
Biological Cybernetics (2019) 113:61–70
https://doi.org/10.1007/s00422-018-0771-0

REVIEW

Controlling excitable wave behaviors through the tuning of three
parameters

Sayak Bhattacharya1 · Pablo A. Iglesias1

Received: 26 January 2018 / Accepted: 12 July 2018 / Published online: 28 July 2018
© Springer-Verlag GmbH Germany, part of Springer Nature 2018

Abstract
Excitable systems are a class of dynamical systems that can generate self-sustaining waves of activity. These waves are
known to manifest differently under diverse conditions, whereas some travel as planar or radial waves, and others evolve into
rotating spirals. Excitable systems can also form stationary stable patterns through standing waves. Under certain conditions,
these waves are also known to be reflected at no-flux boundaries. Here, we review the basic characteristics of these four
entities: traveling, rotating, standing and reflected waves. By studying their mechanisms of formation, we show how through
manipulation of three critical parameters: time-scale separation, space-scale separation and threshold, we can interchangeably
control the formation of all the aforementioned wave types.
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1 Introduction

Traveling excitable waves were first observed on the giant
squid axon by Hodgkin and Huxley [20] in their ground-
breaking study of the neural action potential. Their Nobel
prize-winning work gave birth to the idea of excitability, a
form of ultrasensitivity born through the coupling of activa-
tors and inhibitors. As the name suggests, an excitable system
can be triggered when an input crosses a threshold for acti-
vation resulting in a sharp rise and fall in activity. Because
subthreshold inputs do not elicit any response, this behav-
ior is characterized as an all-or-nothing type response. This
excitatory jump is followed by a refractory period, together
creating an isolated peak of activity. If this peak is able to
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trigger adjacent regions in a medium, it forms a propagat-
ing wave front. Excitable wave propagation has been shown
to be prevalent in many biological systems including neu-
ral synapses in the motor cortex [55], cortical waves during
cytokinesis of Xenopus oocytes [1], calcium waves in the
cardiac myocyte [6,63] and actin polymerization waves in
migratory cells [10,60]. For more examples of wave propa-
gation in biological systems, see the recent review by [9].

It is intuitive to think about waves as traveling entities.
However, both theoretical and experimental studies have
shown the existence of standing waves in which the peak
of activity does not spread in space but remains localized
at a persistent high, creating spatial patterns [44]. That
activator–inhibitor systems can generate stable patterns has
been known for a long time,most notably through thework of
[56] and Gierer–Meinhardt [19]. In recent years, the idea that
traveling waves may transform into standing waves to create
sustained patterns has also been suggested [41,59]. Although
the above systems are not by-definition excitable, they are all
activator–inhibitor systems that display ultrasensitivity or a
diffusion-driven instability. Typical excitable systems have
also been shown to sustain stable standing wave solutions
[13], most famously throughmanipulations of the Belousov–
Zhabotinsky reaction [58].

Besides traveling and standing waves, rotating spiral
waves are a subject of significant research interest, owing to
their relevance in cardiac arrest [8,24,28]. Excitable media
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have been shown to sustain spiral waves when a wave
break occurs and multiple mechanisms, both theoretically
and experimentally, have been proposed to account for their
generation [48,51,67]. These mechanisms have led to bet-
ter clinical procedures such as localized tissue ablation and
numerous other control strategies to be able to eliminate
spirals and restore normal rhythm during atrial fibrillation
[34,35,47,62]. Spiral waves have also been implicated in a
variety of other processes such asmemory consolidation [43]
and spreading depression in the chicken retina [7].

The reflection of excitable waves has also received some
attention through numerical simulations and chemical sys-
tems. It has been suggested that waves being transmitted in
excitable cables may undergo reflection through the varia-
tions of cable diameters or excitability levels [14]. Chemical
wave reflection has been observed in the Zhabotinsky reac-
tion with wave speed heterogeneity in different media
[65].

The wide spectrum of wave behavior consisting of travel-
ing waves, standing waves, spiral waves and reflected waves
can all be placed on a bifurcation diagram using certain criti-
cal parameters of the excitable system, namely the time-scale
separation, the space-scale separation and the threshold for
activation. Here, we use a simple two-dimensional model to
show the relevance of these parameters and illustrate how all
these behaviors can be generated through manipulation of
the aforementioned critical parameters of the system.

