄ao(t) − p

z

) + X1, (11)

where the moving average of aortic pressure is calculated as
a numerical solution equal to

d p̄ao
dt

= α(pao − p̄ao), (12)

with α = 0.5. The parameters in Eq. (11) correspond to:

– X1 and X2, the asymptotes of the sigmoid, either the
minimum and maximum values for an increasing func-
tion of p̄ao, or the maximum and minimum values for a
decreasing function of p̄ao;

– p, the half-saturation aortic pressure value; and
– z, the sensitivity of X to p̄ao.

We use the value of X estimated from baseline optimizations
(XB) to eliminate one free parameter by setting X(t0) ≡ XB ,
where t0 is the initial time of the baseline data, which is
assumed to be at steady state. This implies that

X2 = (XB − X1)

(

1 + exp

(

− p̄ao(t0) − p

z

))

+ X1.

For parameters that cannot be represented as a function of
pressure only, we propose to let

X(t) = a p̄ao(t) + bV̄lv(t) + c, (13)

where similar to pressure, the moving average of left ventric-
ular volume is the solution to

dV̄lv
dt

= α(Vlv − V̄lv), (14)

with α = 0.5. The constraint X(t0) ≡ XB at the initial time
of the baseline data gives

c = XB − a p̄ao(t0) − bV̄lv(t0).

These functional forms were fit to the optimized linear
splines for each time-varying parameter. The rationale in
assigning different functional forms to the various time-
varying parameters is addressed in Sect. 5.

3.2.4 Simulation procedure: overview

In summary, our approach to understanding the cardiovas-
cular response to multiple hemorrhages illustrated in Fig. 3
requires

– calculation of nominal parameter values and initial con-
ditions, accounting for the amount of blood withdrawn
in the previous cycle;
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Fig. 3 Cardiovascular regulation in response to multiple hemorrhages.
The calibrated data (left ventricular pressure and volume) consist of a
baseline phase (preceding hemorrhage) and a blood withdrawal phase.
The baseline phase is used for sensitivity analysis, to determine a set of
identifiable parameters, and for optimization estimating constant values
for the identifiable parameters Rs, Em, EM, αs, αr . These parameters
are used as initial conditions for optimization of time-varying param-
eters Em, EM, Rs regulated by the cardiovascular control system. The
time-varying parameters are subsequently analyzed using mechanistic
functional forms to assess how the cardiovascular control system adapts
to hemorrhage

– determination of a subset of identifiable parameters (sen-
sitivity analysis and covariance-based subset selection for
the baseline data with nominal parameters);

– hand-fitting to align data to themodel predictions for each
blood withdrawal;

– optimization to estimate an optimal time shift along with
constant baseline parameters and their confidence inter-
vals for each blood withdrawal;

– estimationof the spline nodes (used to compute piecewise
linear function) for parameters regulated by the cardio-
vascular control system for each blood withdrawal;

– estimation of functional models, providing mechanistic
insight into the changes in parameters with successive
withdrawals.

4 Results

4.1 Baseline

Sensitivity analysis and covariance-based subset selection
revealed that we can estimate five parameters (Rs, Em, EM,
αs andαr )minimizing themean squared error betweenmodel
predictions and data. Results further showed that it is possi-
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Fig. 4 Data (black) and baseline model predictions of left ventricular
pressure (b), volume (c), and pressure-volume loop (d). Green dashed
line shows results with nominal shift and bluewith optimal shift. aLeast
squares error over a range of time shifts (green square: nominal shift;
blue circle: optimal shift) (colour figure online)

ble to identify an optimal time shift. As in [21], we manually
choose an initial guess for this shift and then repeat the
optimizations in parallel for a large range of nearby shift val-
ues. Figure 4a shows that for blood withdrawal 2, the mean
squared error is minimized by a time shift δt = 0.039s. Fig-
ure 4b–d shows the improved fit to the data predicted with
this optimum time shift, compared to our nominal shift value
δt = 0.019s. We achieved similar results for the other three
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Table 4 Optimized identifiable
baseline parameter values,
confidence intervals, and mean
square error associated with the
baseline preceding blood
withdrawal BWi , i = 1 . . . 4