2 Themodel and the traveling wave

One of the earliest models of excitable systems is Lapicque’s
integrate-and-fire model [31]. The Lapicque model proposes
that the membrane voltage integrates inputs for infinite time
until a threshold is crossed. Over the years, the basic idea
of supra-threshold firing has remained the same, but the
mechanism of threshold crossing has changed. Though the
concept of time-dependent memory was added later to create
the “leaky” integrate-and-fire model, the Hodgkin–Huxley
model garnered more popularity owing to accuracy from
experimental validations. Since then excitable models have
been simplified from the four-dimensional Hodgkin–Huxley
to the widely used two-dimensional FitzHugh–Nagumo
(FHN) model [17,46] or, later, the Morris–Lecar model
[42].

Throughout this review, we illustrate our concepts using
a model used to describe the excitable behavior observed
during cellmigration [2]. Inspired by theFHNmodel, it is two
dimensional, consisting of an autocatalytic activator and a
delayed inhibitor (Fig. 1a). Describing their levels of activity
by u and v, respectively, the system obeys the following two
partial differential equations:
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Fig. 1 Activator–inhibitor model used to illustrate excitability. a The
two-species activator(u)–inhibitor(v) model showing positive and neg-
ative feedback loops. b Phase-space representation showing the critical
points and threshold. The activator (u̇ = 0) and inhibitor (v̇ = 0) null-
clines are drawn with the gray arrows showing the phase excursion
corresponding to an excitation spike response

∂u

∂t
= Du∇2u − a1u − a2u(v − r) + a3u2

a24 + u2
+ B (1a)

∂v

∂t
= Dv∇2v + ε(−v + cthu) (1b)

The incorporation of the diffusion terms moves us away
from the ordinary differential equations of Hodgkin–Huxley,
where interaction between adjacent neurons was achieved
through synaptic connections that served as input terms in
the activator equation [5]. Instead, spatial connections are
formed by adding diffusion terms using uniform coefficients
in a discretized system.

A classic characteristic of the excitable system is an all-or-
nothing response where subthreshold values of the activator
are quickly subdued by the degradation terms of (1a). How-
ever, once the activator concentration becomes large enough
for the nonlinearity to take effect, a significant rise in the
activator is obtained. The slow response of the inhibitor is
incorporated through the variable ε � 1 which describes
the time-scale separation between the two components. This
causes the inhibitor levels to increasewith a delaywhen com-
pared to the activator, allowing the activator to rise sharply
through positive feedback, described by the Hill function
with exponent two, creating thewave “front.” This time-scale
separation is also responsible for the refractory period of the
system. After the inhibitor has subdued the activator, there is
a window of time where the inhibitor slowly degrades, creat-
ing a zone of high inhibition during which no further activity
can take place. This period of inhibitor decay is determined
by ε and defines the wave “back.”

The dynamics of the excitable system are better visual-
ized in phase plane where the threshold of the system can
be approximated by the vertical distance between the equi-
librium set point (u−, v0) and the minimum of the activator
nullcline (umin, vmin) [2] (Fig. 1b). An external input to the
excitable element is modeled through the input variable r
and through the diffusion term, both serving to raise the
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activator nullcline and lowering the threshold of the system.
Lowering the slope cth of the inhibitor nullcline is another
way to decrease this threshold. A displacement of the initial
state, sufficient to clear this threshold, results in an excur-
sion around the phase space (Fig. 1b) generating a spike
in activity in one excitable element. This spike leads to a
wave front in the spatial dimension, triggering the neigh-
boring excitable elements to propagate in space, creating a
traveling wave.

It is important to note that in this context, the traveling
wave refers to an up- and down-change in an activity that
propagates in space. Technically, the down-jump is not nec-
essary for a wave to spread and this would correspond to a
bistable wave, more along the lines of what [41] proposed.
For the purposes of this paper, the traveling wave we refer to
is in fact a “pulse” that travels in space, made possible by the
inhibitor/refractory variable [21].