Parameter BW1 BW2 BW3 BW4

αs 0.401 ± 8.32E−4 0.426 ± 6.55E−4 0.292 ± 8.93E−4 0.112 ± 1.7E−3

αr 0.710 ± 1.35E−5 0.722 ± 1.13E−5 0.747 ± 1.41E−5 0.953 ± 6.0E−5

Em (E−3) 4.35 ± 1.1 4.29 ± 0.99 4.39 ± 0.87 1.24 ± 0.83

EM 0.788 ± 2.5E−3 0.785 ± 2.1E−3 0.542 ± 1.7E−3 0.208 ± 1.2E−3

Rs 0.114 ± 8.56E−4 0.115 ± 9.66E−4 0.105 ± 9.31E−4 0.059 ± 1.2E−3

J (E+3) 2.92 2.58 2.71 2.55

blood withdrawals, and the mean squared cost for these is
included in Table 4.

The optimized values for the five identifiable parameters,
the corresponding confidence intervals, and the mean square
error J are given in Table 4 for all four baseline segments.
Except for Em, all confidence intervals are at least an order
of magnitude smaller than the parameters. The confidence
interval for Em may be relatively large because Em is small
in magnitude.

4.2 Blood withdrawal

4.2.1 Time-varying response: splines

As noted earlier, the cardiovascular control system regu-
lates heart rate (model input), systemic vascular resistance,
and cardiac contractility. During baseline, we found five
identifiable parameters, and of these three correspond to
quantities regulated by the cardiovascular control system:
systemic vascular resistance, represented by Rs, and max-
imum and minimum cardiac contractility, denoted EM and
Em. Therefore, these three parameters are allowed to vary to
best examine the response to blood withdrawal.

The constant parameters optimized in the baseline simula-
tions preceding eachbloodwithdrawal provide initial guesses
for the spline optimization. A sample fit of the left ventric-
ular pressure and volume for the second blood withdrawal
is shown in Fig. 5. The model predictions show good agree-
ment with the data both during the withdrawal and during the
recovery time, a portion of which is magnified in the insert.
The fits to data for blood withdrawals 1, 3 and 4 also show
good agreement and are provided in the Electronic Supple-
mentary Material. The mean squared error J for all blood
withdrawals is listed in Table 5.

The time-varying parameters estimated for each blood
withdrawal are plotted in Fig. 6. Figure 6a depicts the time
evolution of the systemic vascular resistance Rs, and Fig.
6b depicts cardiac contractility (EM − Em) over all four
blood withdrawals. For each blood withdrawal, our results
predict consistent behavior. Both quantities first decrease
and then increase. In addition, both quantities decrease with
successive blood withdrawals. The only exception is the pre-
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Fig. 5 Fit of left ventricular pressure plv (a) and left ventricular volume
Vlv (b) for the second blood withdrawal. Data are marked with red lines
and model predictions with blue lines. Inset: zoom of the fit over a short
time interval during the blood withdrawal. For this fit, J = 5.02E+3.
Optimization results for the remaining blood withdrawals are included
in the Electronic Supplementary Material (colour figure online)

diction of contractility in blood withdrawal 4, which rapidly
increases at the end of the experiment. This could be a result
of the fact that the left ventricular volume initially recovers
to a steady-state value but then plummets at the end of the
experiment (see Fig. 1).

4.2.2 Time-varying response: functional forms

As stated earlier, we usemechanistic functional forms to cap-
ture the dynamics of the splines for Rs, Em, and EM. Figure 7
illustrates the good agreement between the functional forms
and the splines, for the second bloodwithdrawal. The expres-
sions for the functional forms are given in Eqs. 11 and 13. As
described earlier, the controlled parameters are predicted as
functions of mean aortic pressure pao and mean ventricular
volume V̄lv (Fig. 7d, e). The full set of estimated parameters
for functional forms is given in Table 5.

Results show that aortic pressure alone is enough to repli-
cate the splines for Rs and Em, but another input V̄lv is needed
to replicate EM. Additionally, it is interesting to note that the
aortic pressure and left ventricular volume act independently
and additively. More discussion is given in Section 5.
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Table 5 Functional form parameters for variables Rs, Em, EM and the
minimum cost J = rT r for fit to respective spline