Excitable waves propagate radially outward from a single
point. Once the propagation begins, the wave cannot spread
inward owing to the presence of the inhibitor (refractory
period) just behind it. One can think of a traveling wave as
the activator (wave front) spreading with the inhibitor (wave
back) chasing it [23]. A well-known and interesting charac-
teristic of traveling waves is their annihilation on collision.
This is the result of the inhibitor “catching up” to the activator
as the wave front runs out of room to spread on encountering
another wave front.

Figure 2a illustrates the basics of wave propagation. Each
white square is an excitable element that, when triggered, has
high activator (u; dark gray). This is followed by a refractory
period where the concentration of the inhibitor is high (v;
light gray), after which the element goes back to the rest-

U VA B

C

Fig. 2 Wave propagation and annihilation. a The possibilities during
wave propagation. (top) An element with high u (dark gray) will change
to high v (light gray) and then return to steady state (white). (bottom)
Both u and v can diffuse to adjacent elements. b Unidirectional wave
propagation (solid arrow) occurs as the activator cannot diffuse to the
left (dashed arrow) because of the presence of the inhibitor. Here, it is
assumed that the inhibitor cannot diffuse. cWave annihilation owing to
the surrounding of the activator by the inhibitor upon collision (second
panel)

ing state (white). Together, unidirectional wave propagation
can be ensured, as shown in Fig. 2b, as the activator can-
not spread toward the left as the elements behind it are in
the refractory state. Similarly, annihilation on collision rep-
resents a situation in which the activator cannot spread in
either direction owing to the refractory regions of the origi-
nal wave on one side and of the colliding wave on the other
(Fig. 2c).

So far we have talked about the time-scale separation (ε)
and the threshold (v0 − vmin). The third critical parameter is
the space-scale separation, i.e., the ratio Dv/Du . Traveling
waves are most commonly observed when the space-scale
separation is such that Dv/Du ≈ 0 for reasons that we
explain later in the paper. This signifies that the level of the
inhibitor is constant (v0) across the wave front as the wave
propagates and is only high at the wave back. Ideally, both
the activator and inhibitor should diffuse across excitable
elements (Fig. 2a). For the Dv/Du ≈ 0 assumption, we
assume that the inhibitor cannot diffuse. If this assumption
does not hold, it is obvious that whether the wave will prop-
agate will depend on the relative rates of propagation of u
and v.

3 Wave velocity and threshold

The velocity of this wave front has been the subject of
extensive research, typically using singular perturbation
approaches [26,52,57]. In one-dimensional space, it can be
proved that the wave velocity (w1D) is completely deter-
mined by the initial level of the inhibitor, also called the
controller species [15]. The velocity is given by Luther’s
equation [45,53]:

w1D = m(v0)
√
kDu

where m(v0) is the wave velocity determining function,
dependent on the initial set pointv0, Du is the diffusion coeffi-
cient of the activator and k is a first-order rate constant for the
autocatalytic production of the activator in response to supra-
threshold perturbations. The function m(v0) is inversely
proportional to v0, i.e., a higher threshold leads to a slower
wave velocity and vice versa. For a constant set of param-
eters for the activator nullcline, the excitability threshold
(v0 − vmin) is controlled by the initial inhibitor level. For
this reason, we use the terms v0 and threshold interchange-
ably throughout this paper. More particularly, to control the
threshold we modulate the slope of the inhibitor nullcline
through the parameter (cth).

While the theory of wave velocity in one dimension is
controlled by the threshold, in two spatial dimensions both
the initial threshold (v0) and the local wave curvature (κ)
are critical for the wave speed (w2D) determination [16,27,
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Fig. 3 The traveling wave. a Evolution of a wave front after a point
trigger at t = 0. Time units are arbitrary. bKymographs (plotting activ-
ity over 1D space and time) showing the traveling wave (gray solid line)
at a low threshold (left) and a high threshold (right). The trigger ele-
ment at t = 0 is marked. The dashed lines are lines parallel to the wave
front. These are used to compare the slopes of the waves, i.e., the wave
velocity. θ1 > θ2 indicates that the low threshold wave travels faster

66]. In this case, the wave velocity is given by the eikonal
equation:

w2D = m(v0) + εκ (2)

For a constant time-scale separation ε, the wave velocity is
given by the threshold of the system adjusted for curvature.
That is, a wave that curves away from the direction of prop-
agation (κ < 0) is slower than a plane wave (κ = 0) at the
same initial threshold level.

3.1 A slower wave in a high threshold domain

In Fig. 2, we illustrated the wave dynamics using a sim-
ple cartoon depicting a planar wave. Stimulation of a point
in space actually results in a radial wave, as shown through
simulations in Fig. 3a. These simulations were done inMAT-
LAB, using a discretized domain where a wave was initiated
by stimulating one point in space (transiently increasing r in
(1a) at a point). Diffusion is simulated through the central
difference approximation. The parameters for simulation are
given in Tables 1 and 2 . Simulation codes will be provided
upon request.

One-dimensional simulations at two different thresholds
provide a clear idea as to the different wave velocities. These

Table 1 Nominal simulation
parameters

Parameter Value

a1 0.167

a2 16.67

a3 167

a4 1.2

B 1.47

�x 0.1

Grid size (1D) 400

Grid size (2D) 200 × 200

Table 2 Critical parameters for various wave patterns

Wave type cth Ds (Dv/Du ) ε

Traveling 30 (fast)
60 (slow)

10−2(10−3/10−1) 0.15

Spiral 30 10−2 (10−3/10−1) 0.15 (low curl)
0.20 (high curl)

Stop 30 3.2 (0.32/0.1) 0.03

Standing 30 20 (2.0/0.1) 0.03

Reflecting 10 1 (1.0/1.0) 0.03

are shown through kymographs where the activator levels
are plotted across space (y-axis) and time (x-axis). In this
case, the propagation speed is determined by the slope of the
wave front as shown in the kymographs. Two-dimensional
simulations are harder to judge for velocity owing to the
time-lapse videos. However, simulating two waves at two
thresholds and comparing the slopes of the resulting wave
front shows clearly how the low threshold wave travels faster
(Fig. 3b).

3.2 Wave stopping at inexcitable thresholds

So far we have been concerned about wave velocities in
high threshold regions where the excitation threshold is suf-
ficiently low for the activity of one element to trigger its
neighbor. The presence of inexcitable regions where v0 is
high causes the wave to stop at the boundary and not propa-
gate inside the region. This is because the activity from one
element is not sufficient to clear the threshold (v0 − vmin) of
the neighboring element—creating a wave break.

Noteworthy at this point is that with our chosen parame-
ters, wave stopping can only occur when an inexcitable ele-
ment is reached. In cases where Dv/Du � 1, wave stopping
may naturally occur owing to a rise in the inhibitor level in
the surrounding as the wave propagates [41]. Because of this
long-ranging inhibitor, an inexcitable region may naturally
get created in space causing thewave to stop.However,when-
ever Dv/Du ≈ 0, natural wave stopping is not pertinent.
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4 Traveling wave to a rotating wave

When the traveling wave encounters an inexcitable obstacle,
the end of thewave gets anchored and thewave keeps rotating
around the obstacle [61]. This mechanism of rotating wave
generation is perhaps the most common in experimental lit-
erature where people have introduced blockages alongside
a wave pacemaker to create rotating waves [48,51]. Vary-
ing the degrees of anisotropy (such as introducing different
sized obstacles) in the medium can generate different spi-
ral waves [49]. Recently, an anchoring mechanism has been
proposed without the use of an obstacle but instead through
a fast propagation region (FPR), where the diffusion rate of
the activator is altered to create a heterogeneous velocity
zone [67]. In this case, the wave spirals using the FPR as a
core.

A spiral wave is essentially a broken traveling wave that
has increased curvature at the central core. Any sort of
anisotropy in the medium can be thought of as a tool to alter
the curvature of the wave tip. If the tip of the wave is curled,
then the rest of the wave tries to normalize the high curvature
of the core, resulting in gradually increasing curvature as one
moves toward the central tip. This results in each subsequent
point on the spiral rotating in concentric circles around the
central core—which itself is rotating in the smallest circle.
This is the definition of a standard one-armed Archimedean
spiral with a rotating center [44,63,64].