Param Rs
BWs 1–4

X1 (E−3) 1.08

X2 0.130

p 48.6

z 37.4

J (E−3) 5.45

Em

BW1 BW2 BW3 BW4

X1 (E−3) 5.1 5.9 10.9 4.5

X2 0.0042 0.0043 0.0040 −16.22

p 108.3 65.9 20.0 170.0

z 9.49 10.0 28.7 15.1

J (E−2) 0.69 2.09 1.64 3.30

EM

BW1 BW2 BW3 BW4

a (E−3) 7.29 9.44 6.04 8.92

b (E−3) −3.21 −3.73 −1.11 −2.64

c 0.950 0.879 0.310 0.666

J (E−3) 4.71 5.94 1.20 3.46

For the functional forms, r = {(Fi −Si )/(max(S)−min(S))/
√
N }, i =

1 . . . N where F is the functional form, S is the spline, and N the number
of time points
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Fig. 6 Predicted time evolution of systemic vascular resistance Rs (a)
and cardiac contractility EM − Em (b) over the four blood withdrawals.
Breaks in the graphs correspond to steady-state times when no blood is
withdrawn

Fig. 7 Computed experimental splines and functional predictions for
blood withdrawal two. The systemic vascular resistance Rs (a) and
minimum elastance Em (b) are modeled as functions of mean aortic
pressure p̄ao (d) using (11), with the half-saturation value p2 and sen-
sitivity z indicated. The maximum elastance EM (c) is modeled as a
linear function of the mean aortic pressure p̄ao (d) and the mean left
ventricular volume V̄ao (e) using (13). Blue lines denote results from
spline predictions of the time-varying parameters and the green lines
denote model-based predictions (colour figure online)

Finally, we note that coupling the five-compartment car-
diovascular model with the optimized functional forms for
the time-varying parameters give good agreement with data.
Results of this simulation are both visually similar and have
a similar mean squared error, J , to Fig. 5, and a sample is
included in the Electronic Supplementary Material.

5 Discussion

The analysis methodology presented here provides a general
approach that can be used when amechanistic time evolution
model is used to describe the response of a biological system
to a perturbation from steady state. First, the mathematical
model is developed to represent the dynamics based on a
mechanistic understanding of the biological system. Then
the nominal parameters in the model are computed from a
combination of our knowledge of the system and directly
from the data at baseline. In the neighborhood of the nominal
parameter values, sensitivity analysis and covariance-based
subset selection methodology were used to identify the most
sensitive parameters. In the system presented here, we find
that during the perturbation and response some of the system
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dynamics are embedded in certain parameters in this subset.
Allowing these parameters to vary in time can give insight
into the responsewhen prior knowledge about their evolution
is not available.

To illustrate this analysis methodology, we apply this
approach to describe the response of the cardiovascular sys-
tem to a series of hemorrhage events, represented by a
lumped parameter model of cardiovascular dynamics. Using
heart rate as an input, this model is fitted to measurements
of left ventricular volume and pressure. We identify five
model parameters estimated at steady state of which three are
allowed to vary to predict the response to blood withdrawal:
systemic vascular resistance (Rs) and cardiac contractility
(EM, Em). Finally, we develop functional forms estimating
dynamics of controlled variables as functions of aortic blood
pressure and left ventricular volume. Despite the fact that
we use one dataset in this study, our analysis illustrates how
the cardiovascular control system may respond to multiple
blood withdrawals. More studies are needed, analyzing more
datasets, to confirm if the observed dynamics are replicated
across individuals.

5.1 Baseline simulations

Our simulations of the baseline data prior to each of the four
blood withdrawals (Fig. 4 illustrating baseline prior to blood
withdrawal 2) reproduce the pulsatile behavior of the left
ventricular pressure and volume. These results were obtained
estimating five parameters (αs, αr , Em, EM and Rs) that were
found (using sensitivity analysis and covariance-based sub-
set selection methodology) to inform the data. To obtain an
optimal fit, in addition to estimation of model parameters, we
estimated anoptimal time shift allowingus to accurately align
the model to data (as illustrated in Fig. 4a). The latter was
done by estimating the least squares error over a large num-
ber of time shifts. While this is more time-consuming than
estimating initial conditions along with identifiable parame-
ters, it prevented addition of non-identifiable parameters that
could not be informed by the data. An alternative approach
would have been to include this time shift as another param-
eter to be estimated in the baseline optimization; in our
experience, this is generally more time-consuming than the
approach utilized here.