Thus, evenwithout a visible anchor, a spiralwave can arise
if a broken plane wave curls at its tip. It has been shown that
in homogenous excitable media, if the system is “strongly
excitable” [40]—which in this context can be thought of as
Dv/Du ≈ 0, then a broken wave will automatically start to
curl. This can be tested using a transient threshold hetero-
geneity that arrives suddenly in the path of a traveling wave.
Owing to this inexcitable heterogeneity, the wave breaks.
After the wave break, if the media is homogenized, we are
left with a broken traveling wave.

Owing to the abrupt ending of the wave back, the broken
end of the wave front expands outward “curling” around the
back. Figure 4a shows how a broken wave develops a curl
owing to the additional diffusion direction made available
owing to the wave break. This creates a “kink” at the tip of
the wave where the tip has a higher curvature than the rest
of the wave. This kink at the end of the wave causes the tip
of the wave to evolve differently than the rest of the wave
(Fig. 5). The velocity of the wave in region zα (Fig. 5) is
given by:

wα = m(vα) + εκα

In the region zδ , the presence of the kink changes both the
threshold and curvature terms in the velocity equation. In
particular, the kink adds a large negative curvature (κδ , where

A

B

Fig. 4 Cartoondepicting the formation of spiralwaves.aAssuming that
the inhibitor (light gray) cannot diffuse, the relevant diffusion directions
are shown through solid arrows.b Inhibitor diffuses alongwith activator
(dark gray). The dashed arrow indicates where diffusion is not possible
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Fig. 5 Formation of spiral waves. a The t = 0 panel shows a traveling
wave that is not broken. At t = 1, an inexcitable obstacle (gray box)
that the wave cannot penetrate is introduced, resulting in a wave break.
The block is removed at t = 2 and the regions zα and zδ have different
curvature. This difference in curvature evolves to create the spiral. b
Introduction of a threshold block (gray box) in the middle of the wave
(t = 0) generates two spiral tips of opposite chirality (dashed arrows,
t = 2). c Comparing two spirals of different time-scale separation. The
dashed arrow is used to demarcate the distance between the tip and the
nearest rotating arm. The line is drawn at an instant when both spiral
tips are at the same phase. The line is extended until a rotating arm
is encountered. For a higher time-scale separation (right panel), this
distance is smaller indicating a spiral with a higher curl
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κδ < κα) to the wave velocity equation. Moreover, because
of the kink, the tip of the wave is now closer to the refractory
zone of the wave back where the threshold is significantly
higher (vδ , where vδ > vα).

Thus, the wave velocity in region zδ can be written as:

wδ = (m(vδ) + εκδ) < wα

This causes the tip of the wave to move more slowly than the
rest of the wave after the threshold block is removed. As a
result, this creates an even higher curvature wave tip that is
slower. Ultimately, this causes the wave tip to merge with the
wave back that is immediately adjacent to it creating a phase
singularity. Together, the slower velocity of the tip and the
increasing velocity as one moves away from the tip initiates
a spiral wave.

It is interesting to note here that if the high threshold block
is placed in the middle of the traveling wave, two wave tips
are exposed once the block is removed. Both these wave
tips curl to form a spiral wave—each rotating in opposite
directions, i.e., spirals of opposite chirality (Fig. 5b). The
height of the block must be sufficient such that the two tips
do not annihilate each other before the spirals can evolve.

4.1 Controling spiral radius through themodulation
of the time-scale separation

The wave velocity equation (2) is dependent on ε. Increasing
ε has two main effects. First, it increases the contribution
from curvature, resulting in a sharper kink at the edge of the
wave. This causes the wave to turn more sharply as com-
pared to a lower ε—effectively shrinking the spiral radius.
Second, the refractory period of thewave back decreaseswith
increasing ε. This also brings the spiral arms closer together
as the wave back is reduced. Figure 5c compares two sim-
ulated spirals with different values of ε, thus showing how
the time-scale separation can be used to control the resulting
spiral radius.

The refractory period—controlled by the time-scale sep-
aration ε has an important influence on the motion of the
tip of the spiral. In the event that the rotation period of
the spiral arms is large, the recovery time of the medium
does not influence the incoming arm of the spiral [39].
However, if the period of rotation becomes comparable
with the recovery time, the spiral tip meanders in excitable
space. There are different modes of meandering spiral tips
such as epicycloid-like and hypocycloid-like [54], with the
extent of meandering depending upon the excitability of the
medium. The transition between meandering behaviors has
also been chemically explored through light-sensitive mod-
ulation of excitability in the Belousov–Zhabotinsky reaction
[3,33].

A traveling wave thus can turn into a spiral wave if it is
broken, as a broken wave has a tendency to curl in strongly
excitable media. The extent and speed of the curl can be
controlled using the time-scale separation as ε controls the
length of the wave back, around which the front curls. Com-
ing back to the space-scale separation, as Dv/Du ≈ 0
was assumed, the curling of the wave was easy. One can
imagine for higher ratios of the space-scale separation the
inhibitor will diffuse into the empty region beside the broken
wave tip making it difficult for the wave to curl (Fig. 4b).
Hence, for higher values of Dv/Du , the system becomes
weakly excitable resulting in a low-curl spiral or no spiral
evolution [40] owing to wave stopping, which we discuss
next.

5 A large space-scale separation: wave
stopping, standing and reflected waves

As we move away from the approximation of a low Dv/Du

and increase the space-scale separation, a number of interest-
ing behaviors are obtained. A large value of Dv/Du implies
that as the wave propagates, the level of inhibition in the
surrounding region will not remain constant at v0, but will
rather increase, thus competing with the activator propa-
gation. A natural corollary of this is that the subsequent
triggers of the wave front occur at increased threshold lev-
els as the wave spreads. A higher threshold corresponds to
a lower wave velocity, and thus the wave slows down as it
propagates. As more and more inhibitor accumulates in the
medium, the inhibition level reaches a critical threshold v	

where:

m(v	) = 0,

i.e., recalling Luther’s equation for wave velocity (w):

w = m(v	)
√
kDu = 0

Thus, the wave slows down, which is reflected as a curved
wave on the kymograph (Fig. 6a), and ultimately stops when
the critical threshold is reached. This phenomenon is sim-
ilar to the wave-pinning mechanism proposed for bistable
reaction-diffusion systems [41], with the only difference
being that no actual “pinning” occurs owing to the excitable
response.

It is worthwhile to note at this juncture that owing to the
inherent slowness of the inhibitor decay, the resting time
of the inhibitor in space is higher than that of the activa-
tor. This allows greater dispersion of the inhibitor in space,
even for the same diffusion coefficient. Hence, the notion that
Dv/Du � 1 is not a necessary condition for wave stopping
in systems where the lifetime of the inhibitor is significantly
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Fig. 6 Stoppedwave, standingwave and the reflectedwave.aAstopped
wave kymograph where the wave triggers at “a,” curves as it slows
down (the dashed line “b” acts as a spatial fiduciary to illustrate the
curving) and finally stops as “c.” b The standing wave kymograph with
the dashed line showing where the traveling wave transforms into a
stable standing wave. c The reflected wave kymograph with the dashed
lines demarcating the no-flux boundary. The initial threshold block is
shown through the gray box

greater than that of the activator. For small time-scale sepa-
ration values (approaching the singular limit), Dv/Du � 1
becomes relevant to compensate for the delay in the inhibitor
build-up.

5.1 Standing waves

For a sufficiently high space-scale separation, excitable sys-
tems can produce stable standing pulses [12,18,25]. Theories
of pattern formation, laid down by [56] and Meinhardt
[19] suggest that a long-ranging inhibitor, coupled with a
local autocatalytic activator can result in a system with a
low homogenous equilibrium state to spontaneously change
into a higher stable state to form a stable pattern. While
Turing’s theory is diffusion driven, Meinhardt’s is reliant
on lateral inhibition. However, both require high space-
scale separation between the activator and inhibitor compo-
nents.