The proposed model is able to capture the general form of
the experimentalmeasures of the left ventricular pressure and
volume; however, small features present in the data are not
reproduced. The artifacts in the volume measurement occur
during the isovolumetric contraction just after the closing
of the mitral valve (shown in Fig. 4d). These artifacts can
be explained by movement of the pressure-volume catheter
within the chamber during this portion of the cardiac cycle,
causing variation in the fraction of the conductance trans-
mitted through the myocardial tissue. The small features in

maximal pressure not captured by the model may be a result
of our simplemodel formulation not including the pulmonary
circuit and the left atrium, the interaction between chambers
of the heart, or the complex dynamics of the aortic and mitral
valves. Given our objective, to study how the control system
reacts to blood withdrawal on a time scale much longer than
a cardiac cycle, we believe that these discrepancies are not
significant for this study.

It is worth noting that the optimization for the baseline
parameters is robust to initial guesses varying within 20% of
the nominal parameter values (results not shown). The val-
ues of αs and αr do not vary appreciably across the baselines,
prior to each of the four blood withdrawals (except for blood
withdrawal 4, see Table 4) indicating long-term accommo-
dation does not shift the left ventricular time spent in the
contractile and relaxed stages, as a fraction of each beat.

This baseline analysis is used to set the initial values for the
time-varying parameters (Em, EM and Rs) which decrease
with each successive blood withdrawal as shown in Fig. 6.

5.2 Blood withdrawal

In the present study, we assume that 30% of the blood is
withdrawn from the stressed blood volume while the remain-
der comes from the unstressed volume; in qout (defined in
(9)) Vtot reflects 30% of each 1 ml withdrawal. This agrees
with results in previous studies, which suggest similar divi-
sions estimating that 25–40% is withdrawn from the stressed
volume [12,13,20]. In this computational model, only the
stressed volume is circulated; therefore, we directly with-
draw the 30% of the volume from the systemic arteries. In
this study,weassumed that bloodwaswithdrawnat a constant
rate. To test this, we compared results to models withdrawing
blood at different rates (including linearly and exponentially
decreasing rates). As these more involved models with addi-
tional parameters did not significantly improve predictions,
we reverted to the simplified assumption of constant with-
drawal rate over each period.

It is well-documented that autonomic regulation is driven
by baroreceptor signals originating in the aortic arch and
carotid arteries which respond to changes in blood pres-
sure within each of these vessels [8]. Afferent signals are
integrated in the nucleus solitary tract. From there activity
in parasympathetic and sympathetic efferent fibers influ-
ence heart rate, cardiac contractility, and peripheral vascular
resistance [9]. At baseline, we identified five parameters; of
these, three are modulated by the autonomic control system:
Rs representing systemic vascular resistance and EM and
Em associated with cardiac contractility (c = EM − Em).
The last parameter controlled is heart rate, which is implic-
itly accounted for as it is an input to the cardiovascular
model. Given that blood withdrawal experiments are done
over longer time intervals (90–180 s) the cardiovascular
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system control includes both fast autonomic response and
a slower passive response. Several studies have developed
functional models for the former, while the latter is more dif-
ficult to characterize. As a result, we used piecewise linear
splines to study how systemic vascular resistance and car-
diac contractility vary within and across blood withdrawals.
The variations captured by these splines were subsequently
modeled using functional expressions derived to study how
systemicvascular resistance and cardiac contractility are con-
trolled through feedback mechanisms.

Predicting the time evolution of these parameters using
the spline method is computationally expensive. However,
utilizing parallel computing and starting with initial condi-
tions informed by the baseline helps speed up computations.
An alternative approach is to use nonlinear Kalman filter-
ing [22] to estimate the time-varying parameters, which has
the advantage that it also provides information on the model
variance. Yet Kalman filtering can be difficult to use in this
type of problem, as the filter easily can get stuck tracking
dynamics within a pulse rather than tracking the long-time
scale dynamics. In future studies, we plan to put more effort
into developing a filter (expanding the method in [22]) for
the problem studied here.

Despite only being identified for one dataset, the time-
varying predictions of the controlled parameters (Rs, EM,
and Em) give insight into cardiovascular system function,
which cannot be measured experimentally. In Fig. 6, the sys-
temic resistance Rs and EM decrease acutely during each
blood withdrawal followed by an increase mediated by the
autonomic control system, while Em displays the opposite
behavior. In addition, Rs and EM decrease chronically over
the four blood withdrawals, while Em increases (not shown).