Fast diffusion of the inhibitor in the surrounding space
can limit the propagation of the activator. While in moderate
Dv/Du cases, this results in wave stopping, and for suffi-
ciently high space-scale separation, this creates a stable peak
in space—called a standing or stationary wave. Ermentrout
et al. [13] show how this occurs through lateral inhibition
when the ratio of the time- and space-scale separation is
small. In fact, traveling and standingwaves can coexist near a

bifurcation zone and changing the space-scale separation can
cause the system to switch between the two states [11]. Some
researchers also suggest that this occurs through a subcritical
Turing-type bifurcation [4]. Common to both mechanisms
is a change from a homoclinic orbit to a heteroclinic orbit
between low and high equilibrium states that creates a stable
standing wave.

For the model parameters that we have chosen, the Turing
instability is not pertinent as the conditions for diffusion-
driven instability [32] are not satisfied. Instead, we show
an example of a standing wave where the heteroclinic orbit
develops owing to lateral inhibition causing a stable stand-
ing wave to develop when the wave stops, more along the
lines of what Ermentrout and colleagues proposed. By sim-
ulating the system with a low value of ε/Ds , where ε is the
time-scale separation and Ds = Dv/Du is the space-scale
separation, we achieve a stable standing wave when the wave
stops (Fig. 6b).

5.2 Reflected waves

Before we consider reflected waves, it is useful to recall the
possible bifurcations in themodel under consideration [2,22].
The equilibrium that was chosen (u−, v0) is asymptotically
stable, i.e., small perturbations cause an immediate return
back to steady-state without any appreciable response. How-
ever, as the definition of excitable systems dictates, a large
amplitude response exists when the input crosses a certain
threshold. This occurs because the equilibrium is close to
a Hopf bifurcation point (umin, vmin) (Fig. 7a). If the state
were to cross this minimum, a response would be obtained.
Extending this idea further, if the threshold of the system
(slope of inhibitor nullcline, cth) were to be lowered beyond
the bifurcation point, the steady-state would be rendered
unstable and a large amplitude limit cycle would arise. At
this situation, any and every perturbation (positive or nega-
tive) is sufficient to trigger a response (Fig. 7b).

As mentioned earlier, reflection of waves can be brought
about through inhomogeneities in the medium. Even with-
out inhomogeneities, if a no-flux boundary exists, waves can
be reflected at a high space-scale separation if the threshold
is lowered beyond the critical Hopf bifurcation point [30].
More particularly, in such a situation, a traveling wave will
stop at the no-flux boundary—create a standing wave—and
then get reflected back. Because of the instability around the
Hopf equilibrium, any transient activity near the boundary
will re-initiate the traveling wave—this time in the opposite
direction. Once the standing wave is formed, transients are
generated through the dissipation of the inhibitor that can
trigger adjacent activator elements provided the refractory
period is over. Note that inhibition triggering a response from
the excitable system can only occur in the Hopf bifurcation
situation.
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Fig. 7 Biifurcation diagram for the excitable system as a function of
the slope, cth , of the inhibitor species. a Bifurcation diagram indicating
the stability of the equilibrium state as the threshold parameter is varied.
The Hopf bifurcation point, where the stability changes, is demarcated
by the white circle. b Responses to sub- and supra-threshold stimuli
at the equilibria a and b (gray circles) from panel A. The response to
a stable equilibrium (a, left) differs depending on the input stimulus,
while the response at an equilibrium past the bifurcation point (b, right)
is oscillatory irrespective of the input. A phase shift has been added for
illustration purposes only

We simulated the no-flux boundary by limiting the diffu-
sion of the activator beyond a boundary. We used a threshold
block on one side of the trigger to ensure that the wave trav-
els toward one boundary at a time (otherwise, they would
annihilate upon collision after reflection) (Fig. 6c). With the
whole system being inside the Hopf bifurcation zone, the
wave traveled to one boundary and formed a standing wave
owing to the high space-scale separation. Because of the

transients, however, a reflected wave is generated once the
refractory period subsides—breaking the standingwavewith
it. Whether the standing wave will break or not depends on
the stability of the standing pattern, which can be modulated
through the ratio of the time- and space-scale separation [13].

It is interesting to note that excitable wave reflection is
counter-intuitive as the inhibitor is constantly behind the acti-
vator wave front. Hence, it is necessary for the zero flux
boundary to cause the wave to stop, allowing sufficient time
for the inhibitory refractory period to dissipate. There are
other methods to generate reflected waves such as through
reactant depletion at the wave front [50] but, even in that
case, the wave has to stand at the boundary long enough for
the medium to recover. Moreover, though in the simulations,
the whole system was assumed in the Hopf bifurcation zone,
in reality only the boundary regions need to be at such a low
threshold. Within the interior, wave speed may be modulated
through threshold manipulation as illustrated in earlier sec-
tions.

6 Discussion

Wave propagation is a characteristic hallmark of excitabil-
ity. The fact that excitable waves can change their behavior
depending on initial conditions is of utmost importance
to studying various physiological phenomena. Here, we
illustrated that through the manipulation of the time-scale
separation, space-scale separation and threshold one can con-
trol the observedwave pattern.Note thatwe talked only about
mechanisms that require either none or minimal parameter
changes other than those to the critical parameters described
above.

All the results are summarized in the flowchart shown in
Fig. 8. The terms “low,” “high,” etc., are used in a quali-
tative sense with the understanding that for a system to be
excitable, the time-scale separation and threshold should be
low to begin with. The reader should reference the table of
simulation parameters for a reasonable estimate (Tables 1, 2).
The flowchart emphasizes how manipulating three parame-

Ds: H
Ds: vH
ε: vLbreak wave

Ds: H
th: vL (Hopf)

no-flux boundary

Ds: L
ε: L

th: L
Travel Spiral Stop Stand Reflect

   low
velocity

th: H

   high
velocity

th: L

low
curl

ε: L

high
curl

ε: H

Fig. 8 Scheme to control wave behaviors. L, vL, H and vH denote low, very low, high and very high, respectively. Ds = Dv/Du denotes the
space-scale separation, ε is the time-scale separation and th is the threshold parameter cth from the inhibitor equation
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ters (with added conditions in some cases), allows one to
switch between wave behaviors.

Low space-scale separations lead to traveling waves. The
velocity of these waves can be altered by modulating the
threshold or the time-scale separation, again with the under-
standing that too high a threshold or ε would result in
inexcitability. Breaking a traveling wave through a high
threshold obstacle can create a rotating spiral wave. Again,
the radius or velocity of the spiral wave can be altered by
altering the time-scale separation parameter. For high space-
scale separations, the traveling waves and spirals are lost as
wave stopping occurs. These stopped waves may form stand-
ing waves or stable patterns if the ratio between the time and
space-scale separation is sufficiently small. Lowering of the
threshold beyond the Hopf bifurcation point, with a no-flux
boundary condition can create reflected waves as well.

While we split these wave behaviors into zones of high
or low parameters, there are parameter zones in which these
wave types coexist.Many studies have gone into deconstruct-
ing the effects of time- and space-scale separations as driving
parameters are slowly varied [11,59]. Though there are other
combinations of these parameters that cause the same tran-
sitions, we have reviewed only those combinations that best
illustrated the wave dynamics.

The usefulness of studying such wave types are diverse
as these are predictions into how modulating some parame-
ters can drastically change wave properties and the resultant
species function. Recently, we showed theoretically and
experimentally that by altering the threshold of the excitable
cell migration network, wave propagation characteristics
could be changed and that these translated to significantly
different migratory modes [38]. Specifically, lowering the
threshold significantly increasedwave velocity and range and
these changes transformed amoeboid cells into fan-shaped
or oscillatory cells. These insights may lead to therapeutic
applications for cancer cells as the migration characteris-
tics of tumor cells is critical during metastasis. Standing
waves have been extensively probed in chemical setups such
as the Belousov–Zhabotinsky reaction. Turing patterns have
been hypothesized on the angelfish [29], while Turing’s main
prediction [56] for pattern formation through morphogen
gradients in the human zygote is yet to be confirmed. As
patterns form the basis for the evolution of many biological
species [36,37], studying standing waves can broaden our
understanding of the underlying genesis involved.
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