Acutely within each blood withdrawal, the response of
the systemic resistance, Rs, can be explained from the per-
spective of perfusion. As pressure drops initially, the only
way to maintain cardiac output and perfusion in the tissues
is for systemic resistance to drop along with pressure. This
is observed here and in previous studies [34]. The mecha-
nism for this drop in Rs is not clear; however, the myogenic
response in the systemic vasculature could drive a drop in
Rs with a drop in pressure and would respond fairly rapidly
to the intraluminal pressure [15]. After this initial drop in
Rs, our simulations indicate that the autonomic system tries
to bring the pressure back to baseline by increasing Rs. As
a result, pressure increases and perfusion is maintained. On
the longer time scale from blood withdrawal to blood with-
drawal, the systemic resistance is seen to chronically drop.
This can also partially be explainedby themyogenic response
of the vasculature to pressure. In addition, some tissues take
a larger portion of the cardiac output to maintain perfusion
(e.g., cardiac tissue) [11]. Vasculature in these tissues must
dilate, reducing their tissue vascular resistance, to increase
their share of the cardiac output. Since each tissue bed is in

parallel with all others, the resistance in these vasculatures
dominates the lumped value of overall systemic resistance,
represented by Rs. This same phenomenon has also been
observed in a previous experimental study [14].

The contractility of the left ventricle is the difference
c = EM − Em, proportional to the maximum elastance EM.
An increase in EM corresponds to an increased contractility,
and this is thought to occur through autonomic regulation
as the blood pressure decreases. Our results show that EM

first drops and then increases. Again, this parameter is con-
trolled by the sympathetic response and will reflect the same
delay observed in Rs. Theminimum elastance of the left ven-
tricle Em shows an increase during the blood withdrawals
followed by return to baseline. Yet, since EM � Em, Em

does not contribute considerably to the cardiac contractility
range EM − Em in Fig. 6. On the other hand, Em plays an
essential role during filling; a decrease in Em increases left
ventricular filling. This is counter to our observations here;
however, the value of Em is quite small and the changes
observed may not be determined accurately with the given
dataset.

On the longer time scale, cardiac contractility (c = EM −
Em) decreases chronically over the four blood withdrawals.
The contractility does not return to the baseline value inwith-
drawals 2 and 3 (see Fig. 6). The reduction in contractility
may be explained by a reduced left ventricular filling causing
a change, passive and active properties regulating the max-
imal elastance of the ventricle. The results shown in Fig. 6
reflect that the changes in active and passive properties from
the loss of blood counteract the autonomic increase in heart
contractility and result in an overall reduction in contractil-
ity both acutely and chronically as more blood is withdrawn.
In the fourth withdrawal, the contractility increases dramati-
cally, but it is not clear whether this increase is an overshoot
or reflects a large change in the autonomic response. At this
stage, the rat was not able to tolerate additional blood with-
drawals.

5.3 Functional forms and autonomic regulation

The time-varying responses of EM, Em and Rs that produce
a good characterization of the experimental data have been
cast in a functional form to understand how the time-varying
response depends on the input to the cardiovascular system.
As mentioned previously, autonomic regulation is driven by
pressure sensors located in the aortic arch and carotid artery
[5,9]. Therefore, we developed a sigmoid functional form
for the dynamics of the time-varying parameters, EM, Em

and Rs, in terms of the mean aortic pressure p̄ao and mean
left ventricular volume V̄lv. Note that in our cardiovascular
model, the pressure at the carotid artery is assumed to be
identical to that at the aortic arch since these vessels are
in close proximity in supine position. We find that Rs and
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EM decrease following the dynamics of p̄ao at the beginning
of a blood withdrawal and then recover at the end of the
withdrawal, while Em increases then decreases. Except for
EM, parameter dynamics could be predicted as a function of
only p̄ao, indicating that autonomic system alone controls the
response. For EM we found that it was necessary to include
a dependence on V̄lv. We hypothesize that the dependence
on V̄lv is caused by reduced filling of the ventricles leading
to a weaker contraction (as predicted by the Frank–Starling
effect [26]). This observation suggests that a change in the
passive and active properties must occur to predict the acute
and steady-state reduction in contractility.

The functional forms corresponding to individual blood
withdrawals can be used to represent autonomic regulation
during that specific bloodwithdrawal. However, if the param-
eters of the functional forms remain constant across multiple
blood withdrawals, this indicates that the systemic relation-
ship is invariant in autonomic regulation. Thus, our ability
to fit Rs across all four blood withdrawals using a single
set of parameters (see Table 5) suggests that autonomic reg-
ulation of systemic resistance is not altered during severe
hemorrhaging and is solely a function of autonomic regula-
tion responding to p̄ao, or at least on the timescale considered
here.

Unlike Rs, the minimum elastance Em does not follow a
consistent trend across all blood withdrawals. The numeri-
cal values of the splines for Em increase across successive
blood withdrawals until the fourth, where the dramatic drop
in the splines for Em does not correspond to the trend in
aortic pressure. As a result, we were unable to find a unique
set of parameters to fit Em across all four blood withdrawals.
Two possible explanations for the interesting behavior of Em

throughout multiple hemorrhages are that autonomic regu-
lation of Em is biphasic in terms of p̄ao (which we do not
account for in our functional forms), or that Em may be cor-
relatedwith other time-varying parameters, such as EM or Rs.
If Em is correlated with other time-varying parameters, the
splines we calculated for its evolution would not be unique
and may not completely characterize autonomic regulation
of this parameter across multiple hemorrhages. We plan to
further investigate the cause of the complicated behavior seen
in the minimum heart elastance Em.

In modeling the dynamics of EM, we initially used sig-
moidal functions similar to those used for Rs. However, when
fitting sigmoids to splines for EM,we found the parameters of
the sigmoid functions to be highly correlated. As a result, we
were unable to identify unique parameters for the functional
forms. Therefore, we use the linear functions in Eq. (13). We
suspect autonomic regulation of EM is truly nonlinear, but a
linear approximation is valid because the dynamics seen in
the experiments span only a small range of the autonomic
response of EM.

5.4 Limitations and future studies

This study was performed based on experimental data
obtained prior to performing the analysis presented here. Sev-
eral changes should be made if this experiment is repeated.
First of all, saline calibrations for the conduction catheter
should be performed both prior to and after the series of blood
withdrawals to trackhow theblood conductivity changes over
the course of the experiment. This could possibly eliminate
the use of literature values for the determination of the vol-
ume calibration. In addition, a pressure catheter in the right
heart measuring pulmonary pressures, and measurements of
aortic pressures could provide additional data to inform the
model allowing more robust identification of model param-
eters.

Finally, the parameterswithin the functional forms for sys-
temic resistance and cardiac elastancewere estimated against
the spline output. In future studies, we plan to estimate iden-
tifiable parameters defining the functional forms, to confirm
that the time-varying quantities can predict observed output.
We also plan to repeat the simulations for multiple mice,
increasing the sample size.

6 Conclusion

In the present work, we propose methods for studying the
change in autonomic regulation in the cardiovascular system
upon examination of data across multiple blood withdrawals
in amodel organism. Specifically, we use a five-compartment
differential equations model to predict left ventricular pres-
sure and volume during baseline and during hemorrhage and
the return to steady state.Our sensitivity analysis of themodel
parameters indicates that characteristics of cardiac contractil-
ity and vasoconstriction may be controlled during the stress
of blood loss. In our model, aortic pressure and left ven-
tricular volume are inputs to the autonomic response to the
hemorrhage stress.
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Appendix: Cardiovascular model equations

We provide here the complete set of equations for the
five-compartment cardiovascular model proposed above and
summarized in Fig. 2. The evolution of each compartment’s
volume is given by:

dVao
dt

= qav − qa

dVsa
dt

= qa − qs − qout

dVsv
dt

= qs − qv

dVvc
dt

= qv − qmv

dVlv
dt

= qmv − qav

Note that this corresponds to the blood withdrawal simula-
tions where the withdrawal rate is qout. The flow between
compartments is given by:

qav =
⎧
⎨

⎩

plv − pao
Rav

, plv > pao (open valve)

0, otherwise

qs = psa − psv
Rs

qv = psv − pvc
Rv

qa = pao − psa
Ra

qmv =
⎧
⎨

⎩

pvc − plv
Rmv

, pvc > plv (open valve)

0, otherwise.

(The expressions for qav and qmv are provided again for com-
pleteness.)

The pressures in each compartment are given by:

pao = Vao
Cao

psa = Vsa
Csa

psv = Vsv
Csv

pvc = Vvc
Cvc

plv = Elv(t)(Vlv − Vlv,0)

where variablesCi correspond to the compliance in compart-
ment i (see Table 3 for nominal values) and Elv(t) denotes
the time-varying elastance described in Eq. (4).
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